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Abstract

In this work, we consider a class of conformally flat spaces
that includes the space forms as well as the doubled Schwarzs-
child space, and, we will prove an extension of Jellett’s theo-
rem. Next, we build an example where the extension of Jel-
lett’s theorem does not hold. We also prove a Heintze-Karcher
type inequality and we presented a 1-parametric family of
conformally flat spaces, all distinct from space forms, where
it holds a Heintze-Karcher type inequality.

Introduction

In the middle of the eighteenth century Jellett [7] pioneered
that a star-shaped constant mean curvature surface M C R’
1s a round sphere. Around one century after, Hopf [5] presen-
ted a generalization of this result showing that an immersed
constant mean curvature surface M C R° with the topo-
logy of a sphere 1s also a round sphere. In the eighties of the
last century Hsiang, Teng and Yu [6] presented a new class
of spherical immersed hypersurfaces of constant mean curva-
ture in R?™ that are not round spheres. On the other hand,
for hypersurfaces contained in the Euclidean sphere S**1 we
have a lot of examples of compact hypersurtaces with constant
mean curvature which are not round spheres (Clitford Torus).
However, keeping in mind Jellett’s idea, Barros and Sousa, 1n
[2], obtained a similar result in the Euclidean sphere S®'1,
deducing that star-shaped hypersurfaces with constant mean
curvature are round spheres.

We explore in this work star-shaped hypersurfaces in con-
formally flat spaces, whose conformal factor 1s radial and sa-
tisfies an appropriate geometric constraint. For this end, let
Bt = (B™*1, g) be a Euclidean ball with radius a < oo,
centred at the origin O € R"™"! endowed with a metric
g = e*"g conformal to the canonical Euclidean metric g. We
assume that B”' = R"*!. Moreover, we will suppose that
h : B! — Risaradial function given by h(x) = u(|x|?*)
for some smooth function w defined on I = |0, a,z), Sa-
tistying

u(t) — (u'(t))” > 0. (1)

Theorem 1.Let M™ C B"™ 1 be a compact star-shaped hy-
persurface of constant mean curvature. If u satisfies (1), then
M™ is totally umbilical.

In 1956 Alexandrov [1] proved that a compact embedded
constant mean curvature hypersurface M™ C R™'! is also
a round sphere. Latter, Montiel and Ros [8] gave an alterna-
tive proof of Alexandrov’s theorem based on 1deas of Heintze
and Karcher [4]. More recently, 1in order to study Alexandrov
type rigidity phenomena 1n general relativity, Brendle [3] ob-
tained a Heintze-Karcher type inequality in a large class of
warped product spaces, including the Schwarzschild space.

Before to announce the next result, we remember that if
g = e*"g as well as V is the position vector field in R™1,
then we have

Lyvg =20g, o(x) =1-+2u(|z|*) | = |*.

Theorem 2. Let Q C B be a compact domain with smo-
oth boundary M. Let H be the normalized mean curvature

of M, then we have

(n+1) [ oda<

O
EdM 9 (2)
M

provided that u" (t) — (u’(t))2 = X(t), fort € [0,a?),
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H > 0, 0 > 0and \(t) satisfies

A(t) > 0 and
t\'(t) + 2X(t) > 0.

Moreover, the equality in (2) holds if and only if M™ is totally
umbilical.

Class of examples

Example 1. I is well known that this class of manifolds inclu-
des the Euclidean space R™1, the hyperbolic space H" ™! ¢
the punctured sphere S"*1 \ {p}.

Example 2. Given a > 0 consider the function u(t) = e~ %,
t > 0. Taking into account that u”(t) — (u’ (t))2 > 0, for
all t > 0, we obtain a family of complete conformally flat
spaces BT = (R*"T1,g = e2 (=% g), all distinct from
space forms, where by Theorem 1 holds an extension of Jel-
lett’s theorem.

Example 3. Consider M = R™\ {0} equipped with the me-
tric )
gi; = (1+ ]|*7") " gij.
The manifold (M ,g) is called the doubled Schwarzschild
space. Considering the function u : (0, 00) — R defined by

In (1 —|—tT) ,

u(t):n—Z

it is easy to see that g = €>*(=1)g and u” (t) > (u’(t))z.
Example 4. Given a > 0, let X : [O,%) — R be defined
by A(t) = a?(e”* — e~2), Note that X(t) satisfies the
hypotheses of Theorem 2 and the function u(t) = e~ sol-
ves the equation u''(t) — (u’(t))2 = A(t). With this, we
have a 1-parametric family of conformally flat spaces, all dis-
tinct from space forms, where it holds a Heintze-Karcher type
inequality.

Referencias

[1] A.D. Alexandrov, Uniqueness theorems for surfaces in
the large I, Vestnik Leningrad Univ., 11 (1956) 5-17.

[2] A. Barros and P. Sousa, An extension of Jellett’s theorem,
Bull. Sci. Math., 133 (2009), 190-197.

[3]S. Brendle, Constant mean curvature surfaces in warped
product manifolds, Publications Mathématiques, Institut

de Hautes Etudes Scientifiques, 117 (2013), n. 1, 247-
269.

[4] E. Heintze and H. Karcher, A general comparison the-
orem with applications to volume estimates for sub-
manifolds, Annales Scientifiques de 1’Ecole Normale

Supérieurell, 4 (1978), 451-470.

[S]H. Hopft, Differential Geometry in the Large, LNM, vol.
1000, Springer-Verlag, 1983.

[6] W.Y. Hsiang, Z.H. Teng and W.C.Yu, New examples of
constant mean curvature immersions of (2k —1)-spheres
into Euclidean 2k-spaces, Ann. of Math., 117 (1983),
609-625.

[717J. Jellett, La surface dont la courbure moyenne est cons-
tant, J. Math. Pures Appl., XVIII (1853) 163-167.

[8] S. Montiel and A. Ros, Compact hypersurfaces: The Ale-
xandrov theorem for higher order mean curvatures, 1n:
Differential Geometry, A Symposium in Honour of Man-

fredo do Carmo, Pitman Monographs and Surveys in Pure
and Applied Mathematics, vol. 52, 1991, pp. 278-296.




