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Abstract

We show some area estimates for a stable constant mean cur-
vature (CMC) hypersurface immersed in a Riemannian man-
ifold which has either scalar or sectional curvature bounded
from below. Our results can be read as natural extensions to
CMC context of the results to stable minimal surfaces due to
Munteanu, Sung and Wang [2]. As applications we derive up-
per estimates for the bottom spectrum of these hypersurfaces.

Introduction

A minimal hypersurface Σ is said stable if it minimizes the
area functional A(t) up the second order for all compactly
supported variations. The concept of CMC stability has been
extensively investigated in the last decades since it was in-
troduced by Barbosa and do Carmo [1]. CMC hypersurfaces
with mean curvatureH , or simplyH-hypersurfaces, are crit-
ical points of the functional

J (t) = A(t)− 2HV(t),

where A(t) and V(t) denote the area and the volume en-
closed of the variation between 0 and t. An H-hypersurface
is said to be strongly stable if, for compactly supported varia-
tions,

d2

dt2
J (t)

∣∣∣∣
t=0

≥ 0.

This is a natural generalization of the stability of a minimal
surface (H = 0). Its is possible to show that if Σ is a strongly
stableH-surface inM , then∫

Σ

(|h|2 + Ric(ν, ν))f2 ≤
∫

Σ

|∇f |2, ∀f ∈ C∞0 (Σ).

Results

Inspired by [2], we show some area estimates for stable H-
surfaces. Our first result can be stated as
Theorem 1. Let Bp (R) be a geodesic ball in a stable H-
surface Σ, with |H| < 1, in a three dimensional manifold
M. Assume that Bp (R) does not intersect the boundary of
Σ.

1. If the scalar curvature S ofM satisfies S ≥ −6, then

A (R) ≤ C1 e
2
√

1−H2R

for some absolute constant C1 > 0.

2. If the sectional curvatureK ofM satisfiesK ≥ −1, then

A (R) ≤ C1 e
4
√

1−H2
√

7
R

for some absolute constant C1 > 0.

WhenM = H2×R, we can improve the constant in Theo-

rem 1. More precisely, ifH2 <
1

2
, then

A(R) ≤ CeaR, where a =
4

√
1

2
−H2

√
7

.

Since the geometry of minimal surfaces in the euclidean
space R3 is very similar to the geometry of 1-surfaces in H3,
we have:
Theorem 2. Let Σ be a stable 1-surface in H3. Then there
exists a universal constantR0 such that for any geodesic ball
Bp (R) with no intersection with the boundary of Σ, it holds

L (r) ≤ 2πr

(
1 +

10

lnR

)
; A (r) ≤ π r2

(
1 +

10

lnR

)
,

for all r ≤
√
R and R ≥ R0. Here L(r) denotes the

length of geodesic circle ∂Bp(r) andA(r) denotes the area
ofBp(r).

As a direct application, we have a new proof of the following
well known result proved by da Silveira [4].

Corollary 3. Let Σ be a complete noncompact stable 1-
surface in H3, then

A(r) ≤ πr2

for all r > 0. In particular, Σ is a horosphere.

Application: Bottom spectrum estimates

The bottom spectrum of a complete manifold Σ can be de-
fined as the best constant of the Poincaré inequality

λ0(Σ)

∫
Σ

φ2 ≤
∫

Σ

|∇φ|2,

where φ ∈ C∞0 (Σ). According to Li and Wang [5], we have

λ0(Σ) ≤
1

4

(
lim inf
R→∞

lnA(R)

R

)2

. (0.1)

We can give an upper estimate of the bottom spectrum. More
precisely, we have

Corollary 4. Let Σ be a stable complete H-surface, with
|H| < 1, in a three dimensional Riemannian manifoldM :

a) If the scalar curvature S ofM satisfies S ≥ −6, then

λ0(Σ) ≤ 1−H2.

b) If the sectional curvatureK ofM satisfiesK ≥ −1, then

λ0(Σ) ≤
4− 4H2

7
.

Higher dimension

In higher dimensions, our approach does not work to get vol-
ume estimates for geodesic balls. However, following the
technique in [2], we were able to show the following bottom
spectrum estimate:

Theorem 5. Let Σ be a complete stable H-hypersurface in a
(n+ 1)-manifoldM with n = 3 or n = 4. If the sectional
curvatureK ofM satisfiesK ≥ −1, then

a) For n = 3, if |H| <
√

10

3
, we have that

λ0(Σ) ≤
10− 9H2

4
;

b) For n = 4, if |H| <
√

7

2
, then

λ0(Σ) ≤ 24− 12H2.
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