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Abstract

In this work, we present new results on solvability of the
equation A*(D)f = p for f € LP and positive measure
data g associated to an elliptic homogeneous linear differ-
ential operator A(D) of order m. Our method is based on
(m, p)—energy control of p giving a natural characteriza-
tion for solutions when 1 < p < oo. We also obtain suf-
ficient conditions in the limiting case p = oo using new L’
estimates on measures for elliptic and canceling operators.

Main results

Inspired by the work 1n [5], we study the Lebesgue solvability
for the equation
A*(D )f — K (1)
where A*(D) is the (formal) adjoint operator associated to
the homogeneous linear differential operator A (D).
Our first result concerns the Lebesgue solvability for the
equation (1) when 1 < p < 0.

Theorem A. Let A(D) be a homogeneous linear differential
operator of order 1 < m < N onRY, N > 2, from E to
Fand p € M (RN, E*).
(i)If1 < p < N/(N —m)and f € LP(RN,F*) is a
solution for (1) then up = 0.

(ii)If N/(N —m) < p < coand f € LP(RYN, F*) is a so-
lution for (1) then p has finite (m, p) —energy. Conversely,
if || has finite (m, p)—energy and A(D) is elliptic, then
there exists a function f € LP(RYN, F*) solving (1).

We recall that ellipticity means the symbol A(§) : E — F
given by
A(f) - Z a.§"
la|=m
is injective for & € RN\ {0}. We say that p has finite
(m, p)—energy if

1/p
sl = [ (@) dz) < oc.

The proof of Theorem A follows from Gauss-Green Theo-
rem, the LP — LP boundedness of the Riesz transform opera-
tors, the ellipticity of A(D) and a duality argument.

Our second and main result deals with the case p = oc.

Theorem B. Let A(D) be a homogeneous linear differential
operator of order 1 < m < N on R¥ from E to F and
n € M(RYN, E*). If A(D) is elliptic and canceling, and p
satisfies

1| (Br)
|tllo.N—m := sup =7G—= < oo, (2)
>

and the potential control

[l = sup [
yeRN JO
then there exists f € L®(RY, F*) solving (1).

The canceling property means

(] A(9[E] = {0}.
EERNV\{0}
The main ingredient in the prooft Theorem B 1s to investigate
sufficient conditions on p 1n order to obtain

/ u(x)du(x)| S ||[A(D)ul||p, Vu E C’;’O(RN, E),
RN
4)

which 1s 1n fact equivalent to a particular case of the follow-

ing generalization of Stein-Weiss type inequalities previously

studied 1n [2].

Lemma 1. Assume N > 2,0 < £ < N and K(x,y) €

Ly (RN x RN, L(F;V)) satisfying
K (z,y)] < C |z —y|"",

vI/2 | u|(B(y,)) y

S p— r < oo, (3)

T £y

and

‘K(ZB, y) i K(az,O)| S C |w\N—‘f+1’ e

Suppose 1 < g < oo and let v € M (RY) satisfying
”VHO,(N—E)q < o0, (5)
and the potential condition

Wl (v—g < 00 (©)
If L(D) is cocanceling then

q 1/q
(/ K(x,y)g(y) dy dV(fv)) S / lg(x)| dz,
RN | JRN RN
(7)
for all g € L'(RY; F) satisfying L(D)g = 0 in the sense
of distributions.

The operator L( D) is said to be cocanceling if

(| ker L(¢) = {0}.

EERV\{0}

Application

We show the validity of the limiting case of a trace inequality
presented 1n [3].

Theorem 1. Let A(D) be a homogeneous linear differential
operator of order m on RN, N > 2, from E to F. Then for
allv € M (RN) satisfying (5) and (6) there exists C > 0
such that

/ ‘Dm_lu(az)‘ dv < C||A(D)ul| g,
RN

for every u € C°(RN, E).
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