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Abstract

We give a characterization of pseudo-parallel Lorentzian sur-
faces with non-flat normal bundle in 4-dimensional pseudo-
Riemannian space forms as super-extremal surfaces, 1.e., -
1sotropic surfaces with vanishing mean curvature vector field.
We also characterize this kind of surfaces using the concept
of hyperbola of curvature. We show that any pseudo-parallel
Lorentzian surface with non-flat normal bundle and constant
pseudo-parallelism function 1n codimension two 1s, locally, a
piece of a Lorentzian surface of the Veronese type, extending
an analogous result by Asperti-Lobos-Mercuri for pseudo-
parallel surfaces in 4-dimensional Riemannian space forms.

Introduction

An i1sometric immersion f : M — M between pseudo-
Riemannian manifolds, with second fundamental form o, 1s:
eparallel if Vx - a = 0;

e semi-parallel if R(X,Y) - a = 0;

e pseudo-parallel if R(X,Y) -a=9Y(X AY) - a,
for some smooth real-valued function v on M and any tan-
gent vector fields X,Y on M, where R = R® Rt is
the curvature tensor corresponding to the Van der Waerden-
Bortolotti connection V = V@ V< of fand (X AY)Z =
Y, Z)X — (X, Z)Y.

Pseudo-parallel submanifolds were introduced by Asperti-
Lobos-Mercuri as a generalization of semi-parallel submani-
folds and as an extrinsic analogue of pseudo-symmetric mani-
folds. In [1], authors proved that v)-pseudo-parallel surfaces
with R+ # 0 in 4-dimensional Riemannian space forms
are superminimal, 1.e., minimal and A-1sotropic. Also, they
classified such surfaces in codimension 2 with constant ).

Preliminaries and notations

Let *Efsv be the /V-dimensional pseudo-Euclidean space with
the metric of index s given by

S N
<.’,B, y> — <(3319 I mN)a (ylv IR yN)> — — szyz + Z LiYie
1=1 1=s+1

We use Q7'(c) to refer the m-dimensional pseudo-
Riemannian space form with constant sectional curvature c
and metric of index s, such that:

{ H™(c) C ]E:';f’:il, if ¢ < 0, (pseudo-hyperbolic space)
QT (c) = if c = 0,

S™(e) C E™tL, if ¢ > 0. (pseudo-sphere)

Figure 1: Equilateral hyperbolas in Lorentz-Minkowsky plane EZ.

Let f : M? — Q™(c) be an isometric immersion from a
Lorentzian surface M?. By Fundamental Equations we get

(a12, 12), (1)

K = c— (ay1, a92)

R*(e1,e2)€ = ((ou1 + an) A ai2)é, (2)

and for the pseudo-parallelism condition we get the relations:
R*(e1, e2)a1 = R(er, e2)o = 2(¢p — K)oz,  (3)
RJ_(ela ez)az = (Y — K) (a1 + azz), (4)

where {ej, e2} is an orthonormal frame for M?, a;; =
a(e;, e;), € is any normal vector to M and K is the Gaus-
sian curvature of M.
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An isometric immersion f : M;? — Q7 (c) is A-isotropic

if (a(X,X),a(X,X)) = A(z), VX € T,M?2 with
1 X = VI{X,X)| =1,Vx € M? where A : M? — R
1s a smooth function.

Results

A theorem of characterization (see [3]). An isometric
immersion f : M? — Q?2(c) with non-flat normal bundle
on any open subset of M 12 is W-pseudo-parallel if and only if
it is A-isotropic. For such an immersion we have that s = 2,
H = 0and A = %(C—K) = K — 1 # 0, where K is the
Gaussian curvature of M?, H is the mean curvature vector
field of f and X is a smooth real-valued function on M 12

Corollary 1 (see [3]). Let f : M? — Q%(c) be an isome-
tric immersion. f is 1-pseudo-parallel with R+ # 0 if and
only if s = 2 and for each x € M?, the set

H, = (X, X)a(X,X) : X € T,M; with (X, X) = £1}

1S a non-degenerate equilateral hyperbola with center at O 1n
the normal space to M12 at x. In this case, H = 0 and the
constant radius squared of the hyperbola is A(x) = K — 1.

Example 1: Lorentzian surfaces of the Veronese type.
The isometric immersion f : S5(1) — S3(3) defined by

1 1
v Yo — g g ’ 22 ? 29_ 2 — 27 g
f(z,y, 2) (wy Tz, Yz 2\/5( T” + y° + 2°) 2(y Z)>

corresponds to the Veronese immersion in Riemannian geo-
metry. f is A-isotropic with A = 1 and 1)-pseudo-parallel
with ¢» = 0; in fact, f is a parallel immersion with R+ # 0.
Hasegawa in [2] proved that f is an isotropic with negative
spin immersion. Also, f is extremal, i.e., H = 0.

Extremal and 1sotropic with negative spin immersions of the
Veronese type from Q?(é) to Q5(3¢), é # 0, can be obtained
from f.

Proposition (Hasegawa [2]). Let f : M? — Q5(c) be an
extremal and 1sotropic with negative spin immersion of cons-
tant Gaussian curvature K. If K # ¢,thenc = 3K # 0
and f 1s an open set of the Veronese type surface given in
Example 1.

Corollary 2 (see [3]). Let f : M? — Q%(c) be an isome-
tric immersion with R+ # 0. If f is ¢-pseudo-parallel with
constant ¢, then s = 2, ¢ = 3K # 0,9 = 0 and f is an
open set of the Veronese type surface in Example 1.

Conjecture: There are pseudo-parallel Lorentzian surfaces
with R # 0 in Q3(c) which are not semi-parallel.
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