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Introduction

The local existence of non-negative solutions of the singular
nonlinear parabolic problem{

ut − ∆u = |·|−γ f(u) in RN × (0, T ),

u(0) = u0 in RN,
(1)

with f ∈ C([0,∞)) non-decreasing, 0 < γ <

min {2, N}, u0 ∈ Lr(RN), u0 ≥ 0 has been studied by
Miguel et al. [3]. They showed the existence of a critical value

p⋆
γ = 1 +

(2 − γ)r

N
(2)

such that for r > 1:
• If γ < N/r, lim supt→0 t

−(1+ϵ−γr/N)f (t) < ∞ and
lim supt→∞ t−p∗

γf (t) < ∞, for some ϵ ∈ (0, γr/N),
or γ > N/r and lim supt→∞ t−p∗

γf (t) < ∞, then
problem (1) has a non-negative solution for every u0 ∈
Lr
(
RN
)
, with u0 ≥ 0.

• If γ < N/r and lim supt→0 t
−(1−γr/N)f (t) = ∞

or lim supt→∞ t−p∗
γf (t) = ∞, then there exists u0 ∈

Lr
(
RN
)

with u0 ≥ 0 such that problem (1) does not have
a non-negative solution.

A similar situation occurs in the case r = 1, substitut-
ing lim supt→∞ t−p∗

γf (t) by
∫∞
1 Gϵ (σ)σ

−p⋆
γdσ where

Gϵ (t) = sup
0<σ≤t

f (σ) /t1−γ/N+ϵ for ϵ = 0 or ϵ > 0.

Objective

Our objective is to improve the results given in [3].
For 1 ≤ r ≤ ∞, the uniformly local Lebesgue space
Lr

ul,ρ(R
N) is defined by

Lr
ul,ρ(R

N) =
{
u ∈ L1

loc(R
N); ∥u∥Lr

ul,ρ(RN) < ∞
}
, where

∥u∥Lr
ul,ρ(RN) :=


sup
y∈RN

(∫
Bρ(y)

|u(x)|r dx
)1/r

if 1 ≤ r < ∞,

ess sup
y∈RN

∥u∥L∞(Bρ(y))
if r = ∞,

and Bρ (y) ⊂ RN denotes the open ball centered at y with
radius ρ > 0. It is clear that L∞

ul,ρ(R
N) = L∞(RN). We

denote by Lr
ul,ρ(R

N) the closure of the space of bounded
uniformly continuous functions BUC(RN) in the space
Lr

ul,ρ(R
N), that is, Lr

ul,ρ(R
N) := BUC(RN)

∥·∥Lr
ul,ρ(R

N ).

To reduce notation, we write Lr
ul(R

N) and Lr
ul(R

N) if
ρ = 1.

First Result

The notion of solution used in the work is the following.
Definition 1. Let γ > 0, u0 ∈ Lr

ul

(
RN
)
, 1 ≤ r < ∞ and

f ∈ C(R). We say that u ∈ L∞ ((0, T ) , Lr
ul

(
RN
))

∩
L∞

loc

(
(0, T ) , L∞ (RN

))
, for some T > 0, is a solution of

the problem (1) if it verifies

u (t) = S (t)u0 +

∫ t

0

S (t − σ) |·|−γ f (u (σ)) dσ

a.e. in RN × (0, T ), where {S (t)}t≥0 denotes the heat
semigroup.
Theorem 1. Suppose that f ∈ C(R) is a nondecreasing
function, 0 < γ < min {2, N}, p∗

γ defined by (2), and
one of the following conditions hold:

(i)u0 ∈ L1
ul(R

N) and∫ ∞

1

σ−p⋆
γF̃ (σ)dσ < ∞, where F̃ (t) := sup

1≤|σ|≤t

f(σ)

σ
.

(3)
(ii)r > 1 and

lim sup
|t|→∞

|t|−p∗
γ|f (t) | < ∞, if u0 ∈ Lr

ul(R
N), (4)

lim
|t|→∞

|t|−p∗
γ|f (t) | = 0, if u0 ∈ Lr

ul(R
N). (5)

Then, problem (1) has a solution u defined on some inter-
val (0, T ). Moreover, tN/2r∥u(t)∥L∞(RN) ≤ C for some
C > 0 and all t ∈ (0, T ).
Remark For f(t) = |t|p−1t, t ∈ R, p > 1, conditions

(3) and (5) are verified if p < p∗
γ, and condition (4) holds if

p ≤ p∗
γ. Thus, for 0 < γ < min {2, N}, problem (1) has

a local solution for every u0 ∈ Lr
ul(R

N), r ≥ 1 and only
for u0 ∈ Lr

ul(R
N) if p = p∗

γ.

More results

When we consider non-negative initial data we have the fol-
lowing.
Theorem 2. Let f : [0,∞) → [0,∞) be a continuous and
non-decreasing function, and let 0 < γ < min {2, N}.
Problem (1) has a local non-negative solution for every u0 ∈
Lr

ul(R
N), u0 ≥ 0, r ≥ 1 if and only if{∫∞

1 σ−[1+(2−γ)/N ]F (σ)dσ < ∞ if r = 1,

lim supt→∞ t−p∗
γf (t) < ∞ if r > 1,

(6)

where F (t) = sup1≤σ≤t f(σ)/σ, t > 0.
Assuming that f ∈ C(R) is locally Lipschitz, non-

decreasing it is well defined the non-decreasing functions
G : [0,∞) → [0,∞) given by

G (s) = sup
|u|,|v|≤s

u ̸=v

f (u) − f (v)

u − v
s > 0; G(0) = 0.

We also establish unconditional and conditional uniqueness
results.
Theorem 3. Let 0 < γ < min{2, N} and f ∈ C(R)

(i) Assume that there exists M : [0,∞) × [0,∞) →
[0,∞) such that

|f (τ ) − f (t)| ≤ M (|τ |, |t|) |τ − t| , (7)

for τ, t ∈ R and sup
t∈(0,T )

∥M (|u (t) |, |v (t) |)∥Lα
ul(RN) <

∞ for u, v ∈ L∞ ((0, T ) , Lr
ul(R

N)
)

with α >

N/(2 − γ) and 1/α + 1/r + γ/N < 1. Then
the problem (1) has a unique solution in the class
L∞ ((0, T ) , Lr

ul(R
N)
)
.

(ii) Suppose that f is locally Lipschitz. Problem (1) admits a
unique solution in the class
{u ∈ L∞((0, T ),Lr

ul(R
N)) ∩ L∞

loc((0, T ), L∞(RN));

sup
t∈(0,T )

t
N
2r∥u(t)∥L∞(RN) ≤ C0}

if
∫ T

0 Gq(C0σ
−N/2r)dσ < ∞ with γ/N + 1/r < 1,

1/q + γ/2 < 1.

Conclusion

We obtain local existence results allowing sign-changing so-
lutions. In particular, when we consider non-negative solu-
tions a condition necessary and sufficient is obtained. We also
establish a conditional and unconditional uniqueness result.
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