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Introduction and abstract

Genetic and evolution algebras are mathematical structures
that model the genetic dynamics of populations. Gibbs mea-
sures are probability distributions that describe the equilib-
rium states of interacting systems in statistical mechanics. In
this poster, we present a novel model of infinite-dimensional
genetic algebras determined by configurations of finite spins
on a countable set with their associated Gibbs measures. We
show that this model preserves some properties of the finite-
dimensional Gibbs algebras found in the literature and extends
their results.

We also introduce the concept of infertility in the genetic dy-
namics when the configurations differ macroscopically. This
leads to a decomposition of the algebra into a direct sum of
fertile 1deals with genetic realization. The proposed infinite-
dimensional algebras are commutative, non-associative, with
uncountable basis and zero divisors.

Basic Definitions

Let S be the finite set of spins of a countable set L. Re-
gard £ C 2% as the set of finite subsets of L. A configu-
ration o is an element of 2 = S™. The interacting potential
® = (P4)cc is a family of functions. By standard Gibbs
measure theory, ® determines the local Hamiltonians H K’ for
each A € L and the local specification .

The set 4 (®) is the set of all Gibbs measures p determined
by the local specification 'y_f{’. A potential @ exhibits phase
transition when |% (®)| > 1.

Consider 6 C 2" to be a partition of L. We call each
A € 6 acluster. Given L € 2 and o € Q. o7 is the
restriction of o to L. The discrepancy set D, consists of
elements € L such that o(x) # n(x).

The offspring of o and 77 1s the set

Qo = {€ € Q: VA € 6(6a = oa0ra = 1na)
and D, € E}

Let Bg = {e,}secn be a basis and let K be fixed with
K=RorK = C.
The “6-genetic Gibbs genetic algebra generated by u €&
4 (®P) on Q is the K-module A(6, u, P, 2) given by bi-
linear extension of

€o * En = E : Con,(€¢
Ceﬂan

p(C | Upgn)

where cop ¢ =

Consider E" := {¢ € Q: |D,¢| < +oco} and define the
fertile ideal F7 = (E"). It is related with infertility because
er ey = 01ff o & F. Let us fix Q C (2 as the set that
chooses a unique representative of each fertile ideal. Namely,
for all n € (2 there exists an unique o € Q st F7 = F"
Theretfore the results can be extended to all countable L.

Main results

We list below some results obtained for the Gibbs algebra de-
fined and studied in [1]. Before stating them, it 1s woth to
point out that when L is finite A = A(6, p, P, ) is iso-
morphic to the finite dimensional Gibbs algebras found 1n the

literature. Also, A is commutative and non-associative when
dim .A > 3 and |Bq| = | S|

Theorems: Let A = A(6, u, P, 2)

. (Decampasition into a sum fertile (Markov) ideals)
For all n € ()

enp A = F"
and
A= EpF".
néﬁ
Moreover, each F” has a countable basis and || = 2%
when |L| = N,.

eLet® ~ W (or ® ~ 7 1(W) for 7 a suitable transforma-
tion), then

A(C, pu, @, Q) ~ A6, ', ¥, Q).

* Corollary (Stability under phase tmnsition)

The Gibbs measures p, ' € % (P) generate the same 6 -
Gibbs algebra.

et F be a fertile ideal and 7 : A — K a multiplicative
functional given by linear expansion of 7r(e,) = 1 when
e, € Fand mr(e,) = 0 otherwise. Then

hom(A,K) = {m: o € Q}.

Therefore (A, 7r) if a weighted/baric algebra.

* (Genetic algebras generated by products of Gibbs measures)
Let A; = A(6;, ps, D, Q;) forz € {1,...,n}. Set

A=A (U €y X) pis P P, Hf’}lﬂi) .
1=1 1=1 1

11—

Then A is isomorphic to the standard tensor algebra
i1 A

*Let o/ be a finite-dimensional subalgebra of A such that
the interaction potential ® has finite range such that

n

AAp = 6} A; with A; subalgebra of a fertile 1deal F;.

1=1

Then there exists A’ € L such that every A; is
a subalgebra of the finite dimensional Gibbs algebra
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