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Abstract

Let A be a group acting by automorphisms on a finite group
G. In this work we consider that A is an extra-special p-
group and we will present results regarding the nilpotency of
the lower central series and derived series of the fixed points
subgroups of the group GG' and similar results to Lie algebras.
Furthermore, we prove results regarding supersoluble fixed
points.

Introducao

Suppose that a finite group A acts by automorphisms on
a finite group . The action is coprime if the groups A
and G have coprime orders. We denote by Cg(a) the set
{g € G| g* = g}, the centralizer of a in G (the fixed-
point subgroup). Similarly, we denote by Cg(A) the set
{g € G| g® = gforalla € A}. It has been known for
some time that centralizers of coprime automorphisms have
strong influence on the structure of G.

In the study of the influence of C'¢(a) on the structure of
a group, Ward showed that if A is an elementary Abelian p-
group of rank 3 acting on a finite p’-group G such that C¢(a)
is nilpotent for any a € A%, so the group G is nilpotent [6].

The first result has been extended i1n [4] for the case where
A is not necessarily abelian. That is, it was shown that if A is
a finite group of prime exponent p and order at least p° acting
on a finite p’-group G in such a way that Cg(a) is nilpotent
of class at most ¢ for any a € A%, so G is nilpotent with
class bounded only 1n terms of ¢ and p .

Later, in [2] a generalization was obtained. Let p be a prime.
If A is an elementary Abelian p-group of order p* with
k > 3 acting on a finite p’-group G such that v;_2(Cea(a))
is nilpotent of class at most ¢ forany a € A%, s0 v5_2(G) is
nilpotent with class limited only in terms of ¢, k and p. It was
also proved that if for some integer d such that 2¢ + 2 < k,
the dth group derived from C¢ (@) is nilpotent of class at most
c forany a € A%, so the dth derived group G? is nilpotent
with class bounded only in terms of ¢, k and p.

In [1] the authors showed that if A is an elementary Abelian
p-group of order, at least p* acts on a p’-group G. Assuming
that Cg(a) are supersolvable for all a € A#. Then G is
supersolvable.

Results for Lie Algebra

Theorem 0.1.Let p be a prime and E an extra-special p-
group of exponent p and order p?* 1. Suppose that E acts
by automorphisms on Lie algebra L.

i) If v, (Cr(a)) is nilpotent of class at most ¢ for any a &
E7, then =, (L) is nilpotent with class bounded solely in
terms of ¢, n and p.

11) If, for some integer d such that 24 < n, the dth deri-
ved group of C';,(a) is nilpotent of class at most ¢ for any
a € E#, then the dth derived group L% is nilpotent with

class bounded solely in terms of ¢, i and p.

Lemma 0.2.1f » > k — 1, then v,.(L) = >
each N, is a subalgebra of v;_1(Cr(a)).

acA Na Where

As usual, we denote by E’ the commutator subgroup of
E. Since FE is extra-special, E’ has order p and E/ =
Z(FE) = ®(F). Choose a generator o of E’ and set
Hy = C, )(¢) = Cr(e) N vn(L). The subring Hy
1s E-1nvariant since o commutes with any element of .

Lemma 0.3.Let By,..., B; be all elementary abelian sub-
groups of order p"*! of E. Then Hy = >, C,, (,,(B;)
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Lemma 0.4. H is nilpotent of (¢, n, p)-bounded class.

Lemma 0.5. There is a (¢, n, p)-bounded number s such that

[Lv\Hm "t HO,] = 0.

S

Corollary 0.6. The Lie algebra ~,(L) is soluble with
(c, n, p)-bounded derived length.

Results for Groups

Theorem (.7.Let p be a prime and E an extra-special p-
group of exponent p and order p*™* 1. Suppose that E acts
by automorphisms on a finite p’-group G.

i) If v, (Cga(a)) is nilpotent for any a € E#, then v,(G) is
nilpotent.

ii) If, for some integer d such that 2¢ < n, the dth derived

group of Cg(a) is nilpotent for any @ € E7, then the dth
derived group G'?) is nilpotent.

Lemma 0.8.Let A be an elementary abelian p-group of order
p® with k > 2 acting on a finite p’-group G and A4, ..., A,
the maximal subgroups of A. Let » > 2. Let () be an
A-invariant Sylow g-subgroup of v,._1(G). Let Ly, ..., L;
be all the subgroups of the form ~;(Q) N H where H is
some ~y- A-special subgroup of G of degree r + 3 — 2. Then
’VJ(Q) — <L19 c v Lt>°

Lemma 0.9.Let B¢,..., B; be all elementary abelian sub-
groups of order p™*! of FE and V' an E-invariant subgroup of
C(;(E,). Then V = <Cv(Bz) ‘ 1 S () S l>

Theorem 0.10.Let p be a prime and E an extra-special p-
group of the exponent p and order p°>. Suppose E acts by
automorphisms on a finite p’-group G. If Cg(a) is supersol-
vable for any a € E7, then G is supersolvable.
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