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Abstract

Evolution algebras play a significant role in the study of self-
reproduction of alleles in non-Mendelian genetics, making
them relevant in various mathematical fields, including graph
theory, stochastic processes, and mathematical physics. These
algebras possess a unique structure, characterized by a null
product between distinct elements of the canonical basis, re-
sulting in commutativity and generally non-associativity.
In our research, we focus on evolution algebras with a canon-

ical basis consisting of pairs of configurations of finite spins
on countable sets. The product coefficients are determined by
Gibbs measures associated with these configurations. Since
they represent a particular case of genetic algebras, where the
product represents reproduction, we establish a meaningful
connection by associating the square of a pair with its off-
spring. By translating the thermodynamic formalism into the
framework of evolution algebras, we unveil intriguing alge-
braic properties.

Introduction

We define Ω = SL as the set of configurations consisting of
a countable set of sites, L, and the associated spin space, S,
which we suppose to be finite. Let L ⊆ 2L be the set of fi-
nite subsets of L. An interacting potential Φ = (ΦA)A∈L
is a family of functions that will determine the local Hamil-
tonians HΦ

Λ for each Λ ∈ L and the local specification γΦ
Λ .

Two potentials Φ and Ψ are said equivalent (Φ ∼ Ψ) when
for any Λ ∈ L the Hamiltonian HΦ−Ψ

Λ is measurable on the
“outside” of Λ.
We put G(Φ) to be the set of all Gibbs measures determined

by the local specification γΦ
Λ .

Fix a partition of L, C ⊆ 2L, and call each ∆ ∈ C a clus-
ter. Given L ∈ 2L and σ ∈ Ω, σL is the restriction of σ
to L. The discrepancy set Dση consists of elements x ∈ L
such that σ(x) ̸= η(x) and the offspring of σ and η is the
set Ωση whose elements coincide with σ or η in every cluster
∆ ∈ C.
We set BΩ := {e(σ,η)}(σ,η)∈Ω2 to be a basis and let eση

stand for e(σ,η)
The C-evolution Gibbs algebra generated by µ ∈ G(Φ) on
Ω is the free module E(C, µ,Φ,Ω) = ⟨BΩ2⟩ with product
given by (R or C) bilinear extension of

eση · eσ′η′ =


∑

(ζ,ξ)∈Ω2
ση

cση,ζξ eζξ, if σ = σ′ and η = η′;

0, otherwise.

where

cση,ζξ =
µ(ζ | σ(Dση)c)µ(ξ | σ(Dση)c)

µ⊗2(Ω2
ση | σ(Dση)c)

= cση,ζcση,ξ.

Consider the set of configurations with finite discrepancy of
η, Eη, and define the fertile ideal Fη = ⟨Eη⟩ and FΩ :=

{Fη : η ∈ Ω}. Consider now σ̃ : FΩ → Ω to be
a choice that fixes σ̃(F) ∈ Ω such that F = Fσ̃(F). Set
Ω̃ := {σ̃(F) : F ∈ FΩ}. Fix Ω̃ ⊆ Ω as the set that
chooses a unique representative of each fertile ideal. Namely,
for all η ∈ Ω there exists an unique σ ∈ Ω̃ s.t. Fσ = Fη.

Main results

Some of our results are for E(C, µ,Φ,Ω), but since an in-
finity of elements of the basis lie in the kernel of the map
x 7→ x2, it is convenient to avoid them by considering the
quotient or simply generating the algebra from their com-
plementary. That is, set N := {eση ∈ BΩ2 : Dση ̸∈ L}
and define EM = EM(C, µ,Φ,Ω) as the subalgebra of
E(C, µ,Φ,Ω) such that EM :=

〈
BΩ2 \ N

〉
. We call

EM the Markov C-evolution Gibbs algebra generated by the
µ ∈ G(Φ) on Ω. Define Fση = ⟨BEσ×Eη⟩.

Theorem (Decomposition of EM into a direct sum of ide-
als) Let EM := EM(C, µ,Φ,Ω) be a Markov C-evolution
Gibbs algebra generated by µ ∈ G(Φ) on Ω. Then EM is
indeed Markov such that

EM =
⊕
σ∈Ω̃

Fσσ,

where each Fσσ ∈ FΩ2 is a ideal with countable basis B(Eσ)2.
Moreover, if Φ has finite range; then, for all σ, η ∈ Ω, Fσσ
and Fηη are isomorphic.

Figure 1: For σ ̸= η the genealogical tree of eση exhibits a self-similar
structure of the gene flow.
For Markov C-evolution algebras, we say Em is τ -

isomorphic to E ′
M when the linear map such that ϕ(eση) =

e′τστη determines an isomorphism of algebras.

Theorem (τ -isomorphism) For reasonable τ , let EM =

EM(C, µ,Φ,Ω) and E ′
M = EM

(
τ (C), µ′,Ψ,Ω

)
be two

evolution Gibbs algebras. If Φ ∼ τ−1(Ψ), then the alge-
bra EM is τ -isomorphic to E ′

M . Moreover, the converse holds
when C = C⊙ is the set of atomic clusters.

Theorem (Stability under phase transition) Let µ, µ′ ∈
G(Φ) be Gibbs measures on Ω. Then the algebra
EM(C, µ,Φ,Ω) is isomorphic to EM(C, µ′,Φ,Ω).

Theorem (Evolution algebras generated by products of Gibbs
measures) Let {Li}n

i=1 be a sequence of countable sets such
that, for each i ∈ {1, . . . , n}, Ci is a partition of Li associ-
ated with a Gibbs measure µi ∈ G(Φi) on Ωi = SLi with S

a fixed finite set of spins.
Consider the evolution Gibbs algebras EM,i :=

EM(Ci, µi,Φ
i,Ωi) for all i ∈ {1, . . . , n}, and

EM = EM

(
n⊔

i=1

Ci,

n⊗
i=1

µi,

n⊕
i=1

Φi,

n∏
i=1

Ωi

)
.

Then E is isomorphic to the tensor algebra
⊗n

i=1 EM,i

equipped with the ordinary product.

Open questions

• Is it possible to modify the algebras preserving part of their
properties to identify the phase transition phenomenon?

• Techniques from functional analysis could be interesting to
study more properties of the algebras. How do the algebras
change when consider a Schauder basis for the fertile ideals?

• How to define similar algebras when S infinite?

References

[1] C. F. Coletti, L. R. de Lima, and D. A.
Luiz. Infinite-dimensional genetic and
evolution algebras generated by Gibbs
measures. arXiv:2212.06450, 2022.

Acknowledgements

This study was financed in part by the Coordenação de Aperfeiçoamento

de Pessoal de Nı́vel Superior - Brasil (CAPES) - Finance Code 001. It was

also supported by grants #2017/10555-0 and #2019/19056-2 São Paulo

Research Foundation (FAPESP).

www.arxiv.org/abs/2212.06450

