PBW BASES OF TRREDUCIBLE ISING MODULES
DIEGO SALAZAR

ABSTRACT. To every h+ N-graded module M over an N-graded conformal vertex algebra V', we
associate an increasing filtration (GPM),ez, which is compatible with the filtrations introduced
by Haisheng Li. The associated graded vector space gr(M) is naturally a module over the
vertex Poisson algebra gr® (V). We study gr®(M) for the three irreducible modules over the
Ising model Virs4, namely Virss, = L(1/2,0), L(1/2,1/2) and L(1/2,1/16). We obtain an
explicit PBW basis of each of these modules and a formula for their refined characters, which
are related to Nahm sums for the matrix (§3).
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0. INTRODUCTION

Modules over the Virasoro Lie algebra, Kac-Moody Lie algebras, vertex algebras, and other
related noncommutative algebraic objects are often equipped with natural filtrations, whose
associated graded spaces bear interesting structures, such as differential structures, Poisson
structures, etc. The prototype of this situation is, of course, the PBW theorem, one formulation
of which is that for a Lie algebra g, the associated graded space gr(U(g)) of the universal
enveloping algebra U(g) with respect to the usual PBW filtration is naturally isomorphic to the
symmetric algebra S(g), i.e., it is a polynomial algebra.

A similar notion in the context of vertex operator algebras has garnered increasing interest in
recent years. For a vertex operator algebra V', there is a natural epimorphism JRy — grp(V)
between the jet algebra of the Zhu Cy-algebra Ry of V' and the associated graded space grp(V)
of V' with respect to the Li filtration. If this is an isomorphism, we say V is classically free.
The property of classical freedom, and its failure, are related to problems in representation
theory such as monomial bases of irreducible representations and combinatorial interpretations
of classical number theoretic identities like the Rogers-Ramanujan identity.

The Ising model Virs 4 is a vertex operator algebra that turns out not to be classically free, as
illustrated in [AVEH22]. However, it is still possible to find a monomial basis of Virs 4. In this
thesis, we continue the work of Andrews, Van Ekeren and Heluani by studying the irreducible
modules over Virs 4, their associated graded spaces and their PBW bases. As it turns out, we
have to use a modified version of the PBW filtration when considering modules over Virs 4.

A vertex superalgebra can be thought of as a vector superspace V' together with a distinguished
element |0) € V5, called vacuum vector, and Z-many bilinear products

o VXV =V,
(CL, b) — a(n)b,

called n-products, such that the generating function

[o)\o] VXV = V[)\],
[axb] =Y (a@mb)

neN

/\n

nl’

called M\-bracket, satisfies the axioms of a Lie conformal superalgebra, which is very similar to a
Lie superalgebra, together with quasicommutativity, quasiassociativity and the noncommutative
Wick formula. However, a more compact way to define vertex superalgebras is to gather all n-
products into a single generating function

V(e z): V — End(V)[[z*]],
a—Y(a,z)= Z amyz "

nez

satisfying the vacuum axiom, the translation covariance axiom and the locality axiom. Another,
even shorter, way to describe vertex algebras is to require the vacuum axiom and the Borcherds
identity. The equivalence of these definitions is explained in [DSKO06| §1].

A common way to create vertex superalgebras is to start from regular formal distribution Lie
superalgebras (g,§,7"), which are just Lie superalgebras g together with a family of g-valued
formal distributions § generating g and a derivation T'. Then, we can construct the associated
vertex algebra V(g,§,T). As we can see, vertex superalgebras are closely related to traditional
Lie superalgebras.

We now introduce the universal Virasoro vertex algebra Vir®, where ¢ € C. The Virasoro Lie
algebra, denoted by Vir, is the Lie algebra given by

Vir = @ CL, & CC.

nez
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These elements satisfy the following commutation relations:

m3—m

12 C form,n € Z,

[Lma Ln] = (m - n)Lm+n + 5m,fn
[Vir,C] = 0.

We have an important Vir-valued formal distribution

L(z) = Z Lz "2,

ne’

and we can verify that (Vir, {L(z),C},ad(L_1)) is a regular formal distribution Lie algebra.
A certain quotient of the associated vertex algebra is the universal Virasoro vertex algebra of
central charge ¢, which we describe now. First, we make the subalgebra Vir>_; @CC act on C
as follows:

L,1=0forn>—-1and C1=c.

It turns out that Vir® is an induced Vir-module given by
Vir® = IndXiiz_l occ(C) = U(Vir) ®uvir, , ecc) C.
By the PBW theorem, a basis of Vir, also known as PBW basis, is given by
{L_i ... L_;|0) | i > >3 > 2},

The vertex algebra Vir® has a unique maximal proper ideal, and the quotient Vir.. is the simple
Virasoro vertex algebra of central charge c¢. For a generic value of ¢ € C, Vir® = Vir,, i.e., Vir®is
already simple. The smallest case in which this does not happen (other than the one dimensional
vertex algebra C|0)) is the Ising model Virs, = Viryj,. A natural question to ask is: Can an
explicit PBW basis of Virs 4 be obtained? This is achieved in [AVEH22].

A module over a vertex superalgebra V' can be defined as a vector superspace M together
with a linear and parity preserving map Y : V — End(M)[[2*!]] satisfying the vacuum axiom
and the Borcherds identity. When V' is given by a formal distribution Lie superalgebra, modules
over V are just smooth modules over the underlying Lie superalgebra. We often assume that a
V-module M has a grading €, .y M (n), which is compatible with the n-products in V. Such
modules are called admissible.

Some of the most common examples of vertex superalgebras encountered in the literature are:

(i) The commutative vertex algebras, which are just differential commutative associative
algebras with unit;

(ii) For ¢ € C, the universal Virasoro vertex algebra Vir® and the simple Virasoro vertex
algebra Vir,;

(iii) For a Lie superalgebra g with a supersymmetric bilinear form, the universal affine vertex
superalgebra V*(g) of level k € C;

(iv) For a superspace V with an antisupersymmetric bilinear form, the fermionic vertex su-
peralgebra F'(V);

(v) For a lattice L of finite rank equipped with a positive-definite symmetric bilinear form,
the lattice vertex algebra Vi;

(vi) The Moonshine module vertex algebra V# whose automorphism group is the Monster
sporadic group and started the study of vertex algebras.

In this thesis, we will consider examples (i)—(iv). The Moonshine module is perhaps the most
amazing example of a vertex algebra. However, the Virasoro vertex algebras are foundational
in the sense that most vertex algebras V are required to be conformal, which means there is
a distinguished vector w € V satisfying the Virasoro commutation relations. Even more, we
usually require vertex algebras to be Z-graded lower truncated or N-graded. Thus, we define
vertex operator algebras as Z-graded lower truncated conformal vertex algebras, and this is often
the object of study, not general vertex algebras.

Vertex algebras are often assumed to be Cs-cofinite, which means Ry is finite dimensional, and
rational, which means any admissible module is completely reducible. Rational vertex operator
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algebras have finitely many isomorphism classes of irreducible admissible modules, while Cj-
cofinite vertex operator algebras have well-behaved modules.

Given a Z-graded vertex algebra V', the Zhu algebra Zhu(V') is an associative algebra with unit
that describes the irreducible admissible V-modules by doing the following: given an irreducible
admissible V-module M, the space of lowest weight vectors M (0) is a Zhu(V')-module. It turns
out that it is possible to reverse this process, i.e., start with an irreducible Zhu(V")-module and
end up with an irreducible admissible V-module.

In this thesis, we focus on the Ising model Virs 4, which is conformal, N-graded, Cs-cofinite
and rational. The irreducible modules over Virs 4, called Ising modules, are Virs, = L(1/2,0),
L(1/2,1/2) and L(1/2,1/16), which are irreducible highest weight representations of the Virasoro
Lie algebra. To describe a PBW basis of Ising modules, we study filtrations of vertex algebras and
their modules. These filtrations will yield a vertex Poisson algebra, in the case of vertex algebras,
and a module over a vertex Poisson algebra, in the case of modules over vertex algebras. Thus,
the situation is similar to that of Lie algebras: we start with a Lie algebra g, we make its universal
enveloping algebra U(g), we consider the PBW filtration of U(g), and the resulting associated
algebra gr(U(g)) is canonically isomorphic to the polynomial algebra S(g) (see [Appendix A).

In [Li04], Li introduced an increasing filtration (GPV),ecz on an arbitrary N-graded vertex
algebra V. The associated graded space gr®(V) with respect to this increasing filtration then
carries the structure of an N-graded vertex Poisson algebra.

Then in |Li05], Li introduced a decreasing filtration (F,V'),cz on an arbitrary vertex algebra
V', not necessarily N-graded. The associated graded space grp (V') with respect to this decreasing
filtration again carries the structure of a vertex Poisson algebra. Li also introduced a decreasing
filtration (F,M),ecz for modules M over a vertex algebra V' and showed that the associated
graded space grp(M) is a module over the vertex Poisson algebra gr (V).

In summary, Li constructed three functors:

gr® : {N-graded vertex algebras} — {N-graded vertex Poisson algebras},
grp : {vertex algebras} — {vertex Poisson algebras},
grp : {V-modules} — {grp(V)-modules}.

Then Arakawa showed in [Aral2, Proposition 2.6.1] that when V' is N-graded, grp(V) and
gr(V) are isomorphic as vertex Poisson algebras.

In this thesis, we define an increasing filtration (G?M),ez for h + N-graded modules M over
an N-graded conformal vertex algebra (V,w). We construct a functor

gr’ . {h + N-graded (V,w)-modules} — {h + N-graded gr®(V)-modules}.

Parallel to what was done in [Aral2], we show that grn(M) and gr(M) are isomorphic as
modules. However, for our purposes, the filtration (GPM),cz is better suited.
In [AVEH22], two theorems about the Virasoro minimal model Virs 4 are proved.

Theorem 0.1. The refined character of gr(Virsy) is given by

4k2+3k1 ko+k2

chga (viry ) (¢, ) Z Rk

(1= g™ + "t
ey ko €N Q)kl (Q)kz

Let R° be the following set of partitions

[yl e+ Lryr], [r+ Lr+ e [r+ 2,0+ 1,7], [r + 2,7 + 2, 7], (r>2)
[r+2,r 7], (r >3)
r+3,r+3,r,r|,[r+4,r+3,rrl,[r+4,r+3,r+ L), r+4r+4,r+1,r, (r>2)
[r+6,r+57r+3,7r+1,r], (r>2)
[5,

4,2,2],[7,6,4,2,2],[7,7,4,2,2],9,8,6,4,2,2].

Let PY be the set of partitions A = [\, ..., \,] with \,, > 2 that do not contain any partition
in RC.
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Theorem 0.2. The set
{L L x,...L .y, [0) | A=1]\,...,\n) € P}
is a vector space basis of Virs 4.
In this thesis, we prove two similar results about L(1/2,1/2) and L(1/2,1/16).
Theorem 0.3. The refined character of gr®(L(1/2,1/2)) is given by

4k2+3k1 ko + k2

q
Chng(L(l/Q,l/Q))(tv Q) = q1/2 ( Z Ak1+2k2

@@

3k1+2ko _'_q5k1+2k2+1t + q6k1+3k2+2t2)>

Let R'? be the following set of partitions
[ryryrl, e+ Lryr], [r+ Lr+ L) [r+ 2,0+ 1,7], [r + 2,7 + 2, 7],
[r+2,r 7],
r+3,r+3,r,r|,[r+4,r+3,rr],[r+4,r+3,r+ 17, [r+4,r+4,r+1r|,
[
[

<

/N SN N N
=

<

ﬁ
(AVAR AVARN AVARN AV
LLLees

r+6,r+5r+3r+1,r|,
2]7 [17 17 1]7 [37 17 1]7 [37 3]7 [4737 1]7 [4747 1]7 [5747 17 1]7 [67 5737 1]

Let P2 be the set of partitions that do not contain any partition in R'/2.
Theorem 0.4. The set

{L_xL_xn,...L_x, 11/2) | A= [\,..., \n] € P2}
is a vector space basis of L(1/2,1/2).

Specializing the character formula in to t = 1, we obtain that the character of
L(1/2,1/2) is the sum of three Nahm sums for the same matrix (§3) (cf. [Nah07] and [AVEH22]).
The partitions in P also have a combinatorial interpretation, as was noted in [AVEH22] and
[Tsu23]. For example, for n € N, the number of partitions of n in P? is the number of partitions
of n with parts congruent to +2, +3, +4 and £+5 modulo 16.

Theorem 0.5. The refined character of gr®(L(1/2,1/16)) is given by

4k‘2+3k1 ko +k

Chng(L (1/2, 1/16))(t q — q ( Z t4k1+2k:2 ) ( ) (qk1+k2 +q4k1+2k2+1t+q7k1+3k2+3t3)> .
K1,ko€N q)k1\q) ks

Let RY' be the following set of partitions

2],[1,1,1,1],[3,1,1,1),[3,3,1],[4,3,1], [4,4,1,1], [5,4, 1, 1,1],[5,5,1, 1, 1],
5,3,1,1],[6,6,3,1,1],[7,6,4,1,1,1],[8,7,5,3, 1, 1].

[ryryr] e+ Lryr], [r+ Lr+ e [r+ 2,0+ 1,7], [r + 2,7 + 2, 7], (r >3)
[r+2,r 7], (r >3)
[r+3, 7+ 3,0, [r+4,r+ 3,0, [r+4,r+ 3,0+ L [r+4,r+4,r+ 17, (r>3)
[r+6,r+51r+3,r+1,r|, (r >3)
[
6,

Let PY/16 be the set of partitions that do not contain any partition in R/, The set
{L_x,L_x,...L_x,,|1/16) | A= [A1,..., \n] € PY16}
is a vector space basis of L(1/2,1/16).

In this thesis, we develop the theory needed to prove the theorems above. We assume only basic
knowledge about algebra, commutative algebra, Lie algebras and algebraic geometry. Mathe-
matical terms are typeset with italics when they are officially defined.
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This thesis is organized as follows. In §I} we introduce the notion of vertex superalgebras
and their modules while trying to compile several results. In §2| we review the theory of rep-
resentations of the Virasoro Lie algebra with the objective of describing explicitly the maximal
proper subrepresentations of Verma modules. In §3] we quickly review the theory of the Zhu
algebra. In §4] the theory of filtrations of vertex algebras and their modules started by Haisheng
Li is presented, we introduce the standard filtration for modules, and we prove it is compatible
with the definitions already given by Li. Then, we introduce the Zhu Cs-algebra and derive
consequences of the Cy-cofiniteness condition. In we carry out the computations needed to
obtain the PBW basis of L(1/2,1/2) and its refined character. We also prove and
[Theorem 0.4 In the appendices, we recall some results about almost commutative algebras,
Poisson algebras and Jet algebras, we show the SageMath [Sag22] program used to compute
the exceptional partitions appearing in R'/2, and we briefly consider the case L(1/2,1/16). The
software systems Mathematica [Inc22] and Singular [DGPS22| were also very useful to verify the
series identities and compute Grobner bases.

I would like to thank my advisor Reimundo Heluani and Instituto de Matemé&tica Pura e
Aplicada (IMPA) for their support. Jethro Van Ekeren made some valuable suggestions as well.
The author is partially supported by PhD scholarship 155672/2019-3 from Conselho Nacional
de Desenvolvimento Cientifico e Tecnoldgico (CNPq).

1. VERTEX SUPERALGEBRAS AND THEIR MODULES

In this section, we first review formal calculus and Lie conformal superalgebras in a purely
algebraic way, meaning convergence of series is never considered. Next, we study the Virasoro
Lie conformal algebra, the Current Lie conformal superalgebra and the fermionic Lie conformal
superalgebra. Afterward, we specialize the theory of formal calculus to End(V')-valued series,
where V' is a vector space. This leads to the concept of fields over vector spaces. Then, the
concept of vertex superalgebra is introduced. It is shown how to construct a vertex superalgebra
from a Lie conformal superalgebra. Later, we introduce Hamiltonians and conformal vectors
of vertex superalgebras, which lead to graded and conformal vertex superalgebras, respectively.
Next, modules over vertex superalgebras are introduced with emphasis on admissible modules.
Finally, we construct a couple of functors from the category of vertex algebras to the category
of Lie algebras.

1.1. Formal calculus. All vector spaces and all algebras are over C, the field of complex
numbers, unless otherwise stated. All tensor products are over C, unless otherwise stated. The
set of natural numbers {0,1,...} is denoted by N, the set of integers is denoted by Z, the set
of positive integers {1,2,...} is denoted by Z,, and the set of negative integers {—1,—2,...}
is denoted by Z_.

The vector space of formal distributions in n € N variables, denoted by C[[z", ... xF]], is
the set of functions f : Z" — C, written as f(z1,...,2,) = th ez Jmayma T Tt with
the natural operations of addition and multiplication by a scalar. The field of rational functions
in n variables, denoted by C(zy,...,x,), is the field of fractions Frac(Clzy,...,z,]). The field

)6 C[[z*!]] such
[2]]), so C((z)) is

of formal Laurent series, denoted by C((z)), is the subspace of elements f(x
that there is N € Z with f, = 0 for n < N. We also have C((x)) = Frac(C|

actually a field. The field of joint Laurent series in n variables, denoted by C((z1,...,x,)), is
Frac(Cl[[zy,...,x,]]). If V is a vector space, we similarly define V[[ml | and V((z)),
but in this case, V((x)) is only a vector space. We can consider V[[z, ..., 2] a module over
the polynomial algebra Clxy, ..., z,].

Let V be a vector space. The Fourier expansion of a formal distribution a(z) € V[[z*]],
written as a(z) =), ., an2", is conventionally written in the theory of vertex superalgebras as
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where
An) = G_n-1.
The residue of a formal distribution a(z) € V[[z*!]] is defined as

res.(a(z)) = aq) = a_1.

If PeClz, ...,z and Q € C[[wf, ..., wkl]], then PQ € C[[z™ - 2w wiE)

? TL m

is defined in the natural way. However, if both P and Q belong to C[[z .,szl]], we may
encounter difficulties because infinite sums may appear.
An important formal distribution in two variables z and w is the formal delta distribution,

which is defined by
w) = Z:z"w’"’1 € C[[z*, w*!].
nez

The expansion in the domain |z| > |w| is the field homomorphism i,, : C((z,w)) —
C((2))((w)) such that the following diagram commutes

Cllz, w]] —— C((z,w))

C((2))((w))
where inc denotes a natural inclusion. Similarly, the expansion in the domain |w| > |z| is the
field homomorphism i, . : C((z,w)) — C((w))((2)) such that the following diagram commutes

C[[Z,w]]m<cjc((%w»
C((w))((2))
The diagram

C(2)((w (w))((2))

\ﬂ /

7

does not commute. In fact, the formal delta distribution can be expressed as

(5(2,’(1)) = iz,w <;) - iw,z <;) 9
zZ— W zZ— W

where we consider i, ,,(-2=) and i,.(-1-) as elements of C[[z*!, w
consider i, ,, and 4,,, as mapped into C[[z*!, w*!]].

Let V be a vector space. A formal distribution a(z,w) € V|[[z*
N € N such that

*1]. From now on, we will

L w*t]] is local if there is
(z —w)Na(z,w) = 0.
For example, the formal delta distribution §(z,w) is local with (z — w)d(z, w) = 0.

Theorem 1.1.1 ([Kac98|, Proposition 2.2]). Let a(z,w) € V[[z*', w*]] be a local formal distri-
bution. Then a(z,w) can be written uniquely as a sum

a(z,w) = Z M&(w),

|
jEN J:
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where ¢ (w) € V[[w*]] are formal distributions given by
d(w) =res,((z —w)la(z,w)) forjeN.
In addition, the converse is true.

Let V be a vector space, and let a(z) € V[[2*!]] be a formal distribution. We define

irwa(z +w) = Z Any (2 +w)").
nez
Proposition 1.1.2 ([Noz08, Proposition 3.4.1]). For a formal distribution a(z) € V[[z*]], the
usual Taylor series expansion holds, i.e.,

irwa(z +w) = Z Muﬂ'.

|
jEN J:

We now define the notion of Fourier transform in two cases: in one and two variables. Let V'
be a vector space, and let a(z) € V[[z*!]]. We define the Fourier transform in one variable of
a(z) by

Fla(z) = res,(e*a(2)) € V[[N].

Proposition 1.1.3 ([Noz08, Proposition 1.5.2]). The Fourier transform in one variable satisfies
the following properties for a(z) € V[[z*!]]:
(i) F0.a(z) = —AFla(z);
(i) FXMe*Ta(z)) = FMT(a(z)), where T € End(V) and a(z) € V((2));
(iii) F2(a(—2)) = —F*a(2);
(iv) F2Om6(z,w) = eMA™.

Now let a(z,w) € V[[z*, w*!]]. We define the Fourier transform in two variables of a(z,w)
by
F2a(z,w) = res, (X a(z,w)) € V[[w][[A]].
Expanding the definition of F}

Z,w?

we obtain another expression
N
Fz/\,wa’(za w) - Z ?C‘%UJ),
jEN

where

d(w) =res,((z —w)a(z,w)) for j €N,

Proposition 1.1.4 ([Noz08, Proposition 1.5.4]). The Fourier transform in two variables satisfies

the following properties for a(z,w) € V[[z*!, w*]]:
(i) If a(z,w) is local, then F a(z,w) € V[[w=']][A];
(ii) F;:w@za(z,w) = —AF;wa(z, w) = [aw,Fjw]a(z, w);

(ili) If a(z,w) is local, then F2,a(w,z) = FZ;\ Pwa(z,w), where we set F_ 5 %a(z,w) =
Fﬁwa(z7 w)|lt:—)\—8w-

Remark 1.1.5. In the theory of vertex superalgebras, one usually has to interpret equations like
in [Proposition 1.1.4iii).

1.2. Lie conformal superalgebras. A wvector superspace is a Zo-graded vector space V =
Vi @ V4, where Zy = Z/27 = {0,1}, 0 = 0+ 2Z and 1 = 1 + 2Z. We call Vj the even subspace
of V and V5 the odd subspace of V. Elements of V5 U V5 are called homogeneous. If V is
finite dimensional, we define its superdimension by setting sdim(V') = dim(V5) — dim(V5). A
superalgebra is a Zy-graded algebra A = Ay @ A;. This means A,Ag C A,1p for a, 5 € Zo.

We set (—=1)°=1and (-1)! = —-1. Ifa€V,,a#0is homogeneous we set p(a) = o and call
it the parity of a. If a and b are homogeneous, we set p(a,b) = (—1)?@P®) A Lie superalgebra
is a superalgebra g = g5 @ g7 with a bilinear product [e,e] : g x g — g called Lie superbracket
satisfying the following properties for a, b, ¢ € g homogeneous:
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(i) (Graded antisymmetry) [a,b] = —p(a,b)[b, al;
(ii) (Graded Jacobi identity) p(a, c)[a, [b, ¢]] + p(b, a)[b, [c, a]] + p(c, b)[c, [a, b]] = 0.
In an associative superalgebra A, we can define the superbracket of homogeneous elements
a,b e A by
la,b] = ab — p(a,b)ba.

It can then be extended by linearity to nonhomogeneous elements. With this superbracket, A
becomes a Lie superalgebra called the underlying Lie superalgebra of A, and it is denoted by [A].

Remark 1.2.1. The even part g; of a Lie superalgebra g is just a standard Lie algebra. However,
unlike superspaces and superalgebras, a Lie superalgebra is not always a Lie algebra. This is
why we prefer the term Lie superalgebra to Zs-graded Lie algebra.

Remark 1.2.2. When a formula involves p(a), it is assumed that a is a homogeneous with parity
p(a), and the formula is extended to arbitrary a by linearity.

Probably the most important example of an associative superalgebra is the endomorphism
superalgebra of a superspace V| denoted by End(V'), with the Zs-grading given by

End(V), ={T € End(V) | for 8 € Zy,T(V3) C Voys} for a € Zs.

We denote gl(V') = [End(V)].
Let A be a not necessarily associative superalgebra. A superderivation of A is a homogeneous
endomorphism 0 € End(A) such that

d(ab) = d(a)b + (—1)PPWad(b) for a,b € A.

The subspace of superderivations of A is denoted by Der(A). A differential superalgebra is a
superalgebra A together with a superderivation 0 of A. A differential algebra is a differential su-
peralgebra with odd subspace equal to 0. A homomorphism f : (A, 1) — (Asg, 02) of differential
superalgebras is a linear and parity preserving map such that fod; =0y 0 f.

We assume g is a Lie superalgebra and 0 is a superderivation of g. We can form the universal
enveloping superalgebra U(g), which is now an associative superalgebra. The derivation 0 : g —
g can be extended uniquely to a derivation DU(9) : U(g) — U(g). We have constructed a
functor

DU : {differential Lie superalgebras} — {associative differential superalgebras},
DU(g,9) = (U(g), DU(9)).
Let g be a Lie superalgebra. We first extend the Lie superbracket on g to the Lie su-
perbracket between two g-valued formal distributions in one variable. Starting from a(z) =

> omez @z ™ € g[[zF]] and b(w) = Y, bew ™! € g[[w*]], we define a new formal
distribution in two variables by defining the superbracket

(a(2).bw)] = 3 [y, byle ™Mo € gflH ]

Let g be a Lie superalgebra. A pair (a(z),b(z)) of g-valued formal distributions is said local
if [a(z),b(w)] is local. By [Theorem 1.1.1] this means that

[a(z), b(w)] = > 36(z,w)

: A (w),
jEN J!

where ¢/(w) = res,((z — w)[a(z),b(w)]) € g[[w*']] for j € N. Equivalently, we can write this
equation as

[@gm), b)) = Y & (W) mn—yy for m,n € Z. (1.2.1)

jEN

Remark 1.2.3. If (a(z),b(z)) is a local pair, then (0,a(z),b(z)) is also a local pair.
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Let g be a Lie superalgebra. A subset § C g[[z*!]] of formal distributions is called a local
famaly if all pairs of its elements are local. For j € N, the j-product is the C-bilinear map defined
by

oo : ol[w™]] x gllw*] = gllw*]],
a(w)jb(w) =res.((z — w)’[a(z), b(w)]). (1.2.2)
Expanding the right-hand side, we get

(a(w)(j)b(w))(m) = Z (‘;) (—1)16[&(]',]6), b(erk)] for j € Nand m € Z. (1.2.3)

We define a(w)(;) € End(g[[w*!]]) in the natural way. If (a(z),b(2)) is a local pair, then ([1.2.1)
becomes

m

[a(m), b(n)] = Z <] ) (a(w)(j)b(w))(m+n_j) fOl“ m,n - Z. (1.2.4)
jEN

By [Theorem 1.1.1} we also have

[a(z),b(w)] =

jEN

7 6(z,w)
22 afw)pbt).
All these identities led us to define the following new algebraic structure that encodes the relevant
information compactly.

Let g be a Lie superalgebra. The A-bracket is the C-bilinear map given by

[oxe] : gllw*!]] x gllw™!]] — gl[w™][[A]]
[a(w)rb(w)] = F2,[a(z), b(w)].

It can easily be shown that the A-bracket is related to the j-products by

la(w)b(w)] = 3~ alw)gblw)

jEN

This suggests seeing the A-bracket as the generating function of the j-products. It allows us

to gather all the j-products in one product alone, the price to pay being the additional formal

variable \. We note that for a local pair, the sum in the expansion of [a(w),b(w)] in terms of
the j-products is finite, i.e., [a(w)\b(w)] € g[[w™][A].

Theorem 1.2.4 ([Noz08| §2.3]). The j-products and the A-bracket satisfy the following properties
for a(w),b{w) € gllw*1]] and j € N:

(1) (Qa(w)) ()b = —ja(w)-1b(w);

(i) a(w)(;)0b(w) = d(a(w))b(w)) + ja(w)-nb(w);

(iif) O(a(w)(;b(w)) = (Ja(w )) b(w) + a(w)(;)9b(w);

iv) (w)xb( )] = —Ala(w), ( )l

(v) [a(w)r0b(w)] = (9 + M[a(w)rb(w)];

(vi) Ola(w)ab(w)] = [Da(w)rb(w)] + [a(w)rdb(w)].

Remark 1.2.5. Properties (iii) and (vi) of [Theorem 1.2.4 tell us that 0 : g[[z*!]] — g[[z*!]] acts
as a derivation on the j-products and the A\-bracket.

Let V be a vector superspace. From now on, all coefficients of a formal distribution are
assumed to have the same parity. Therefore, we can define the parity of a formal distribution
a(z) € V[[z*Y]] as p(a(z)) = plaw) for any n € Z.

Theorem 1.2.6 ([Noz08| §2.3]). The j-products and the A-bracket satisfy the following properties

for a(w),b(w) € gl[w™']], p,m € Z and j € N:
mwmmwwzﬂmw><»zk<>ﬂ@u%#@ﬁﬁmwﬁw»wamme

(1) [a(w) ), b(w)em] = 35— (}) (@(w) gy b(w)) ram—);
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(itl) [p(w)ra(w)] = —pla(w), bw))la(w) r-sb(w)] if (a(w), b{w)) s a local pair;

)
(iv) [a(w)[b(w)uc(w)]] = [[a(w)rb(w)]xyuc(w)] + pla(w), b(w))[b(w),u[a(w)re(w)]];
(v) F2Ha(2)ab(2)] = [F2a(2), F£b(2)].

Let g be a Lie superalgebra. A formal distribution Lie superalgebra is a pair (g,F), where §

is a local family of g-valued formal distributions, denoted by {a’(z) =", a{n)zfnfl}je 7, such
that the coefficients {a{n) | j € J,n € Z} span the whole g. A regular formal distribution Lie
superalgebra is a triple (g,§,7") such that:
(i) (g,8) is a formal distribution Lie superalgebra;
(ii) C[0.]F is closed under all n-th products for n € N;
(iii) T" € Der(g) satisfies
T(d(2)) = 0.a°(z) for j € J,
which is equivalent to

T(a{n)) = —na{n_l) for j € J and n € Z. (1.2.5)

Remark 1.2.7. We note that (1.2.5) and the fact that {a{n) | j € J,n € Z} spans g imply that if
such T exists, it is even and unique. Thus, we could remove T' from the notation, but we will
not.

Let (g,§) be a formal distribution Lie superalgebra. The annihilation subalgebra of (g,§) is
g = span{a{n) | j € J,neN},
and the creation subalgebra of (g,F) is
g = span{a{_n_l) | j € J,neN}
By if (g,%) is a formal distribution Lie superalgebra, then C[0.]§ is a local

family. The notions of j-products and A-bracket were previously defined from g-valued formal
distributions, with g being a given Lie superalgebra. Those products were shown to satisfy several
properties, coming either from their definition or from the fact that g is a Lie superalgebra. We
now take those properties as axioms of a new algebraic structure, defined intrinsically, without
any reference either to g, nor to formal distributions. For this reason, we write 0 instead of 0,
in the following definition.
A C[0]-module R is called a Lie conformal superalgebra if it is endowed with a C-bilinear map
called \-bracket
[0 8] : R X R — RI[)]
satisfying the following properties for a,b,c € R:
(i) (Sesquilinearity) [Daxb] = —A[axb];
(i) (Skewsymmetry) [baa] = —p(a,b)[a—r—ob];
(iii) (Jacobi identity) [a[b.c]] = [[axb]a+uc] + p(a, b)[buarc]].

If we write A
[axb] = > (ab) =
jeN J:
where a(;) € End(R), these properties translate in terms of j-products as follows:
(1) (0a)y) = —jag-v;
(1) by = —plo, ) (1 R
(ifi) [a@), bem)] = D 4= o( )(a(k D) (p+m—k)-
Pr0p051t10n 1.2.8 ([Noz08, Remark 2.5.3]). Let R be a Lie conformal superalgebra, and let
a,b € R. Then
[a)\ab] = (8 + )\) [a)\b]
or, equivalently,

ay0b = 0(ag)b) + jagi—1yb  for j € N.
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In particular, 0 is a derivation of the \-bracket.

We have previously shown that any regular formal distribution Lie superalgebra (g,F,7")
was given the structure of Lie Conformal superalgebra R, with R = Cl[0,]§, 0 = 0, and
[a(w)xb(w)] = F,([a(z),b(w)]). It turns out that the process can be reverted: to any Lie
conformal superalgebra, we can associate a regular formal distribution Lie superalgebra. Ac-
cording to the definition of a formal distribution Lie superalgebra, we first have to define a Lie
superalgebra, denoted by Lie(R), and then associate to it a conformal family R of Lie(R)-valued
formal distributions, whose coefficients span Lie(R), so that (Lie(R),R) is then the expected
formal distribution Lie superalgebra. We proceed in two steps.

We first consider the space R = R[t, ¢! = R @ C[t,t"!] with d =  ® Idgp—1) + Idg ®0;.
This space is called the affinization of R. Its generating elements can be written a ® t"*, where
a € R and m € Z. For clarity, we will use the notation at™ for its elements, and we write
=0+ 0;. We define the commutation relation on R as

[at™, bt"] = Z (m) (agyb)t™ ™7 for a,b € R and m,n € Z,
jen \J
which gives R the structure of algebra, denoted by (R, [e, e]).

Now the second step. We have to check that the commutator verifies the antisymmetry and
Jacobi identities, considering that the terms a(;b of the definition of [e, 8] satisfy the axioms of
a Lie conformal Superalgebra The latter ones are not sufficient. Another constraint has to be
imposed on elements of R, namely 8(atm) = 0. The algebraic formulation of the latter condition
is as follows: the space R has to be quotiented by the subspace I spanned by the elements of the
form {(0a)t" +nat"~ | n € Z}. Using 0, we can write ] = 9R. This process has two goals: first
transferring on R/OR the structure of algebra of (R, [e, e]), and then endowing (R/ IR, [e,e])
with the structure of Lie superalgebra. The first goal is not direct because IR has to be a
two-sided ideal of the algebra (ﬁ, (e, @]), which is the case.

Lemma 1.2.9 ([Noz08, Proposition 2.6.1]). OR is a two-sided ideal of the algebra (R, [e, e]).

We define the homomorphism ¢ : R — ﬁ/ IR as the natural quotient map. The commutator
between two elements of OR is defined by

[p(at™), ¢(bt")] = (m) o((ab)t™ " 7)  for a,b € R and m,n € Z.
jen \J
Proposition 1.2.10 ([Noz08, Proposition 2.6.3)). (ﬁ/c‘;ﬁ, [e,8]) is a Lie superalgebra.
We set o
Lie(R) =R/OR.
Abusing notation, we define the family R of Lie(R)-valued formal distributions, whose coeffi-

cients span Lie(R), by
= {Z plat™)z" | a e R} .

nez
Theorem 1.2.11 ([Noz08, Proposition 2.6.4]). Let R be a Lie conformal superalgebra. Then
(Lie(R), R, —0;) is a reqular formal distribution Lie superalgebra.

Remark 1.2.12. We have not defined the category of regular formal distribution Lie superalgebras
nor the category of Lie conformal superalgebras. But it is clear how they should be, and they
are equivalent categories

{regular formal distribution Lie superalgebra} <+ {Lie conformal superalgebra},

(6,5, T) — (C[O:]5, F2\([e, 0])),
(Lie(R), R, —8;) <+ R.
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Theorem 1.2.13. Let R be a Lie conformal superalgebra, let a,b € R, and let j,m € N. Then

j .
b) () =Z< ) G-k Otk

=0

Proof. This is just ([1.2.3)) in the language of Lie conformal superalgebras. O

We now show three examples of regular formal distribution Lie superalgebras and their re-
spective Lie conformal superalgebras.

Ezxample 1.2.14 (Virasoro Lie conformal algebra). The Virasoro Lie algebra, denoted by Vir, is
the Lie algebra given by
Vir = HCL, @ CC.
neEL
These elements satisfy the following commutation relations:

3

m—Me for m,n € Z

[Lma Ln] = (m - n)Lm+n + 5m,fn 12 ) (126)

[Vir,C] = 0.
We construct a Vir-valued formal distribution by setting

= Z L(n)z’”’l with L) = L, for n € Z.

nez

We usually write L(z) as

= Z L,z"2

nez
In terms of formal distributions, the commutation relations become:

[L(2), L(w)] = (2, w) Dy L(w) + 9,0(2,w)2L(w) + 036 (z, w)l%’ (1.2.7)
[L(2),C] =0,

where C' denotes the constant formal distribution equal to C' € Vir. In terms of the j-products,
the commutation relations become:

L(z)0)L(z) = 0:L(z),
L(z)1)L(z) = 2L(z),
L(2)@3)L(z) = g (1.2.8)
L(2);)L(z) = O for j #0,1,3
( )(j)CZO for j € N.
In terms of the A-bracket, the commutation relations become:
/\3
[L(2)AL(z)] = (0 +2\)L(z) + EC’ (1.2.9)

[L(2)xC] = 0.

By|Theorem 1.1.1} {L(z),C} is a local family. Therefore, (Vir, {L(z),C}) is a formal distribution
Lie algebra. Moreover, we can verify directly that (Vir, {L(z),C},ad(L_;)) is regular. We obtain
a Lie conformal algebra R = C[0]L 4+ CC, with L = L(z), 0C = 0 and 0 = 0,. This is actually
a direct sum, and we get the Virasoro Lie conformal algebra

Vir = C[9]L & CC.

Remark 1.2.15. The notation L(z) = Y, _, L,2~""? is contradictory with the notation we wrote
in However, this notation will acquire a meaning when we treat the notion of weight of an
eigendistribution. In fact, this notation usually simplifies calculations, as we will see later.
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Let g be a Lie superalgebra, and let C' € g. A Virasoro formal distribution of central charge
C is a g-valued formal distribution L(z) € g[[z*']] satisfying (1.2.6) or, equivalently, (1.2.7),
([T.2:8) or (T.2.9).

Ezample 1.2.16 (Current Lie conformal superalgebra). Let g = g5 @ g7 be a Lie superalgebra. A
supersymmetric bilinear form is a bilinear map (e|e) : g x g — C such that

(alp) = (=1)*“(bla) for a,b € g, a homogeneous.

Alternatively, we can define a supersymmetric bilinear form as a bilinear form that vanishes
on gy @ g7 and g7 D gy, symmetric on gz @ gy and antisymmetric on gy @ g7. A bilinear form
(e]e) : g x g — C is said invariant if

([a, b]lc) = (al[b,c]) for a,b,c € g.
Let g be a Lie superalgebra endowed with a supersymmetric invariant bilinear form (e|e). The

associated loop algebra of g is the superalgebra g = g @ C[t,t!] = g[t,t!], endowed with the
superbracket defined by

la® f(t),b@g(t)] = [a.b] @ f(t)g(t) fora,be gand f(t),g(t) € C[t,t7],

and with parity given by p(a ® f(t)) = p(a). This makes g into a Lie superalgebra. Replacing
a ®t" by at™ for brevity, the commutation relations become

[at™, bt"] = [a, b]t™*" for a,b € g and m,n € Z.

The central extension of the loop algebra is the algebra g = g & CK with the superbracket
defined by:
[at™, bt"] = [a, b]t™ " + My, _n(alb) K for a,b € g and m,n € Z,
6, K] =0,
and with parity given by p(K) = 0. This makes g into a Lie superalgebra called the affinization

of g. If g is a finite-dimensional simple Lie superalgebra, then the affinization of g leads to a
Kac-Moody affinization. We now construct g-valued formal distributions by setting

a(z) = Zat”z_”_l for a € g.
nez

These formal distributions are called currents. In terms of currents, the commutation relations
become:

[a(z>’ b<w)] = 6(27 w)[a’a b}(w) + 8105(27 ’LU)K(CL“)),
[a(z), K] = 0.

In terms of the A-bracket, the commutation relations become:

[a(2)ab(2)] = la(2), b(2)] + (alb) KA,
la(2)AK] = 0.

By [Theorem 1.1.1], {a(z) | a € g} U{K} is a local family. Therefore, (g,{a(z) | a € g} U{K?})
is a formal distribution Lie superalgebra. Moreover, we can verify directly that (g, {a(z) | a €
g} U{K}, —0;) is regular. Similarly to the Virasoro Lie conformal algebra, we obtain the current
Lie conformal superalgebra

Cur(g) = C[0]g ® CK.

Let g be an abelian Lie superalgebra. In that case, Cur(g) is known as the conformal algebra
of free bosons associated with the free bosons algebra g, the latter being endowed with the
relations [at™, bt"| = m(a|b)0m, K.
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Ezample 1.2.17 (Fermionic Lie conformal superalgebra). Let V = V5 @ Vi be a superspace. A
bilinear form (e,e) : V' x V' — C is antisupersymmetric if it satisfies the relation

(a,b) = —(=1)P@(b,a) for a,b € V, a homogeneous.
Alternatively, we can define an antisymmetric bilinear form as a bilinear form that vanishes on
Vo @ Vi and V5 @ V5, is antisymmetric on the even part V5 @ V5 and symmetric on the odd part
Vi @ V4.

The Clifford affinization of V' is defined by
V=Vt ®CK

with the superbracket defined by:

[at™, bt"] = 6 —n—1(a,b) K for a,b €V and m,n € Z,

V,K] =0,

and with parity given by p(at™) = p(a) and p(K) = 0. This makes V into a Lie superalgebra.
We now construct V-valued formal distributions by setting

a(z) = Zat”z’”’l foraeV.

nez

In terms of formal distributions, the commutation relations become:
(a(2), b(w)] = 8(z,w)(a, B K,
[a(z), K] = 0.
In terms of the A-bracket, the commutation relations become:
a(=)b(2)] = {0, B,
[a(z)AK] = 0.

As before, we obtain a regular formal distribution Lie superalgebra (V,{a(z) | a € V} U
{K}, —0;), from which we obtain the fermionic Lie conformal superalgebra

F(V) =C[d)V ® CK.

1.3. Fields over vector spaces. In this subsection, we fix a vector superspace V = V5 @ V7,
and all formal distributions are End(V')-valued, unless otherwise stated. Let a(z) be a formal
distribution. We set

a(z)-i- = Z a(n)z_n_1>

n<—1

a(z)_ = Z amz "

n>0

Let a(z),b(z) be two formal distributions. We define the normal product between a(z) and
b(z) as the following formal distribution in two variables

 a(2)b(w) == a(=)b(w) + p(a(=), b(z))b(w)a(z) .

Theorem 1.3.1 ([Noz08, Proposition 3.2.3]). Let (a(z),b(2)) be a pair of local formal distribu-
tions. The following identities are known as the operator product expansion of a(z) and b(w):

a@m@OZEZMm@Mwm@<@tivﬁ)+:aamm;

plaDbwalz) = S aw)hwlins (e )+ al0)

jEN
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A formal distribution a(z) is a field if

a(z)b = Za(n)bz_"_l eV((z) forbelV.

neL

The vector space of fields over V' is denoted by F (V). We note that
F (V) = Hom(V, V((2)))-

Therefore, we can define a field a(z) by defining a(z)b € V((2)) for b € V.

);

Proposition 1.3.2 ([Noz08, Proposition 3.3.2]). Let a(z
a(2)b(2) :€ End(V)[[zFY]] is again a field, where : a(2)b(z

) :
ca(2)b(2) 1 ¢ = a(2)+b(2)c + p(a, b)b(z)a(z)—c  force V.

We thus defined the notion of normal ordered product between fields a(z),b(z) € F(V'), denoted
by : a(2)b(z) :. In general, the operation of normal ordered product is neither commutative nor
associative. We follow the convention that the normal ordered product is read from right to left,
so that, by definition,

b(z) € F(V) be two fields. Then
1s defined by

ca(2)b(2)c(z) = a(2)(: b(z)c(z) :) .

We define the normal ordered product of a single field as the field itself, and the normal ordered
product of no fields as the identity field Idy, so we have:

ca(z) = a(z2),
=1Idy.

The identity field Idy acts as an identity for the normal ordered product, i.e.,
cIdy a(z) :=:a(z)Idy = a(z).

Lemma 1.3.3 ([Noz08, Proposition 3.3.3]). Let a(z),b(z) € F(V) be two fields. Their normal
ordered product is written explicitly as

ca(2)b(z) = Z ca(2)b(2) 1) 27

jez
with
ca(2)b(z) ) ¢ = Z amyb—n—1yc + pla(z) ij n—namc forceV.
n<-—1 n>0
Lemma 1.3.4. Let V be a purely even vector space. We consider s fields a'(z),...,a%(z) €

F(V), with s > 2, and let b € V. Forl € Z,

a'(2)a’(z)...a%(2) i b= Z ZRZ ..... no, (@ (2),...,a%(2))b,

ni,...,ns—1EN k=0

where REE - (a'(2),...,a%(z)) is the sum of (*,') terms given by
L,k 1 s
R'rLl ..... Ns— 1(0/ (Z>7 7a (Z>>:
J1 Js—1—k s ik i1
Z a(*njlfl) e (*njsilikfl)a(l—k—zlle nir+2i;%7knjr)a(nik) o (nzl)

1< << <s—1
1<ii<<gs—1-k<s—1
{11, ik JU{d1,0 o ds—1—k J={1,...,5—1}
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Proof. We do this by induction on s > 2. The base case s = 2 follows from and by
replacing n by —n — 1 € N in the following computation

al(z)a®(2) ) = Z Q) A(1——1) + Z@%l—n—n@%n)

n<—1 n>0
Z —n—1) l+n + Z (I—-1-n)“(n)
neN neN
=Y RI(d'(2),0%(2) + Y Ry (a'(2), a*(2))
neN neN
1
=Y ) RiF(d'(2),d%(2)).
neN k=0
We now assume our desired formula for s — 1, with s > 3, and we prove it for s. We observe
that in the sum RL*  ~ (a'(2),...,a%(2)), either iy = 1 or j; = 1. Therefore, by the induction

hypothesis and the base case s = 2, we have
ta'(2)a?(2) ... a%(2) ) = a'(2)(: d*(2)...a%(2) 1)
=Y alyp(d*(z)...a ( ) ()

n1 €N
+ ) (a*(2). .0 (2) a1y
n1 €N
= almy Y ZRLE?%,QS (@(2),...,a°(2))
ni1 €N n2,...,ns—1EN k=0

n1ENna,...ns_1€EN k=0

s—2
= > D al. nBEME (d(2),.. ., 0%(2))

ni,...,ns—1EN k=0

+ ZRLJ..E’Z (2)s-- 1 @ (2)) )

N1yeeey ns—1€N k=0
— Z ZRm ..... o (@'(2),...,a%(2)). O
ni,...,ns—1EN k=0

We now extend the j-products. Let a(w),b(w) € F(V) be two fields. For j € N, 97 a(w) is
also a field, and we define

a(w)(_j_l)b(w) = - w j' '. (131)
Theorem 1.3.5 ([Noz08, Proposition 3.4.3]). The j-products and (| are special
cases of the following generalized j-product defined by
a(w)jb(w)e = res, (i,.,((z — w))a(z)b(w)c — pla(z), b(2))iy..((z — w))b(w)a(z)c) forc e V.
The usual properties of j-products for j € N carry over to the generalized j-products.

Proposition 1.3.6 ([Noz08, Proposition 3.4.4]). Let a(z),b(z) € F(V) be two fields. For j € Z:

() (9.a())b(2) = —ja(=)51b(=);

(i) 9:(a(2)(b(2)) = (9:a(2))(;)b(2) + a(2);9:b(z).
Lemma 1.3.7 (Dong’s lemma [Kac98, Lemma 3.2]). If a(z), b(z) and c(z) are pairwise mutually
local fields, then (a(z),b(2)m)c(2)) is a local pair of fields as well for n € Z.



18 DIEGO SALAZAR

Let L(z) be a formal distribution. An eigendistribution of weight A,y with respect to L(z) is
a formal distribution a(z) satisfying

[L(2)xa(2)] = (0 + AgyN)a(z) + O(N?), (1.3.2)

where O(\?) denotes sums of terms of monomials t\’ with j > 2 and t € C. If L(z) is a Virasoro
formal distribution, A, is called the conformal weight. Clearly, a(z) is an eigendistribution
in the sense that it is an eigenvector of the endomorphism L) whose action is defined by

Ly(b(2)) = L(2)1)b(2). Indeed, (1.3.2)) implies L(z)mya(z) = Aqzya(z). We note that, by
definition, a Virasoro formal distribution L(z) is an eigendistribution of conformal weight 2 with
respect to itself.

Theorem 1.3.8 ([Noz08| Proposition 3.7.4]). If a(z) and b(z) have weights Na(zy and Ny(zy with
an even formal distribution L(z), then Aa(z)<n)b(z) = Aqgrz) + Apzy —n — 1 with respect to L(z).
In particular, A:a(z)b(z): = Aa(z) + Ab(z) and Aaa(z) = Aa(z) + 1.

The expansion of an eigendistribution a(z) of weight A,.) is often adapted as follows
a(z) = Z Az " Ra),
TLGZ*A(“Z)

This justifies the way we wrote the Virasoro formal distribution when we defined the Virasoro
Lie conformal algebra. By comparison with the usual way of writing a(z) = >, am)z ",
we must have

A(m) = Qm—Ay ) +1 forme Z
or the other way
an = Q(n+Ay)—1) for n € Z — Ay
One of the interesting features of this change of notation is that it reveals the grading of the
superbracket.

Proposition 1.3.9 ([Noz08, Proposition 3.7.6]). In the new notation, we can write

m+ Ny — 1
[am bl =3 ( o >(a(j)b)m+n-

jeN J
An eigendistribution a(z) is called primary of conformal weight A, if
[L(z)aa(2)] = (0: + AaA)a(z),

where L(z) is a Virasoro formal distribution.
Let us fix an operator 7' € End(V);. A formal distribution a(z) is called covariant with
respect to 1" if

[T,a(z)] = 0.a(z).
Theorem 1.3.10 ([Kacl7, Lemma 1]). Assume that |0) € V; is such that T'|0) = 0. Then:

(i) For any translation covariant field a(z), we have a(z) |0) € V[[z]].
(ii) Let a(z) be a translation covariant field, and we set a = a(_1y|0). Then

o

a(z)]0) = e'Fa = Z

n=0

n
T @ n

n!

Let
Fie ={a(z) e F(V) | [T,a(2)] = 0,a(2)}

be the subspace of translation covariant fields.

Lemma 1.3.11 ([Kacl7, Lemma 3]). Fi. contains Idy, it is 0,-invariant and is closed under
all n-products, i.e., 0.a(z),a(2)mb(z) € Fic for a(z),b(z) € Fie and n € Z.
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By [Theorem 1.3.10|(i), we can define a linear map

fs: Fie =V,
fs(a(z)) = a(2)10) |.=o

called the field-state correspondence.

Lemma 1.3.12 ([Noz08, Proposition 4.3.2]). Let A be a linear operator on a linear space V.
The formal differential equation

df (=)
dz

admits a unique solution, given an initial condition f(0) = fo.

=Af(z) Jfor f(2) € V[[2]]

Theorem 1.3.13. Let a(2),b(z) € Fi, a = fs(a(z)), b = fs(b(2)), and let n € Z. We write
a(z) =Y ez a2t and b(2) = 3., bzt Then:

)
) £s(0.a(2)) = Ta;
(iii) (n-product identity) fs(a(2)n)b(2)) = a@b;
) T a(n)b) = —na(n_l)b + a(n)Tb;
) e™a(z)e ™ =i, ,a(z + w);
) (Borcherds identity) If a(z) and b(z) are local, then for c € V,

D9 6(z,w)

iew(z —w)"a(2)b(w)c — p(a, b)iy (2 — w)"b(w)a(z)c = Z ;!

jeN

a(w) ) b(w)e;

(vii) (Skewsymmetry) If a(z) and b(z) are local, then
a(z)b = p(a,b)e’*b(—2)a.
Proof.

(i) Clear.
(i)

(iii) By definition, we have
fs(a(2)mb(2)) = a(2)wb(z) 0} |20,
and the right-hand side, by [I’heorem 1.3.5] is equal to
resy (a(w)b(z)iw,.((w — 2)") [0) —p(a, b)b(z)a(w)izw((w — 2)") [0))]:=o.

Now, since a(w)|0) € V[[w]] and ., ((w — 2)™) has only nonnegative powers of w, we
have

res, (b(2)a(w)i, . ((w — 2)") ]0)) = 0.

For the first term, since b(z) |0) € V[[z]], we can let z = 0 before we calculate the residue,
which gives

resy, (a(w)b(2)iw,.((w — 2)") [0))]:20 = resy(a(w)bw™) = a(m)b.

(iv) This follows from [T, ag)] = —na(,—1), which is equivalent to translation covariance of

the field a(z).
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(v) We set by(z,w) = i, ,a(z + w) and by(z,w) = e"™a(z)e ™. By [Proposition 1.1.2 and
translation covariance:

by (z,w) _ Z a:ZHa(Z)wj _ Z M = [T,by(z,w)],

Ow jEN J! JeN J!
bi(z,0) = a(z),
abléZ, w) TeTa(2)e™ T + eTa(2)(=T)e ™ = [T, ba(z, w)],
w

ba(2,0) = a(z).

By [Lemma 1.3.12} by (z, w) = ba(z, w).
(vi) The left-hand side of the Borcherds identity is a local formal distribution in z and w
applied to c¢. Apply [Theorem 1.1.1| to it to get that it is equal to

Z 0{1}5(2,10)0]-(10)0,

J!

jEN

where
(w)e = (res((z — w) (i-w((z — w)")a(2)b(w) = p(a, b)iw,.((z — w)")b(w)a(2))))e
=res, ((1,.((z — w)" ) a(z)b(w)

= a(w)n4j)b(w)e.

@)
|
3
—~
S
S
N—
o~
g
S
—~
—
N
|
g
S~—
3
+
.
S~—
S
—~
g
S~—
Q
~—~
N
S~—
@)
S~—
S~—

(vii) By locality, there is N € Z such that
(2 —w)"a(2)b(w) = p(a,b)(z — w) b(w)a(2).
Apply |0) to both sides; by [Theorem 1.3.10) we get

(z —w)Na(2)e™b = p(a,b)(z — w)"b(w)e' Za.

We now use (v) and [Proposition 1.1.2]

RHS = p(a,b)(z — w)NeT*e " Zb(w)e’*a = p(a, b)(z — w)N e iy .b(w — 2)a.

For N big enough, this is a formal power series in (z — w), so we can set w = 0 and get
LHS = zVa(2)b = p(a, b)e’* 2" b(—2)a = RHS,
which proves the desired formula.

Lemma 1.3.14. Let F' C Fi. and a(z) € Fi.. We assume that:
(i) fs(a(z)) = 0;

(i) a(z) is local with any element in F';

(iii) fs(F") = V.
Then a(z) = 0.
Proof. Let b(z) € F'. By the locality of a(z) and b(z), we have (2 — w)N[a(z),b(w)] = 0, for
some N € N. Apply |0) to both sides to get

(2 —w)"a(2)b(w) [0) = (2 — w)"b(w)a(2) [0)

By the property (i), we have a(_1)|0) = 0 and a(z) is translation covariant, hence by
rem 1.3.10(1), b(w) |0) € V[[w]], so we can let w = 0 and get zVa(z)b = 0, which means a,)b =0
for any n € Z. This is true for any b € V' by the property (iii). So in fact, we have a(z) =0. O



PBW BASES OF IRREDUCIBLE ISING MODULES 21

1.4. Vertex superalgebras. A verter superalgebra is the data consisting of four elements
(V,|0), T,Y) satisfying the following properties:
(i) V is a vector superspace called the state space;
(ii) |0) € Vj is called the vacuum vector;
(iii) 7" € End(V)j is called the translation operator;
(iv) Y : V — F(V) is a linear and parity preserving map called the state-field correspondence,
which is commonly written as Y (a,2) = >, ,amz""forae V.

By parity preserving map we mean that for a € V' homogeneous, p(a(,)) = p(a) for n € Z. The
operator Y (a) = Y(a, 2) € End(V)[[z*!]] for a € V is sometimes called a vertez operator. The
data must satisfy the following axioms for a € V:

(i) (Vacuum axiom)
Y (]0), z) = Idy,
Y(a,2)10) € V{[]],
Y(a,2)[0) |.=0 = a,
T0) =0;
(ii) (Translation covariance) [T,Y (a, z)] = 0,Y (a, 2);
(iii) (Locality) {Y(b,z) | b € V'} is a local family of fields.

Remark 1.4.1. Writing Y'(a,2) = Y,z amyz """ for a € V, the first two vertex superalgebra
axioms imply that for a € V:

0)(y @ = 0p,—1a  for n € Z,
am) |0) = 6p—1a forn € NU{-1},
[T, am)) = —nap-1) forn € Z.
A vertex superalgebra with odd subspace equal to 0 is called a vertex algebra.

Remark 1.4.2. The even part Vj of a vertex superalgebra V' is a vertex algebra.

Remark 1.4.3. The translation covariance axiom together with [Theorem 1.3.10(ii) permit us to
express T by

Ta= a(—2) |0> . (1.4.1)

As a consequence, the data of the translation operator T is redundant. The original definition
with T appears to be more natural, though.

A wvertex superalgebra homomorphism f : (V,]0),,T1,Y1) — (V2,|0),,T3,Y3) is a linear and
parity preserving map f : V4 — V5 such that f(|0),) = |0), and for a,b € V],

FMi(a, 2)b) = flagb)z™" ™ = f@)m f(b)z7""" = Ya(f(a), 2) f(b).
neL nez
We obtain the category of vertex superalgebras.

Let Vi and V5 be two vertex algebras. The tensor product Vi ® V3 is a vertex algebra with the
vacuum vector [0)y. ®[0),, the translation operator Ty, ® Idy, +Idy; ®Ty, and the state-field
correspondence Y (a ® b, z) = Yy, (a, 2) ® Yi,(b, 2) for a € V} and b € V5.

Let Vi,...,V, be vertex algebras. The direct sum V; & --- @ V,, is a vertex algebra with
the vacuum vector (|0)y,,...,[0),. ), the translation operator (Tv,,...,Ty,) and the state-field
correspondence Y ((ay,...,a,),2) = (Y(a,2),...,Y (ay, 2)) for a; € Vi,...,a, € V,,.

Ezample 1.4.4 (Commutative vertex algebras). A vertex algebra V' is called commutative if all
vertex operators Y (a, z), a € V commute with each other.
Suppose we are given a commutative vertex algebra V. Then for a,b € V,

Y(a,2)b=Y(a,z)Y(b,w)|0) |p=o = Y (b,w)Y (a,2)|0) |w=o-
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But by the vacuum axiom, the last expression has no negative power of z. Therefore, Y (a, 2)b €
V[[z]] for a,b € V, so Y(a,z) € End(V)[[z]] for a € V. Conversely, suppose that we are given
a vertex algebra V' in which Y (a,z) € End(V)[[z]] for a € V. Observe that if the equality
(z —w)NV fi(z,w) = (z — w)Y fa(z,w) holds for fi(z,w), fo(z,w) € V[[z,w]] and N € N, then
necessarily fi(z,w) = fa(z,w). Therefore, we obtain that [Y(a, z),Y (b, w)] = 0 for a,b € V, so
V' is commutative.

Thus, a commutative vertex algebra may be defined as one in which all Y (a, z) belong to
End(V)[[2]].

We denote by Y, the endomorphism of a commutative vertex algebra V' which is the constant
term of Y (a, z) for a € V', and we define a bilinear operation o on V by setting a o b = Y,b. By
construction, Y,Y, = Y,Y,. This implies both commutativity and associativity of o. Furthermore,
the vacuum vector |0) is a unit, and the operator T is a derivation with respect to this product.
Thus, we have the structure of a differential commutative associative algebra with unit on V.

Conversely, let V' be a differential commutative associative algebra with unit 1 and derivation
T. Then V becomes a vertex algebra by setting |0) = 1 and

Y(a,z) =e'*a foracV.

It is straightforward to check that all the axioms of a commutative vertex algebra are satisfied.
Therefore, we obtain an isomorphism between the category of differential commutative asso-
ciative algebras with unit and the category of commutative vertex algebras.

Let V be a vertex superalgebra. A werter subalgebra of V is a subspace of W of V| which
contains |0), and such that Y (a, 2)b € W((2)) for a,b € W. Because Ta = a(_) |0) and |0) € W,
this implies that T(W) C W. Thus, (W,|0),T|w : W — W,Y|w : W — F(W)) is a vertex
superalgebra in its own right. Let S C V be a subset. The verter subalgebra generated by S is
the smallest vertex subalgebra containing S, which is the intersection of all vertex subalgebras
containing S. It is denoted by (S), and we can prove that

(S) = span{ag,,) ... af,,[0) | s € N,a',....a® € S,ny,...,n, € Z}.
The vertex superalgebra V' is strongly generated by S C V if
V = span{a%_m_l) @y 1y [0) [ 8,00, s €N, a',...,a® € S}.

An ideal of V' is a subspace I of V such that Y (a, 2)b € I((2)) and Y (b, 2)a € I((2)) fora € V
and b € I. For example, the kernel of a vertex superalgebra homomorphism is an ideal. A vertex
superalgebra is simple or wrreducible if 0 is the only proper ideal.

It follows that for any ideal I, V/I inherits a natural quotient vertex superalgebra structure
(V/1,10) +1, Ty - V/I = V/I,Yy; : V/I = F(V/I)). Let S C V be a subset. The ideal
generated by S is the smallest ideal containing S, which is the intersection of all ideals containing
S. It is denoted by (5), and we can prove that

(S) =span{b,yT™a | b e V.n € Z,m € N,a € S}.

The theory done in §1.3]is translated into the language of vertex superalgebras, as the following
theorem shows.

Theorem 1.4.5. Let V' be a vertex superalgebra. For a,b,c € V and m,n € Z:
() YV — F(V) is injective;
ii) Y(a,2)|0) € V[[z]] and Y (a, 2)|0) = e™a, so T"a = nla_,_1)|0);
(iii) Y(Ta, z) = 0.Y (a, z) or, equivalently, (T'a)m) = —nam—1);
iv) (n-product identity) Y (a,2)m Y (b, 2) = Y (awmb, 2);
V) e, b = Zjen (7)(@G)2) gmin—s);
vi) T(Y(a, 2)b) = Y(Ta 2)b+Y(a, z)Tb;
ii) e “’Y(a 2e ™ =1i,,Y(a,z +w);
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(viii) (Borcherds identity)
9 6(z,w)

Y (b e

iz (2=w)")Y (@, 2)Y (b, w)e—p(a, )iy - ((z—w)")Y (b, w)Y (a, 2)c = Y
jeN
(ix) (Skewsymmetry) Y(a, 2)b = p(a,b)e™Y (b, —z)a;
(%) (apmb)me = 2 ;en (=1 () (am—pbmiye = (=1)"p(a, 0)bgnin—jag)c)-
Remark 1.4.6. We note that a right ideal I is automatically T-invariant (7'(I) C I) because of
(1.4.1). Also, right ideals and T-invariant left ideals are automatically two-sided ideals because
of skewsymmetry. However, to prove that a subspace is an ideal, it is usually easier to check

that it is T-invariant and a left ideal.

Theorem 1.4.7 (Original Borcherds identity). Let V' be a verter superalgebra. For a,b,c € V
and m,n,k € Z,

> (=1 (n) (atmtn— Bir€) = (=1)"P(a,0)btnir—5) (@Gni)€)) = D <m) (@(n15)0) (m+k—) €

jeN J jen \J

or, equivalently, for a,b,c € Z and F(z,w) = z2™w"(z — w)*, where m,n, k € 7Z,
168,y (i —wF (2, w)Y (Y(a, z — w)b,w)c) =
res, (1,0 F (2, w)Y (a, 2)Y (b, w)c) — res, (iy . F(z,w)Y (b,w)Y (a, z)c).

We do not have examples of vertex superalgebras other than the ones coming from differential
algebras. It turns out that it is not an easy task to construct nontrivial vertex superalge-
bras. We need a preliminary concept to do that task. A pre-vertex superalgebra is a quadru-
ple (V,]0),T,F), where V' = V5 @ V7 is a vector superspace, [0) € V5, T" € End(V)5, and
.F ={d(2) =3,z a{n)z_”_l}jej is a collection of End(V')-valued fields such that for j € J, all
azn) for n € Z have the same parity. The above data satisfies the following axioms:

(i) (Vacuum axiom) 7'|0) = 0;
(ii) (Translation covariance) [T, a?(2)] = 8.a’(2) for j € J;

(iii) (Locality) a’(2) and a’(2) are mutually local for i,j € J;

(iv) (Completeness) spanfay,, ) ...a(, \|0) | s €N,j; € J.on; € Z} = V.

Let (V,]0),T,F) be a pre-vertex superalgebra. We define the following subspaces of F(V):

Frnin = span{ajl(Z)(m)(ah(z)(m) ce (ajs (Z)(ns) Idv) S ) | seNn, €Z,j; € J},
Fmax = {a(z) € F(V) | [T,a(z)] = d.a(z) and for j € J, (a(z),a’(2)) is a local pair}.
We have inclusions
Fg]:ming]:maxg]:tc-

The first inclusion is because for a(z) € F, a(2)(-1)Idy = a(z) € Fmin. The second inclusion is
by [Lemma 1.3.11f and Dong’s Lemma. The last inclusion is by definition.

Now we come to a very fundamental theorem, which allows us to construct noncommutative
vertex superalgebras and is the backbone of several of our most important examples of vertex
superalgebras.

Theorem 1.4.8 (Extension theorem). Let (V,|0),T,F) be a pre-vertex superalgebra, and let
Fnin, Fmax e defined as above. Then:

(i) Fmin = Frmax;
(ii) The linear map
fs: Faax =V,
fs(a(z)) = a(2)10) =0
is well-defined and bijective, and we denote by Y : V — F (V) the inverse map;
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(iii) (V,]0),T,Y") is a vertex superalgebra, with Y : V. — F(V') given explicitly by

Y(a fim {22) .a{;s) 0)) = @ (2)(n) (@ (2) (na) - - - (@7* (2) (o) Idy) . . .) (1.4.2)

forseN, ji,....j€Jandny,...,ns €ZL;
(iv) The vertex superalgebra V' is generated by {a;_,,[0) | j € J};

(v) The only vertex superalgebra structure on V' wzth Y( 10}, 2) = a’(z) for j € J is the

one given by (|1.4.2) -

Proof. By [Theorem 1.3.10] the map fs is well-defined as was noted already in §1.3] By
rem 1.3.13(1) and [Theorem 1.3.13(iii), fs|z,. : Fuin — V is given by

5] £y (@7 (2) ) (@ (2) oy - - (@ (2) ) ) - )) = alh sy s [0)

The completeness axiom of pre-vertex superalgebras implies that fs|z . is surjective.

The map fs : Fax — V' is injective using [Lemma 1.3.14] with F' = F;,. Recall the inclusion
Fin € Fmax- We know that fs|z . is surjective and fs is injective, so we can conclude that is
in fact bijective and Finyn = Fuax- This proves (i) and (ii).

For (iii), we need to show that Y (a, z) is translation covariant for a € V', and that each pair
(Y(a, z),Y(b,w)) is local for a,b € V. Translation covariance comes from [Lemma 1.3.11} and
locality comes from Dong’s lemma. . .

We note that we have Y(a;_,,|0),2) = a’(z) for j € J. Therefore, (ai_110))@m) = a,, for

n

j € J and n € Z. By the completeness axiom, we get (iv).

Uniqueness of the vertex superalgebra structure follows from the completeness axiom of pre-
vertex superalgebras, the n-product identity and the fact that |0) — Idy in any vertex superal-
gebra homomorphism. This finishes (v) and the proof of the theorem. U

Corollary 1.4.9. Let V be a vertex superalgebra, let s €N, a',...,a®* €V, and let ny,...,n, €
Z. Then

Y(a%m)a%nz) Uy [0),2) = Y (d, z)(m)(Y(&Q, 2)(ng) - - (Y(a*, 2)(nyy Idy) ... ).
In particular, for s,ni,...,ns € N anda',...,a* €V,

:0MY (al,2)...0%Y (af, 2) :

nl!...ns!

Y<a%fn171) a( ns— 1)\0> z) =

If V' is given by a pre-vertex superalgebra (V,[0),T,F) as in the Extension Theorem, where
F ={d'(2)}jes, then for s,ny,...,ns € N and ji,...,js € J,

cOMal (2). . 0 at (2)

ni!...ng!

Y (a! . a 10}, 2) =

(—’Vll—l) —ns

)}jes, and let g
?W@)WQD-

and we define:

Let (g,§, To) be a regular formal distribution Lie superalgebra with § = {a’(z
be the annihilation subalgebra. Since Ty(g-) C g, DU(Tp) : U(g) — U(g) is
bimodule homomorphism. We consider the trivial representatlon 0:9_- — gl(C

V = Ind? (C) = U(g) @ure) .
7 =1Indj (0):g— gl(V),
=11V,

T = DU(T()) ® Idc € EIld(V)ﬁ,

F = {W(aj(z)) = Zw(a{n))z_"_l |j e J}.

neL

Theorem 1.4.10. With the notation above, F consists of fields, and (V,|0), T, F) is a pre-vertex
superalgebra.
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Proof. First, we prove that m(a’(z)) is a field for j € J. We do this by induction on s in
v = a@l) : ..az‘;s) |0), where s € N, ny,...,ng € Z_ and j1,...,js € J. By the PBW theorem,
these elements form a spanning set of V. For s = 0, we have v = |0) and

=y 0= = X a2 € V(O

neL nez_

The last equality is true because a(,) |0) = 0 for n € N. We now proceed by proving the induction
step:

m(d (2))v = Z agn)aﬁl) . a{;s) |0) 2zt

nez

_ J J —n—1 j js —n—1

=D [0y aplatn,y - aluy 10027 £ Y afalals, -, 10) 27 (143)
nez nez

By the induction hypothesis, the second sum in (1.4.3) is in V'((z)), so we only need to show
that the first sum is also in V((z)). By (1.2.4),

Ty 0] = 2 (Z) (@’ (2) )0 (2)) (s =) (1.4.4)

keN

The regularity property implies that a?(z)a’ (z) € C[0,]F, thus we can assume that

aj )ajl Z fl

leJ

for some polynomials fF. Since (a’(z),a’ (2)) is a local pair, there exists N € N such that
o’ (2)kya’ (z) = 0 for k > N. This allows us to rewrite (1.4.4) as

[a{n)va{;ﬂ] = Z (Z) (Z flk(az)al(z)> .
0<k<N 1eJ (b1 —k)

Therefore, we can rewrite the first sum in (1.4.3)) as
> () (Z fﬁ(az>al<z>> ol 10
0<k<N neZ leJ (n4n1—k)
By the induction hypothesis, for each k,
n . . —n—
3 (k) (Z flk(az)al(z)) al .. aly 0y 2 e V((2)).
nez leJ (n+n1—k)

Finally, the first sum in (1.4.3) is also in V'((2)).
We now verify the four axioms of a pre-vertex superalgebra:

(i) T10) = DU(Ty) ® Ide(1® 1) = DU(Tp)(1) ® 1 =0® 1 = 0.
(ii) We recall that 7" is an even endomorphism. For j € J,

[T, 7(a (2))] =

T,y mlaf,)= 1] = [Tyt =) Tnlaf,) - w(aj,)T.

nez
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For z € U(g),

Tr(aj,)(z®1) = T(a{n)x ® 1)

= DU(TO)(a{n)ﬁ) ®1
= (To(af,,))z + af,y To(x)) @ 1
= (—na{n_l)x + a{n)To(x)) ®1

= —nay, (2@ 1)+ W(a{n))T(ZL‘ ®1).

n

The last two equalities imply that for j € J, [T, 7(a?(2))] = 0.7(a’(2)).
(iii) We note that for i,j € J and N € N,

(z —w)"[r(d'(2)), m(a’(2))] = (z — w) "7 ([0 (), o’ (2)]) = 7((z — w)"[a'(2), &’ (2))]).

(iv) This was already done. O

By [Iheorem 1.4.10| and the Extension theorem, V is a vertex superalgebra, denoted by
V(g,5, 1), and by the PBW theorem, it is explicitly given by

V:spaun{ag1 a{s )|O> | s,m1,...,ns € NJj1,...,js € J}, (1.4.5)

—n1—1) """ (—ns—1
which means V' is strongly generated by {a{fl) 10)}ies.

Remark 1.4.11. The PBW theorem for Lie superalgebras is actually more precise than (1.4.5)).
Let < be a total order on J. Then

V:szm{a{1 a{s )|0>|s,nl,...,nseN,jl,...,jSGJandfork:zl,...,s—l,

—n1—1) """ (—ns—1
if agﬁk), af’;:jrl) € V4, then ji < jri1}

Remark 1.4.12. We have constructed a functor

V A : {regular formal distribution Lie superalgebras} — {vertex superalgebras},
VA(g7 37 TO) = V(g; ‘37 TO)
By [Remark 1.2.12] we could have constructed a functor (see [Li04, Theorem 2.15])

V A : {Lie conformal superalgebras} — {vertex superalgebras}.

Usually, we need to quotient the vertex superalgebras obtained this way. Let (g,§,Tp) be a
regular formal distribution Lie superalgebra, and let A : h — C be a linear functional, where b is
a subalgebra of g, with b C ker(Ty). We denote by I* the g-submodule of V (g, §, Tp) generated
by the vectors (a — A(a)) |0) for a € h. For a € h and = € U(g),

T(xz(a — Ma))[0)) = DU(Tp)(z(a — AMa))) @1
= (DU(Tp)(z)(a — Aa)) + 2DU(Tp)(a — Aa))) @1
= DU(Ty)(z)(a — Aa)) ® 1
= DU(To)(x)(a — A(a)) |0) .

Thus, I* is T-invariant. By [Theorem 1.4.10} {a{fl) |0) }jes strongly generates V', and from this,

we see that I* is a left ideal. By [Remark 1.4.6| I* is an ideal of V (g, §, Tp). Taking the quotient,
we get a vertex superalgebra, denoted by

VMg, 3, To) = V(a, 5, To)/ I

Let C, be the representation of g_ @ h on which g_ acts as 0 and a acts as A(a) for a € b.
Using the universal property of the induced representation, we find a g-module homomorphism
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Ind} (C) — Indg o5(Cx). By the universal property of the quotient, we find a g-module homo-

morphism f : V*(g,§,Tp) — Ind]

o_ap(Cy) such that the following diagram commutes

Id? (C) — V(9,3 Th)

\lf

dg @h(C/\)

Using again the universal property of the induced representation, we find a g-module homo-
morphism g : Ind§ (C) — VMg, 8, Ty). We can verify that f and g are inverses of each other.
Therefore, it is better to think of V*(g,§, Tp) as being Ind]_. (Cy) = U(g) Qu(g_en C. We now
use this construction to obtain several important examples of vertex superalgebras

Remark 1.4.13. The vertex superalgebra V*(g,§,Ty) comes equipped with a vertex superalge-
bra epimorphism 7 : V(g,§, To) — V*(g,5,Tp) that satisfies 7w(a|0)) = A(a) |0) for a € b and
is universal with this property, i.e., if f: V(g, T, To) — W is a vertex superalgebra homomor-
phism such that f(a|0)) = A(a)|0) for a € b, then there exist a unique vertex superalgebra
homomorphism f : V*(g,§,Ty) — W such that the following diagram commutes

V(g $, 7o) —» V*(g,3,To)
\lf

Ezample 1.4.14 (Universal Virasoro vertezx algebra of central charge ¢). We pick ¢ € C. We take
(Vir,{L(z),C},ad(L_1)) as the regular formal distribution Lie superalgebra as constructed in
[Example 1.2.14/and A : CC' — C, A\(C') = ¢ as the linear functional. The resulting vertex algebra
is the universal Virasoro vertex algebra of central charge ¢, denoted by Vir®.

A partition (of n € N) is a sequence A = [Aq,...,\y] such that \; € Z, fori = 1,...,m,
A > > Ay (and Ap + -+ + A, = n). We also consider the empty partition (), which is the
unique partition of 0. By [Remark 1.4.11} for ¢ € C, a basis of Vir® is given by

{L_x, ... L_», 10) | [M,..., An] is a partition with A, > 2}.

When we deal with conformal vertex superalgebras, we will explain why this vertex algebra is
called universal.

Ezample 1.4.15 (Universal affine vertex superalgebra of level k). We pick k € C. We take
(g,{a(z) | a € g} U{K}, —0;) as the regular formal distribution Lie superalgebra as constructed
in [Example 1.2.16{and A : CK — C,A\(K) = k as the linear functional. The resulting vertex
superalgebra is the universal affine vertex superalgebra of level k, denoted by V*(g).

Ezample 1.4.16 (Fermionic verter superalgebra). We take (V,{a(z) | a € V}U{K}, —,) as the
regular formal distribution Lie superalgebra as constructed in [Example 1.2.17 and A : CK —
C,A(K) =1 as the linear functional. The resulting vertex superalgebra is the fermionic vertex
superalgebra, denoted by F(V).

Let V be a vertex superalgebra. We can naturally endow V' with the structure of a Lie
conformal superalgebra by taking 0 = T, and by defining the following A-bracket

[oxe] : V x V — V[

laxb] = F*(a(2)b) = Z(W%.
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To verify the Lie conformal superalgebra axioms, we do the following. We set G = {Y (a, 2) |
a €V} Then G C F(V) is a Lie conformal superalgebra, and the following diagram commutes

Y XY

VxV —-5GxgG

l[‘A‘}v l[‘x‘]g
VA G[A]

YA

AsY : V — F(V) is injective, we obtain that V itself is a Lie conformal superalgebra. We have
constructed a functor

LCA : {Vertex superalgebras} — {Lie conformal superalgebras},
LCA(V) = (V,T,eye]).
Remark 1.4.17. Recall the functor VA constructed in [Remark 1.4.12l We could prove that

(VA,LCA) is an adjoint pair of functors, i.e., that for a vertex superalgebra V and a Lie
conformal superalgebra R, we have a natural isomorphism

Hom(VA(R),V) = Hom(R, LCA(V)).

1.5. Graded and conformal vertex superalgebras. Let V be a vertex superalgebra. A
Hamiltonian operator of V' is a diagonalizable operator H € End (V') such that

[H,Y (a,z)] = 20.Y(a,z) + Y(Ha,z) foraeV. (1.5.1)
A vertex superalgebra with a Hamiltonian is called graded. The grading of V' is the eigenspace
decomposition of H
V=D

VA = ker(H — Aldv> for A € C.

If a is an eigenvector of H, it is called homogeneous its eigenvalue is called the conformal weight
of a, and it is denoted by A,. Condition is equivalent to

[H,a@m)) = —(n+ 1)a(n) + (Ha)(n) fora € Vand n € Z (1.5.2)

where

and to
[H,am)) = (Ay —n —1)aw) for a € V homogeneous and n € Z. (1.5.3)
For a € V homogeneous with conformal weight A,, we write, as was done with eigendistribu-
tions, Y(a,2) = > cz A, @,z "2« which is equivalent to

A(n) = An-n,41 forn € Z. (1.5.4)
With this notation, (1.5.3)) is equivalent to
[H,a,| = —na, for a € V homogeneous and n € Z — A,. (1.5.5)

Remark 1.5.1. When a formula involves A,, it is assumed that a is an eigenvector of H with
eigenvalue A,, and the formula is extended to arbitrary a by linearity. We have two meanings
of the word homogeneous, one related to the Hamiltonian, and the other related to the parity.
The context will clarify the meaning.

Theorem 1.5.2 ([Kac98, §4.9]). Let V be a graded vertex superalgebra with Hamiltonian H and
grading V = @xcc Va. Then:
(i) H10) =0, which means that Ajg = 0;
(ii) [H,T] =T and HT" =nT™" +T"H forn € N;
(iii) [T, an] = (—n — Ay + 1)a,—y for a € V homogeneous and n € Z — A,;
(iv) an(Va) € Va_, for a € V homogeneous, A € C andn € Z — A,;
\9) (VA) C Vayq for A € C or, equivalently, Ar, = Ay + 1 for a € V. homogeneous;
) A

(vi agyb = =A,+Ay—n—1 fora,b €V homogeneous and n € Z.
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A Z or N-graded vertex superalgebra V' is a graded vertex superalgebra V' such that VAo =0
for A ¢ 7 or N, respectively.

Homomorphisms of graded vertex superalgebras are assumed to respect the gradings, i.e., if
f: Vi — V is a homomorphism of graded vertex superalgebras, then f o H"* = H"2 o f, where
H"" is the Hamiltonian of V4, and H"? is the Hamiltonian of V5.

Let V be a vertex superalgebra. A conformal vector of central charge ¢ € C of V' is a vector
w € V such that Y(w,z) = >, L,z7""? satisfies:

(i) Y(w, 2) is a Virasoro formal distribution of central charge C' = cIdy;
(iii) Lo is diagonalizable.
A conformal vertex superalgebra (of central charge c) is a vertex superalgebra V' together with
a conformal vector w (of central charge ¢). We denote the conformal superalgebra by (V,w) if
we want to emphasize the conformal vector.

Remark 1.5.3. Because of property (ii), a conformal vector w is necessarily even. We note that
W) = Lp—y forn € Z.

If (V,w) is a conformal vertex superalgebra, and I is an ideal of V', then (V/I,w + I) is a
conformal vertex superalgebra of the same central charge.

Theorem 1.5.4. Ifw is a conformal vector of a vertex superalgebra V', then Ly is a Hamiltonian
of V, and for a € V, Y(a,z) is an eigendistribution of conformal weight A, with respect to
Y(w, 2) if and only if a is homogeneous of conformal weight A,. Moreover, w has conformal
weight 2.

Proof. By [Theorem 1.4.5((iii) and [Theorem 1.4.5(v), for a € V and n € Z,

(Lo, awm)] = [way, am)]
_z(> T
JjeN

= (W) @) (n+1) + (W1) @) (n)
= (Ta)my1) + (Loa) )
—(n + 1)a(n) + (Loa)(n).

By ([1.5.2)), this is equivalent to Ly being a Hamiltonian of V.
The n-product identity for vertex superalgebras and [Theorem 1.4.5(iii) show that for a € V|

¥ (w2 (a,2)] = 37 L@ D (@2)

|
JEN J:
Z W(] CL Z
JEN

=Y (Ta, z) + Y (Loa, 2)A + O()\?)
=0.Y(a,2) + Y (Loa,2)X + O(\?).
Because Y : V' — F(V) is injective, this implies that
[Y(w, 2)2Y (a,2)] = 0.Y (a, 2) + AsY (a, 2)A + O(N\?) if and only if Loa = A,a.
As Y (w, 2z) has conformal weight 2 with respect to itself, w has conformal weight 2. O

A conical vertex superalgebra is an N-graded vertex superalgebra with Vy = C|0). A wvertex
operator superalgebra is a Z-graded conformal vertex superalgebra such that:
(i) For n € Z, dim(V},) < oc;
(ii) There is N € Z satistying V;, = 0 for n < N.
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Remark 1.5.5. A vertex superalgebra can have many different conformal vectors (see [FBZ01,
Example 2.5.9]).

FExample 1.5.6. It is straightforward to verify that for ¢ € C, Vir® is a conformal vertex algebra
of central charge ¢ with conformal vector w = L_5|0).

Ezxample 1.5.7 (Sugawara construction [Kac98, Theorem 5.7]). We recall the universal affine
vertex superalgebra of level k£ of [Example 1.4.15] and we assume that g is simple and finite
dimensional. Let (a;)ier, (a')ier be dual bases of (e|e), which means (a;|a’) = &;; for 4,5 € I. We
denote by ¢ = >, ;a’a; € U(g) the universal Casimir element of g. Let 2h" be the eigenvalue
of ad(cy) € End(g) in the adjoint representation, i.e., ad(cg) = >..;ad(a’) ad(a;) = 2h" Idy.
We assume k # —h” and set

w = Q(Th/\) a(_l)ai(fl) ‘O) € Vk(g)
el

ksdim(g)

i and for a € g, a(z) is a primary eigendis-

Then w is a conformal vector of central charge
tribution of conformal weight 1.

Ezample 1.5.8 ([Kac98, Proposition 4.10]). We recall the fermionic vertex superalgebra of [Ex]
ample 1.4.16] Let (a;)ie; and (a');e; be a pair of dual bases of V, i.e., (a;,a’) = §;; for i,j € I.
We set

Za( (-1 |0) € F(V).

il
Then w is a conformal vector of central charge —3 sdim(V'), and all fields a(z), where a € V, are
primary of conformal weight 1/2.

A conformal vertexr superalgebra homomorphism (Vi,w;) — (Va,ws) is a homomorphism of
vertex superalgebras V; — V5 such that wy — wo.

Remark 1.5.9. Because homomorphisms of conformal vertex superalgebras respect the conformal
vectors, they automatically respect the gradings as well.

Theorem 1.5.10 (Universal property of Vir®). Let V' be a conformal vertex superalgebra with
conformal vector w of central charge c. There exists a unique homomorphism of conformal vertex
superalgebras (Vir, L_5 |0)) — (V,w).
Proof. Let Vir also denote the Virasoro Lie conformal algebra. Because V' is conformal, the map
g : Vir - LCA(V),

9(L) = w,

9(C) = ¢|0)
gives a homomorphism of Lie conformal superalgebras. By [Remark 1.4.17] we obtain a homo-
morphism

fiVANVi) =V,

f(L_y |0>) = W,
f(C0)) = c0).

Using [Remark 1.4.13| with Vir®, we obtain our desired homomorphism of vertex superalgebras f :
Vir® — V such that f(L_5|0)) = w. As {L_5|0)} strongly generates Vir®, and a homomorphism
of conformal vertex superalgebras is required to send L_5|0) to w, f is the only homomorphism
of conformal vertex superalgebras (Vir®, L_510)) — (V,w).

Alternatively, we could use [Theorem 1.6.5] ahead to obtain a state-field correspondence f :
Vir® — F(V). Actually, the image of f is contained in the image of the state-field correspondence
YV :V — F(V). Because YV is injective, we can simply define f = (YV) o f. OJ

We recall some basic facts about diagonalizable operators.



PBW BASES OF IRREDUCIBLE ISING MODULES 31

Lemma 1.5.11 ([HKTL, §6.2]). Let V' be a vector space, H € End(V'), and for A € C, we set
Va = ker(H — Aldy). Then the family of subspaces (Va)aec is linearly independent.

Lemma 1.5.12 ([KRRI13| Corollary 1.1]). Let V' be a vector space (not necessarily a vertex
superalgebra), and let H € End(V') be a diagonalizable operator with eigenspace decomposition
V = @pccVa. Let U be an H-invariant subspace of V', which means H(U) C U. Then U is
graded, 1.e.,
U=> UNVa.
AeC

We can generalize and combine the previous two lemmas as follows. Let k be a field, let
P C klx] be a set of representatives of the irreducible polynomials in k[z] (for example, if k is
algebraically closed, then we may take P = {x — A | A € k}), let V' be a vector space over k,
and let H € End(V). For p(z) € P, we define the generalized eigenspace of H with respect to
p(z) as

V;f(;;)n = {a € V | there is k € N such that p(H)*a = 0}.
We also define the subspace
ver= 3 Vi,

p(z)€P
When k is algebraically closed, we write V. instead of VSR for A € k, and we call that
subspace the generalized eigenspace of H with eigenvalue A.
Lemma 1.5.13. With notation as above, we have:
(i) The family of subspaces (V;f(;;)“)p(x)ep is linearly independent;
(it) H(V,(s) S Viisy for p(x) € P and H(VE") C VG,
(iii) If U is an H-invariant subspace of VE, then U is graded, i.e.,
— Gen
U= 2 UNVi.
p(x)eP
An ideal I of a graded vertex superalgebra V' with Hamiltonian H is called graded if it is
H-invariant or, equivalently, I =3, -1 N Va (see|Lemma 1.5.12).

Lemma 1.5.14. Let V be a graded vertex superalgebra with grading V = @cc Va such that
Vo = C|0). Then V' has a unique mazximal proper graded ideal Iyay, and V/Iyax is the unique
simple graded quotient of V', this means that for a proper graded ideal I of V', V/I is simple if
and only if [ = Iax.

Proof. All proper ideals of V' do not contain |0) because an ideal containing |0) is all of V. Let
Ihax be the sum of all graded proper ideals. Then [, is a graded ideal of V| and [, # V
because |0) ¢ Inax. Therefore, I,y is the unique maximal proper graded ideal of V. O

Lemma 1.5.15. In a conformal vertex superalgebra V- such that Vo = C|0), all ideals are graded,
and there is a unique mazimal proper ideal L. and a unique simple quotient V /Iy ax.

Proof. Let w be the conformal vector of V', and let I be an ideal of V. As Lo(I) = wuy(I) C I,
I is a graded ideal. The result follows from [Lemma 1.5.14] U

The conformal vertex algebra Vir® satisfies Virg = C|0). We denote by Vir, the unique simple
quotient, and we call it the simple Virasoro verter algebra of central charge c. Let p,q > 2 be
relatively prime integers, and we set
6(p — )

pg
Let V be a Vir-module. We say V' is smooth if L(z) = Y., ., L,z"""? € End(V)[[z*!]] is a

field. We say V' is of central charge ¢ € C if the central element C acts as multiplication by c.
A vector u in V is called singular if it is nonzero and

Cpq=1—

Lou=0 forneZ,.
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Theorem 1.5.16 (|[GKOT]). The following are equivalent:
(i) Vir® is not simple, i.e., Vir® # Vir,;
(ii) c is of the form c,, for some p,q > 2 relatively prime integers.

Moreover, the maximal proper ideal of Vir’™® is generated by a singular vector of conformal
weight (p — 1)(q¢ — 1), denoted by a, 4. In the expression

Clp,q = Z Ch...’ikail RN L*ik |0>,

1120 >0 >2
i1+ +ipg=(p—1)(g—1)

where ¢;, 4, € Q, the coefficient of L(_p;l)(qflw 18 nonzero.

We assume p, g > 2 are relatively prime integers and denote Vir., & by Vir,,. For p =2 and
q = 3, we have ¢p3 = 0 and Virg = C|0) (the one dimensional vertex algebra) because in this
case, w = L_5|0) is the singular vector generating the maximal proper ideal. Thus, the smallest
case is not very interesting. The next case is the Ising model Virz, = Vire, , = Viryjs. In this
thesis, we study the Ising model and its irreducible admissible modules called Ising modules. By
[Theorem 1.5.16| the maximal proper ideal of Virs 4 is generated by the singular vector

aza = (L5 + BL*;— 2L o — BL ,L ,)|0) (1.5.6)
of conformal weight (3 —1)(4 — 1) = 6 (see §2.3| ahead for more details).

1.6. Modules over vertex superalgebras. Let V' be a vertex superalgebra. A module over
V', V-module or representation of V is a vector superspace M together with a linear and parity
preserving map

YM(0,2): V — F(M),
a»—)YMaz Za 7t

nezZ
satisfying:

(i) Y(10),2) = Ids;
(ii) (Borcherds identity) For a,b € V, u € M and m,n, k € Z,

(n m
S (1) s 00 = 100D ) = 3 (7 ) s
jeEN J JeN J

Remark 1.6.1. What we call V-modules are sometimes called weak VV-modules by some authors
(for example, in [DLM98] and [ABDO3]). Since this is the minimum requirement for a module,

I think it is a better idea to just call them modules and add adjectives as we require more
assumptions.

Let V be a vertex superalgebra, and let M, My be V-modules. A V-module homomorphism
f My — M, is a linear and parity preserving map such that for a € V and u € My,

FOM(a, 2)u) = flaibu =Y it flu)z " =Y (a,2) f(u).
nez neZ
We obtain the category V-Mod of V-modules, which is abelian.

The vertex superalgebra V' is clearly a VV-module, and it is called the adjoint representation of
V. A submodule of M is a subspace N of M such that Y™ (a, 2)u € N((z)) fora € V and u € N,
ie., a%)u € N for n € Z. The quotient module M /N is defined in the usual way. A module
whose only proper submodule is 0 is called simple or irreducible. Let T' C M be a subset. The
submodule generated by T is the smallest submodule containing 7', which is the intersection of
all submodules containing 7. It is denoted by (7"), and we can prove that

(T):Span{a%%)...afﬁf)u|SEN,al,...,as eVing,....,ns €Z,u €T}
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We say M is strongly generated over V by T' C M if
M = span{a%f{ll_l) a(_ns U | s,n1,...,ns €N,a',...,a* € VueT}.

Most of the theorems about vertex superalgebras and their proofs carry over to modules over
vertex superalgebras (cf. [Theorem 1.4.5| and |Corollary 1.4.9)), as the following theorem shows.

Theorem 1.6.2. Let V be a vertex superalgebra, and let Y : V — F(M) be a V-module. For
a,beV,ue M and m,n € Z:

6) (1002, = 61 Tdys;

(i) YM(Ta,z) = 0,YM(a,z) or, equivalently, (Ta)é‘fl) = —naé‘fl_l);

(iii) All fields {Y™(a, Z)}aEV are mutually local;
(iv) (n product identity) Y (a, 2)m Y (b, z) = Y™ (agb, 2);
(V) CL(m)’ ] Z]EN( (])b)é\gﬁ-n—])
(vi) eT“’YM(a 2)e T =4, ,YM(a, 2z + w);
(vii) (Borcherds identity)

iew((z — w) )Y M(a, 2)YM (b, w)u — pl(a, b)iw,.((z — w)" )Y M (b, w)Y ™ (a, 2)u =

P 6(z,w
Z %YM(Q(”+J')ZJ7 w)u;

jeN
(viii) (a(n)b)%)u = Z]EN(—I)]( )(a é\r{ 7 b e — (=1)"p(a, b)bé\fler J)aé\f)u);
(ix) For s,ny,...,ns € N and a', aSEV,

L oMY Mgl 2) . 0 Y M(af, 2) 3

nll...nsl

YM(aéfnlfl)' —ns—1) ’O> )

Remark 1.6.3. In contrast to vertex superalgebras, the map Y™ : V — F(M) is in general not
injective for a module M over a vertex superalgebra V. Moreover, we do not have the property
of skewsymmetry for modules.

Proposition 1.6.4 ([DLMO98, §3]). Let V' be a vertex superalgebra. A V-module is equivalently
a superspace M together with a linear and parity preserving map Y™ : V. — F(M), written as
YM(a,2) =3,z a%z‘”_l, such that for a,b €V, uw € M and m,n € 7Z:

(10))(my = 6,—1 Iday, (1.6.1)
[a?gl)’ b%)] = Z(a(j)b)?’r{l—&-n—j)? (1.6.2)
JEN
fn
(agub)imyu = D _(=1) (j)(a%—ﬁb%ﬂ‘)“ (=1)"p(a, )b )05 1) (1.6.3)
JEN

Let V be a vertex superalgebra, and let M be a V-module. We say T € End(M) is a
differential of M if
[T, aé‘,{)] = —na?ﬁfl) foraeVandneZ

or, equivalently,
[T, YM(a,2)] = Y™ (Ta,z) foracV.

A differential V-module is a V-module equipped with a differential.

Let (g, 5, Ty) be a regular formal distribution Lie superalgebra with § = {a’(2)};cs. A smooth
(9,5, Tp)-module is a g-module M such for j € J and u € M, a’(z)u € M((z)). Let A\: h — C
be a linear functional, where b is a subalgebra of g, with h C ker(Tp). We say b acts as A if for
heband ue M, hu= \h)u.
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Theorem 1.6.5 ([Li04, Theorem 2.15]). Let (g,5,70) be a regular formal distribution Lie su-
peralgebra with § = {a’(2)}jes. Given a smooth (g,F,Ty)-module M, there is a unique module
structure YM : V (g, &, To) — F(M) such that

YM( 1y 10),2) = al(z) forjeJ.

Let A : h — C be a linear functional, where b is a subalgebra of gy with b C ker(Tp).

Given a smooth (g,§,To)-module M where § acts as A, there is a unique module structure
YM VMg, §,To) — F(M) such that Y™ factors through YM i.e., such that the following

diagram commutes

(g 3 TO — V)\(gag TO)

\ lYM

where the horizontal arrow is the quotient map.

Remark 1.6.6. We can define naturally the categories {smooth (g, §, 7To)-modules} and {smooth
(9,8, Tp)-modules where b acts as A}. [Theorem 1.6.5| constructs a pair of functors:

{smooth (g,§, Tp)-modules} — V (g, 3§, To)-Mod,
{smooth (g, F,Ty)-modules where b acts as \} — V*(g,F, Tp)-Mod,

which are actually isomorphisms.

Let M be a module over a graded vertex superalgebra V' with Hamiltonian H. A Hamiltonian
operator of M is a diagonalizable operator HY € End(M) such that

[HM YM(a,2)] = 20.Y™(a,2) + Y™ (Ha,z) foracV. (1.6.4)

A V-module together with a Hamiltonian is called graded. The grading of M is the eigenspace
decomposition of HY
M = D Ma,

where
Ma = ker(HY — Aldy).

If u is an eigenvector of H™ it is called homogeneous, its eigenvalue is called the conformal

weight of u, and it is denoted by A,. Condition (|1.6.4)) is equivalent to
[HM a(n)] —(n+ 1)a(n) + (Ha)% foraeVandneZ

and to

[HM, a%] = (A, —n—1)a! any for a € V homogeneous and n € Z. (1.6.5)

)
We usually write Y™ (a,z) =3 ., \ a)27""2« when a € V is homogeneous with conformal
weight A,, which is equivalent to

a% = ar];/[—Ale for n € Z.

With this notation, (1.6.5)) is equivalent to

[HM a)] = —na®  for a € V homogeneous and n € Z — A,. (1.6.6)

’I’L

Theorem 1.6.7. Let V' be a graded vertex superalgebra with Hamiltonian H, and let M be a
graded V -module with Hamiltonian H™. Then:

(i) aMMa C Ma_,, for a € V homogeneous and n € Z — A;

(ii) Aafw)u =A,+A,—n—1 foraeV homogeneous, u € M and n € Z;
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(ili) (Graded Borcherds identity) For a,b € V' homogeneous, u € M, m € Z—A,, k € Z— A,

and n € 7,
(n n m+ A, —1
S () @ 0 = 1k 0) = 3 (72T e
jEN J = J
Proof.

(i) The proof of [Theorem 1.5.2(iv) also works here.

(ii) The proof of [Theorem 1.5.2(vi) also works here.
(iii) The graded Borcherds identity is simply a change of notation in the usual Borcherds
identity:. U

A homomorphism of graded modules over a graded vertex superalgebra is assumed to respect
the gradings.

Theorem 1.6.8 (|[LL04, Proposition 4.1.5 and (4.1.18)]). Let V' be a conformal vertex algebra
of central charge ¢ with conformal vector w, and let M be a V-module. We write YM(w,2) =
Soneg LMz7m=2 Fora eV and m,n € Z:

(LY, Y Y (a,2)] = YM(L_ya,2) = 0.Y Y (a, 2),
3 _
[Lrj\r/{v Li\z/[] = (m - n)LrAr/{+n + 6m,fnm 12 mCIdM7

LY Y M(a,2)] = 20.YM(a, 2) + YM(Loa, 2).

In particular, M is a differential V-module with L™, as differential, and M is a smooth Vir-
module of central charge c. If L}! is diagonalizable, then M is graded by L} and:

[Léwa L]X[l] = L]yla
LM (Mp) € May,  for A €C.

Remark 1.6.9. [Theorem 1.6.8|is analogous to [Theorem 1.5.2| with LY, in place of T and L}’ in
place of H.

Let V' be a conformal vertex algebra with conformal vector w. It is better to use the notation
(V,w) for now because of [Remark 1.5.5l By [Theorem 1.6.8] the following definition makes
sense. A (V,w)-module is a V-module M such that Lj! is diagonalizable, where we write
YM(w,z) = 3,0, LY 2772 The (V,w)-modules form a subcategory of V-Mod. In particular,
M is a differential module with differential L™ and is graded by L}!. A (V,w)-module M is
called a positive energy representation of (V,w) it M = @, .y Mp4n for some h € C, and in this
case, we also say that M is h + N-graded. The subspace Mj, is called a top degree component of
M. When we require M}, # 0, the number h and the top degree component are well-defined.

Remark 1.6.10. Let (V,w) be a conformal vertex algebra, and let M; and M, be (V,w)-modules.
A homomorphism f : M; — M, automatically respects the gradings of M; and M, given by
Ly™ and Ly™.
Let V be a Z-graded vertex superalgebra. An admissible V-module is a V-module M together
with a grading M = @, ., M (n), such that:
(i) M(n) =0forn e Z_;
(ii) a%M(m) C M(m+ A, —n—1) for a € V homogeneous and m,n € Z or, equivalently,
aMM(m) C M(m —n) for a € V homogeneous and m, n € Z.
Thus, an admissible V-module is a pair (M,&D, ., M(n)) satisfying the above conditions,
though we often omit the grading from the notation. If M # 0, we set ng = min{n € N |

M(n) # 0}. The subspace M (ng) is called the top degree component of M. The top degree
component of the zero module 0 is 0.
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A homomorphism of admissible V-modules is a homomorphism of V-modules, no condition
on the grading is imposed. We have defined the category of admissible VV-modules, which is
abelian. Arbitrary direct sums of admissible V-modules always exist.

We note that shifting the grading of an admissible VV-module gives an isomorphic admissible
V-module, and that submodules of admissible V-modules are not necessarily graded. When
M # 0 is an admissible V-module, we can always shift the grading so that M (0) # 0.

A simple or irreducible admissible V-module is an admissible V-module M such that 0 is the
only proper graded submodule of M. We note that we ask for graded submodules, not just
submodules, in the definition of irreducible. An object in the category of admissible V-modules
is completely reducible if it is a direct sum of irreducible admissible V-modules. The completely
reducible admissible V-modules form a full subcategory of the category of admissible VV-modules.

Let V' be a Z-graded conformal vertex algebra, and let M be a module over V. As usual,
we write YM(w, 2) = >, LM 272 We consider the endomorphism L)’ € End(M), which in
general is not diagonalizable. By [Lemma 1.5.13(1i), we have a direct sum decomposition

Gen __ Gen
- @y g
AeC

where
MZ™ = {a € V| there is k € N such that (L3’ — Aldy)*a = 0}.
We define:
={AeC|MS™"+#0and for n € Z,, MZ™ =0},

MGen(n) _ Dacan ME?:; if n > 0; (1.6.7)
0 ifn <0.

We often consider V-modules M satisfying the following condition
for A € C, there is N € N such that for n € N with n > N, M = 0. (1.6.8)

This condition resembles the definition of vertex operator superalgebras.

Proposition 1.6.11. Let V' be a Z-graded conformal vertex algebra, and let M be a module over

V. Then:
(i) If M is admissible with grading €D, ., M (n) such that for n € Z, dim(M(n)) < oo, then
M = MGen

(ii) If a € V is homogeneous, n € Z and u € M, then a™Mu € MJ™ ;
(iii) MY" is a submodule of M;
(iv) If M satisfies - then MY is an admissible V -module with grading given by -
v) If f : My — My is a homomorphism of V-modules, then f(M") C M for A € C
and f(MGen) C MGen

Proof. We omit superscripts in this proof.

(i) For n € Z, Lo(M(n)) € M(n). By [HKTIL, §6.8 Theorem 12], for n € Z, M(n) =
M (n)%en, and this implies the assertion.
(ii) From the formula [Ly, a,] = —na, given in , we inductively get the formula

k . .
koo k-
Lia, = E (]) (—=n)a,L; for k€ N.

JeN
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By definition, there is k € N such that (Lo — Aldys)*u = 0. We now compute

(Lo — (A — n)Idy)*a,u = (Z (’:) LEH(—(A = n))’ IdM) antl

=0

= a,((Lo — (A —n) Idy —nIdy)*u)

This means a,u € M.

(iii) From (ii), we immediately get that M is a submodule of M.

(iv) If this condition is satisfied, then we have M = @, _, M“**(n). From (ii), we get that
this grading makes M %" into an admissible V-module.

(v) This follows straight from the definitions. O

We have constructed a functor
Gen : {V-modules satisfying (1.6.8)} — {admissible V-modules}.
For a Z-graded vertex algebra V', we have a natural forgetful functor

For : {admissible V-modules} — V-Mod.

Remark 1.6.12. We followed [DLMO98] when we defined admissible modules and their homomor-
phisms. In [Zhu96], homomorphisms of admissible modules are required to shift the grading
by a fixed integer k, i.e., a morphism f : M; — M, between admissible modules M; and M,
must satisfy f(M;(n)) € My(n + k) for n € Z. However, with Zhu'’s definition, direct sums of
admissible modules might not exist. For example, if M # 0 is an admissible module, then we
may define the admissible module M’, which is equal to M but has grading shifted by 1. Then
we run into trouble while defining M & M’ because the identity map M & M — M & M’ does
not shift the grading by a fixed integer.

Furthermore, our definition of irreducible admissible V-module is not the same as the usual
definition of irreducible object in an abelian category. As we will see in §4.5] under certain
conditions on V', both Gen and For are equivalences of categories, and an admissible module is
irreducible if and only if it is irreducible as an object in the category of V-modules.

Let V be a Z-graded conformal vertex algebra, and let M be a (V,w)-module. As usual, we
write YM(w,z) = >, LM 2772 We say M is ordinary if:
(i) dim(Ma) < oo for A € C;
(ii) For A € C, there is N € N such that for n € N with n > N, Ma_,, = 0.
The ordinary V-modules form a subcategory of V-Mod, and they satisfy (1.6.8). By [Proposi-|
tion 1.6.11] we can make an ordinary module into an admissible module. Thus, we can think of
the following inclusions of categories

{ordinary V-modules} C {admissible V-modules} C {V-modules}.

A positive energy representation M of the conformal vertex algebra (V,w) is ordinary if for
n € N, dim(Mj,,) < oo, where M}, is a top degree component of M. For an ordinary positive
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energy representation M, the character of M is a formal power series defined by

chyr(g) =) dim(My1n)g"*™ € ¢"C[[q]].
neN

Ezample 1.6.13. Let M be a highest weight representation of Vir with highest weight (¢, h) (see
ahead) and highest weight vector v. Then M is a smooth Vir-module of central charge c.
We note that Ly is diagonalizable. By [I'heorem 1.6.5 and [I’heorem 1.6.8) M is an h 4 N-graded
(Vir®, L_5|0))-module. We set M (n) = M, for n € Z. By|Theorem 1.6.7ii), M = €, ., M (n)
is an admissible Vir-module with top degree component Cv. Furthermore, M is an ordinary
positive energy representation of Vir®.

Let V' be a vertex operator algebra. We say that V' is rational if every admissible V-module
is completely reducible, i.e., a direct sum of simple admissible V-modules. We say that V is
reqular if every V-module is a direct sum of simple ordinary V-modules. Regularity is a stronger
form of complete reducibility of modules.

The definition of ordinary and admissible modules is similar to that of vertex operator algebras
(in the sense that we required them to be lower truncated) except that modules are not required
to be Z-graded. Indeed, one of our objectives is to study L(1/2,1/2) and L(1/2,1/16), which
are (Q-graded.

Theorem 1.6.14 ([DLMO9S]). If V is a rational vertex operator algebra, then there are only
finitely many simple admissible modules up to isomorphism, and any simple admissible module
15 an ordinary module.

Example 1.6.15. It was proved in [Wan93| that Vir,, is rational when p,q > 2 are relatively
prime integers. In fact, as we will see in [['heorem 3.3.4] a complete list of all the irreducible
modules over Vir, , is given in that article. Actually, we will see later that in that case, Vir, , is
regular.

1.7. Lie algebras associated to vertex algebras.
Lemma 1.7.1. For a vertez algebra V', V/TV is a Lie algebra with bracket
la+TV,b+TV]=apb+TV forabeV.

Proof. The skewsymmetry of the bracket follows from skewsymmetry of vertex algebras. The
Jacobi identity follows from [Theorem 1.4.5(x) with m = n = 0. O

Lemma 1.7.2. Let V' be a vertex algebra, and let (R, ) be a differential commutative associative
algebra with unit. Then

Lie(V.R) = (V®R)/(T @ ldg +1dy ®0)(V ® R)
15 a Lie algebra with bracket

J
[a®7r b® s :Za(j)b@) (%)s fora,beV andr,s € R.

jEN

Proof. Since R is a commutative vertex algebra (see [Example 1.4.4)), V ® R is a vertex algebra

with translation operator T'® Idg + Idy ®9. The assertion follows by applying to
the vertex algebra V ® R. O

The Borcherds Lie algebra associated with a vertex algebra V' is the Lie algebra
[V] = Lie(V,C[t,t ")),

where Cl[t,t™!] is viewed as a differential algebra with the derivation 9;. For a € V and n € Z,
let a(n) be the class of a @ t" € V @ C[t,¢!]. By definition, we have

la(m),b(n)] = Z <7) (agyb)(m +n —j) fora,b eV and m,n € Z, (1.7.1)
(Ta)(n) = J—na(n —1) foraeV andne€Z. (1.7.2)
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We note that these are exactly the same formulas as in [Theorem 1.4.5(iii), (v).
Therefore, we have constructed a functor

[e] : {Vertex algebras} — {Lie algebras}.
Lemma 1.7.3. Any V-module M is a [V]-module by setting
V] - gl(M),
a(n) — aé‘ﬁ) foraeV andn € Z.

Proof. First, this map is well-defined because of [Theorem 1.6.2(ii). It is a Lie algebra homomor-
phism because of [Theorem 1.6.2(v). O

Therefore, we have constructed a functor
[e] : V-Mod — [V]-Mod.

We now assume that V' is a Z-graded vertex algebra with Hamiltonian H. Then [V] is a
graded Lie algebra by defining H € End([V]) as

H(a(n)) = —(n+ 1)a(n) + (Ha)(n) fora €V and n € Z.

This operator is diagonalizable because for a € V homogeneous and n € Z, H(a(n)) = (A, —
n — 1)a(n). This means that

Aym)y = Ag —n—1 for a € V homogeneous and n € Z.

Moreover, we can verify that H is a derivation of [V]. We have a Z-grading

and a triangular decomposition
Vi=lVlie[Vloe [V]-,

where

nely

Remark 1.7.4. We note that ([V],{}",c;a(n)z " '}.ev,T) is a regular formal distribution Lie
algebra. I have not found any use of this, though.

We observe that [V]y is spanned by elements of the form a(A, — 1) for a € V homogeneous,
and it is a Lie subalgebra of [V]. By (1.7.1)) and [Theorem 1.5.2(vi), the bracket in [V] is given
by

[a(Ay —1),b(Ay — 1)] = Z <Aaj_ 1) (a(jb) (A, p — 1) for a,b € V homogeneous. (1.7.3)
jEN
We consider the surjective linear map
Y Vo= [V,
$(a) = a(B, — 1)
Lemma 1.7.5. We have
ker(¢)) = (T'+ H)V.
Proof. If a € V' is homogeneous, then by [Theorem 1.5.2|(v) and (1.7.2)),
ST+ H)(0) = $(Ta+ Aga) = (Ta)(Ara — 1)+ Aga(Dy — 1) = (Ta)(A) + Aga( Ay 1) = 0.
Thus, (T'+ H)V C ker(v).
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We now assume a = a,, + i1 + -+ + a, € ker(y)), where a; € V; for i = mym+1,...,n,
ay, # 0 and a, # 0. Unwinding the definitions, we see that a € ker()) means that there exist
by, bry1,...,bs € V such that b, # 0, by # 0 and

A @t 1 Q" Fa, @ = (T'®ldep-—1) +1dy ®0;) (b, @t 4+ by 1 T - b, D).

The last equation implies » < m and s > n — 1, and it is equivalent to the following system of
equations in V:

rb, =0
To. + (r+1)b,y1 =0

Tby + (M + Dby = am
Tbm+1 + (m + 2)bm-|—2 = Qm+1

Tb,,_1 + nb,, = a,

Tbs_l + Sbs =0

Tbs = 0.
For i =r,r+1,...,s, let ¢; be the component of b; in V;. The last system of equations in V'
implies:
He, =0

Te,+Heoy1 =0

Tcyn+ Hepmar = apy,

Temy1 + Hemga = @y
Tcn—1+ He, =a,

Tee1+Hes=0
Tec, = 0.
Adding these equations, we get
(T+H)e,+crp1+ - +¢)=am+ ame1+ -+ +a, = a,
which implies a € (T'+ H)V. O
By [Lemma 1.7.5] we are led to define
Lieo(V) =V/(T + H)V,
whose bracket is given by
o+ (T +H)V,b+(T+HV]=>_ (A“ a 1>a(j)b+ (T + H)V forabeV.
jeN J
From what we have done, there is a natural Lie algebra isomorphism
Lieo(V) = [V]o,
a+ (T+ H)V — a(A, —1) for a € V homogeneous,

and we have another functor

Lieg : {Z-graded vertex algebras} — {Lie algebras}.
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2. HIGHEST WEIGHT REPRESENTATIONS OF THE VIRASORO LIE ALGEBRA

In this section, we start by reviewing some well-known facts about forms on complex vector
spaces. Then, we consider highest weight representations of the Virasoro Lie algebra with
particular interest on the Verma modules M (c, h) and the irreducible representations L(c, h).
Afterward, we construct a contravariant form on an arbitrary highest weight representation.
Next, we present the Kac determinant formula, which allows us to determine L(c, h) explicitly by
determining the generating singular vectors of the maximal proper subrepresentation of M (c, h).

2.1. Unitary and contravariant representations of Lie algebras. Let V' be a vector space.
A (sesquilinear) form on V' is a function
(o|o) : V xV — C,
(u,v) = (ulv)

such that for u,v,w € V and t € C:

(i) (tu + vlw) = tulw) + (v]w);

(il) (ultv +w) = t(u|v) + (ujw).
All forms are assumed to be sesquilinear.

A Hermitian form on V is a form (e|e) satisfying

(ulvy = (v|u) for u,v € V.
Let S C V be a subset of a vector space V equipped with a form (e|e). We define the
orthogonal complement of S as the subspace
St={veV|forues, (up)=0}.

A form (e|e) on V is called nondegenerate if V+ = 0, and it is called positive-definite if it is
Hermitian and
(vjv) >0 for v € V with v # 0.

An inner product space is a vector space together with a positive-definite form.

Lemma 2.1.1 ([HKT71), §8.2 Theorem 5]). Let V' be an inner product space, and let W be a finite
dimensional subspace of V. Then W @ W+ = V.

Let V' be a vector space. A map w:V — V is antilinear if for u,v € V and t € C:
w(u+v) = w(u) +w(v),
w(tu) = tw(u).

Let g be a Lie algebra. A map w : g — g is an antilinear anti-involution if w is antilinear and
for a,b € g:

w([a, b)) = [w(b), w(a)],
w(w(a)) = a.
We note that this means we can extend w to the universal enveloping algebra U(g) of g, obtaining
amap w: U(g) — U(g) that is still an antilinear anti-involution, i.e., for a,b € U(g):
w(ab) = w(b)w(a),
w(w(a)) = a.

We shall be mostly interested in the Virasoro Lie algebra Vir, which has the following antilinear
anti-involution

w : Vir — Vir,
w(L,)=L_, forncé€lZ,
w(C) =C,

which is extended by antilinearity.
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Let g be a Lie algebra with an antilinear anti-involution w : g — g, and let V' be a g-module
with a Hermitian form (e|e). We say (e|e) is contravariant if

(au|v) = (u|w(a)v) for a € g and u,v € V.
We further say this representation is unitary if, in addition, it is positive-definite.

2.2. Verma modules. A highest weight representation of Vir is a Vir-module V| which has a
nonzero vector v such that there exist complex numbers ¢, h € C satisfying:
(i) Cv = cv;
(ii) Lov = hv;
(i) V =span{L_;, ... L_v | ix, > --- > i3 > 0}.
The numbers ¢ and h are uniquely determined, and the pair (¢, h) is called the highest weight of
V. The vector v is not uniquely determined; it can be replaced by any nonzero scalar multiple
of it, and we call v a highest weight vector of V.
For A € C, we set Va = ker(Lo—AIdy). We observe that all vectors of the form L_;, ... L_; v
with ¢ > --- > i3 > 0 and a fixed value of j = i; + --- + i belong to Vj,4;. By axiom (iii),
V' =3 en Vatj, and by [Lemma 1.5.11] this is in fact a direct sum

V= D Vi (2.2.1)

JEN

By axiom (ii),
V;, = Co.
We note that
LoViy; € Viyjn fornme€Zand j €N
In particular, we have

L,v=0 fornecZ,. (2.2.2)
For j € N| let p(j) denote the number of partitions of n. It is clear that
dim(V4;) < p(j) forjeN, (2.2.3)

with equality if and only if all vectors of the form L_; ...L_;v, with ¢, > --- >4 > 0 and
Jj = i1 + -+ + ig, are linearly independent. By axiom (i), C' acts on V as multiplication by ¢
because it commutes with every L,, for n € Z. Thus, a highest weight representation of Vir with
highest weight (¢, h) is necessarily smooth and of central charge c.

Lemma 2.2.1. Let V be a highest weight representation of Vir with highest weight (c, h), highest
weight vector v and grading V = @jeN Vigj. Then:
(i) Any subrepresentation U of V' is graded
U=EUNViy;
jEN
(ii) V' is indecomposable, i.e., we cannot find nontrivial subrepresentations U, W such that
V=UaW,

(iii) V' has a unique mazimal proper subrepresentation Jumax, and V/Jmax is the unique irre-
ducible quotient of V', which is also a highest weight representation with highest weight
(¢, h).

Proof.

(i) This is|Lemma 1.5.12| with H = Ly.

(ii) We assume we have found such a decomposition. Both U and W are graded subrepresen-
tations, and therefore we must have either v € U or v € W, which implies either U = V'
or W=1V.

(iii) We just take Jyax as the sum of all proper subrepresentations of V. U
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Let V be a highest weight representation of Vir with highest weight (¢, h). The character of
V' is a formal power series defined by

chy(g) =Y dim(Viy;)¢"* € ¢"Cllq]].
jeN
The character of V satisfies the inequality

q" q"

T (=) @

A Verma representation is a highest weight representation of Vir in which all vectors of the
form L_;, ... L_; v, with i > --- >4y > 0, are linearly independent. Since all vectors of the form
L_; ...L_;v, with 44 > --- > ¢, > 0, in a Verma representation V' are linearly independent,
it follows that they form a basis of V. Consequently, there is a homomorphism from V' to any
other highest weight representation of Vir with the same highest weight (¢, h), mapping a highest
weight vector to a highest weight vector. In particular, for any pair (¢, h) of complex numbers,
there is at most one Verma representation having (c, h) as its highest weight.

We now show we do have a Verma representation for each pair (¢, h) of complex numbers
using standard Lie algebra techniques. We set Virsg = @, .y CLy. The subalgebra Vir>, ®CC
of Vir acts on C as follows:

L,1=0forneZ,, Lyl =h and C'1 =c.

chy(q)

Then
M(c,h) = Ind¥;¥20 @CC(C) = U(Vir) QU (Virso &CC) C

is a Vir-module, where Vir acts by left multiplication. We set |¢,h) = 1 ® 1.
For a partition A\ = [Aq, ..., \,;,], we define

L)\ = L,,\l ce L,)\m S U(Vll")
By the PBW theorem, the set
{Lx|e, h) | X is a partition}
is a vector space basis of M(c,h). Therefore, M(c, h) is a Verma representation of Vir with
highest weight (¢, h) and highest weight vector |c, h). We usually simplify |c, k) to just |h) when
¢ is understood. By ([2.2.3)), the character of a Verma representation is given by

qh

(@)

Any other highest weight representation V' with highest weight (¢, h) is a quotient of M (¢, h):
we simply map v to a highest weight vector of V', the resulting homomorphism is surjective, and
V' is isomorphic to M (c, h) quotiented by the kernel of this homomorphism.

By [Lemma 2.2.1|(iii), M(c,h) has a unique maximal proper subrepresentation, denoted by
J(c, h). The quotient

ChM(c,h) (Q) =

L(c,h) = M(c,h)/J(c, h)

is an irreducible highest weight representation with highest weight (¢, h). Actually, this is the
unique irreducible highest weight representation with highest weight (¢, ) because if V' is such
a representation, then V' is isomorphic to M(c, h)/U for some proper subrepresentation U of
M (¢, h) which has to be maximal, implying U = J(c, h). We wish to determine when L(c, h) is
equal to M (c, h).

Lemma 2.2.2. Let V' be a Vir-module. If u € V is nonzero and Liu = Lou = 0, then u is a
singular vector.

Proof. The condition Liu = Lou = 0 implies, using induction, that L,u = 0 for n > 3. U
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Remark 2.2.3. By (12.2.2)), a highest weight vector is singular. By ([2.2.1)), we can write a singular
vector u as u =y jen Wy, where u; € Vjyj for j € N. Then all the nonzero vectors u; are also
singular vectors. Therefore, we can focus on homogeneous singular vectors.

Theorem 2.2.4. Let V be a highest weight representation of Vir with a contravariant form
(e|®). Then all eigenspaces of Ly are pairwise orthogonal. Let U be a subrepresentation of V.
Then U~ is a subrepresentation of V. Moreover, if (e|®) is unitary, then U ® UL = V.

Proof. Let (¢, h) be the highest weight of V', and let v be a highest weight vector of V. We have
the decomposition V' = B¢y Va+j. First, we note that if ji # ja, then (Viyj, |Viij,) = 0. This
is because if u € Vj4;, and w € Vj44,, then
(h+ j1)(uhw) = (Lou|w) = (u|Low) = (h + j2){ulw)
which implies (h — h + ja — j1)(u|w) = 0 and (ujw) = 0. We know (U|U*) = 0 and L;U C U
for j € Z. Then 0 = (L,;U|U*) = (U|L_;U*) which implies L;U+ C U* for j € Z, so U™ is a
subrepresentation of V. By |[Lemma 2.2.11i),
L @ Ut N Vi = @(U A Vi) Vit
jEN jEN
where (U N Vj,.;)*"+i denotes the orthogonal subspace of U N Vj,y; in Vi ;. If (e]e) is unitary,

then by [Lemma 2.1.1, UNVj,; @ (UNVjy )+ = Vi, for j € N because all the vector spaces
Vi+j are finite dimensional. It is now clear that U @ U+ = V. U

Corollary 2.2.5. A highest weight representation V' with a unitary form is irreducible.

Proof. Let U be a subrepresentation of V. By [Theorem 2.2.4] Ut is a subrepresentation of
V and U @ U+ = V. By [Lemma 2.2.1{(ii), either U = V or U = 0. We conclude that V is
irreducible. O

2.3. Kac determinant formula and singular vectors. Let V' be a highest weight represen-
tation with highest weight (¢, h), and we pick a highest weight vector v. We wish to define a
contravariant form (e|e) on V' such that (v|v) = 1. We now show we do not have much choice.
Since Vj, = Cuv, it makes sense to define the expectation value of u € V', denoted by (u), as the
coefficient of u with respect to the direct sum V = € ien Vitis 1€, as the unique ¢ € C such that
u—tv € ®j62+ Vitj. We consider Ly € U(Vir) for a partition A and v € V. By contravariance,
we must have (Lyv|u) = (v|w(Ly)u). But (v|w(Ly)u) = (w(Ly)u) because all eigenspaces of
Ly are pairwise orthogonal by [Theorem 2.2.4] Therefore, if (e|e) is a contravariant Hermitian
nonzero form on V' such that (v|v) = 1, we are forced to have

(Lyv|u) = (w(Ly)u) for a partition A and u € V. (2.3.1)

Contravariance of (e|e) and ([2.3.1)) impose conditions on the highest weight (¢, h). Let a €
U(Vir). Then

(av) = (w(w(a))v) = (wla)v|v) = (v|w(a)v) = (av|v) = (w(a)v).
Taking a = C' and a = Ly, we obtain ¢, h € R.

We note, however, that initially we cannot define the form using for a general highest
weight representation because there may be linear dependences between terms of the form Lyv
for partitions A, so we may ask if it is well-defined in the first place. That is only possible for
M (c, h), and later we will see that it is also possible for any highest weight representation.

Theorem 2.3.1 ([KRR13, Proposition 3.4]). Let M(c, h) be the Verma representation of Vir

with highest weight (¢, h), where c¢,h € R. We pick a highest weight vector v, and we define the

form (e|e) on M(c, h) using equation (2.3.1)). Then:

(i) (e|®) is a contravariant Hermitian form on M(c, h) such that (v|v) = 1.

(ii) The eigenspaces of Lo are pairwise orthogonal.
)

(iii) M(c,h)t = J(c, h).
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(iv) Let V' be a highest weight representation with highest weight vector v'. There is a unique
contravariant form (e|e) on V such that (v'|v') = 1 and is defined by equation ([2.3.1))
with v' in place of v. This form satisfies properties (1)—(iil) of this Theorem. If we pick
other highest weight vector, the resulting contravariant form is the previously defined form
times a nonzero constant. In particular, for L(c, h), this form is nondegenerate.

Let V' be a highest weight representation with highest weight (¢, h), where ¢, h € R, and we
pick a highest weight vector v. Let (e|e) be the contravariant form on V defined by (2.3.1). We
say V' is wnitary if this form is unitary. By [[heorem 2.3.1] this is independent of the choice
of the highest weight vector v, and there is essentially one form. By |Corollary 2.2.5 a unitary
highest weight representation is necessarily irreducible, and it is of the form L(e, h) for some
real numbers ¢, h € R. We wish to study when is L(c, h) unitary. A simple necessary condition
is given by the next theorem.

Theorem 2.3.2. If L(c, h) is unitary then ¢ >0 and h > 0.

Proof. We pick a highest weight vector v and assume (v|v) = 1. A necessary condition for
unitarity is that

¢ = (L_pv|L_pv) >0 forneN.

But contravariance and the commutation rules of Virasoro show that

cn = 2nh + c(n® —n)/12. (2.3.2)
Putting n = 1, we get ¢; = 2h so that we must have h > 0. Moreover, (2.3.2]) shows that ¢, is
dominated by cn? for large n, so that ¢ > 0 is also necessary. (]

Let M(c,h) be the Verma representation with highest weight (¢, h). For n € N, the subspace
M (c,h)piy is finite dimensional. Therefore, we can consider the determinant det, (¢, h) of the
contravariant Hermitian form (e|e) restricted to M(c, h)p1r. This is well-defined up to a nonzero
constant.

Theorem 2.3.3. The Verma representation M (c,h) is irreducible if and only if for n € Z,,
det,,(c, h) # 0.

Proof. By [Theorem 2.3.1, M(c, h) is irreducible if and only if M(c, h)* = 0. By [Theorem 2.2.4}
M(c,h)t = @;en M(c, h)™ N M(c,h)nj = @;en M(c, h)yy ;. Therefore, M(c, h) is irreducible
if and only if for j € N, M(c, h)ﬁﬂ- = 0, which is equivalent to for n € Z,, det,(¢,h) #0. O

Thus, to determine when M (c, h) is irreducible, it is worthwhile to study the number det,,(c, h)
for n € N. Fortunately, there is a formula for this.

Theorem 2.3.4 (Kac determinant formula [IK11l Theorem 4.2]). For n € N,
det,(c, h) = constant - H brilc, h)P(n—kl)7

kleZ4
k>l
1<ki<n
where
. (h + (k2,12)£(1cf13) + kz2_1)(h+ (1271355713) + kl2—1)+ (k2;é2)2 ik
¢k,z(c> )= (k2=1)(c—13) | K2-1 f k=
h 4 D) | g if k=1

Remark 2.3.5. Using Kac determinant formula, it is possible to prove that L(1/2,h) unitary
implies h = 0, 1/2 or 1/16 (see [KRR13, §3]). This is one of the reasons we study L(1/2,1/2)
and L(1/2,1/16) in this thesis.

We will need to find the maximal proper submodules of M (1/2,1/2) and M(1/2,1/16) explic-
itly. Kac determinant formula also helps with this, allowing us to compute J(c, h) for rational
numbers ¢ and h.
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It turns out that J(c, h) is generated by at most two singular vectors, which can be computed
explicitly for isolated cases. It is always possible to write (nonuniquely)
(3r +25)(3s + 2r) (r+s)* — ¢

c= Jh =
TS 4rs

for some r,s € C\ {0} and t € C. Then

(rk+sl+t) (sk+ri+t) (rk+sl—t)(sk+ri—t) if k 7& [:
(bk,l(C’ h) = {(rk+sk+t)(rk+sk—?§ k=1

4Ars

Therefore, to find singular vectors in M(c, h), we have to study integral solutions to the linear
equation rk + sl +t = 0. This line is real if and only if ¢ < 1 or ¢ > 25. Let [} denote the
solutions to this linear equation.

Theorem 2.3.6 ([Ast97]). Let ¢ and h be real numbers such that ¢ < 1 or ¢ > 25. The integral
points (the points in Z?) of l., determine the mazimal proper subrepresentation of M/(c,h)
completely according to the following three cases:

Case I: The line l.; contains no integral points. In this case, J(c,h) = 0.

Case II: The line l.), contains exactly one integral point (k,l). We have three subcases:
Subcase I1,: The product kl > 0. Let u be a singular vector in M(c,h + kl). Then J(c,h) =

U(Vir){u}.
Subcase Ily: The product kl = 0. In this subcase, J(c,h) = 0.
Subcase I1_: The product kl < 0. In this subcase, J(c,h) = 0.

Case III: The line l.; contains infinitely many integral points. Let (ki,l1), (ka,l2),... be all
integral points on the line l.j up to equivalence relation (k,1) ~ (K',l') if and only if kl =K'l
and such that kl > 0. We ordered them in such a way that k;l; < ki 1l;xq fori € Z,. We have
two subcases:

Subcase ¢ < 1: We have three subsubcases:
Subsubcase I1I%: Line I, intersects both azes at integral points. Let u be a singular vector
in M(c,h+ kily). Then J(c,h) = U(Vir){u}.
Subsubcase III°: Line [.; intersects only one aris at an integral point. Let u be a singular
vector in M(c,h + kily). Then J(c,h) = U(Vir){u}.
Subsubcase III_: Line l.j intersects both azes at nonintegral points. Let u and w be singular
vectors in M(c,h + kily) and M (c, h + kals), respectively. Then J(c,h) = U(Vir){u, w}.
Subcase ¢ > 25: We have three subsubcases:
Subsubcase III: Line ), intersects both azes at integral points. Let u be a singular vector
in M(c,h+ kily). Then J(c,h) = U(Vir){u}.
Subsubcase III9: Line I intersects only one axis at an integral point. Let u be a singular
vector in M(c,h + kily). Then J(c,h) = U(Vir){u}.
Subsubcase II1: Line l.j, intersects both azes at nonintegral points. Let u and w be singular
vectors in M(c,h + kily) and M(c, h + kaly), respectively. Then J(c,h) = U(Vir){u,w}.

Remark 2.3.7. [Theorem 2.3.4] gives us an algorithm to find J(c, h) for a given highest weight
(¢, h), with ¢, h rational numbers. We merely need to find the levels at which the singular
vectors that generate J(c, h) lie, and then by , we have to solve the linear equations
Lyu = Lyu = 0 assuming u lies in the right level to obtain our desired singular vector.

Remark 2.3.8. For ¢ € C, Vir® = M(c,0)/U(Vir){L_110)} and Vir, = L(c,0) because by
[mark 1.6.6] the ideals of Vir® are in bijection with the submodules of M(c,0)/U(Vir){L_; |0)}.
If ¢ = ¢, 4 for some p, ¢ > 2 relatively prime integers, then the singular vector of Vir® can be com-
puted by solving the linear equation Lyu = Lou = 0 for u € Vir{,_;y,_y) (see [Theorem 1.5.16}
[Lemma 2.2.2| and [Theorem 3.3.6| ahead).

One of the objectives of this thesis is to find a PBW basis of L(1/2,1/2) and L(1/2,1/16)
similar to what was done for the Ising model Virs 4 = L(1/2,0) in [AVEH22]. The Vir-modules
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L(1/2,1/2) and L(1/2,1/16) are not vertex algebras, but they are modules (vertex algebra
modules) over both Vir'/? and Virs 4, as we will see later.

Remark 2.3.9. The irreducible highest weight representations L(1/2,1/2) and L(1/2,1/16) can
be constructed explicitly as the even or odd part of some induced representations, without using
Verma representations and passing to the quotient as was done here (cf. [KRR13| §3]). Moreover,
L(1/2,1/2) is isomorphic to Fy, where F' = F/(Ca) is the fermionic vertex superalgebra associated
to a purely odd one dimensional superspace Ca with an antisupersymmetric form defined by
(ala) =1 (see [Example 1.5.8]).

3. MODULES OVER THE SIMPLE VIRASORO VERTEX ALGEBRAS

In this section, the objective is to describe the irreducible admissible modules over Vir® and
Vir.. To do that, we first study the Zhu algebra Zhu(V') of a Z-graded vertex algebra V' in-
troduced in [Zhu96]. This naturally leads to a functor 2 : V-Mod — Zhu(V')-Mod. Next, we
construct an inverse L : Zhu(V)-Mod — {admissible V-modules} of the functor 2 using the
associated Lie algebras of a vertex algebra constructed in §1.7. We end this section by describ-
ing the irreducible admissible modules over Vir® and Vir. explicitly in terms of the irreducible
highest weight representations L(c, h) for certain values of h.

3.1. The Zhu algebra. Let V' be a Z-graded vertex algebra with Hamiltonian H. First, we
define two operations on V. For a,b € V with a homogeneous, we set:

14 z)%e
aob=res, (%Y(a, z)b> ev,
2
1+ )R
a*b = res, (ﬁY(a, z)b) eV.
2

We extend these operations linearly to obtain bilinear products on V', and we define
O(V) =span{aob|a,be V}.
Lemma 3.1.1. Fora,be V:
(i) ao |0) = (T + H)a;

(i) a=0) =a;
(i) (T+ H)V CO(V).
Proof.

(i) We just expand the definition of a o |0) recalling that T'a = a(_s |0) and Ha = Aga when
a is homogeneous.

(i) Again, we just expand the definition recalling that a = a(_1) |0).

(iii) This follows from (i). O
Lemma 3.1.2 ([DLM98, Lemma 2.2]).
(i) We assume a € V is homogeneous, b € V and m >n > 0. Then
1 Ag+n
res, (&Y(%Z)b) e O(V).

Zm+2

(ii) We assume a,b € V' are homogeneous. Then

1 Ab—l
a*x b —res, <&Y
z

(b, z)a) e O(V).
(i) We assume a € V' is homogeneous. Then
axb—bxa—res,((142) 7Y (a,2)b) € O(V).
Theorem 3.1.3 ([DLMO98, Proposition 2.3 and Theorem 2.4]). Let V' be a Z-graded vertex
algebra. Then O(V') is a two-sided ideal of V' under the operation *, and V/O(V') becomes an
associative algebra with unit |0) +O(V).
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The quotient
Zhu(V) =V/O(V)
is called the Zhu algebra of V. The Zhu algebra is closely related to the Borcherds Lie algebra,
as the following theorem shows.

Theorem 3.1.4. Let V' be a Z-graded vertex algebra. The following map
[V]e = [Zhu(V)],
a(A, —1)—a+O0(V) foraeV homogeneous

defines an epimorphism of Lie algebras.

Proof. We know Liey(V') is isomorphic to [V]y (see §1.7) and by [Lemma 3.1.1Jiii), there is a

natural linear epimorphism
Lieg(V') — [Zhu(V)],
a+ (T +H)V —a+O(V).

It remains to show this is a Lie algebra homomorphism. Let a,b € V' with a homogeneous. By
Lemma 3.1.2((iii) and the definition of the bracket of Liey(V'), we have

A, —1
[a+ (T+H)V,b+ (T + H)V] = Z < . )a(j)b+ (r'+ H)V
jeN J
A, —1
— Z ( . )a(j)b+O(V)
jEN J
= res, ((1 + 2)27'Y (a, 2)b) + O(V)
=axb—bxa+O(V)
=la+O0O(V),b+O(V)]. O
We still assume V' is a Z-graded vertex algebra. We recall from that [V] is a Z-graded
Lie algebra with a triangular decomposition [V] = [V]L @ [V]o @ [V]-. Let W be a [V]-module.

We denote by Q(W) the subspace of lowest weight vectors of W with respect to the triangular
decomposition of [V], that is,

QW) ={ueW |[V]_u=0}.

If M is a V-module, then by |[Lemma 1.7.3| [M] is a [V]-module, and we define the subspace of
lowest weight vectors of M as

By (L.5.4), we have
QM) ={ue M | for a € V homogeneous and n € Z,, a,u = 0}.

One of the most important properties of the Zhu algebra is that it simplifies the theory of
representations of vertex algebras, as the following theorem shows.

Theorem 3.1.5 ([DLMO98, Theorem 5.3]). Let V' be a Z-graded vertex algebra, and let M be a
V-module. Then the following map

Zhu(V) — End(Q2(M)),
a+0O\V) s a) = aé\ﬁfl) for a € V. homogeneous
defines a Zhu(V')-module structure on Q(M).
Because our constructions are natural, it is evident that we have constructed a functor

2 : V-Mod — Zhu(V')-Mod.
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To be more precise, if f : M; — My is a homomorphism of V-modules, then [f] : [M;] — [My] is
a homomorphism of [V]-modules. This implies that Q(M;) C Q(M,). Therefore, we can define
Qf) = flann) : QM) — Q(Ms;), which is evidently a Zhu(V')-module homomorphism.
Ezxample 3.1.6. If V = Vir®, and M is a Vir°-module, then

QM)={ue M |forneZ, Lyu=0}
is the subspace of singular vectors of M.

Theorem 3.1.7 ([DLM98, Proposition 5.4]). Let V' be a Z-graded vertex algebra, and let M be
an irreducible admissible V-module. Then:

(i) QM) = M(0);

(ii) Q(M) is an irreducible Zhu(V')-module.
3.2. The inverse of the lowest weight subspace functor. Our objective is to construct an
inverse of some sort of the functor 2. However, it turns out that this is not possible, and we
have to restrict {2 to the full subcategory of completely reducible objects.

Given the Zhu(V')-module U, it is a fortiori a module over the Lie algebra [Zhu(V')]. Thanks

to [Theorem 3.1.4) we can consider U as a module over the Lie algebra [V]y, and then U is a
module over the Lie algebra [V]_ @ [V]y by letting [V]_ act trivially. Thus, we define

M(U) = Indm,@mo(U) = U(lV]) @uqvi_awio U-

We recall from that H is a derivation of [V]. The operator DU(H) € End(U([V])) is
diagonalizable and makes U([V]) into a Z-graded associative algebra. This means

U(VDuU([V])n CU([V])men for m,n € Z,
where the subindex denotes the respective eigenspace, as usual. We consider the operator
HMY) = DU(H) ® 1dy € End(M(U)).

We can verify that H*(") is diagonalizable and makes M (U) into a Z-graded [V]-module with
grading

MU) = P M),

nez

such that M(U), = 0 if n < 0. This means that
V]mMU)p € M(U)psn for m,n € Z.
The PBW theorem implies that

and, in particular,
Taking a hint from [Lemma 1.7.3| we define
YMU)(q,2) = Z a(n)z " € F(M(U)) foraeV,
nez

where a(n) € [V] acts on M(U) by left multiplication. We want M (U) becoming an admissible
V-module by setting

MU)(n)=M(U), fornceZ.
However, we are not done yet because all the conditions in [Proposition 1.6.4] are met except
(1.6.3]). Therefore, we need to divide by the respective relations.
In the following, we let U* = Hom¢ (U, C) and extend U* to M (U) by letting U* annihilate
D,.cz, M(U)(n). We now define:
J={ue M) |foru' € U and z € U([V]), (v, zu) = 0},
L(U) = M(U)/J,

and let the grading of L(U) and YY) be inherited from M (U) in the obvious way.
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Theorem 3.2.1 ([DLMO98, Theorem 6.3]). With notation as above, L(U) is an admissible V -
module, and we have defined a functor

L : Zhu(V)-Mod — {admissible V-modules}
such that Qo L is naturally equivalent to the identity.

Remark 3.2.2. Since U([V])U = M (U), we see that U([V])U = L(U). This implies that L(U) is
strongly generated by U as a vertex algebra.

At this point, we have a pair of functors €2, L defined on appropriate module categories
Zhu(V')-Mod # {admissible V-modules}

Although Qo L is equivalent to the identity, one cannot expect that Lo{2 is also equivalent to the
identity in general. This is essentially because there are examples of Z-graded vertex algebras
V' for which the category of admissible V-modules contains objects which are not completely
reducible.

Lemma 3.2.3 ([DLM98, Lemma 7.1]). Suppose that U is an irreducible Zhu(V')-module. Then
L(U) is an irreducible admissible V-module.

Theorem 3.2.4 ([DLM98, Theorem 7.2]). L and § are equivalences when restricted to the full
subcategories of completely reducible Zhu(V')-modules and completely reducible admissible V -
modules respectively. In particular, L and Q) induces mutually inverse bijections on the isomor-
phism classes of irreducible objects in the category of Zhu(V')-modules and admissible V -modules
respectively.

Remark 3.2.5. The functor L plays well with vertex algebra homomorphism. To elaborate a bit
more, let f : V3 — V5 be a homomorphism of Z-graded vertex algebras. We naturally define
the functors of : Vo-Mod — Vi-Mod and o Zhu(f) : Zhu(V,)-Mod — Zhu(V;)-Mod. Then the

following diagram of functors commutes

Zhu(V,)-Mod L, {completely reducible admissible V5-modules}

lo Zhu(f) lof

Zhu(V;)-Mod n, {completely reducible admissible V;-modules}

By commuting, we mean that the functors of o Ly, and Ly, o (o Zhu(f)) are isomorphic.

Remark 3.2.6. In some articles such as [DSKO06, §2], the functor € is defined as Q(M) = M(0),
where M is an admissible V-module. There are some difficulties with this approach:
(i) This is not even a functor. For example, if V = Vir'/?, N = U(Vir){as4} and inc : N —
V' is the inclusion, there is no sensible way of defining Q(inc) if Q(M) = M (0). On the
other hand, if we use the definition of 2 given in [DLMO8], the problem disappears (see
IExample 3.1.6]).
(ii) It is slightly less general because [DLM9§| defines 2(M) when M is any V-module (called
weak V-module there).

Remark 3.2.7. Tt is not necessary to consider conformal vertex algebras to do the theory of the
Zhu algebra, Z-graded vertex algebras are enough.

3.3. Modules over the Virasoro vertex algebras. We wish to determine all irreducible
admissible modules over both Vir® and Vir.. This is why we studied the Zhu algebra. We start
with Vir®, which is easier.

Theorem 3.3.1 ([Wan93|). For ¢ € C, we have the following isomorphism of algebras
Zhu(Vir®) = Clz],
L_5|0) +O(Vir) — .
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Theorem 3.3.2. For ¢ € C, the irreducible admissible modules over Vir® are L(c, h) for h € C.

Proof. The irreducible modules over C[z] are C;, = C for h € C, where x acts by multiplication
by h. By [Iheorem 3.2.4] and [Iheorem 3.3.1] the irreducible admissible modules over Vir® are
L(Cy,) for h € C. By[Theorem 1.6.8 for h € C, L(C},) is a smooth Vir-module of central charge
c. Also, Ly = (L_ ]0>)(Ll()(ch) acts by multiplication by h on C; and by [Remark 3.2.2, L(C,) is
strongly generated by Cj, as a vertex algebra. Therefore, L(C},) is an irreducible highest weight
representation of Vir, i.e., L(Cy) = L(c, h). O

We now move on to Vir.. If ¢ is not of the form ¢, , for some p, ¢ > 2 relatively prime integers,
then Vir, = Vir® by [Theorem 1.5.16, and we have already solved the problem.

Theorem 3.3.3 ([Wan93|). We set ¢ = ¢, for some p,q > 2 relatively prime integers. We
have the following 1somorphism of algebras
Zhu(Vir) = Clz]/(Gp4(2)),
L_510) +O(Vir,) = x + (Gp4(2)),
where Gpo(v)? = T2, T12ZS (@ = honn), and By, € Q s defined by

(np — mg)* — (p — @)

4pq '
Theorem 3.3.4. We set ¢ = ¢, 4 for some p, q > 2 relatively prime integers. Then the irreducible
admissible modules over Vir, are L(c, hy, ) for integers m,n such that0 < m < p and0 < n < q.

Let Y\,Li((é’hm’") : Vir® — F(L(¢, hynpn)) be the state-field correspondence of L(c, huy,,) as a module

T

over Vir, and let yLiehmn) . Vir, = F(L(c, hy,.n)) be the state-field correspondence of L(c, hy, »,
Vir, h P ,

T

(3.3.1)

hm,n =

as a module over Vir.. Then Y\,Ligi’hm’”) factors through Y\,Ligi’hm‘"), i.e., the following diagram
commutes
Vir® ———» Vir,

L(C7hm,n)
YL(c,m lYVirc
Vir¢
F(L

(¢ hunn))
where the horizontal arrow is the quotient map.

Proof. The irreducible modules over Clz]/(Gp4(x)) are Cy,,,,, = C for integers m,n such that
0<m<pand0<n < g, where x+ (G, ,(x)) acts by multiplication by h,,,. We conclude from
[Theorem 3.3.2|that the Vir.-module corresponding to Cy,,, . is L(c, hy ), and the commutativity

of the diagram follows from [Remark 3.2.5| O

We are also interested in the refined character of these irreducible modules, as defined in §4}
ahead. The ordinary character is fortunately already known.

Theorem 3.3.5 ([FE84]). Let p,q > 2 be relatively prime integers, and let m,n be integers such
that 0 <m < p and 0 <n < q. Then
(2kpg+mg—np)?—(p—q)? (2kpg+mg+np)?—(p—q)?

1
ChL(cp,q,hm,n)(Q) = W Z q Ipq —q v

* kez

qhm,n

n Z ququrk(mqfnp) _ qk2pq+k(mq+np)+m”_
* kez

It follows from [Theorem 3.3.4] that the irreducible admissible modules over the Ising model
Virg 4 are Virgy = L(1/2,0), L(1/2,1/2) and L(1/2,1/16).

Theorem 3.3.6. We set ¢ = ¢, , for some p,q > 2 relatively prime integers, and we consider
the rational number hy,, for integers m,n such that 0 < m < p and 0 < n < q as defined in
(3.3.1). Then the maximal proper subrepresentation J(c, hy.pn) of M (¢, himn) is generated by two
singular vectors w and w in M (¢, by )hpntmn 00A M(C, an )b nt-(p—m) (g—n)» TESPECEIVELY.
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Proof. Solving the equations

. (3r + 25)(3s + 2r) b (r+s)* —t?
N rs e 4rs

for r,s € C\ {0} and ¢t € C, we obtain

r=ps=—q,t=np—mgq.
The solutions (k,[) € Z? of the linear equation pk — ql + np — mq = 0 are

{(n+qj,m+pj)|jeL} (3.3.2)
We are in Subsubcase III_ of [[heorem 2.3.6] and we see that the first two elements of the
solutions in (3.3.2)) are (n,m) and (n — ¢, m — p) (not necessarily in that order). d

We pick a highest weight (c,h). For 7 € H, we set ¢ = e*™7 and define the normalized
character of L(c, h) by

X(ew(T) = ¢~ * chyeny(q) € C.
We express X () (7) by using the Dedekind n-function n(r) defined by
n(r)=q¢"* [T -q",
nEZ+
and the classical theta function ©,,,(7) for m € Z, and n € Z/2mZ defined by
@n,m(T) _ qu(kJrﬁ)z.
keZ

Theorem 3.3.7 ([IK11, Corollary 6.1]). Let p,q > 2 be relatively prime integers, and let m,n
be integers such that 0 <m < p and 0 <n < q. Then

Xmm(T) = XL(Cp,q:hm,’ﬂ)(T) = (@mq—np,pq(T) - @mq+np,pq(7_))77(7_)_1-

The modular group SLs(Z) acts on the upper half-plane H by

a b at +b
T = —,
c d cT+d
Theorem 3.3.8 ([IK1I, Proposition 6.3] and [Zhu96|). Let us take integers p,q, m,n as in
[Theorem 5.3.71. Then:

(mg—np)? _

Xm,n(T +1) = et 2 TlQ}MXm,n(T)v

1
Xm,n <_;> = Z S(m,n),(m’,n’)Xm/,n’ (T)a

(m/,n")€Kp,q

where:

pq
K,,={(m,n) €Z?’|0<m<p,0<n<qgmqg+np<pg}.

8 ety . T/ . [T
Stmany.(mtty = | (=1) O )Sln( p (p—Q)) Sm( - (p—q)>,

4. VERTEX POISSON ALGEBRAS AND FILTRATIONS OF VERTEX ALGEBRAS

In this section, we review the theory of filtrations for vertex algebras. We can consider either
the Li filtration (F,V'),ez or the standard filtration (GPV'),cz. Both of these filtrations lead to
a vertex Poisson algebra, namely gr(V) and gr(V), as was shown by Haisheng Li in [Li07]
and [Li04]. In [Aral2], it was shown by Arakawa that the resulting vertex Poisson algebra is
the same. Then, we introduce the Li filtration (F,M),cz and the standard filtration (GPM),ez
for modules. This leads to modules gr,(M) and gr(M) that are again isomorphic. Finally, we
introduce the Zhu Cs-algebra and derive consequences of the Cs-cofiniteness condition.
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4.1. Vertex Lie superalgebras and their modules. Let V' be a vector space. Given a formal
distribution f(z1,...,z,) € V[[zF', ..., 2], we can write it as

rn

—my—1 . —
f(.il:l,...,xn): Z fonma) @y L

We set
sing(f(@1,-20) = D fommer ™

A wvertex Lie superalgebra is the data (V,T,Y_), where V is a vector superspace, Y_ : V —
F(V) is a linear and parity preserving map such that Y_(a, z) = sing(Y_(a, 2)) (ie., Y- : V —
Hom(V, z7'V[z7!])) for a € V and T € End(V). The data must satisfy the following axioms for
a,beV:

(i) Y_(Ta,z) = 0,Y_(a, 2);

(i) Y (2, 2)b = sing(p(a, b)Y (b, —2)a);

see . ‘] Z7w —Nn—

(iti) [Y-(a,2),Y_(b,w)] = sing(};cy 6”‘:(.! )Y,(a(j)b,w)), where Y_(a,2) = >, cnamz "
amy € End(V).

Remark 4.1.1. Axiom (i) of vertex Lie superalgebras implies that 7' € End(V)g.

Concepts like homomorphisms, vertex Lie subalgebras and ideals are defined in the usual way.
We obtain the category of vertex Lie superalgebras.

Let V' be vertex Lie superalgebra. We can make V' into a C[0]-module by declaring 0 = T.
Then axioms (i) and (ii) are the respective axioms of Lie conformal superalgebras given in §1.2]
We take a,b € V. Since

& o(z,w m R
ZMY—(%)’%W: > X (.)(%)b)w) T,

|
jEN J: m,neZ 4,kEN
jt+k=m+n

we have

o ) B D o () [

jeN m,neN j=0
On the other hand,
Y_(a,2), Y_(b,w)] = > [agm), bz "™
m,neN

Therefore, axiom (iii) of vertex Lie superalgebras is equivalent to

[a(m), )] = Z (7) (a)0) m+n—jy for a,b €V and m,n € N.
=0

This is just axiom (iii) of Lie conformal superalgebras. Thus, the category of vertex Lie superal-
gebras and the category of Lie conformal superalgebras are isomorphic. Consequently, we have
three equivalent concepts: vertex Lie superalgebras, Lie conformal superalgebras and regular
formal distribution Lie superalgebras.

Theorem 4.1.2. Let V' be a vertex Lie superalgebra. For a,b €V and m,j € N:
(i) [1,Y_(a,2)] =Y (Ta,z) = 0.Y_(a,z2);
(i) (ag)b)m) = Xizo (1) (= D¥[ag-1, bmw)]-

Proof.

(i) This is|Proposition 1.2.8|
(ii) This is [Theorem 1.2.13| O
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Let V' be a vertex Lie superalgebra. A Hamiltonian operator of V' is a diagonalizable operator
H € End(V) such that:

(i) [H.T]=T;
(i) [H,Y_(a,2)] = 20.Y_(a,z) + Y_(Ha,z) fora € V.
A vertex Lie superalgebra with a Hamiltonian is called graded. The grading of V' is the eigenspace
decomposition of H
V=PVa.

AeC
A module over V is a vector superspace M together with a linear and parity preserving map
YV — Hom(M, 2~ ' M([z71]), written as Y (a,2) = 37, valny 2", afy) € End(M), such
that for a,b € V and m,n € N:
() (ot = —nafly:
(i) [a(m)’ b(n)] = ijo (j)(a(j)b)(mﬂkj)'
Concepts like homomorphisms and vertex Lie submodules are defined in the usual way. Given
a vertex Lie superalgebra V', we obtain the abelian category V-Mod of modules over V.
Let M be a module over a graded vertex Lie superalgebra V' with Hamiltonian H. A Hamil-
tonian operator of M is a diagonalizable operator H* € End(M) such that
[HM YM(a,2)] = 20.Y™(a,2) + YM(Ha,z) foracV.
A V-module together with a Hamiltonian is called graded. The grading of M is the eigenspace
decomposition of HM
M =P Ma.

AeC
Let V be a vertex Lie superalgebra, and let M be a V-module. We say T € End(M) is a
differential of M if
[TM YM(a,2)] = YM(Ta,z) foraeV.

A differential V-module is a module equipped with a differential.

4.2. Vertex Poisson algebras and their modules. A wvertex Poisson algebra is the data
consisting of three elements (V,T,Y_) such that:

(i) (V,T) is a differential commutative associative algebra with unit 1;
(ii) (V,T,Y_) is a vertex Lie algebra;
(iii) The left Leibniz rule holds

Y (a,z)(bc) = (Y_(a,z)b)c+ b(Y_(a, z)c) fora,b,ceV.
The left Leibniz rule is equivalent to
am)(be) = (amyb)e + b(awmyc) for a,b,c € V and n € N.
The left Leibniz rule implies that a(,) € Der(A) for a € A and n € N. Therefore, we have
Y (a,z) € z ' Der(A)[[z7!]] fora € A.
In particular, ag,)1 = 0 for a € A and n € N. Therefore,
Y (a,2)1 =0 forac€ A.
By skewsymmetry,
Y_(1,2) = 0.
Theorem 4.2.1 (Right Leibniz rule). Let V' be a vertex Poisson algebra. For a,b,c € V and

neN,
Tia T7b
(ab)(n)c = Z (Tb(n+j)c + 7a(n+j)c> .

jEN

Proof. This follows from skewsymmetry and the left Leibniz rule. O
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Let V; and V5 be vertex Poisson algebras. A verter Poisson algebra homomorphism f : Vi — Vs
is simultaneously a differential algebra and a vertex Lie algebra homomorphism. We obtain the
category of vertex Poisson algebras.

Let V be a vertex Poisson algebra. A module over V is a module (M, Y ™) over V as a vertex
Lie algebra and a module over V' as a commutative associative algebra such that for a,b € V,
u€e M and n € N:

(i) (Left Leibniz rule) a%(bu) = (amyb)u + b(aé\g)u);

(ii) (Right Leibniz rule) (ab)%u =D jen (%b?gﬂ)u + %a%ﬂ)u).
Concepts like homomorphisms and vertex Poisson submodules are defined in the usual way.
Given a vertex Poisson algebra V', we obtain the abelian category V-Mod of modules over V.

Remark 4.2.2. We probably cannot deduce the right Leibniz rule from the left Leibniz rule (c.f.

Remark B.3)
Proposition 4.2.3 (JAral2, Proposition 2.3.1] and |[Appendix C|). Let R be a (graded) Poisson

algebra. Then there is a unique (graded) vertex Poisson algebra structure on JR such that

amb = onofa,b} fora,be R andn € N.

The (graded) vertex Poisson algebra structure on JR given in [Proposition 4.2.3|for a (graded)
Poisson algebra R will be called the level 0 vertex Poisson algebra structure of JR.

If Ris a (graded) Poisson algebra, and M is a (graded) R-module, then we can verify that
JR ®gr M is a (graded) JR-module by defining the Poisson structure as

am)(b®u) = (amb) @ u+ pob® {a,u} forace R,be JR, uc M andn e N

and HF9rM as in
We have a natural (graded) inclusion inc : M — JR ®pg M, which is a (graded) R-module

homomorphism. The (graded) JR-module M together with the (graded) R-module inclusion
inc : M — JR ®g M satisfy a universal property similar to that of inc : R — JR (see
Appendix Cl), as we now show.

Let N be a (graded) module over the (graded) vertex Poisson algebra JR, and let f : M — N
be a (graded) homomorphism of modules over the (graded) Poisson algebra R. Thus, N is a
module over the (graded) algebra JR and in particular, a module over the (graded) algebra
R because we have an inclusion inc : R < JR. Also, f can be considered as a (graded)
homomorphism of (graded) modules over the (graded) algebra R. Therefore, there is a unique
(graded) homomorphism f : JR®r M — N of (graded) modules over the (graded) algebra JR
such that the following diagram commutes

M <2 JRor M
\lf
N

Proposition 4.2.4. The homomorphism f as defined above is a (graded) J R-module homomor-
phism.

Proof. We just expand the definitions and verify the axioms of (graded) modules over (graded)
vertex Poisson algebras. O

We have constructed a functor
JR®p e : {(graded) R-modules} — {(graded) JR-modules},

which is left adjoint to the forgetful functor {(graded) JR-modules} — {(graded) R-modules},
i.e., for M € {(graded) R-modules} and N € {(graded) JR-modules}, we have a natural iso-
morphism

Hom{(graded) JR-modules} (JR OR M, N) = Hom{(graded) R-modules}(M7 N)
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4.3. Filtrations of vertex algebras. Let V be a vertex algebra, and let (a‘);c; be a family of
strong generators of V. For p € Z, we set

FpV:span{aéLnrl)...al('s 1) |0) | s,m1,...,ns € Nyiy, ... is € I,ng + -+ ns > p}.

Proposition 4.3.1 ([Li05]). The filtration (F,V )yez satisfies:
(i) F,V =V forp<0;
( ) |0>€FOVDF1VD
(iii) T(F,V) C F,1V forp E Z;
(iv) a@ FVCFp+q n-1V forp,q € Z, a € F,V and n € Z;
(v) a(nFVCFp+q 2V forp,q€Z, aEFV and n € N.

Let
grp(V) = @ EV/F,V

peEN

be the associated graded vector space. By [Li05], the vector space grp(V) is a vertex Poisson
algebra with operations given as follows. For p,q € N, a € F,V and b € F,V, we set:

op(a)aq(b) = opiq(acnb),
T(oy(a)) = op1(Ta),
Y (0y(a), 2)o,(b) = ZUerq—n(a(n)b)Z_n_l?
neN

where g, : F,V — grp(V) is the principal symbol map, which is the composition of the natural
maps F,V — F,V/F,,V and F,V/F,1V < grp(V). The unit is ¢°(]0)). The filtration
(F,V)pez is called the Li filtration of V.

Lemma 4.3.2 ([Li05, Lemma 2.9]). Let V be a vertex algebra. Then
F,V =span{ai—b|acV,icZ,,be F,;V} forpecZ,.

By [Lemma 4.3.2] the Li filtration depends only on V' and not on the choice of the strong
generators. If V' is graded with Hamiltonian H, then H(F,V) C F,V because in that case, for
peZ,

F,V = span{a%,mfl) @y 1y [0) [ 5,0, s €N, a',...,a* € V homogeneous,
ny+ -+ ng > ph
Therefore, we can define an operator H € End(grp(V')) as H(o,(a)) = 0,(Ha) for p € N and

a € F,V. For p e Z and A € C, we define F,Va = F,V NVa. Since H(F,V) C F,V for p € Z,
[Lemma 1.5.12] implies that

EV = @ F,Va forpeZ.
AeC
For A € C, we define grp(V)a = @,cy0p(F,Va). Then Ha = Aa for a € grp(V)a. The
family of subspaces (gry(V)a)acc satisfies grp(V) = @acc grp(V)a. Therefore, the operator
H € End(grp(V)) is diagonalizable with grp(V)a = ker(H — Aldg,, (vy). In fact, more is true.
Theorem 4.3.3. This diagonalizable operator H is a Hamiltonian of grp(V).

Proof. For p,q € N, a € F,V and b € F,V,

[H,Y_(op ZUerq n([H; am)]b)2 o
neN
— Zap+q n n + 1) Q(n) + (Ha)(n))b)z_”_l
neN

= (20.Y_(0p(a), 2) + Y_(0p(Ha), 2))04(D),
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H(op(a)og(b)) = H(oprq(a-1)b))
= 0p1q(H(a-1)b))
= Opiqla(-1) (Hb) + (Ha)(-1)b)
= (@) H(o,(b) + Hloy(@)o(h)

[H,T)oy(a) = H(T(0,(a))) — T(H(op(a)))

i
~
,Uq
&
0

We have the natural vector space isomorphisms

0p(F,VA) = FyVA/F, VA forp e Z and A € C
and the refined grading

grp(V) = €D op(FVa). (4.3.1)

By (4.3.1), when dim(Va) < oo for A € C, it is natural to define the refined character of V' with
respect to the Li filtration as

chgr,.(v)(t, q) = Z dim(ap(FpVA))tqu

peEN
AeC

If f:V; — V5 is a homomorphism of vertex algebras, then

grp(f) : grp(V1) — grp(Va),
ng(f)(aXI(a)) = UXQ(f(a)) for pe Nand a € F,V;
defines a homomorphism of vertex Poisson algebras. If V; and V5 are graded, then we require

that f respects the gradings of V; and V5, and this implies that gr(f) also respects the gradings
of grp(Vh) and gryp(V3). Therefore, we obtain a functor

grp - {(graded) vertex algebras} — {(graded) vertex Poisson algebras}.

We now assume that V' is an N-graded vertex algebra with Hamiltonian H. Let (a’);c; be a
family of homogeneous strong generators of V. For p € Z, we set

GPV = span{aéinrl) .. .a’('insfl) 10) | s,m1,...,ns € Nyig,..oyis € I, Agiy + -+ + Agis < p}.

Proposition 4.3.4 ([Li04]). The filtration (GPV),ez satisfies:

(i) GPV =0 for p < 0;

(i) 10) € GV C G'V C..

(iii) V,, € G"V forn € Z;

(iv) V= U,en GPV;
V) amGV C GPYV forp,q € Z, a € GPV and n € Z;
(vi) am)G?V C GP*YV forp,q € Z, a € GPV and n € N;
(vii) H(GPV) C GPV and T(GPV') C GPV forp € Z.

Let
af(V)=@Parvier'v

peEN
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be the associated graded vector space. By [Li04], the vector space gr(V) is a vertex Poisson
algebra with operations given as follows. For p,q € N, a € GPV and b € GV | we set:

o”(a)ad(b) = ap+q(a(_1)b),
T(a*(a)) = a”(Ta),
Y_(a"(a), 2)a”(b) = 3 a0 (agb)

neN

where o? : GPV — gr%(V) is the principal symbol map. The unit is a®(|0)). The filtration
(GPV)pez is called the standard filtration of V. By |[Proposition 4.3.6| ahead, the standard filtra-
tion does not depend on the choice of the strong generators of V.

By [Proposition 4.3.4{vii), we can define an operator H € End(gr®(V)) as H(a?(a)) = o?(Ha)
forp € Zand a € GPV. For p € Z and n € N, we define G*V,, = GPVNV,,. Since H(G?V) C G*V
for p € Z,|[Lemma 1.5.12 implies that

GV =GV, forpel.
neN
For n € N, we define gr®(V), = @,y ?(G"V,). Then Ha = na for a € gr“(V),. The

family of subspaces (gr%(V),)nen satisfies gr(V) = @,y 2r%(V)n. Therefore, the operator
H € End(gr®(V)) is diagonalizable with gr®(V),, = ker(H — nIdgc ). In fact, more is true.

Theorem 4.3.5. This diagonalizable operator H is a Hamiltonian of gr(V).

Proof. The proof of [I’heorem 4.3.3| also works here. U

We have the natural vector space isomorphisms
a?(GPV,) =GPV, /GP™'V,, forp€ Z andn € N

and the refined grading
g?(V) = @5 o’ (G*V,). (4.3.2)

p,neEN

By (4.3.2)), when dim(V},) < oo for n € N, it is natural to define the refined character of V' with

respect to the standard filtration as
chgay(t,q) = Y dim(a?(G*V,))tPq" € C[[t, q]].
p,neN
If f:V7, — Vsis a homomorphism of N-graded vertex algebras, then
g1 (f) : gt (Vi) — g1®(Va),
gr%(f)(ed, (a)) = ¥, (f(a)) for p € N and a € G*V;
defines a homomorphism of N-graded vertex Poisson algebras. Therefore, we obtain a functor

gr? : {N-graded vertex algebras} — {N-graded vertex Poisson algebras}.

Proposition 4.3.6 ([Aral2l Proposition 2.6.1]). Let V' be an N-graded vertex algebra. Then the
Li filtration and standard filtration satisfy

F,V, =G""?V, forpneN.

An explicit isomorphism grp(V) = gr%(V) of vertex Poisson algebras is defined by extending
linearly the isomorphisms of vector spaces given by

op(F, V) = o™ P(G"PV,),
op(a) = a"P(a) forp,neN anda € F,V,.
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Remark 4.3.7. In [Aral2], it is suggested in a footnote that it is possible to consider more

general %N—graded vertex algebras instead of N-graded vertex algebras. However, we encounter

difficulties doing this. For example, if V = Vir'/2, which is the case we are interested here,

then V is 3N-graded. According to the definition of gr®(V) given in [Aral2], we should have
ng(V) = eapG%N GpV/Gp_lV = GQV/G_1V D Gl/QV/G_l/QV p... = (C |0> @C |0> D... y which
means “the vacuum is doubled”. That is probably not intended, and also the proof of [Aral2,
Proposition 2.6.1] does not work for %N—graded vertex algebras. But the hypothesis Vj = C|0)
can be removed, just as Arakawa wrote.

Theorem 4.3.8. Let V' be an N-graded vertex algebra with dim(V,,) < oo forn € N. The refined
characters of V' are related as follows:

<1> ChV(q> = Chng(V) <Q) = Chng(V) (Q) = Chng(V)(ly Q) = Chng(V)(17 Q);

(11) Chg;rG(V) (tila tQ) = Chng(V) (ta q)'
Proof. See the proof of [Proposition 4.4.9| ahead. O

Ezample 4.3.9 (gr€(Vir®)). We pick any ¢ € C and define the subalgebra Vir<_, = D,<_.CL,
of Vir. By the PBW theorem and [Example 1.4.14] for s € N, a basis of U(Vir<_2)* (see

for the definition of U(Vir<_5)?®) is given by
{Ly|t<sand[\,...,\] is a partition with A\, > 2}.
We recall that Ap_, o) = 2. From the definition of the standard filtration, we see that for s € Z,
G*Vir® = G*™ Vir® & U(Vir<_,)*. This implies that the quotients G** Vir® /G** Vir® are 0
for s € N. Therefore, we have a vector space isomorphism
gr(Vir®) = gr(U(Vir<_s)),
a®(Ly]0)) = v%(Ly) for s € Nand A = [\y,...,\,] a partition with A, > 2.

We now show this is an algebra homomorphism. We need to show that for s,¢ € N and partitions
AL, As)y [y -0, me] with A,y > 2,

0¥ (Ly [0)a® (Ly 0)) = 1" (Lo L),
which is equivalent to
a2 (L [0)) (1) (Ly [0))) = 7" (LaLy).
Therefore, we have to show that
(L 10))(~1)(Ly; 10)) = (LxLy)|0) +a for some a € G*+*~1 Vir®. (4.3.3)
If s=0ors=1, (4.3.3) is clear. We assume s > 2. By |Corollary 1.4.9|
COMTEL(2) . 00 T2L(2)
(L))o 10) = (22 — )
A =2l (=2 )y
(: 0N 2L(2) ... 02 2L(2) 1)(—1)(Ly |0))
A —2)!... (A —2)! ’

where L(z) = Y., ., L,2""% € F(Vir®). We now use [Lemma 1.3.4] with V' = Vi, a¥(z) =
OM2L(z) for k=1,...,s and b= L, |0). First, we note that for k =1,...,s,

a®(z) = 02 L(2)
= (—m—2)...(—mn—2— (\s — 3))an_”_2_@k—2)

which says that
OL’(c =(—n+X—3)...(—m) L1y, fork=1,...,sand n € Z.
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We note that each expression R, '* ' ne1 Ly ]0) in [Lemma 1.3.4, where we omitted the fields

a*(z) from the notation, is the sum of elements of the form
scalar - Ly, ... L, (Ly,|0)),

where k;, € Z for k = 1,...,s. Furthermore, we note that if x; > —1 for some k = 1,...,s,
then Ly, ... L., (L, ]0)) € G*T*~!Vir. We now study these expressions R,"* L, ]0) by

considering the elements that appear in the sum defining it. We consider several disjoint cases:
(i) k> 0. If n;; > X\, —2, then n;;, +1— X\, > —1, so we get

J1 Js—1—k 1k i1 2s+2t—1 :..C
I (l oSy 45k 0 O L 0) e G Vir¢.
If ng, < A, — 3, then aZI(Z>(ni1)LTI 0) = 0 because (—m1 + )\k —3)...(=ny,) =0, so we
get
J1 Js—1—k i i B
Ungy =) Uy, - (l D DN TNED et o ’“nma(nik)"'“(nil)Ln|O> =0.

Therefore, we obtain
Ry L, l0) € GV,

ni,

(ii) £ =0 and there exists some j =1,...,s — 1 such that n; > 0. In this case, we get
1,0 _ 1 s—1 S 25+2t—1 :..C
Rnl7 s 1L |0> = a(fmfl) . a(_n571_1)a(71+2i;% nT)Ln ‘0) - G Vir

because we can repeat the reasoning of (i) with —1+ 3°_1 n, instead of n;,.

(iii) Kk =0and n; = --- =ny,_1 = 0. In this case, we get

Ry =a(_yy- a7 at_ Ly [0) = (A = 2)!. .. (A = 2)IL5 Ly 0) .
From these three cases, we obtain (4.3.3)).

We conclude that we have an algebra isomorphism gr®(Vir®) = gr(U(Vir<_,)). Composing
this with the inverse of the isomorphism S(Vir<_5) — gr(U(Vir<_s)) in and taking
(Ln)n<—2 as the basis of Vir<_,, we obtain the following isomorphism of commutative associative
algebras with unit

r¢(Vir®) = C[L_y, L_s,...],
OéZS(L,nI,Q . L,nS,Q ‘O)) — L,n1,2 . L,nS,Q for S,N1,...,Ng € N.

In particular, the isomorphism does not depend on c.

The derivation T € Der(C[L_g, L_3,...]) is given by T'(L_,,) = (n —1)L_,,—1 for n > 2, which
is extended to a derivation.

The Poisson structure of gr®(Vir®) is trivial (i.e., the map Y_ is zero) because for s € Z,
G* Vir® = G*T vir®.

Since AL_2 [0) = 2,

1
Cth‘G(VIT )(t Q) Hk>2(1 42 q )

Remark 4.3.10. It is worth noting that we do not use the Poisson structure of gr(U(Vir<_s))
given in [Example B3

4.4. Filtrations of modules over vertex algebras. Let V be a vertex algebra, let (a');cr be
a family of strong generators of V', and let M be a V-module. For p € Z, we set

i1 M is M . .
FpM:span{a’(imfl)...azfnsfl)u | s,my,...,ns € Njiy, ..., is € [,u € M,ny+---+ng > p}.

Proposition 4.4.1 ([Li05]). The filtration (F,M),cz satisfies:
(i) M = F,M forp< O
()%MDEMD
(iii) amyFyM C F +q_n_1M forp,q€eZ,a€ F,V andn € Z;
(1v)a FMCF+q_anorp,q€Z,a€FpV and n € N.



PBW BASES OF IRREDUCIBLE ISING MODULES 61

Let
grp(M) = @ FyM/Fy M
peN
be the associated graded vector space. By [Li05], the vector space grp(M) is a module over
grp(V') with operations given as follows. For p,q € N, a € F,V and u € F,M, we set:

Jp(a)aé\/[(u) = Oﬁq(aé\/—ll)u)a

YM(o,(a), z)aéw(u) = Z aﬁq_n(a%u)z_"_l,
neN
where o' : F, M — grp(M) is the principal symbol map. The filtration (F,M)pez is called the
Li filtration of M.
We note that if V' were conformal with conformal vector w, then we do not always have the
property LM (F,M) C F, . M for p € Z, where Y (w,z) = >, L2272 For example, for
V =Vir'/2, M = M(1/2,1/2) and |1/2) € FyM, we have L_y |1/2) ¢ F\ M.

Remark 4.4.2. The observation above makes [Aral2, Lemma 3.1.2] incorrect because the expres-
sion op_1(w(eym) that is written there (that should be 0,41 (w@ym), but it still does not work) is
not well-defined. It is probably not possible to define a differential on grp(M) in a meaningful
way. We will not need that differential in this thesis, though.

Lemma 4.4.3 ([Li05, Lemma 2.9]). Let V' be a vertex algebra, and let M be a V-module. Then
F,M = span{aé‘fi_l)u laeViieZiue F,_;M} forpelZ,.

By [Lemma 4.4.3] the Li filtration depends only on M and not on the choice of the strong
generators of V. If V is graded with Hamiltonian H, and M is graded with Hamiltonian HM
then HM(F,M) C F,M because in that case, for p € Z,

F,M = span{a%ﬁ{ll_l) . an

1
-1l | s,n1,...,ns €N, a,...,a® € V homogeneous,

u € M homogeneous, ny + - -+ ng > p}.

Therefore, we can define an operator H" € End(gr,(M)) as HM (o) (u)) = o) (H"u) for

pe€Nand u € F,M. For p € Z and A € C, we define F,Ma = F,M N Mx. Since HM(F,M) C
F,M for p € Z,|Lemma 1.5.12 implies that

F,M = F,My forpel
AeC
For A € C, we define grp(M)a = @,cy o) (FyMa). Then HYu = Au for u € grp(M)a. The
family of subspaces (grz(M)a)acc satisfies grp(M) = @, cc 8r#(M)a. Therefore, the operator
HM € End(gry(M)) is diagonalizable with grp(M)a = ker(H™ — Aldg, ). In fact, more is
true.

Theorem 4.4.4. This diagonalizable operator H™ is a Hamiltonian of grp(M).
Proof. The proof of [T'heorem 4.3.3| also works here. O

We have the natural vector space isomorphisms
o (F,Ma) = FyMa/Fy1Ma forp€Zand A€C
and the refined grading
grp(M) = €D 0,(F,Ma). (4.4.1)

peEN
AeC

By (4.4.1), when dim(M)a < oo for A € C, it is natural to define the refined character of M
with respect to the Li filtration as

chyr, (. q) = Y dim(o,(F,Ma))t'q".

peEN
AeC
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If f: M; — M is a homomorphism of V-modules, then

grp(f) : grp(My) — grp(Ms),
grp(f)(on (w) = op™(f(u)) for p € Nand u € F,M,

p

defines a homomorphism of gry(V)-modules. If M; and M, are graded, then we require that f
respects the gradings of M; and Ms, and this implies that grz(f) also respects the gradings of
grp(My) and grp(M,). Therefore, we obtain a functor

grp : {(graded) V-modules} — {(graded) gr(V')-modules}.

We now introduce a definition not given by Li in [Li04]. Let V be an N-graded conformal
vertex algebra with conformal vector w, let (a*);e; be a family of homogeneous strong generators
of V, and let M be an h + N-graded (V w)-module. This means M is a V-module with L}’
diagonalizable whose eigenvalues are in the set h + N for some h € C. We set M = ker(L)! —
Aldy) for A € C, so we have M =@, . Mpirn. For p € Z, we set

neN
GPM = span{a L) - aés_ﬂgs_l)u | s,m1,...,ns € N, iy, ... iy € I, u € M homogeneous,
Agiy + -+ Agis + Ay — h < p}.

Proposition 4.4.5. The filtration (GPM ),z satisfies:
() GPM =0 for p < 0;
i) G'M C G'M C .
(i) Mpyn € G™ MfornEZ
(iv) M = Upen G?M;
(v) aM GIM C GPTM for p,q € Z, a € GPV andn € Z;
(vi) MGq]\/[ C GPra= M forp,q € Z, a € GPV and n € N;
(vii) LM(GPM) C GPM and LY (GPM) C GP™'M for p € Z.

Proof. The proofs in [Li04] also work here. O
Remark 4.4.6. We do not have the property L™ (GPM) C GPM as in the case of vertex algebras.

Let
g (M) =P GPM/GP' M
peEN
be the associated graded vector space. The vector space gr(M) is a module over gr®(V') with
operations given as follows. For p,q € N, a € GPV and u € GIM, we set:

Otp(a)a?w(U) = of(at! 1>U)

wa(ap( Oép+q 1 s 7n717
where of, : GPM — gr®(M) is the principal symbol map. The filtration (GPM),ez is called the
standard filtration of M. By |Proposition 4.4.8 ahead, the standard filtration does not depend
on the choice of the strong generators of V.
By [Proposition 4.3.4(vii), we can define an operator H™ € End(gr®(M)) as HM (o}, (u)) =
oh (L) for p € Z and w € GPM. For p € Z and n € N, we define GPM;,,, = GPM N My, .
Since LY (GPM) C GPM for p € Z,|[Lemma 1.5.12 implies that

G'M =P G’ My, forpe L.
neN
For n € N, we define gr%(M)nyn = @, ey (G*Myin). Then HMu = (h + n)u for u €
gr%(M)p4n. The family of subspaces (gr%(M)pin)nen satisfies gr%(M) = @@,,cn 28 (M) pin.-
Therefore, the operator HM € End(gr®(M)) is diagonalizable with gr®(M),,,, = ker(H — (h +
n)Idg.c (). In fact, more is true.
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Theorem 4.4.7. This diagonalizable operator HM is a Hamiltonian of gr®(M).
Proof. The proof of [Theorem 4.3.3| also works here. O

We have the natural vector space isomorphisms
b (GP My i) = GP My 10/ GP My, for p€Z and n € N

and the refined grading
gr9(M) = B of,(GP My i) (4.4.2)

p,neN

By (4.4.2)), when M is ordinary, which means dim (M, ) < oo for n € N, it is natural to define
the refined character of M with respect to the standard filtration as

Chng(M)(t7 Q) = Z dim(aﬁ/l(GthJrn))tpthrn S thHt, q]]
p,neN

If f: M; — M, is a homomorphism of h 4+ N-graded (V,w)-modules, then
gr(f) : g (M) — gr(Ms),
g% (f)(oh, (v) = b, (f(u)) for p € Nand u € G'M,
defines a homomorphism of h + N-graded gr(V)-modules. Therefore, we obtain a functor
gr% . {h + N-graded (V,w)-modules} — {h + N-graded gr(V)-modules}.

Proposition 4.4.8. Let (V,w) be an N-graded conformal vertex algebra, and let M be an h+ N-
graded (V,w)-module. Then the Li filtration and the standard filtration satisfy

FMyyn =G PMyy, forp,neN.

An explicit isomorphism grp(M) = gr®(M) of modules is defined by extending linearly the
isomorphisms of vector spaces given by
o (FyMyyn) = iy "(G" P Myy),

o) (u) = oy P(u)  forp,n €N and u € F,Myiy.

Proof. We recall three facts:
(a) Mpyn € G™"M for n € Z;
(b) Aa(Mn)u =A,+ A, —n—1 for homogeneous a € V, u € M and n € Z;
(c) For pe Z; and n € N,

F,Mp i = span{aél_]\gl_l)u iy €1, n € Zy and u € Fp_p,, M,
satisfy Agii + Ay +np = h +n}.

First, we prove the inclusion F,Mj,,, € G" PM} 4, for p,n € N. We do this by induction
on p € N. The base case p = 0 is true by property (a) above. We now assume p > 1 and
F,Mp 4, € G"9My 1, for ¢ < p and n € N. We pick an element aéiﬂgl_l)u from the spanning set
of F,Mp, in property (c) above, with i; € I, n; € Z; and u € F,_,, Ma,. By the induction
hypothesis, we know that u € GA«~h=P+m [, | and also a € VAan C G2 V. Therefore, by

Proposition 4.4.5(v), ai** U € GARanHBu—h=ptm N r — qnep

(=m

from the spanning set of G"P?M},,, where u € Ma,,S,n1,...,ns € Nyiq,.. .(, i; € )I and( A )+
oo+ Agis + Ay — h < n—p. By property (b) above, we must have Agi, + -+ -+ Agis + Ay +n1 +
--++ng = h+n. Therefore, p < n; + -+ 4+ ng, so we get aéﬂiq) .. .az('i]‘fsfl)u € F,M straight
from the definition of F,M.

We verify that we obtain an isomorphism grp(M) = gr(M) directly from the definitions (cf.
[Proposition 4.3.6)). 0

We now prove the inclusion G" P M}, C F,M},. We pick an element a u
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[Proposition 4.4.8 translates into an identity of the refined characters of M, as the following
proposition shows. This is also valid for vertex algebras because all the definitions are compatible.

Proposition 4.4.9. Let (V,w) be an N-graded conformal vertex algebra, and let M be an h+ N-
graded (V,w)-module. Then:

(1) ChM(Q) = Chng(M)<Q) = Chng(M)(Q) = Chng(M)(la Q) = Chng(M)(L Q);'

(11) Chg]rG(M) (t_la tQ) = th Chg]rF(M) (ta q) .

Proof.

(i) This is clear from the properties and definitions of the filtrations.
(ii) This follows from [Proposition 4.4.8| and by replacing p by n — p in the following compu-
tation

Chng(M) (til, tq) = Z dim(oz?w(GthJrn))tfp(tq)“”

p,neN
= Z dim(ah, (GP My, ) )t Pghtn
p,neN
— Z dlm(a p(anthJrn))tthpthrn
p,neN
= th Chng(M)(t, q). O

Ezample 4.4.10 (gr®(M(c,h))). We pick a highest weight (c, h). By [Theorem 1.6.5 the Verma
module M (c,h) is a module over Vir®. From [Example 4.3.9, g¢r®(Vir®) & C[L_ 5, L _3,...].
Similarly, we can prove that gr®(M(c, h)) is a free gr®(Vir®)-module

gr?(M(c,h)) = @ er®(Vir®) L.
keN

More precisely, the isomorphism is given by

gr(M(c,h)) = @ ClLy, L_s,.. . |L¥,,

keN
a3tk (L) LN (LMY e h)) > Loy Lo, oLy for s, ko, n, €N
Since Ap_, 0y = 2 and A(Lz_wl@,h))k‘cm =k+ hfor k€N,
qh

C ng(M(c,h))( 7Q) (1 _ tQ) Hk22<1 _ t2qk)

Remark 4.4.11. That +k in the isomorphism above is what makes this filtration different from

the PBW filtration (see |[Appendix Al), where all L,, for n < —1 have the same length. On the
other hand, with the standard filtration, L_; has length equal to 1, while L_5, L_3, ... have
length equal to 2.

Remark 4.4.12. The definition of the standard filtration (G?M),cz apparently depends on h,
so we should write it as (G?M),cz. However, since GY_ M = G?"M for p € Z, gr{(M) and
gré (M) are isomorphic and chge (ar)(t, q) = tchyoan(t, g). 1f we further require that Mp # 0
when M # 0, then gr¥(M) and chg.o(an (1, q) are well-defined.

Remark 4.4.13. We could have done the theory of standard filtrations of modules for admissible
modules over N-graded vertex algebras (or maybe even over lower truncated Z-graded vertex
algebras, as it is done in [Li04]).
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4.5. The Zhu C)-algebra and the (Cs-cofiniteness condition. Let V' be a vertex algebra.
By |Lemma 4.3.2] we have

CoV =span{a_ob | a,be V} = F{V.
We define the Zhu Cy-algebra of V' by

RV = V/CQV = FOV/F1V Q gI‘F(V)
In Zhu's original article [Zhu96] and other works, Ry is denoted by A(V).

The fact that grp(V) is a vertex Poisson algebra implies that Ry is a Poisson algebra with
operations given as follows. For a,b € V, we set:
oo(a)oo(b) = oo(a-1)b),
{o0(a), 00(b)} = ao(ab).

If V is graded, then, as we explained in § grp(V) is graded. Thus, Ry is also graded.
We have constructed a functor

R : {(graded) vertex algebras} — {(graded) Poisson algebras}.

Oftentimes, some condition on Ry implies or is equivalent to some condition on V', as we shall
see in this subsection. The vertex algebra V' is called Cs-cofinite if Ry is finite dimensional.

Ezample 4.5.1 (Ryi,e and Ryy,, ). We pick ¢ € C. We consider C[L_5] as the polynomial algebra
in one variable L_5, and we equip it with the trivial Poisson bracket. By [Example 4.3.9] and
[Proposition 4.3.6] we have the following isomorphism of Poisson algebras

RVirC 1> C[L72]7
O'()(L_g |O>) — L_s.

We now move onto Vir.. If ¢ is not of the form ¢, , for some p, ¢ > 2 relatively prime integers,
then Vir, = Vir® by [Theorem 1.5.16, and we have already solved the problem. Therefore, we
assume c is of this form.

We have a natural quotient map

7y @ Vir® — Vir,
m5(a) = a+ U(Vir){a,q}.
Applying the functor R, we obtain an epimorphism
Rre © Ryire = Ry,
From the equation ker(Ryc) = oo(U(Vir){a,,}) and [Theorem 1.5.16] we obtain
er(Rag) = (oo(L% 7072 10)).

In summary,

Ru, = ClL-a] /(L)
Thus, Vir® is never Cs-cofinite, while Vir, is Cs-cofinite only when c is of the form ¢, , for some
p,q > 2 relatively prime integers.

Let V be a vertex algebra (no condition on V'). The associated variety of V', denoted by Xy,
and the singular support of V, denoted by SS(V), are defined by:

Xy = Spec(Ry),
SS(V) = Spec(grp(V)).

Lemma 4.5.2 ([Li05, Corollary 4.3]). Let V' be a vertexr algebra. As a differential algebra,
grp(V) is generated by Ry, i.e.,

grp(V) = (Rv)r.
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Let V be a (graded) vertex algebra. We have a natural (graded) algebra inclusion inc :

Ry — grp(V). By the universal property of inc : R < JRy (see |Appendix CJ), there is
a (graded) differential algebra homomorphism ¢y : JRy — grp(V) such that the following

diagram commutes
Ry < JRy
-
grp(V)

Because Ry is a (graded) Poisson algebra, we can equip JRy with the level 0 vertex Poisson
algebra structure. From now on, JRy will be considered as a (graded) vertex Poisson algebra.

Lemma 4.5.3. Let V be a (graded) vertex algebra. The (graded) differential algebra homomor-
phism ¢y = JRy — grp(V) defined above is surjective and is actually a (graded) vertex Poisson
algebra homomorphism. Thus, SS(V') is isomorphic to a closed subscheme of J Xy .

Proof. The homomorphism ¢y is surjective by [Lemma 4.5.2] The fact that ¢y is a (graded)
vertex Poisson algebra homomorphism is explained in [Aral2, Proposition 2.5.1]. O

When ¢y is an isomorphism, we say V' is classically free.
Ezample 4.5.4 (JRyye and J Ry, ). Let ¢ € C. Then Vir® is classically free because
grp(Vir®) = C[L_o, L_3,...]
by [Example 4.3.9) and [Proposition 4.3.6| and
JRyiye =2 J(C[L_5]) =C[L_5,L_3,...]
by [Example 4.5.1] and [Appendix C|

We now move onto Vir.. If ¢ is not of the form ¢, , for some p, g > 2 relatively prime integers,
then Vir, = Vir® by [Theorem 1.5.16 and we have already solved the problem. Therefore, we
assume c is of this form. Then

JRvi, , = J(C[L_o) /(L% VD)) = €Ly, L_s,...]1/ (L% VD,
by [Example 4.5.1] and [Appendix C]

Ezxample 4.5.5. If p > ¢ > 2 are relatively prime integers, then Vir,, is classically free if and
only if ¢ = 2 by [VEH21].

Ezxample 4.5.6. It was proven in [AVEH22] that the Ising model Virs 4 is not classically free. In
fact, by [AVEH22, Theorem 2],

kef(¢\/ir3,4) = (5)67
where
b = L,4L,3L,2 + %L,5L2_2,

and (b)y is the differential ideal generated by b, cf. |Appendix C| and [Example 4.3.9 where 0 is
denoted by T

In algebra, commutative algebras are often required to be finitely generated. In the theory of
N-graded vertex algebras, the equivalent of this is assuming that V' is finitely strongly generated.
Fortunately, these two concepts are related, as the following theorem shows.

Theorem 4.5.7. Let S CV be a subset of homogeneous elements of an N-graded vertex algebra
V. The following are equivalent:

(i) S strongly generates V' ;
(ii) oo(S) generates Ry as an algebra without the Poisson structure.

In particular, V is finitely strongly generated if and only if Ry is finitely generated.
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Proof. We assume that S strongly generates V. Let og(a) € Ry with a € V arbitrary. We
know that a is a linear combination of elements of the form a%_m_l) A |0), where
s,ni,...,ns € Nand a',... ,a®* € S. However, ao(a% 1) @ p, -1y |0)) = 0 if any n; > 0,
and if ny = .-+ = n, = 0, we have oo(ai_,, )...al_, 1,10)) = oo(a(_yy...a]_}|0)) =
oo(a')...o9(a®) € Clog(S)]. Therefore, oo(a) € Clog(9)] and RV = Cloo(9)].

We now assume that Ry = Clog(S)]. We define the subspace W strongly generated by S by
setting

W = span{a%_nl_l) @y 1y [0) [ 8,00, ns €N, a',...,a® € S}.

As the elements of S are homogeneous, the subspace W is H-invariant. By [Lemma 1.5.12]

W= wnv,. (45.1)

neN

Our objective is to show that V' = W. By[Theorem 1.4.5(i)—(ii) and|Corollary 1.4.9} for m,n € N
and a,b € V, we have

on(T"(a))om(T™(b)) = on(nla—n—1) |0))om(m!bm_1)|0))
= Opm((nlan_1)|0)) 1) (m!bm-1)|0)))

= n!m!o, m(an-1)bm-1)]0)).

By [Lemma 4.5.2,

=C || T"(Cloo(S

neN

ng(V =

U 7(Ry) wawﬁ.
neN neN

It is enough to show that for n € N, V,, C W. Thus, we fix ng € N. By [Proposition 4.3.6| there
exists N € N such that F,V,,, = 0 for p > N. We now pick a € FyV,,. We know there exist
s,ni,...,ns € Nya',...,a° € S and p(xy,...,25) = > s tot]’ ... 2% € Clay, ..., x,], where
t, € C for v € N*  such that

on(a) = p(T™ (oo(a')), ..., T (o0(a")))

= p(on, (T (a )) , 0, (T (a%)))
= Z to(na)™ () 0y +Usns((a%—n1—1))vl e (af—ns—1)>vs 0)).
vENS
Therefore,
on(a) = on(b),
where

b= > to(na)" ()" (af_py 1)) - (af,, )" 0) € W

veEN?
U1n1+"'+’vsns:N

This means a—b € Fx1V. By , we can write b = ZneN b,, where b, € W NV, forn € N.
Therefore, a —b,, € Fn11Vy, = 0, and this implies a € W. We concluded that FyV,,, € W from
Fni1Vy, = 0 C W. In the same way, we can conclude that Fy_1V,,, € W from FyV,, C W,
and we conclude using induction that FyV,,, = V,,, € W, finishing the proof. 4

Remark 4.5.8. For a generalization of [['heorem 4.5.7 assuming V' is a lower truncated Z-graded
vertex algebra, see [Li05, Theorem 4.8].

Remark 4.5.9. In the proof of [Aral2, Corollary 2.6.2], it is commented that the principal symbol
map gives the isomorphism V' = grp(V). However, there are some difficulties with this because
if there were such an isomorphism, it should be natural and valid for every vertex algebra V/,
given that V' is defined for every vertex algebra (see § We now present an example in which
V and grp(V) satisfy:

(i) mpeN F,V =0;

(ii) The vector spaces V' and grp(V') have different dimensions;
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(iii) Ry is finitely generated, but V' is not finitely strongly generated.

We consider the commutative vertex algebra V = C[[t]] with derivation T' = ¢*4. We have:
RV = C[[t],
E,V =t"*eC[[t]] forpeZ,.

From this, we get (i), and we have the following isomorphisms of vector spaces:

grp(V) = @ BV FyaV

peN
= C[[t])/£*C[[t]] ® £*C[[t])/£°C[[t]] ® £*Cl[e))/t*Clt]] & . .-
~C’¢pCoCq®...,
Ry =V/FV

= Cl[t))/*C[[t]

= C[t]/(t*).
Thus, grp(V') has countable dimension. However, V' has uncountable dimension, and we get (ii).

From the definition of the Zhu Cy-algebra, we see that Ry is isomorphic to C[t]/(t*) as an

algebra, and the latter is generated by the single element ¢ + (#*). However, V' cannot be finitely
strongly generated because it has uncountable dimension, and we get (iii).

From this example, we see that the assumption of V' being N-graded cannot be removed in
[Theorem 4.5.7], although we can assume that V' is lower truncated Z-graded.

Theorem 4.5.10. Let V' be a verter algebra such that Ry is finitely generated. Then the
following are equivalent:
(i) V is Cy-cofinite;
(ii) dim(Xy) = 0;
(i) Xy is finite and discrete;
(iv) dim(SS(V)) = 0.
If V' is conical, then (Ry )y = Co(]|0)) and (1)—(iv) are also equivalent to
(v) Xy = {point}.
Proof.
(i) <= (ii): By [AKIS8 Exercise 19.17], Ry is finite dimensional if and only if Ry is Artinian,
and by [AK18, Theorem 19.8], Ry is Artinian if and only if 0 = dim(Ry) = dim(Xy).
(ii) = (iii): By [AKI1S8, Theorem 19.8], Xy is finite. Since dim(Xy) = 0, every prime ideal is
maximal. Thus, Xy is discrete.
(i) = (ii): Clear.
(ii) = (iv): By [Theorem C.4] dim(JXy) = 0. By [Lemma 4.5.3) dim(SS(V')) = 0.
(iv) = (ii): This follows by considering the projection onto the 0-th component grp(V) — Ry
which shows that dim(Ry) < dim(grp(V)).
We now assume that V' is conical, ie., V = @, Vo and Vy = C|0). Clearly, Ry =

@neN(Rv)n and (RV)O = CUO(|0>). Since AAO(Q)AO((,) = Ago(a) + Ago(b), Znez+(RV)n is a
maximal ideal of Ry . In fact, it is the unique maximal proper ideal of Ry .

(ii) = (v): By definition, every prime in Ry is maximal. Since Ry has a unique maximal

proper ideal, Xy = {point}.

(v) = (iii): Clear. O
Thus, Cs-cofinite vertex algebras can be regarded as a generalization of finite-dimensional

finitely generated algebras.

Theorem 4.5.11 ([ABDO03|, Theorem 4.5]). Let V' be a conical conformal vertez algebra. Then
V' is regular if and only if V' is Cs-cofinite and rational.
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Ezample 4.5.12. By [Example 1.6.15] [Example 4.5.1] and [Theorem 4.5.11], Vir,, is regular for
p,q > 2 relatively prime integers.

Let V be a vertex algebra, and let M be a module over V. By [Lemma 4.4.3] we have
CoM = span{af\g)u laeViue M} =F M.
We define the Zhu Cy-module of M by
Rar = M/CoM = FyM/FyM C grp(M).
The fact that grp(M) is a module over grp(V) implies that Ry is a module over Ry with

operations given as follows. For a € V and u € M, we set:

oo(a)ay’ (u) = a5’ (ai’yyu),

{oo(a), 05" (u)} = og” (ago)u).
If V is graded and M is a graded V-module, then, as we explained in §4.3] grp (M) is graded

grp(V)-module. Thus, Ry, is also a graded Ry-module.
We have constructed a functor

R : {(graded) V-modules} — {(graded) Ry-modules}.

A V-module M is called Cs-cofinite if Rj; is finite dimensional. The condition of Cs-
cofiniteness on modules has several implications, as we will see later.

Example 4.5.13 (Rpy(cny and Rpcpy). We pick a highest weight (c, k). As in [Example 4.5.1, we
consider C[L_5]| as the polynomial algebra in one variable L_5, and we equip it with the trivial
Poisson bracket. We consider @, C[L_»]L*, as a module over the Poisson algebra C[L_,] with
Poisson bracket given by {L_o, L¥,} = L¥{! for k € N. By [Proposition 4.4.8| [Example 4.4.10|
and [Example 4.5.1] we have the following isomorphism of modules over Poisson algebras

Rat(eny = @ ClL o)Lk,
keN

oo (LM e, hY) s Lo,
Jéw(c’h)(Lﬂ(c’h”c, h))— L_;.

We have a natural epimorphism

Ten : M(c,h) — L(c, h),
Ten(u) =u+ J(e, h),
and it satisfies ker(m. ;) = J(c, h). Applying the functor R, we obtain an epimorphism
Rzt Buen) = Rigepn)-
= 00(J(c, h)), we obtain
~ @keN C[L—Z]Lli1
oo(J(c,h))

Let V be a vertex algebra such that Ry is finitely generated, and let M be a V-module. The
associated variety of M, denoted by Xy, and the singular support of M, denoted by SS(M),
are defined by:

From the equation ker(Rw(c,h))

Rren

X = Suppg,, (Rv),
SS<M) = Suppng(V) (ng(M))

Theorem 4.5.14 ([Li05, Lemma 4.2]). Let V' be a vertex algebra, and let M be a V-module. As
a grp(V))-module without the Poisson structure, grp(M) is generated by Ry, i.e.,

grp(M) = grp(V)Ruy.
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Let V be a (graded) vertex algebra, and let M be a (graded) V-module. We have a natural
(graded) inclusion inc : Ry < grp(M) of (graded) Ry-modules. As we explained in §4.2, we
can consider JRy ®g,, Ry as a (graded) JRy-module. Because we have a (graded) epimorphism
of vertex Poisson algebras ¢y : JRy — grp(V), we can consider the (graded) grp(V')-module
grp(M) as a (graded) JRy-module. By the universal property of inc : Ry — JRy ®p, Ry (see
§4.2), there is a (graded) JRy-module homomorphism ¢y : JRy ®@g, Ry — grp(M) such that
the following diagram commutes

Ry <2 JRy ®g, Ry
oM
ng(M )

Lemma 4.5.15. The (graded) JRy-module homomorphism ¢p @ JRy ®p, Ry — grp(M)
defined above is surjective.

Proof. The assertion follows from [Lemma 4.5.3| and [T'heorem 4.5.14} U

inc

When ¢, is an isomorphism, we say the M is classically free.

Ezample 4.5.16 (JRvyic @pyye Ru(eny). We pick a highest weight (c,h). The Verma module
M (e, h) is always classically free as a Vir®-module because by [Proposition 4.4.8] [Example 4.4.10),
[Example 4.5.1] and [Example 4.5.13]

JRvire @pyye Raren) = ClL_a, L_s,...] ®c[r_y] ED C[L_o)L",
keN

~PClLs, Ls,...|LF,
keN
= grp(M(c, h)).
Theorem 4.5.17. Let V be a vertex operator algebra, let M be an admissible V-module, and
let T'C M be a subset of homogeneous elements of M. The following are equivalent:

(i) M is strongly generated over V by T
(ii) o (T) generates Ry as a module over Ry without the Poisson structure.

In particular, M 1is finitely strongly generated over V if and only if Ry is a finitely generated
Ry -module.

Proof. We assume that M is strongly generated over V by T. Let o}!(v) € Ry with v € M

arbitrary. We know that v is a linear combination of elements of the form a%yn 1) .afyn )l
where s,ny,...,ns € Nand a',...,a®* € V and u € T. However, aé”(a%%ml) .. .af%sfl)u) =0 if
any n; > 0, and if ny = --- = n, = 0, we have U(])WW%%MA) . .afﬂsfl)u) = aéw(a%yl) e af%)u) =

oo(al)...oo(a®)od! (u) € Ryod(T). Therefore, o) (v) € Ryol (T) and Ry = Ry o) (T).
We now assume that Ry, = Ryol(T). We define
M° = span{aé\/_ll)u | @ € V homogeneous and u € T'}.
Because any element of V' is a sum of a finite number of homogeneous elements, the equation
Ryr = Ryod!(T) implies that M = M° + CyM. By [Li05, Proposition 4.12],
M = span{a%ﬂlfl)...afﬂrl)w |s€Zyng > >ny>0,a",...,a° € V,we M"}.

By the definition of M°, we conclude that M is strongly generated over V by T. U
Theorem 4.5.18. Let V be a vertex algebra such that Ry s finitely generated, let M be a

V-module, and we assume that Ry; is a finitely generated Ry -module. Then the following are
equivalent:

(i) M is Cy-cofinite;
(i) dim(X) =0;
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(i) Xy is finite and discrete;
(iv) dim(SS(M)) = 0.
If V is conical, then (i)—(iv) are also equivalent to

(v) X = {point}.
Proof. The proof of [Theorem 4.5.10] works with minor modifications. U

Theorem 4.5.19. Let V be a Cy-cofinite conical conformal vertex algebra. Then:

(i) Any V-module M satisfies M = MY and (1.6.§);

(ii) Foro Gen = Idy_moq;

(iii) Both For and Gen are equivalences of categories;

(iv) If M is a V-module, then M is irreducible as a V-module if and only if M with grading
D,,.cz M (n) is irreducible as an admissible V -module;

(v) Any irreducible V-module is an irreducible ordinary positive energy representation of V.

Proof.
(i) The equality M = MY is proved in [ABD03, Proposition 5.7] and is proved in

[ABDO03, Lemma 5.6].

(ii) This is obvious.

(iii) By [Proposition 1.6.11{(iv), both For and Gen are essentially surjective functors. Both are
fully faithful by definition. Thus, both are equivalences of categories.

(iv) If M is irreducible as a V-module then it clearly is irreducible as an admissible V-module.
We now assume M is irreducible as an admissible V-module. By (i), we can assume that
M =@, ., M%"(n). Let N be a proper submodule of M. Then L) (N) C N. By
ILemma 1.5.13(1il), N = > e N N MgF". This implies that N = Y, N N M%"(n),
i.e., N is a proper graded submodule of M. Therefore, N = 0. In conclusion, M is

irreducible as a V-module.
(v) This is [ABDO3|, Corollary 5.8]. O

By [Theorem 4.5.19] when V is a Cs-cofinite conical conformal vertex algebra, to find all
irreducibles in the category of V-modules, it is enough to find all irreducibles in the category
of admissible V-modules. By |[Example 4.5.1} the Ising model Virz, = Viry,, satisfies these
conditions.

5. PBW BAsIs OF L(1/2,1/2) AND ITS REFINED CHARACTER

In this section, our objective is to determine a PBW basis of L(1/2,1/2) explicitly and a
formula for the refined character of gr(L(1/2,1/2)) with respect to the standard filtration, as
introduced in §. We present a family of series in two variables f,..4(t, ¢), where a,b,c,d € N
are the parameters, which are Nahm sums for the same matrix (§3) (cf. [Nah07]) when we set
t = 1. These series satisfy some recursive relations which will help us to prove series identities.
Then, we find a formula for the refined character of gr(L(1/2,1/2)) using these series and the
recursive relations they satisfy. The arguments are elementary and combinatorial but lengthy:.
We recover the series obtained in [AVEH22| Theorem 4] when we set t = 1, as expected. In
the explicit monomial basis of there are ordinary and exceptional partitions. The
ordinary partitions are handled by the theory of Vir; ,-modules done in § The exceptional
partitions are handled with computer software. As we can see, the arguments are similar to
those in [AVEH22|, but there are some differences such as the use of the Zhu algebra here but
not in [AVEH22], and the fact that we do not have a differential available (see Remark 4.4.2)).

Finally, we give formal proofs of and [Theorem 0.4]

5.1. Conventions and notation. Throughout this section, V' will always denote the vertex
algebra Vir'/2. From now on, some subscripts or superscripts of modules will be omitted, so for
example, of simplifies to o?. We set:

M = M(1/2,1/2),L = L(1/2,1/2), W = J(1/2,1/2).
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Then M and L are V-modules and, by definition, L. = M/W. By [Theorem 3.3.6|

W = U(Vir){uz, us}, (5.1.1)
where the generating singular vectors are:
= (L%, —2L_5)[1/2),us = (L*; —3L_sL_y + 3L_3)[1/2). (5.1.2)
We have a natural epimorphism of V-modules
.M — L,
m(u) =u+W.

Applying the functor gr®, we obtain an epimorphism of modules over gr (V)
gr(m) : gr(M) — gr(L),
and this produces a natural isomorphism of modules over gr¥ (V)
M)/ K = g1%(L),
where
K = ker(gr(m)). (5.1.3)

The isomorphism in [Example 4.4.10| justifies the following definitions. For a partition A =
(A1, Am, 1,..., 1] with exactly n ones, we define uy € @,y C[L_2, L_3,...]L* | by setting

n
Uy = L_)\l .. L_>\7nL71'

We define the length of A\ as
len(\) =2m+n
and the weight of \ as
AN) =M+ + Ay +n.

Therefore, for a partition A, we have
Ly [1/2) € G*™ MM, 5 a(n)-
For a partition A\ = [A1,..., A\y] with A, > 2, we define py € C[L_5, L_3,...] by setting
pa=L_yx ...L_y, .

From the epimorphism of V-modules 7 : M — L, we deduce the following four isomorphisms
which are going to be used frequently implicitly.

Proposition 5.1.1. We have four (conformal) weight-preserving vector space isomorphisms:
M = gr®(M),
Ly[1/2) = o/ (Ly [1/2)),
gt (M) 5 @ ClL s, Ls,.. . |L¥,,

!N (L 1/2)) — uy,
L= gr%(L),
(|1/2> +W) = (L (11/2) +W)),
(L) = gr“(M)/K,
(L (|1/2> W) = @ (L) [1/2)) + K

where X is a partition.
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In this thesis, we will deal with polynomial algebras written as C[L_o, L_3,..., L_y| and free
modules of the form @, . C[L_s,L_3,...,L_y]L", for some N € N. We will always use the
degree reverse lexicographic order with L_y > L_3 > --- > L_y and TOP (term over position)
with L0, < LY} < .-+ < LY, see [AL94, §3.5]. Let u € @, yC[L_o, L_3,...]L*,. We can
define the leading monomial of u, denoted by Im(u), as follows. We pick N large enough so
that v € @,y C[L_2,L_3,...,L_n]L",. Then, we define Im(u) as the leading monomial in
@D, «nClL_2,L_s,...,L_y|L™,, which is naturally a subset of @,y C[L_2, L_3,...]L* . This
does not depend on the choice of N.

When working with g-series, the following notation is useful. The g-Pochhammer symbol is
(@)n = [I}1(1 = ¢’) € C[g] for n € N. The recursive proof of the series identities in [AVEH22]
suggests the following definition. For a,b,c,d € N, we define

q
faped(t,q) = Ak1+-2ka +d
kl’kZZEN (q)kl <Q>k2

4k3+3k1 ko +k2+aki+bka+c

e C[[t, qll.

The following lemma will be used frequently to verify series identities.

Lemma 5.1.2. The series fopca(t,q) satisfies:
(1) tmqnfa,b,c,d(ta Q) - fa,b,c+n,d+m(t7 Q) fO’f’ m,n € N;

(i) fapeda(tq" @) = faranpronerdna(t,q) for n € IN and d € 2N;
(ii1) faped(t:q) = farnbea(t: Q) = Y4pzg farsekbrsaterarhara(t, q) for n € Zy;
(iv) fapeda(t,q) = fapinca(t,q) = Z;é Jatsptothptetitkara(t,q) forn € Z,.
Proof.
(i) Clear.
(ii) Clear.

(iii) The key step is replacing k; by k; + 1 in the following computation

4k2+3k1 ko+k2+ak1+bka+c

q
fa,b,c,d(ta Q) - fa+n,b,c,d(t7 Q) = Z t4k1+2k2+d (1 - anl)
kl,kQEN (q)kl (q)kQ
4k2 43k ko+k2+aky +bko+c n—1
q 1 2
— Z t4k1+2k2+d ( ) ( ) (1 _ qk‘l) qu/ﬂ
Ky kg €N q)k:\4 )k, =0
n-l 4k2 43k ko +k2+(a+k)k1 +bka+c
Yy gt - g
k=0 kl kQGN (Q)kl (Q)kQ
4k?+3k1ko+k3+(a+8+k)k1+(b+3)ka+a+c+d+k
_ Z Z t4k1+2k2+d+4q
k=0 kl,kQEN (q)kl (C.I)kQ
n—1
= Z Jat8+kpt3.a+crdathdra(ts Q).
k=0
(iv) Same trick as (iii) but with ko instead of k. O
5.2. A combinatorial argument. A partition A\ = [A,...,\,] contains a partition n =

(M, .., nn), written as n C A, if m > n and there is i € Z, such that 1 < i < m—n+1
and [N, Nit1,- -+, Nign_1] = 0.
We define
plt,q) = > 1"V N e Cllt, ],
AeP
where P is the set of partitions that do not contain any partition in R as defined in §0] i.e.,

P={X|forne R, X2 n}.
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We call the last eight partitions of R exceptional partitions, and the others involving r are called
ordinary partitions. For m,n € N, we set:

P(n) ={Ar € P|A(\) =n},
plg) =Y |P(n)lg" € Cllq]],

neN

P(n,m) ={X € P |len(\) = m and A(\) = n}.
Therefore, we have:

= 3 Pl

p(1,9) ZP&Q)-

We wish to find an expression for p(t, q) as a sum of series f,pcq(t, q) for some tuples (a, b, c,d).
We now define subsets of P, which will help us in finding an expression for p(t, ¢), by setting:

Poog={[M,.. ., Am] €EP | Ay > 2 0r A =0},
PQZ{[)\l,,)\m]EP’)\mZQ}’

and both pso(t,q) and Psa(n,m) are defined like p(¢,q) and P(n,m) were defined. Likewise,
we define Psgs3, Poss, D>653(tq), Pess(t,q), Psss3(n,m) and Ps53(n,m). It turns out that
P decomposes as a disjoint union of these smaller objects, and we can find recurrence relations
between them to find our desired formula for p(¢, q).

Lemma 5.2.1. The formal power series p-s(t,q) is given by
p>2(t,q) = fa200(t,q).
Proof. We consider the disjoint union
Pog=P3UFPs53UPg53UPaszUP U5 U PS5, U Py,
from which we get the formula

P>2(t,q) = pas(t, @) +pes5,3(t @) +0>653(t @) +D>53(t @) +paa(t, q)+ps54(t, Q) +p>54(t, ) +pa(t, q).

These subseries satisfy the following recurrences with initial conditions:

Psa(t, ) = paa(tq'?,q) + ps.a(tq'?, @) + ps5.a(td"’? @) + poa(tq'’,q),  p=a(0,0) =1,
ps5a(t,q) = p6,5,3(tq Y2.q) + psess(ta'?,q) + pssa(t?, ), P>54(0,0) =0,
psa(t,q) = pas(ta'’?,q), p54(0,0) =0,
Paa(t,q) = ¢’poe53(ta*%, @) + 26°pss(ta*, q), p44(0,0) = 0,
Ps53(t,q) = 2q’psa(t'?, ), P>53(0,0) =0,
P653(tq) = 2 pss.a(tq'?, q), p>653(0,0) =0,
Poss(t, @) = Ppsa(ta'? . q), p6,5,3(0,0) =0,
Pas(t,q) = Cpaa(tq"’?, q) + ¢ pss5.a(tq”?, q), p4,3(0,0) = 0.
The solution to these equations is unique if it exists, and we can verify using that:
p>a(t, q) = foa00(t, ), P>s54(t; @) = fosa2(t, q),
psalt,q) = fize04(t, q), paalt, @) = frz684(t,q),
P53t q) = fss32(t:q), P>653(tq) = fr16s4(t,q),
P653(t,q) = fis7146(t5 Q) pa3(t,q) = fusralt,q),
is a solution to these equations. We derive the formula pss(t,q) = f3200(t,¢) again from

[Lemma 5.1.2]
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The recurrences follow from the following eight bijections for m,n € N.
Poy(n,2m) = Pyy(n —m,2m) U Ps 4(n —m,2m) U Pss 4(n —m,2m) U Ps4(n — m, 2m),
[/\1_17--~7)\m72_17474] if [)\mfl,)\m] = [5,5],
A — 1,0 Ao — 1,5,4] if [A—1, Am] = [6, 5];
[/\1 —1,.. a)\m—l — 1,4] if [)\m] = [5] and >\m—1 > 6;
A =1, A, — 1] it A\, > 5,

A=
which can be verified directly from the definition of P, as we now show. We note that the oper-

ation on A is always “subtract 1 from each entry of \”. For example, a partition [A1,..., \,] €
P-4(n,m) satisfies exactly one of the following four conditions:

Doty Al = [5,5), ot Al = [6,5], [A] = [5] and Au_y > 6, or A > 5.

We assume A satisfies [\, 1, A] = [5,5]. Then [\ —1,..., A\,_2 — 1,4, 4] belongs to P because:
it cannot contain some ordinary partition (otherwise A would contain some ordinary partition),
and we can verify case by case that it cannot contain some exceptional partition. Actually, we
have [A\y — 1,..., A2 — 1,4,4] € Pya(n —m,2m), as we easily see, so we get the first part of
our bijection. The other parts follow a similar reasoning, and an explicit inverse of this function
can be written if desired. We also note that [5] — [4] and ) — 0 in this bijection. We now
verify that this bijection implies our first recurrence. One key step is replacing n by n —m in
the following computation

P1a(ta'?,q) + ps.a(tq"?, @) + po5.a(ta'’?, q) + p=a(ta'?, q)
— Z (’P4,4<n7m>’ -+ ’P5’4<n,m)’ + ’P>574(n’m)| + |P>4(n,m)|>(tql/2>mqn

m,neN
= > ([Pua(n,2m)| + | Ps.a(n, 2m)| + | Pss a(n, 2m)| + |Psa(n, 2m)|)(tg' /%)™ q"
m,neN
= Z (|Pya(n —m,2m)| + |Ps a(n — m, 2m)| + | Pss a(n — m, 2m)| + | Psa(n — m, 2m)|)t*"q"
m,neN
= Z | Poy(n, 2m)[t*™q"
m,neN
= p>4(t7 Q)
In the next bijections, we do something similar. In some cases, the operation on \ is “subtract
2 from each entry of A7, and sometimes we need to change the tail of the result after doing this
operation to get something in P. The next two lemmas also employ very similar arguments.
Posa(n,2m) = Pssa(n —m,2m) U Psgs3(n —m,2m) U Psj3(n —m,2m),
[Al - 17 s 7)\m—3 - 1a 67 57 3] if [Am—27 )\m—la Am] = [77 67 4]7
A= [/\1 —-1,... ,)\m_Q — 1,5, 3] if [Am—l’ /\m] = [6, 4] and \,,_o > 7
[)\1 - 1, .. 7)‘m71 - 1, 3] if [)\m] = [4] and )\m,1 > 67

Ps 4(n,2m) = Pys3(n —m,2m),
Ao =1, As — 1,4, 3],

Pya(n,2m) = Pegss(n —2m —1,2(m — 1)) U Pos3(n —2m — 1,2(m — 1)),

)\ -~ [)\1 — 2, ceey )\m73 — 2, 5, 3] lf [)\m,Q, )\mfl, )\m] = [7, 4, 4],
A =2 A — 2,3] i At An] = [4,4] and Ao > 7,
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P>5,3(n,2m) = Poy(n—m—22(m —1)),
)\'_> [)\1_1,’)\,”,171 —1],

Pog53(n,2m) = Posa(n —m —2,2(m — 1)),
A= A =10 Ao — 1, 4],

Ps53(n,2m) = Ps4(n —m —2,2(m — 1)),
)\|_> [)\1 - ]‘7"'7)\777,73_ 1’5’4]’

P473(TL, 2m) 1> P474(7’L —m — 2, Z(m — 1)) U P>574(n —m — 1, 2(m — 1)),

>\|_> [)\1 — 1,...,>\m_3—1,4,4] lf [)\m—Za)\m—h)\m] = [6,4, 3]7
[)\1 —1,..., Am—2 — 1,4] if [)‘m—h /\m] = [4, 3] and \,,_o > 6.

Lemma 5.2.2. The formal power series ps21(t,q) is given by
ps21(t,q@) = fs21.1(t,q)
Proof. We consider the disjoint union
Pogy=Ps31UPo531UP541UPss541UPsy;.
We have bijections:

P>4,1(n, 2m + 1) l} P>4(n — 1,2m),
A= e A,

P>5’471(7L7 2m + 1) :> P>574(TL — 1, 2m),
A= [)\17---7>\m]>

P574’1(TL, 2m + 1) 1) P574(7’L — 1,2777,),
A= A Al

P>573,1(n, 2m + 1) :> P>5’3(7L — 1, 2m),
A= [)\1,...,)\m],

P5’371(7’L, 2m + 1) :> P>675,3(n — 1, Qm),
A= Ay A,
from which, together with the proof of [Lemma 5.2.1] we get:
p>a1(t, @) = tapsa(t, q) = foara(t, q),

P>54.1(tq) = tqpss4(t, @) = fos53(t,q),
Psa1(t,q) = tapsa(t, q) = fize105(t,q),

p>531(t,q) = tqpss53(t, @) = fs543(t, q),
Ps3.1(t,q) = taps653(t, @) = fi1695(L: Q).

The formula for p-s (%, ¢q) then follows from [Lemma 5.1.2

Lemma 5.2.3. The formal power series ps211(t,q) is given by

P>31.1(t, @) = fo322(L,q).

0J
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Proof. We consider the disjoint union
Posi1=Pii11UPsyn.
We have bijections:
Pog11(n,2m +2) = Pogi(n—1,2m + 1),
A= Ay A, 1,

Pyii(n,2m+2) = Posai(n—1,2m+1),
A= A A, 1,
from which, together with the proof of we get:
p>a11(t,q) = tqpsa1(t, @) = fou22(t, q),
Pa(t, q) = tqpssa.1(t, @) = fosea(t, @)
The formula for p-311(t,q) then follows from d
Lemma 5.2.4. The formal power series p(t,q) is given by
p(t:q) = f3200(t:q) + fs211(t, ) + fo322(¢,q).
Proof. This follows from the disjoint union
P=PoUP,y;UPs3q,
together with [Lemma 5.2.1] [Lemma 5.2.2| and |[Lemma 5.2.3| U

Lemma 5.2.5. The formal power series p(q) satisfies

chr(q) = ¢'*p(q)-

Proof. This follows from |[Lemma 5.2.4| by setting ¢t = 1 and [AVEH22 Theorem 4] together with
Lemma 5.1.2 Il
5.3. Computing leading monomials. We recall that we have defined V = Vir'/?, M =
M(1/2,1/2) and L = L(1/2,1/2).

Lemma 5.3.1. Let A = [\, ..., \y] be a partition with A\, > 2 or A = 0, and we consider M
as a module over V. Then

(LA10)) =1y [1/2) = L\ [1/2) +u  for some u € G*™ ' M.

Proof. The isomorphism gr®(V) = C[L_y,L_3,...] maps Ly|0) to py. The isomorphism
gr(M) = Doy ClL-2, L_3,...]L* | maps [1/2) to L%, and Ly[1/2) to uy. The equality

pa- LY = uy in gr®(M) translates to the equality (Ly |0))-1)|1/2) = Ly |1/2) +u in M for some
uwe G M. 0

We know gr®(M) is a free module over gr (V)

g’ (M) = P e (V)L
keN

For k € N, we call
ue s gr(V) — gr(M)
the insertion of gr®(V) into the k-th component of gr(M).

Lemma 5.3.2. Let a € GPV for some p € N. Then a(_1)|1/2) € GPM and
to(a?(a)) = a”(a-1) [1/2)).
Proof. The result follows immediately from [Lemma 5.3.1| Il
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We have a natural quotient map
mo 1V — Virgy,
mo(a) = a+ U(Vir){asa},
where as 4 is the singular vector of V' that generates its maximal proper ideal as in [AVEH22]

and ((1.5.6). Applying the functor gr®, we obtain an epimorphism of N-graded vertex Poisson
algebras

ar(mo) = gr%(V) — gr%(Virs).
We set I = ker(gr®(m)), following the notation of [AVEH22], and we recall the definition of K
given in (5.1.3).
Lemma 5.3.3. We have the inclusion

L(](I) Q K.

Proof. By [Theorem 3.3.4] the following diagram commutes

e .
V HO) VII'3’4

F(L)

The commutativity of this diagram implies the following statement
for a € U(Vir){asa}, u € M and n € Z, apyu € W,
where W is defined in . We use this statement in the following simplified form
for a € U(Vir){asa}, a-1)[1/2) € W. (5.3.1)

We note that
I=> a’(U(Vir){ass} N G"V).
peEN
Similarly, we have a formula for K
K=Y a’(WNG"M).
peEN

Let aP(a) € I with a € U(Vir){asa} N G?V. By |Lemma 5.3.2| and ({5.3.1)), we have a(_1y|1/2) €
W N GPM and also (o (a)) = aP(a—1y |1/2)) € K, finishing the proof. O

Remark 5.3.4. The proof of also works for other values of ¢ = ¢, , and h = hy,,,, as
in [Iheorem 3.3.41

We need to compute all leading monomials of elements of K. To do this, we need to order the
PBW basis of U(Vir<_y) = span{L, | A is a partition} first by length, then by degree reverse
lexicographic order and finally by position. Formally, for any partitions A and 7, we define

len(\) < len(n) or

Ly, < L, if and only if
A= S 1 ARG O {len()\)zlen(n) and uy < u,.

For z € U(Vir<_y) with x # 0, we may write

€T = ClL)\l + CQL)\Z + -+ CTL)\T,

where for 1 <i¢<r,0#¢; € Cand Ly, > Ly, > --- > L,.. We define the leading monomial of
x as lm(z) = L,,. We set Im(0) = 0. Next, we extend the definition of lm from U(Vir<_y) to
M by considering the isomorphism of vector spaces U(Vir<_y) — M, Ly — Ly [1/2), where X is
a partition. For example:
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(i) We have Im(L?; — 3L_5) = L_, because the power product of L?; is 1, the power
product of L°, is L 5, L_5 > 1 by degree considerations, and we are using TOP with
L% < L', < L?,. We also have Im((L%, — 2L_,) [1/2)) = L_5 |1/2) because len(L?,) =
len(L_5) = 2.

(ii) We have Im(L*, — 3L_oL_y + 2L_3) = L_,L_; because the power product of L? is
1, the power product of L', is L_5, the power product of L%, is L_3, L_o > L_3 > 1
by definition and degree considerations, and we are using TOP with L%, < L', <
L?, < L*,. Again, we have Im((L® |, —3L_sL_; 4+ 3L_3)[1/2)) = L_»L_; |1/2) because
len(L3,) =len(L_5L_;) = 3 and len(L_3) = 2.

(iii) We have Im(L*, —3L_3L_y —6L_4) = L_3L_; because the power product of L*, is 1,
the power product of L' | is L_3, the power product of L°, is L_4, L 3 > L_4 > 1 by
definition and degree considerations, and we are using TOP with L, < L'} < L?, <
L3, < L*,. However, we now have Im((L*,—3L_3L_;—6L_4)|1/2)) = L*, |1/2) because
len(L*,) = 4, len(L_3L_;) = 3 and len(L_,) = 2. In fact, we have (L*; — 3L_3L_; —
6L_4)|1/2) € W, as we will see in a moment.

Remark 5.3.5. The definition of the order in the PBW basis of U(Vir<_;) was made so that for
a partition A and u € M, if Im(u) = Ly [1/2), then Im(a'**™ (u)) = u,.

This order also helps us in computing the exceptional partitions faster, as we do not have to
compute Grobner bases explicitly because it is enough to transform matrices into row reduced
echelon form.

A basis of gr®(M); /9, is given by {Ly [1/2) | A(A\) = n} and has p(n) elements. For n € N,
we compute the matrix A,, with p(n — 2) + p(n — 3) rows and p(n) columns, which is given by
stacking the matrix A" below the matrix A?. The matrix A" is given by

AT(i, ) = coefficient of Ly, [1/2) in Ly, uy,
for 1 < i < pn—=Fk),1 < j < pn)and b = 2,3, where Aj,..., Ay, are the partitions
of n ordered in such a way that Ly, > Ly, > --- > Ly, and us, u3 are given by (5.1.2).

We now transform A, into row reduced echelon form, obtaining a matrix A" which has an
unknown number of nonzero rows and p(n) columns. For each pivot A of AW let u}Y be the
element of gr(M) corresponding to the row which has Ly |1/2) as pivot. In other words,
u¥ = Ly|1/2) +(lower order terms). We set uf = o!*"™(4}) for each pivot A of AW.

Remark 5.3.6. By construction and [Remark 5.3.5 for each pivot A of AV
uf € K and Im(uff) = u,.

we have u}y € W,

n

For example, when n = 4, the partitions are ordered in the following way
[(2,2],[2,1,1], [1, 1,1, 1], [3, 1], [4]],

the matrix A} is given by

3 _15
avr—fo 10 F 3
4 1 T2 ]
001 — —6
and the plvots are [2,2], [2,1,1] and [1,1, 1, 1]. Therefore:
= (Lipg — 15 L0 — £ L) 11/2), ufiﬂ =L oL o,
u[2 1) = Ly = 3L = 5Lw) [1/2), ufyy ) = LooLl?y,
1 1,1,1] (L[l 1,1,1] — 3Lz — 6L 4]) 11/2), u[11(71,171} = Lfl.

The partitions [2], [1,1,1], [3,1,1], [3,3], [4,3,1], [4,4,1], [5,4,1,1] and [6,5,3,1] are piv-
ots of the matrices AY, AY, AV, AY, AV, AV, A and A} respectively, see [Sal23, ising-
modules.ipynb]|. We set

r_ (K K K K K K K K
K = (u[Q]v 1,11 Wi3,1,1)0 Y[3,3)s Wia,3,1) Ya,4,17> Y[5,4,1,1]5 Y[6,5,3,1]> t0(1)) psn;
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where psn denotes the Poisson submodule generated by the given subset. By [Lemma 5.3.3]
Remark 5.3.6| and the fact that K is a vertex Poisson submodule (not just a submodule), we
have

K CK.

Let us consider the Poisson structure of gr®(M) as a module over gr®(V). We have

(L-2)(o)(ur) = *(w) 0@V (Lx [1/2))
— QL 1,11/2))
= UN1]s
where A is any partition, and [A, 1] denotes the partition A with a 1 appended at the end.

Remark 5.3.7. While the Poisson structure of gr® (V) is trivial (i.e., is zero), the Poisson structure
of gr(M) is not. In fact, if u € gr®(M), and X is a partition, then

Im(u) = uy implies Im((L_2)(0)(®)) = -
It is interesting to note that we use the Poisson structure, unlike most results in §4|and [AVEH22].

Let R be the set of partitions containing some partition of R, i.e.,

R = {\ | there is some partition 7 € R such that A D n}.
Lemma 5.3.8. For \ € R, there exists u € K' such that Im(u) = u,.

Proof. By the definition of K’ and [AVEH22| Proposition 5.1], we know that for A € R, there
exists u € K’ such that Im(u) = uy. We now assume A € R, which means there is € R
such that A O 7. Therefore, A is obtained from 7 by adding some integers greater than or
equal to two and adding k ones. We pick v € K’ such that Im(v) = w, and some power
product p, € C[L_y,L_3,...], for some partition 7, such that lm((L,Q)’(CO)(pTU)) = wuy (this
can be done because of and the fact that lm is multiplicative). Thus, we set
u = (L,z)’(co)(pw) € K’ to get Im(u) = uy. For example, if we take A = [3,2,1,1] € R, then
n = [2] € R. In this case, v = L_y — 3/4L*, € K’ is such that Im(v) = upy, and we take
w=L_3L ,L? —3/4L_3L* € K'. O

Remark 5.3.9. For any partitions A and 7 with the same number of ones, if A D 7, then u, | u,.
The converse is not true. For example, upo | w3z, but [4,3,2] 2 [4,2]. However, if n =
[y oy Om, 1, oo, 1] with 7, > 2 and 7y — 7y, < 1, then A D 7 if and only if w, | uy, provided A
and 7 have the same number of ones.

The following lemma says our set of partitions R is special. If R were {[4,2]}, for example,
the following lemma would not be true.

Lemma 5.3.10. There is an alternative description for P, namely
P={\|forn€R, u,tul.
Proof. We have to prove the following equality
{Nforne R, XD n}={X\]|forn€R, u,tuy}.

First, we prove the inclusion (2). We assume A belongs to the right set, and A 2 n for some
n € R. Then \ has k more ones than 1 for some k¥ € N. By , Upy1,..1] | ua, where
we added k ones to 1, a contradiction. Therefore, A 2 n for n € R, which means A belongs to
the left set.

We now prove the inclusion (C). We assume A belongs to the left set. Then A has 0, 1 or 2
ones. We assume A has 0 ones. It is enough to prove that for n € R with 0 ones, u, { u). By
Remark 5.3.9] if  is equal to [2], [3,3], [r,7,7], [r + 1,7, r] or [r + 1,r + 1,7 for some r > 3,
then w, { uyx. We assume n = [r + 2,7 + 1,7] for some r > 3 and u, | uy. Then A contains
[r+2,r41,...,r+1,r], where r+1 appears k > 1 times. If £ > 2, then X contains [r+1,r41, 1],
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which is not possible. If k = 1, then A contains [r+ 2,7 + 1, r|, which is not possible. Therefore,
we cannot have u, | uy. Continuing this way, we obtain that u, { u, for n € R with 0 ones. The
same argument can be applied when A has 1 or 2 ones. Therefore, A belongs to the right set. [J

5.4. Proofs of the main theorems.

Proof of [Theorem 0.4 Since we cannot apply Grobner basis theory directly on the free mod-
ule @, yC[L_2,L_3,...]L*,, we need to truncate somehow. We have to keep in mind the
isomorphisms given in [Proposition 5.1.1} For N € N, we define:

gt (M)<1jpen = Y 2r%(M)1j24n,

n<N

ng(L)§1/2+N = Z ng(L)1/2+n-

n<N

We note that ng(M )<1 /24N 18 a vector subspace of the free module

Fx=EPClLs Ls,...,L_y]L",

n<N

with base ring C[L_5, L_3,...,L_y] because a basis of gr®(M)<j/s4n is given by elements of
the form wy, with all the elements of A being less than N, and with \ having at most N ones.
We note that K N Fly is a submodule of Fy for N € N.

For N € N, we have natural vector space isomorphisms

Fn ng(M)<1/2+N ~ ng(M><l/2+N ~ G
D = — — L . 5.4.1
KNFy~ KN Fy KNng®(M)apn O (L)sajzen (5.41)
Therefore, if we find a basis of each vector space ng(M)§1/2+N/K N Fy C Fy/K N Fy such
that each basis is contained in the next one when considering the isomorphism (5.4.1)), we get a

basis of gr(L) by taking the union of these bases because |Jycy 8% (L)<1/24n = gr”(L).
Let Gy be a Grobner basis of K N Fy. We define

By = {ux | A(N\) < N and for u € Gy, lm(u) { uy}.
By [AL94) Proposition 3.6.4],

{’LL)\ + KnNFy ‘ uy € BN} (542)

is a vector space basis of gr®(M)<i/o4n/K N Fy. Therefore, by [Lemma 5.2.5 isomorphism
(5.4.1) and the isomorphism between gr®(L) /o4, and Ly /2, of [Proposition 5.1.1} we have

Byl = Y dim(e®(L)1jor) = 3 dim(Lijasn) = 3 [P(0)].

n<N n<N n<N

We define o -
By ={u) | A(N) < N and for n € R, u, { uy}.
By [Lemma 5.3.10, we also have
By = {uy | A(A\) < N and X\ € P}.
From the definition of P(n), we see that

Byl =) |P(n)].

n<N

On the other hand, By C By. This is because if u, € By and n e R, then Uy 1wy, as we now
show. Suppose, for the sake of contradiction, that u, | uy. By , there would exist
u e K'NFy C KNFy such that Im(u) = w,. However, by the definition of a Grébner basis, there
would then exist v € Gy such that Im(v) | Im(u), implying lm(v) | uy, a contradiction. As both

By and By are finite sets and |By| = |By/|, we get By = By. We see that the family of bases
given by ([5.4.2)) satisfies the property that each basis is a subset of the next. This observation,
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together with the isomorphism between L and gr®(L) of [Proposition 5.1.1] concludes the proof
of MTheorem 0.4l O

Proof of [Theorem 0.3 We recall that the basis of [Theorem 0.4] also gives a basis of gr®(L). For

a partition A\, we have

QO (Ly([1/2) +W)) € @GV Ly g s )
Thus, when calculating the refined character of gr(L), A()) is incremented by 1/2. Therefore,
chya(py(t, q) = q'/*p(t, q) and together with [Lemma 5.2.4, we conclude the proof of [Theorem 0.3
Ul
Corollary 5.4.1. We have the equality
K' =K.

Proof. This proof is a copy of the proof of [Theorem 0.3l We know that K’ C K.
Let N € N, and let G’y be a Grobner basis of K’ N Fiy considered as a submodule of Fj. Like

in the proof of we set
By = {ux | A(X\) < N and for u € Gy, Im(u) { uy}.
By [AL94, Proposition 3.6.4], we have
(M (M
1B| = dim & (Mi2en) _ qiy (8 M<ippew )
K’ﬂFN K’ﬂng(M)§1/2+N

We can apply the same argument as in the proof of [Theorem 0.3{and conclude that B}y C By,
where By is the defined in the same way. But By = By and

gr(M) <124 N )
KNg¢(M)<ijorn)

Therefore, we have |B}| < |By/|, and this implies
dim(K' N gr(M)<i /o1 n) > dim(K N gr®(M)<ijorn) > dim(K' N gr(M)<ijoin).

Consequently, K’ N gr®(M)<ijo1ny = K Ngr®(M)<ija4n for N € N. Taking the union of these
subspaces, we get K' = K. O

APPENDIX A. ALMOST COMMUTATIVE ALGEBRAS

Let A be an associative (not necessarily commutative) algebra with unit 1 and filtration

(AP),ez such that:
(i) AP =0 for p < 0;
(i) 1 € A%
(iii) A°C A C ...
(iv) APAT C APt for p,q € Z.
Let
gr(A) = €p A /AP
pEN

be the associated graded vector space. The vector space gr(A) is an associative algebra with
unit and multiplication given as follows. For p,q € N, a € AP and b € A9, we set

7 (a)y*(b) = 77" (ab),
where 4? : AP — gr(A) is the principal symbol map, which is the composition of the natural
maps AP —» AP /AP~! and AP/AP~! — gr(A). The unit of gr(A) is 4°(1).
We say A is almost commutative if the filtration (AP),cz satisfies the following condition: for
p,q € Z,if a € A? and b € A4, then ab — ba € APT971. If A is almost commutative, then gr(A)
is commutative.
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Ezample A.1 (PBW filtration of U(g)). Let g be a Lie algebra. The tensor algebra of g, given
by T'(g) = @,,cn 9", is an associative algebra with unit 1. The universal enveloping algebra of
g, given by U(g) = T(g)/(zy — yx — [z,y] | =,y € g), is also an associative algebra with 1, but
we also have an inclusion inc : g < U(g), which is a Lie algebra homomorphism. The PBW
filtration of U(g) is given by

U(g)? =span{z1z2...25 | s <p,x1,...,25 € g} forp e Z.

This filtration clearly satisfies axioms (i)-(iv) above. Furthermore, U(g)! = g. By [Dix96,
Lemma 2.1.5], U(g) is almost commutative, so gr(U(g)) is commutative. The symmetric algebra
of g, given by S(g) = T(g)/(xy — yz | z,y € g), is a commutative associative algebra with
unit 1, and we have an inclusion inc : g < S(g) satisfying a universal property. We have two
natural inclusions of g: v' : g < gr(U(g)) and inc : g — S(g). By the universal property of
inc : g — S(g), there is a homomorphism of commutative algebras S(g) — gr(U(g)) such that
1 — 1, and the following diagram commutes

g —"— S(g)

RN

By [Dix96, Proposition 2.3.6], the homomorphism S(g) — gr(U(g)) is in fact an isomorphism.
If (2)ier is a basis of g, then S(g) is isomorphic to the polynomial algebra C[(x;);cs]. We have
described gr(U(g)) explicitly.

APPENDIX B. POISSON ALGEBRAS AND THEIR MODULES

Let A be a commutative associative algebra. A Hamiltonian operator of A is a diagonalizable
operator H € End(A) such that

H(ab) = H(a)b+ aH(b) for a,be A.

Thus, a Hamiltonian of A is just a derivation of A. An algebra with a Hamiltonian is called
graded.

Let A be a differential commutative associative algebra with derivation 0. A Hamiltonian
operator of A is a Hamiltonian of A as a commutative associative algebra such that

[H, 0] = 0.
It is possible to prove inductively that the last equation implies
HO" =n0"+0"H forneN. (B.0.1)

A Poisson algebra is an algebra A together with two operations e -e : A x A — A and
{eo,0} : A x A — A satisfying:

(i) (A, e-e)is a commutative associative algebra;
(ii) (A, {e,e}) is a Lie algebra;,
(iii) The operations e - @ and {e, e} are related by the left Leibniz rule

{a,b-c} ={a,b} -c+b-{a,c} fora,b,ce A
The operation {e, e} is called Poisson bracket.
Lemma B.1. A Poisson algebra A also satisfies the right Leibniz rule
{ab,c} = a{b,c} + b{a,c} fora,b,c e A.

Proof. The result follows from the left Leibniz rule and the anticommutativity of the Poisson
bracket. O
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Let A be an associative almost commutative algebra with A with unit 1 satisfying (i)—(iv)
of [Appendix Al We know that gr(A) is a commutative associative algebra with unit 4°(1). We
now make gr(A) into a Poisson algebra by defining the Poisson bracket as follows. For p,q € N,

a € AP and b € A, we set
{+"(a),*(b)} = 7"~ (ab — ba).
We can verify that this is well-defined and makes gr(A) into a Poisson algebra.

Ezample B.2 (gr(U(g))). Let g be a Lie algebra. We study the case when A = U(g) is given the
PBW filtration. In that case, we see that the Poisson bracket {e e} : gr(U(g)) x gr(U(g)) —
gr(U(g)) extends the Lie bracket [e,o] : g X g — g. We wish to make this construction more

explicit. By [Example A.1} gr(U(g)) is canonically isomorphic to S(g). Let (x;);er be a basis of
g. Then S(g) is isomorphic to the polynomial algebra C[(x;);cs]. We can write

[z, 2] = Zcijxk fori,5 €1
kel

for some scalars cﬁ ; € C. The left and right Leibniz rules imply that the Poisson bracket is given
explicitly by

Uy=3 2299 0 o 1 g € Cllai)ien]

(2]
z; 0x;
i,4,k€l Oz; Oz,

Therefore, this Poisson bracket is the unique Poisson bracket extending the Lie bracket of
,c; Cz; = g to a Poisson bracket of C[(x;)er] = gr(U(g)).

Let A be a Poisson algebra. A Hamiltonian operator of A is a Hamiltonian H of A as a
commutative associative algebra such that

H({a,b}) ={a,H()} +{H(a),b} — {a,b} fora,be A.

Let A be a graded commutative associative algebra with Hamiltonian H, and let M be an
A-module. If A has a unit 1, we further assume that 1u = u for u € M. A Hamiltonian operator
of M is a diagonalizable operator H® € End(M) such that

HM(au) = H(a)u + aH"(u) fora € Aand u e M.

Let A be a Poisson algebra. A module over A is an A-module M in the usual associative sense
equipped with a bilinear map {e, e} : A x M — M, which makes M a Lie algebra module over
A such that for a,b € A and u € M:

(i) (Left Leibniz rule) {a,bu} = {a,b}u + b{a,u};
(ii) (Right Leibniz rule) {ab,u} = a{b,u} + b{a,u}.

Remark B.3. We probably cannot prove the right Leibniz rule from the Left Leibniz rule for
modules like in because we do not have anticommutativity for modules. Some
authors only require the left Leibniz rule for modules, but here we also want the right Leibniz
rule (see [Car03]).

Let A be a graded Poisson algebra with Hamiltonian H, and let M be an A-module. A
Hamiltonian operator of M is a Hamiltonian HM of M as a module over A as a commutative
associative algebra such that

HM{a,u}) = {a, HY (u)} + {H(a),u} — {a,u} fora€ Aanduc M.

APPENDIX C. JET ALGEBRAS AND JET SCHEMES

In this appendix, by an algebra we will mean a commutative associative algebra with unit.
Let R be a finitely generated algebra. We now construct a differential algebra JR called the
jet algebra of R and an algebra inclusion inc : R — JR universal with this property, i.e., for a
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differential algebra A and an algebra homomorphism ¢ : R — A, there is a unique differential
algebra homomorphism ¢ : JR — A such that the following diagram commutes

R <2, JR
Xl‘f’
A

Assuming R = Clz',...,2"]/(f1,..., fs) for some polynomials fi,..., f, € C[z',...,2"], the
construction is as follows. We introduce new variables xi_i) fort=1,2,...,5=1,...,r and a

derivation 0 of the polynomial algebra C[x{_i) |i=1,2,...,5=1,...,7] by setting
ax{_i) :im{_i_l) fori=1,2,...,5=1,...,m.

We set (identifying z7 with 35?71) when considering f; in the following equation)

JR = Clz]
= Clay

“Uzljwwj:L”wﬂﬂWﬁUzlww&j:QL”J
gli=120=10/(fi,-., fs)a,

where the subscript 0 indicates the differential subalgebra generated by the given subset. By our
definitions, 0 factors through a derivation of JR, and we have an algebra inclusion inc : R <
JR,inc(z? + (f1,..., fs) = mz_l) + (f1,..., fs)o for j = 1,...,r. The fact that inc : R — JR

satisfies our desired universal property is explained in [Aral2, §2.3] and [EMO09].

Remark C.1. We see that the classes of the original variables 27 generate JR as a differential
algebra, i.e.,

JR: ({L‘l—I—(fl,...,fs)a,...,l‘r—f—(fl,...,fs)a)a.

If f: R — Ryis a homomorphism of finitely generated algebras, then Jf : JRy — JRy
is defined by requiring that Jf(97(inci(z))) = 05 (inca(f(z))) for z € Ry and n € N (c.f.
Remark C.1]). For a finitely generated algebra R and a differential algebra A, we have a natural
isomorphism

Hom{diﬁerential algebras} (JR7 A) = Hom{algebras} (Ra A)

Remark C.2. Tt is not true that we have defined a functor J which is left adjoint to the forgetful
functor {differential algebras} — {finitely generated algebras} because a differential algebra is
generally not finitely generated.

But we can easily work in the general case as follows. Let R be an algebra (not necessarily
finitely generated), and we consider the polynomial algebra in R variables C[(z7);cr]. We have
a natural epimorphism 7 : C[(27),cg] - R, w(2?) = j for j € R. We can repeat the construction
of JR with C[(a?);eg] in place of Clz',...,2"] and ker(rw) in place of (fi,...,fs). We have
JR = C[w{_i) | i = 1,2,...,j € R]/ker(m)s, and the inclusion inc : R — JR is given by
inc(j) = x{_l) + ker(m)g for j € R. As in |[Remark C.1, we have JR = (inc(R))s.

This way, we construct a functor

J : {algebras} — {differential algebras},
which is left adjoint to the forgetful functor {differential algebras} — {algebras}.
Given an algebra R, it is useful to consider the functor
JR®p e : R-Mod — JR-Mod,

where JR is merely considered an algebra. Again, the JR-module M together with the R-
module inclusion inc : M — JR ®r M,inc(u) = 1 ® u satisfy a universal property similar
to that of inc : R — JR, and the functor JR ®p e is left adjoint to the forgetful functor
JR-Mod — R-Mod.
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Let R be a graded algebra with Hamiltonian H. We can extend uniquely the Hamiltonian H
to a Hamiltonian H/" € End(JR) because of (B.0.1]). Furthermore, if M is a graded R-module
with Hamiltonian H*, we can define a Hamiltonian of JR ® M by setting

HIBOrM — H7R @ 1dy + 1d 5 @ HY.
The jet scheme of an affine scheme of finite type X = Spec(R) is defined by
JX = Spec(JR).

Remark C.3. Tt is possible to define the jet scheme JX of a general scheme X of finite type (see
[EMQ9]), but the construction is more elaborate, and we will only need the affine case.

Theorem C.4 ([EM09]). Let R be a finitely generated algebra. Then dim(R) = 0 if and only if
dim(JR) = 0.

APPENDIX D. AN EXPLICIT DESCRIPTION OF K

In [Sal23) ising-modules.ipynb], T wrote a SageMath program to compute u} for all partitions
A (if A is not a pivot, it returns 0). From its output, we obtain:

ufy = Lo = G2, ufl g = L2,
ufy g = LsL?, ufsg = LsL_g+ 3L 4L?,
uﬁ,:z,l] =L_4L_3L_q, U§,4,1] =L 4L 4L 4+ §L75L73L71,
u{§74,1,1] = L_sL_4L*, u{§7573,1] — L_¢L L _sL_,.

However, it turns out that u[l5(,4,1,1] and u{é’&&ﬂ are redundant, as can be seen in [Sal23, m11-
m15.ipynb|. From [AVEH22 Theorem 2|, we obtain the following explicit expression for K

K = (U[I;] ) U[Il(,m] ) U{?f@,l] ) U{?f,:a] ) U[Ii,3,1] ) U[IiA,l] ,to((@,0)a))psn,
where

a=L%b=L_4L 3L o+ +L 5L%,.

AppENDIX E. THE CASE L(1/2,1/16)

We can do the same analysis we did for L(1/2,1/2) but with L(1/2,1/16) instead. The
arguments are the same, but the computations are, of course, different. These computations will
be shown now.

We recall the definitions of P16 and RY!® given in §@ For the definition of the series
pY/1%(t, q), the set P/1%(n, m) and other related notation, see § Again, we omit superscripts.

The maximal proper subrepresentation of M (1/2,1/16) is generated by the singular vectors:

Ug = (L,Q - %L%l) |1/16>, Uyqg = (L,QL,Q — %L*Q‘L%l + %Lil + %Lfgg.[/fl - %L,4) ‘1/16> .
Lemma E.1. The formal power series p-s(t,q) is given by

p>2(t,q) = fa200(t, q)-
Sketch of proof. We consider the disjoint union

Py = P33UPs43UPsga3UPs53U 753U Pogrs3UPars3UPos3UPaUPs UPosUPsy.
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These subseries satisfy the following recurrences with initial conditions:

poa(t, @) = paa(ta'?,q) + psa(tq'?, ) + p>sa(ta'?, ) + p=a(tq'?,q),  p=a(0,0) =1,
Posalt,q) = poss(ta'’,q) + psrs3(ta'’?, @) + pssrsa(tad’?, q)
+ps753(tq"%, @) + pssate'?, q), p>54(0,0) =0,
P54(t,q) = poa 3(15611/27 q) + P>6,4,3(tq1/27 q), p5,4(0,0) =0,
paa(t,q) = pss(ta'’?, q), p1,4(0,0) =0,
P>53(t,q) = 2¢°p=a(tq"?, q), p>53(0,0) = 0,
P53t q) = 2°psss(ta*?, q), p>753(0,0) =0,
Psrsa(tq) = 24" pseas(ta®?, q), p>8753(0,0) =0,
Ps53(tq) = 2¢pe s 3(ta*?, q), ps753(0,0) =0,
Poss(t, @) = ¢*psa(tq'?, q), Pe,5,3(0,0) = 0,
ps6as(t, @) = pssalta'?, q), P>6,4,3(0,0) =0,
Poas(t,q) = 2’ paa(tq"?, q), Po.4,3(0,0) = 0,
p3s(t,q) = P @’poeas(ta'?, @) + £2°pss st q), p33(0,0) = 0.

The solution to these equations is unique if it exists, and we can verify using that:

p>a(t; @) = foa00(t: q), P>54(t, @) = fosa2(t,q),
psa(t, q) = fize04(t,q), Paa(t, q) = fraesa(t,q),
p>53(t,q) = fess2(t,q), p>753(t,q) = fi2784(t, ),
p>8753(tq) = fi58156(t,q), ps753(t ) = fro0238(t,q),
Pes3(tq) = fis7146(t, q), P>643(t,q) = fie74(t, ),
Pea3(t,q) = frarise(t, q), p33(t,q) = fros.64(t,q),
is a solution to these equations. We derive the formula p-s(t,q) = fa200(t,q) again from

Lemma 5.1.2)

The recurrences follow from the following twelve bijections for m,n € N:

Poy(n,2m) = Pya(n —m,2m) U Ps 4(n —m,2m) U Pss 4(n —m, 2m) U Psy(n —m,2m),

=1, Ames — 1,4,4] i A1, Am] = 5, 5);

M =1 Ames — 1,5,4] if [Aaets A] = [6,5]:
=1 A — 1,4 i [A] = [5] and Ay > 6;
=1, A — 1] if Ay > 5,

A=

P.os4(n,2m) = Pss3(n —m,2m) U Py r53(n —m,2m) U Pegr53(n —m,2m)
U P>77573(7’L —m, 2m) U P>573(7’L —m, Qm),

(M =1, Ames — 1,6,5,3] i [Anesy Amets A = [7, 6, 4];
A =1, Amea — 1,8,7,5,3] i [Aness Amezs Amet, Am] = [9, 8,6, 4];
A= S =1, Ames = 1,7,5,3] i [Ame2s Amet, Am] = [8,6,4] and Ap_s > 9;
Ai—1,... Ao — 1,5,3] i A1, Am] = [6,4] and Ap_s > 8;
(M =1, Amer — 1, 3] if [
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P574(7l7 2m) i) P674’3(n —m, 2m) U P>674,3 (n — m, 2m),

A = [Al - ]-7 ceey A77’L—3 - 1767473] if [Am—% A77’L—1a )‘m] - [77 5a4]7
D=1 A — 1,43 if At Aw] = [5,4] and Az > 7,

Py4(n,2m) = P33(n —m,2m),
A [/\1—1,...,)\m_2—1,3,3],

P>5,3(n,2m) 1> P>4(n —m — 2,2<m — 1))7
A A =1 A — 1],

Pors3(n,2m) = Poss(n —2m — 1,2(m — 1)),
A= [/\1 _27‘-'7)\777,—1 _2,3]7

P.g753(n,2m) = Pegas(n —2m —2,2(m — 1)),
)\|_> [)\1 _27"'7)\77173_27473],

P8,7,5,3(n7 Qm) :> P6,5,3(n —2m — 1, 2(777, — 1))’
A= [)\1 —2,...,>\m_4—2,6,5,3],

Ps53(n,2m) = Ps4(n —m —2,2(m — 1)),
A= [)\1—1,...,)\m_3—1,5,4],

Peoga3(n,2m) = Posa(n —m —1,2(m — 1)),
)\'_) [)\1_177)\71’7,72_174],

Ps.43(n,2m) = Pyy(n—m —2,2(m — 1)),
A [Al—l,...,)\m_g—l,4,4],

Py3(n,2m) = Pugaz(n —m—2,2(m —1))U Pus3(n —m —1,2(m — 1)),
N {[)\1 1 Ames = 1,4,3] 3 Ponsgy w1, Am] = [6,3,3);
A =1, A2 —1,3] if [Am—1,Am] = [3,3] and A\, > 6. O
Lemma E.2. The formal power series ps21(t,q) is given by
p>2.1(t,q) = faz1.1(t, ).
Proof. We consider the disjoint union
Pooy = Fsp31UPR7531UPsgrs531UPs7531UPss31 UPpg1UPs 1 UPsssUPsy.
We have bijections:
Pog1(n,2m+1) = Poy(n —1,2m),
A= Ay Al

P>5,4,1(n7 2m + 1) l> P>5’4(’n, — 1’ 2m)’
A= Ay Al

P5’471(n,2m + 1) :> P5’4(’I’L — 1,2m),
A= [Al,...,)\m],
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P4’471(n,2m + 1) 1> P4’4(n — 1,2m),
A= [)\17---7>\m]7

P>57371(7’L, 2m + 1) l> P>573<7’I, — 1, Zm),
A= [)\1,...,)\m],

P>7’57371(TL, 2m + 1) :> P>77573(7’L — 1, Qm),
A= e A,

Pogrs31(n,2m+1) = Pugrs53(n—1,2m),
A= [)‘17'--7)\171]7

P8777573,1 (n, 2m + 1) l) P877,573(7’L — 1, 2m),
A= A Al

P6757371(TL, 2m + 1) 1> P67573(TL — 1, 2m),
A= [)\17---7>\m]7
from which, together with the proof of Lemma E.I| we get:
p>a1(t, @) = tqpsa(t, q) = fou1.1(t,q),

P>541(t,q) = tqpss54(t, @) = fos53(t, q),
Psa1(t,q) = taps a(t, q) = fi36.105(t, ),
Paan(t,q) = tqpaa(t,q) = frae05(t, 9),

p>53.1(t,q) = tqpss3(t,q) = fss43(t, q),

p>753.1(t @) = tqps753(t, @) = fi2705(t,q),
Pss8,753.1(t q) = tqpssrs3(t,q) = fis8167(t, q),
Ps753.1(t ) = tqps753(t, ) = fro0.240(t, Q)

Pes31(t,q) =tqpess(t,q) = fis7157(L, )
The formula for p-s (¢, ¢) then follows from .
Lemma E.3. The formal power series p-211(t,q) is given by

P>211(t ) = foasalt, @) + fsz22(t, q).
Proof. We consider the disjoint union
Pos11=Prs311UPor5311UPos311UP5011UPs5011U Py

We have bijections:

Pogii(n,2m+2) = Poyi(n—1,2m+ 1),

A= Ay A, 1,

P>5’471’1(TL, 2m + 2) :> P>5,4,1(n — ]., 2m + 1),
A [)\1,...,)\m,1],

Psy11(n,2m+2) = Psyi(n—1,2m+1),
Ao Ay A 1],

P.5311(n,2m + 2) = Pos41(n,2m+ 1),
A= A Ao, 4,1,



90 DIEGO SALAZAR

Porssii(n,2m+2) = Pogssi(n—1,2m+ 1),
A= [)\1,...,)\7”,1],

P7,573,171(n, 2m + 2) 1) P>877,5,3,1(n — 1, 2m + 1),
A= [)\1,‘..,)\7,1,1],
from which, together with the proof of Lemma E.2| we get:

P11t q) = tqpsa,1(t, @) = fea22(t, q),
P>541,1(t @) = tqpss541(t, @) = fosea(t,q),
Psa11(t,q) = tqpsai(t, q) = fizene(t, q),
p>53.1,1(t @) = tr>s54.1(t,q) = fos54(t,q),
p>75311(t @) = tapsr531(t,q) = fi2,7106(t Q)
P53t @) = tqpssrs3.1(tq) = fis8178(t, Q).

The formula for p-s11(t, ¢) then follows from O
Lemma E.4. The formal power series pss11.1(t,q) is given by

p>3111(tq) = fraza(t, q).
Proof. We consider the disjoint union

Posi11=Pii11UPoyiq.
We have bijections:

Poyi11(n,2m+3) = Poys(n,2m +2),
A= A, Am, 3],

Pyi11(n,2m+3) = Pys(n—1,2m +2),
A= [)\1, .. .,)\m,1,3,3],

from which, together with the proof of [Lemma E.1] and [Lemma 5.1.2] we get:

Psa11,1(t,q) = tpsas(t, q)
= t(Pe5,3(t,q) + Ps753(t,q) + D>s753(t,q) +p>753(t ) + p=53(t,q))
= tf7,4,3,2(t7 Q)

= f7,4,3,3 (ta Q)a
pap1(t,q) = tapss(t, @) = fios75(t Q).
The formula for p~31.1.1(t,q) then follows from [Lemma 5.1.2] O

Lemma E.5. The formal power series p(t,q) is given by

p(t,q) = fr100(t @) + fa211(t, @) + fr333(t, q).
Proof. This follows from the disjoint union
P=P.oyUP.y1UPsy11UPo3111
together with [Lemma E.1| [Lemma E.2| [Lemma E.3| [Lemma E.4] and U

The partitions [2], [1,1,1,1], [3,1,1,1], [3,3,1], [4,3,1], [4,4,1,1], [5,4,1,1,1], [5,5,1,1, 1],
6,5,3,1,1], [6,6,3,1,1], [7,6,4,1,1,1] and [8,7,5,3,1,1] are pivots of the matrices A}, A},
Ay AV AV AT AT AT ATE ATY AN and AL respectively, see [Sal23) ising-modules-1-
16.ipynb].
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