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Introduction

In this poster, we will present a result of S. Vasilovsky [1] exhibiting a
finite base for the ideal of graded identities for Mn(K) endowed with a
specific grading by the group Zn, when K is a field of characteristic zero.

Main Theorem. All graded polynomial identities of the Zn-graded alge-
bra Mn(K) follow from

x1x2 − x2x1 = 0, deg(x1) = deg(x2) = 0, (1)

x1xx2 − x2xx1 = 0, deg(x1) = deg(x2) = − deg(x). (2)

Definitions and Preliminary Results

Let Eij be the unit matrix, 1 ≤ i, j ≤ n. These matrix form a basis of
Mn(K) as a vector space. For t ∈ Z, let t denote the residue class in Zn

that contains t. For each α ∈ Zn, let M (α)
n be the subspace of Mn(K)

spanned by all matrix units Eij such that deg(Eij) = j − i = α. It
follows that M (0)

n consists of diagonal matrices and, for 0 < t ≤ n−1,
M (t)

n consists of the matrices of the form

0 · · · 0 a1,t+1 · · · · · · 0
... ... ... a2,t+2

...
... ... ... . . . ...

0 · · · 0 0 · · · · · · an−t,n

an−t+1,1 · · · 0 0 · · · · · · 0
... . . . ... ... ...
0 · · · an,t 0 · · · · · · 0


Then Mn(K) is a direct sum of the subspaces M (α)

n ’s:

Mn(K) =
⊕
α∈Zn

M (α)
n . (3)

The decomposition (3) defines a Zn-grading of the algebra Mn(K).
Now, let X = ∪α∈Zn

X(α), where X(α) ∩ X(β) = ∅ if α ̸= β and
consider K⟨X⟩ the free associative algebra freely generated by the set
X . The monomials

{xi1 · · ·xik : k ∈ {1, 2, . . . }, xi1, . . . , xik ∈ X}

form a basis of K⟨X⟩ as vector space. An indeterminate x ∈ X is
said to be of homogenous degree α, written deg(x) = α, if x ∈ X(α).
The homogenous degree of a monomial n = xi1xi2 · · ·xik is defined by
deg(n) =

∑k
j=1 deg(xij). We can write

K⟨X⟩ =
⊕
α∈Zn

K⟨X⟩(α),

where K⟨X⟩(α) designates the subspace of K⟨X⟩ spanned by all the
monomials of homogeneous degree α. Clearly K⟨X⟩ is a Zn-graded al-
gebra and their elements are called graded polynomials. A graded poly-
nomial f ∈ K⟨X⟩ is said to be a graded polynomial identity of the
Mn if f(A1, . . . , Ak) = 0 for all A1, . . . , Ak ∈ Mn such that As ∈
M (deg(xs))

n , s ∈ {1, . . . , k}. The set Tn(Mn) of all graded identities of
Mn is a Tn-ideal of K⟨X⟩, i.e., an ideal of K⟨X⟩ that is invariant under
any endomorphism φ of K⟨X⟩ such that φ(K⟨X⟩(α)) ⊆ K⟨X⟩(α)

for all α ∈ Zn. A graded polynomial f is said to follow from a family of
graded polynomial identities Υ = {gλ : λ ∈ Λ}, if f lies in the small-
est Tn-ideal containing the family Υ. It is easy to see that Mn satisfies
(1), since any two diagonal matrices commute. The verification of (2) is
a straightforward computation. Now, let In be the Tn-ideal generated by
the graded identities (1) and (2). If k is a positive integer, denote by Sk

the set of all permutations of the set {1, . . . , k}. For x1, . . . , xk ∈ X

and σ ∈ Sk, let

mσ = mσ(x1, . . . .xk) = xσ(1) · · ·xσ(k).

The multilinear monomial in x1, . . . , xk corresponding to the identity
permutation will be denoted by

m = m(x1, . . . , xk) = x1 · · ·xk.

Clearly, deg(m) = deg(mσ) = deg(x1) + · · · + deg(xk). It
follows that every multilinear graded polynomial f(x1, . . . , xk) can be
expressed as

f =
∑
σ∈Sk

aσmσ, where aσ ∈ K.

By a standard substitution we will understand a substitution S of the
form xs = Eisjs, s ∈ {1, . . . , k}, where js − is = deg(xs). It
is easy to see that, if a multilinear graded polynomial f is such that
f(S) = 0 for every standard substitution S, then f is a graded iden-
tity of Mn.
Remark 1. Observe that, when a substitution S is made, the value of a
monomial mσ differs from zero only if

jσ(s−1) = iσ(s), s ∈ {2, . . . , k},

in which case mσ(S) = Eiσ(1)jσ(k).
Lemma 2. If for a permutation σ ∈ Sk, there is a standard substitution
S such that

0 ̸= mσ(S) = m(S),

then
mσ(x1, . . . , xk) ≡ x1 · n(x2, . . . , xk)(mod In),

for some monomial n(x2, . . . , xk) = xl2 · · ·xlk.
Lemma 3. If for two permutations σ, τ ∈ Sk, there exists a standard
substitution S such that

mσ(S) = mτ(S) ̸= 0,

then
mσ(x1, . . . , xk) ≡ mτ(x1, . . . , xk)(mod In).

Proof of Main Theorem

Proof. Since the characteristic of the field K is zero, we only need to
prove that any multilinear graded polynomial identity f of Mn lies in
In. Let r be the least non-negative interger such that f can be expressed,
modulo In, as a linear ombination of r multilinear monomials

f ≡
r∑

q=1

aσq
mσq

(mod In), 0 ̸= aσq
∈ K,σq ∈ Sk.

We will show that r = 0. Suppose, on the contrary, r > 0. By (1), we
can find a standard substitution S such that mσ1

(S) ̸= 0. Since

mσq
(S) ∈ {Eij : i, j ∈ {1, . . . , n}} ∪ {0}, q ∈ {1, . . . , r},

aσ1
mσ1

(S) =
r∑

q=2

(−aσq
)mσq

(S),

it follows that there is a least one integer p ∈ {2, . . . , n} such that
mσp

(S) = mσ1
(S). Then, by Lemma (3), mσp

≡ mσ1
(mod In), so

that

f ≡
r∑

q=1

aσq
mσq

≡ (aσ1
+ aσp

)mσ1
+

p−2∑
q=

aσq
mσq

+
r∑

q=p+1

aσq
mσq

(mod In),

i.e., f can be expressed, modulo In, as a linear combination of no more
than r − 1 multilinear monomials, which contradicts our choice of r.
Thus f ≡ 0(mod In).
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