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Introduction

Let Ω be a bounded domain in Rn, with a Lipschitz boundary
∂Ω and 1 ≤ p ≤ n

n−1
, the Poincaré-Sobolev-Wirtinger ine-

quality in BV (Ω) states that there exists c = c(Ω, p) > 0

such that for every v ∈ BV (Ω), with
∫
Ω vdx = 0, the

following is satisfied

c∥v∥Lp(Ω) ≤ |Dv|(Ω). (1)

In [2], it was studied an asymmetric version of (1) for p = 1,
putting weights on the positive and negative part of the func-
tion. They showed that for each r > 0 there exists constants
µ = µ(r,Ω) > 0 and ν = ν(r,Ω) > 0, with ν = rµ,
such that for every v ∈ BV (Ω) with

µ

∫
Ω

v+dx − ν

∫
Ω

v−dx = 0,

we have

µ

∫
Ω

v+dx + ν

∫
Ω

v−dx ≤ |Dv|(Ω).

In this work together with Marcos Montenegro, we study an
asymmetric version of (1) replacing the classical total varia-
tion energy with the Zhang’s affine energy associated with the
class of bounded variation functions, EΩ that is defined as

(EΩ(v))
−n := an

∫
Sn−1

(∫
Ω

|σv(x) · ξ| d(|Dv|)(x)
)−n

dξ,

where an = (2ωn−1)
n(nωn)

−(n+1) and σv : Ω → Rn

represents the Radon-Nikodym derivative of Dv with respect
to its total variation |Dv| on Ω. Recent studies on this energy
can be seen in [1],[3] and [4].
We consider functions v such that v+ ̸= 0 and v− ̸= 0 in
Lp(Ω), so it makes sense to talk about the ratio

r =

∫
Ω(v

+)pdx∫
Ω(v

−)pdx
> 0.

As in [2] we aim to show that there exist constants µ =

µ(r,Ω) > 0 and ν = ν(r,Ω) > 0, with ν = rµ, but
this time for every v ∈ BV (Ω) with

µ

∫
Ω

(v+)pdx − ν

∫
Ω

(v−)pdx = 0,

we have

µ

∫
Ω

(v+)pdx + ν

∫
Ω

(v−)pdx ≤ (ERn(v̄))p, (2)

where v̄ is the extension of v outside of Ω such that v = 0

outside of Ω. Given a parameter r > 0 and the following
definitions:

Cr :=

{
v ∈ BV (Ω) : ∥v+∥p

p =
1

2
; ∥v−∥p

p =
1

2r

}
and E(v) := (ERn(v̄))p, we can make the following charac-
terization of the optimal constants µ and ν:

µ(r) = inf
v∈Cr

E(v) and ν(r) = inf
v∈−r

1
pCr

E(v). (3)

We turn now to study the curve Γ = Γ(Ω) given by the func-
tions µ(r) = µ(r,Ω) and ν(r) = ν(r,Ω), i.e.,

Γ = {γ(r) = (µ(r), ν(r)) : r ∈ (0,+∞)} .

Main Results

Γ has the following properties for n ≥ 2:
If 1 ≤ p < n

n−1
:

(i) The infimum in (3) are attained;
(ii)Γ is symmetric with respect to the diagonal;

(iii)Γ is strictly decreasing, meaning µ is strictly decreasing and
ν is strictly increasing;

(iv) The curve Γ never crosses any of the axis, i.e. µ(r) > 0

and ν(r) > 0 for all r > 0;
(v)Γ is continuous, i.e., r 7→ γ(r) is continuous;

(vi)Γ has positive horizontal and vertical asymptotes.
If p = n

n−1
, the items (ii),(iii),(iv) and (vi) are maintained and

the functions µ and ν are upper semicontinuous.
If p > n

n−1
then the curves degenerates to a point, i.e.

Γ = {(0, 0)}.
If n = 1, we consider Ω = (−T, T ) and we have EΩ(v) =

|Dv|(Ω), so it is natural to study the curve replacing E(v)
with (EΩ(v))

p in (3), in this case we have that the curve is the
graph of the function f :

(
1
4T
,+∞

)
→

(
1
4T
,+∞

)
defined

as:
f(x) =

x

4T
[
x

1
p+1 −

(
1
4T

) 1
p+1

]p+1.

The minimizers in this case are explicit and can be derived in
an analogous way as done in [2]. If n = 1 and v ∈ Cr such
that (EΩ(v))

p = µ(r), then v = φr or v = φr(2T − ·),
where

φr(x) :=


1

(2(1+ar)T )
1
p

for x ∈ (−T, arT )

− 1

(2r(1−ar)T )
1
p

for x ∈ (arT, T )
,

with

ar :=
r

1
p+1 − 1

r
1

p+1 + 1
.

n = 1

n = 2

n = 5

µ

ν

The curves for n = 1, 2 and 5
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