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Abstract

In this work, we calculate the expression of T'rk(«a?) in the
case where p 1s ramified and 1s unramified, but the elements
of the ring of integers are written over an integral basis ob-
tained from Leopoldt’s Theorem, since the Hilbert-Speiser’s
Theorem cannot be applied here. Using this trace form, we
calculate the center density of algebraic lattices obtained from
the ring of integers of K via the Minkowski embedding.

Introduction

Problems about packing objects such as circles and spheres
have received the attention of mathematicians for many cen-
turies, with some of them remaining open until recently, when
very complex solutions were found. A classic problem of this
nature, perhaps the most famous, 1s that of finding an arran-
gement (as dense as possible) of spheres of the same radius
in 3-dimensional Euclidean space. A solution to this problem
was conjectured by Kepler in 1611, but only 1n 2017 did Hales
and his collaborators publish a proot of this conjecture. Cor-
responding problems in other dimensions were solved only
for the case of dimension 2 (Fejes Toth, 1942), and quite re-
cently, for dimensions 8 and 24. Maryna Viazovska, one of
the winners of the Fields Medal 2022, solved for dimension §
(1n 2017), and contributed to Proving for Dimension 24.

Basic results

Let K be a cyclic number field of prime degree p > 2 with
conductor . Thus, K/Q is a Galoisian extension such that
the Galois group Gal(K/Q) =< 6 > is cyclic. Since the
monomorphisms from K to C coincide with the elements of
Gal(K/Q) and K is a totally real number field, the canonical
embedding of K, o : K — R? 15 given by

o(x) = (z,0(x), 92(33)9 IO Hp_l(m))°

Trace form

The extension K /Q is an Abelian extension of degree p. By
Kronecker-Weber Theorem there exists n > 0 such that
K C Q(¢n), where ¢, is a primitive nth root of unity. We
consider n > 0 to be the conductor of K, that 1s, the smal-
lest integer with this property. It i1s well known that 72 must
be p1ps> . .. p, Or P*P1P2 . . . Py, for distinct prime numbers
p; = 1(mod p), with 1 < ¢ < 7. The first case occurs
when p 1s unramified 1in K and the second case occurs when
p 1s ramified.

Let Ok be the ring of algebraic integers of K. Let L
Q(¢n). Let 6 be a generator of Gal(K/Q) and t

TT]L/K(CTL)

1.If p is unramified in K/Q, then K = @Q(¢) and
{t,0(t),...,0P~1(t)} is an integral basis for K. If ¢ =
aot + a10(t) + --- + a,_10P71(t) € Ok, where

o, A1y ...,0p_1 € 4, then
p—1 p—1 2
1 —n
Trr(a®) =n Z a: | A Z a;
i=0 p i=0

2.If p is ramified in K/Q, then K = Q(¢) and
{1,0(t),...,0P 1 (t)} is an integral basis for K. If
a = ag + a0(t) a, 1077 (t) € Ok, where
o, A1, ... 50p_1 € 2, then

p—1
Tri(a®) = pag+ppr...p, [ ) _ai+ ) (ai—a;)?],
1=1

1<J

where:1 =1,2,...,p — 1.

Algebraic lattices

Let B = {vy,v2,..., v} be alinearly independent set of
vectors in RP, with 1 < m < p. The set

A = {Zaivi ca; € 2,1 =1,2,...,m}
i=1
1s called a lattice 1n R? of rank m and the set B 1s said to be
a basis of A.
If M 1s a Z-module contained in K of rank p, then the set

A = o(M) is a complete lattice in RP and that the center
density of A i1s given by

77p/2
2P| O : M]\/\D(K)’

where D (KK) denotes the discriminant of K, [Ox : M| de-
notes the index of M, nn = min{Trr(a?) : a« € M, #

0}.

5(A) =

Examples

1. Let K be a cyclic field of degree p = 3 and conductor
n = 3°. In this case, the Galois group Gal(K/Q) = (6)
is cyclic of order 3, t = Trgc,,)/k(¢32), and Dx = 3% Let
M be the submodule of Ok of rank 3 and index 6 given by

M = {a() -+ a19(t) -+ a292(t) & OK}

such that ag = 0 (mod 2),ag + a1 + az = 0(mod 3).
The trace form of K restricted to M is given by

Trxo(e®) = 18(2x5+2x0x1+4x0T2+ 2432122+ 323),

where xg, £1, 2 are any integers. It follows that
min{Trgg(a?) : @ € M,a # 0} = 18 is attained
at a1 = 1 and ag = ao = 0. Since the volume of lattice
o (M) equals \/|Dg| - [M : Og] = 3% - 6 = 54, one has

(V18/2)* 1
54 442

i.e., the center density of o (M) equals that of lattice As.

2. Let K be a number field of degree p = 5 and conductor
n = 52. In this case, the Galois group Gal(K/Q) = (o)
is cyclic of order 5, t = Trg(c.,)/k(€s2), and Dx = 5°. Let
M be the submodule of Ok of rank 5 and index 10 given by

M = {ao+a,0(t)+a20°(t)+aso’(t)+aso’(t) € Ok},

where ag = O(mod 2) and 2ag + a1 + as + as +
ay; = 0(mod 5). The trace form of K restricted to
M is given by Trg,o(a®) = 50 - (2z; + 6xor1 +
6xoxs + 6x9xs + 8xoxy + 6% + 11122 + 112123 +
15z x4 + 623 4+ 11xaxs + 152214 4+ 625 + 15304 +
10x7), where xg, ..., x4 are any integers. It follows that
min{Trg,g(a®) : a« € M} = 50 is attained at ag =
a1 = ay = 0and a3 = —a4 = 1. Since the volume of
lattice o (M) equals /| Dg|+[M : O] = 5*.10 = 5°.2,

one has (\/%/2)5 ) .

52.2 82
i.e., the center density of o (M) equals that of lattice As.

0(g(M)) =

0(a(M)) =
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