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RESUMO

A proposta desse trabalho é investigar varias questoes acerca dos problemas de
valores iniciais associados (PVI) associados a familias gerais de equagdes dispersivas nao

lineares.

No Capitulo 1, nés iremos introduzir algumas notagoes e resultados preliminares
0s quais serao importantes para o desenvolvimento da teoria ao longo dessa tese. Es-
pecialmente, focando em importantes estimativas do comutador e operadores pseudo-

diferenciais.

O Capitulo 2 visa estudar algumas propriedades de suavidade relativas ao prob-
lema de valor inicial para a equacao dispersiva generalizada Benjamin-Ono-Zakharov-
Kuznetsov.Mais precisamente, nés provaremos que as solugoes desse modelo satisfazem a
denominada propagacio de regularidade. A grosso modo, esse principio estabelece que
se o dado inicial possue alguma suavidade adicional prescrita em uma familia de semi-
planos, entao a regularidade é propagada com velocidade infinita. Nesse sentido, noés
provamos que independente da escala medindo a regularidade extra em tal colecao de
hiperplanos, entao toda essa regularidade serd também propagada para as solucoes desse
modelo. Nossa andlise é baseada principalmente na deducao de féormulas de propagacao

relacionando derivadas homogéneas e nao homogéneas em certas regioes do plano.

O Capitulo 3 tem como principal objetivo analisar o comportamento assintético das
solucoes do (PVI) associado para algumas equagoes dispersivas nao lineares. Inicialmente,
noés consideramos as dinamicas de longa duracao das solugoes grandes para a equagao da
Benjamin-Ono. Usando técnicas viriais, nés descrevemos regioes do espaco onde toda
solucdo em um apropriado espaco de Sobolev deve decair para zero ao longo de uma
sequéncia de tempos. Além disso, nos estudamos esse comportamento assintético para
as solugoes do (PVI) associadas a equacdo da Benjamin e identificamos a relagao entre
o operador de dispersao e sua dindmica com o tempo. Finalmente, nds aplicamos a
teoria desenvolvida previamente para uma classe de operadores mais geral de modelos
dispersivos que incluem, por exemplo, o (PVI) associado as equagdes das Ondas longas

Intermediarias, Fracionaria Korteweg-de Vries and dispersiva generalizada Benjamin-Ono.

Palavras-chave: Modelos dispersivos. Propagacao de regularidade. Comportamento

Assintotico. Decaimento local. Espacgos de Energia.






ABSTRACT

The purpose of this work is to investigate several issues regarding solutions to
the initial value problem (IVP) associated to a general families of nonlinear dispersive

equations.

In Chapter 1, we will introduce some notations and preliminaries results that
will be important on the development of the theory and techniques throughout this thesis.

Especially, focusing in important commutator estimates and pseudo-differential operators.

The Chapter 2 aims to study some smoothness properties concerning the initial
value problem associated to the dispersive generalized Benjamin-Ono-Zakharov-Kuznetsov
equation. More precisely, we prove that the solutions to this model satisfy the so-called
propagation of regularity. Roughly speaking, this principle states that if the initial data
enjoys some extra smoothness prescribed on a family of half-spaces, then the regularity
is propagated with infinite speed. In this sense, we prove that regardless of the scale mea-
suring the extra regularity in such hyperplane collection, then all this regularity is also
propagated by solutions of this model. Our analysis is mainly based on the deduction of
propagation formulas relating homogeneous and non-homogeneous derivatives in certain

regions of the plane.

The Chapter 3 main purpose is to analyze special asymptotic behavior of solutions
to the IVP associated to some nonlinear dispersive equations. First, we consider the long
time dynamics of large solutions to the Benjamin-Ono equation. Using virial techniques,
we describe regions of space where every solution in a suitable Sobolev space must decay to
zero along sequences of times. Moreover, we study this asymptotic behavior for solutions
of the IVP associated to Benjamin equation and identify the relation between the disper-
sive operator and the time dynamics. Finally, we apply the theory previous developed to
a more general class of dispersive models that includes, for example, the IVP associated
to Intermediate Long Wave, Fractionary Korteweg-de Vries and dispersion generalized

Benjamin-Ono.

Keywords: Dispersive models. Propagation of regularity. Asymptotic behavior. Local

decay. Energy spaces.
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Introduction

This work is aimed to establish several properties for solutions of different models
refereed to nonlinear dispersive equations. Before stating the PDEs and the results that
will be proved on this thesis, I will present some historical context and definitions involving

the dispersive equations.

We consider a linear partial differential equation
F(0y, 0p)u(x,t) =0,

where F' is a polynomial with constant coefficients in the partial derivatives. Examining
the plane wave solutions that have the form u(z,t) = Ae?**=“t)  where A,k and w are
constants representing the amplitude, the wavenumber and the frequency, respectevely.

Hence u will be a solution if and only if
F(ik, —iw) = 0.

The last formula is called the dispersion relation. In particular, when we can write the
dispersion relation as w = w(k), a real function depending on k, and we define the group
velocity as ¢, = w'(k). We will say that the equation is dispersive if ¢, is not constant. In
this context, dispersion means that waves of different wavelength propagate at different

phase velocities. For more details, see [66] and references therein.

On Edinburgh-Glasgow canal in 1834, J. Scott Russell observing a motion of a
boat realized the existence of a mass of water in this canal assuming a form of a large
solitary elevation apparently without change of form or diminution of speed. Fascinated
by this, he tried to model this phenomena of “solitary wave”. Following in the attempt

to model this, in the 1865, through the work [16], Boussinesq proposed the model
3 h?
_hxx_h72 > lzx :Oa 1
e — gh ngthr?)an (1)

where 7 represents the elevation of the water surface, g is the gravitational acceleration and
h is the depth of the channel and using this equation he obtained an explicit representation
of solitary waves. Despite it does not represent the model observed by Russell, it is

important to note that it was here the genesis of the theory nowadays called the theory
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of stability of solitary wave solutions. In 1895, D. J. Korteweg and G. de Vries [52]
formulated a mathematical model which provided an explanation of the phenomenon

observed by Russell, namely,

(gh)'/? ( 3 ) h (h* T
— - x = - zxx| — Y, 2
M ; cton)mts{z )0 0 (2)

where T is the surface tension, p is the density and for a small parameter e. This is the

original form of the Korteweg-de Vries equation. We shall call it the KdV equation.

Figure 1 — Recreation of a solitary wave on the Scott Russell Aqueduct.

In this work, we will consider the Zakharov-Kuznetsov (ZK) equation, which
is an important model of dispersive dynamics that describes the ionic-acoustic waves
in a uniformly magnetized plasma. The initial valued problem(IVP) associated to

the (ZK) equation is given by

{&gu + 0r1Au+ud,,u=0, teR,

uw(z,0) =ug(x), x=(x1,22,....,0,) €E R, n>2,

where A = 92 + 92 + ... + 02 is the n-dimensional Laplacian.

This equation was deduced by Zakharov and Kuznetsov in [100] when they where
studying set of equations that describes two kinds of oscillations-ion-sound and cyclotron
oscillations see Fig. 2, in dimension 3, they realized that the slow motion ion-sound
oscillations is directed along the magnetic field, then they reduced this set of equations to
an equation that models ion-sound waves propagating in one direction along the magnetic
field. This reduced equation in the context of 1 dimension is a generalization of the (KdV)
equation. Then we can treat the (ZK) equation as a generalization of (KdV) equation in
higher dimensions and due to its physical relevance the (ZK) equation has been intensively

studied in recent years.
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Figure 2 — Ionized air glows blue around a beam of particulate ionizing radiation from a
cyclotron.

Now, we will introduce a class of equations that we will treat in the Chapter 2
named as the dispersion generalized Benjamin-Ono-Zakharov-Kuznetsov (gBOZK)

equation, which includes equation (3),:

O — DOy + gy, +uu, =0, (x,9,t) €R3, 0< a < 1,
{t § v (.9.%) - (gBOZK)

U(Q?,y,O) = uo(x,y).

This equation arises as a mathematical model to study the effect of dispersion on
the propagation direction applied to the initial value problem for the Zakharov-Kuznetsov
equation. We recall that for o = 1, (gBOZK) is the ZK equation and when a = 0, the
equation (gBOZK) coincides with the Benjamin-Ono-Zakharov-Kuznetsov (BOZK)
equation

o — Hxagu + &ﬁzu + udy,u = 0, (4)

that is presented in [20, 56] as a model for thin nanoconductors on a dielectric substrate.

Now, if we want to study some properties for these dispersive models, we need
at least the existence of a solution for the IVP associated to each equation. Then be-
fore starting the study of properties for the nonlinear models considered here, we will
define what is well-posedness for the IVP associated to these equations. This gives us in

particular the kind of solutions we will deal with.

Definition 0.0.1. The (IVP) (gBOZK) is said to be locally well-posed (LWP) in the

function space X if given any datum uy € X,

e there exist T > 0 and v € C([-T,T],X) such that u is the unique solution of the
(IVP).

e The map-data solution uy — u is continuous.

Additionally, in the case where T can be taken arbitrarily large, one says that the problem

is globally well-posed (GWP).
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Assuming that the IVP (gBOZK) is (LWP) in some Sobolev space H*(R?), s > s,.
If we suppose an additional hypotheses, to ask that the initial data has an extra regularity
in some region of the real plane, i. e, ug € H'({(z,00) x R}), for some 7o € R and [ > s,,
what can be said about the regularity of solution of the IVP gBOZK?

Following this stream of thought, we will discuss briefly some results in the lit-
erature that describe (LWP) and (GWP) of the (gBOZK). Concerning the case a = 2,
Faminskii [25] proved global well-posedness in H?(R?), j € ZT, j > 1, later Linares and
Pastor [62] proved well-posedness in H*(R?), s > 3/4. It was shown by Griinrock and
Herr in [32] and by Molinet and Pilod in [79] (LWP) of (gBOZK) in H*(R?), s > 1/2.
Recently, Kinoshita [50] proved (LWP) in H —1* that according to the scaling argument
it is optimal up to the end-point. From these results one can have global well-posedness
in H5(R?),s > 0.

Cunha and Pastor [22] obtained the local well-posedness for the (IVP) of BOZK
for the case @ = 1 in the Sobolev spaces H*(R?), s > 11/8. Their proof is based on
the refined Strichartz estimates introduced by Koch and Tzvetkov [51] in the context
of the Benjamin-Ono equation. Finally, Ribaud and Vento [92] obtained the (LWP) for
(gBOZK) in the spaces E*, s > 2 — 2 where ||f||ps = || < [¢]* + p? >* f||L2(R2). As a
consequence, they established (GWP) in the Energy space E/2? as soon as a > % More
recently, Schippa in [94] shows (LWP) and (GWP) for the IVP associated to the fractional
Zakharov-Kuznetsov equation in H*(R"), s > 22 — o and H*(R?), @ > 5/3 and s = a/2,

respectively.

Answering the question above, Isaza, Linares and Ponce [39] observed for solutions
of the IVP associated to the generalized Korteweg-de Vries equation the regularity of the
initial data on a family of half-spaces propagates with infinite speed as time evolves. Our
main goal in the Chapter 2 is to extend this analysis to the case in that the regularity of the
initial data is measured on a fractional scale and to describe the propagation of regularity
property present in solutions of the IVP (gBOZK). The main difficulty regarding the
gBOZK equation is the presence of the operators D;, .J° which are not local operators.

In addition, the arguments developed by Mendez in [76] does not seem to be directly

applicable because the operator D3 J? is not a pseudo-differential operator.

In order to develop the techniques in the Chapter 2, we dedicated some efforts to
obtain results about the interaction between differential operators and localized smooth-
ness. After, using energy estimates and Kato’s smoothing effect through a interaction

process we recover the desired result for the IVP of gBOZK equation.

In this thesis we also consider solutions of the (IVP) associated to the Benjamin-
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Ono (BO) equation

Ou — HO*Pu +udu =0, xz,t€R,
u(z,0) = uo(z),

(BO)

where u = u(z,t) is a real-valued function and # is the Hilbert transform, defined on the

line as

Hiw) =pv s [ LWy, (5)

TR —Yy
The BO equation was first deduced in the context of long internal gravity waves in a
stratified fluid [10, 87]. Later, BO equation was shown to be completely integrable (see

[4] and references therein).

The IVP (BO) has been extensively studied, especially, the local well-posedness
(LWP) and global well-posedness (GWP) measured in the Sobolev scale H*(R) = (1 —
02)~s/2[2(R), s € R. In this regard, one has the following list of works: Iorio [38],
Abdelouhab, Bona, Felland, and J. Saut [1], Ponce [89], Koch and Tzvetkov [51], Kenig
and Koenig [44], Tao [99], Burq and Planchon [17], Ionescu and Kenig [36], Molinet and
Pilod [78] and Ifrim and Tataru [35], among others. In particular, in [36], Ionescu and
Kenig proved the global well-posedness in L?(R) of the IVP (BO) was established. For
further details and results concerning the IVP associated to the (BO) equation we refer
to [93] and [77].

In [81], Molinet, Saut and Tzvetkov proved that none well-posedness for the IVP
(BO) in H*(R) for any s € R can be established by an argument based only on the

contraction principle argument.

We recall that the BO equation possesses traveling wave solutions (solitons) u(z,t) =

¢(x —t) of the form, namely
4
¢(x) = 1522 (6)

which is smooth and exhibits a mild polynomial decay. The solitary waves are stable and

unique.

We will also consider the initial value problem (IVP)

Ou — HOPu + OPu+udyu =0, z,t €R,
(Bn)
u(z,0) = uo(),

where u = u(x,t) is a real-valued function.

The IVP (Bn) is associated to the Benjamin equation. This integro-differential
equation models the unidirectional propagation of long waves in a two-fluid system where
the lower fluid with greater density is infinitely deep and the interface is subject to capil-
larity. It was derived by Benjamin [11] to study gravity-capillary surface waves of solitary

type on deep water under the effects of surface tensions represented by the term 92 .
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Existence and stability of solitary wave solutions as well as the Cauchy problem
of the IVP (Bn) have been studied by Albert, Bona and Restrepo in [5], Angulo in [7]
and [8]. Regarding the (LWP) and (GWP), by using the contraction mapping principle
and the ideias of Kenig, Ponce and Vega, in [47] and [48], Linares proved the (GWP) for
(Bn) equation in L?*(R) and for the periodic case in L*(T). After in [54], Kozono, Ogawa
and Tanisaka established the (LWP) in H~1*(R). Linares and Scialom, in [68], proved
the (LWP) and (GWP) in the energy space for the solutions of the generalized Benjamin
equation and generalizations of this. The (GWP) in the Sobolev space H™1+(R) was
established by Li and Wu in [59]. Moreover, ill-posedness for the IVP (Bn) in H*(R) ,
s < —3, was shown by Chen, Guo and Chiao in [19].

Breathers solutions of the dispersive problems are solutions periodic in time. Re-
cently, Ponce and Mufioz in [83] studied the existence of this kind of solutions for the
IVP associated to the generalized KdV equation, Gardner equation and a class of non-
trivial pertubations of the modified KdV. They found methods to determine whether or
not dispersive models present this type of solution. These authors, using the solitons
associated to (BO), obtained a decay in time of the Sobolev norm for solutions of (IVP)
(BO) in [84]. We devote the Chapter 3 to use the ideias developed in [60], [72], [73] and
[82] specially the virial estimates, combined with conserved laws to obtain a decay in an
increasing-in-time region of the space for the IVP (BO) and (Bn). Finally, we finish this

chapter studying the decay of solutions to a more general class of dispersive models.

This manuscript is organized as follows: In Chapter 1 we start with some general
notation and preliminaries that will be implemented to develop the theory in the next
chapters. Subsequently, Chapter 2 is devoted to provide results on propagation of regu-
larity for solutions of the IVP (gBOZK) and we proved a (LWP) for the IVP (gBOZK), a
Kato’s smoothing effect that characterize the spatial behavior of solutions for this family
of equations and we study how the regularity behaves when we localize Sobolev norms in
certain regions of the space. Finally, the Chapter 3 concerns the study of the asymptotic
behavior for solutions of the some nonlinear dispersive models. First, we consider the
solutions of the IVP (BO) and study decay properties. Subsequently, we analyse the
effect of the dispersion operator “03 — H9?” presented in the IVP (Bn) and the action
of the virial estimate in this operator producing a decay property of these solutions. We
conclude establishing an asymptotic behavior of a general class of dispersive equations
and discussing some particular dispersive models which we have the structure to apply

the theorem.



Preliminaries

1.1 Introduction

Next, we will introduce some important operators and notation useful in the read-

ing of this thesis.

1.2 Notation

Given two positive quantities a and b, a < b means that there exists ¢ > 0 such
that a < cb. The object [A, B] denotes the commutator between the operators A and B,
that is
[A,B] = AB — BA.

We shall employ the standard multi-index notation, v = (y1,...,74) € N*, 97 = 97" - -- d74,
vl = Z?ﬂ ¥j, and Yl =yl

Given p € [1,00] and d > 1 integer, LP(K) or simply L? denotes the usual Lebesgue
space, where the set K will be easily deduced in each context. To emphasize the depen-
dence on the variables when d = 2, we will denote by || fl|lzrw2) = [|f |2z, ®2). We denote
by C%°(R%) the spaces of smooth functions with compact support and S(R?) the space of

Schwarz functions. The Fourier transform is defined as

A

&) = Ff(&) = [ e fla)de, for f € SR,

The operators D° = (—A)*/? (the homogeneous derivative of order s € R) and
J* = (I — A)*/? denote the Riesz and Bessel potentials of order —s, respectively. As
defined above, D; f and D f denote the operators

~ — -~

D:sf(&,m) = |€]*F(&,n) and D3 f(&,n) = [n|*F(&,n)-
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or equivalently as D3 = (H,0,)°, whence H, denotes the Hilbert transform in the z-
direction, that is,
f(z,9) . 2 v
(o)) = —pv [ 220 00 = (isim© (e m) (w.0)
and p.v. indicates the Cauchy Principal Value. Analogously, J; f and J; f are determined
by
Jif(&m) = (L4 €2 F(&m) and T3 f(&,m) = (1+ [n]*)** F(&,n).

1.3 Functional Spaces

Given s € R, H*(R?) denotes the L2-based Sobolev space with norm || f||gs =
lJ5f||l2. If B is a space of functions on R, 7" > 0 and 1 < p < oo, we define the spaces
L% B and L?B by the norms

I lzes = GOl Blleqory and [[flzzs = G0l @)

To describe our results, we shall fix properly the space solution where the property de-
scribed below will take place. Following [42], we say that the initial value problem IVP
associated to a dispersive equation is locally well-posed (LWP) in the Banach space X, if

for every initial condition ug € X, there exist 7" > 0, and a unique solution u(t) satisfying:

we C([0,T]: X)N Ay (1.1)

where A is an auxiliary function space. Moreover, the solution map ug — u, is contin-
uous from X into the class (1.1). If T' can be taken arbitrarily large, one says that this

IVP is globally well-posed (GWP) in the space X.

Consider a cutoff function ¢ such that

0<(¢<1, C|[_171} =1, (€ CSO(R) (1.2)

We introduce the Bourgain spaces as the completion of the Schwartz space S(R?)

under the norms

1/2

lullxeo = ([ 1+ €164l ) Pdedn) (13)

[l

s = ([ (Lt + 162 lite midn) ag) (14)

1/2
;Q (1.5)

zev = [|[(1 = Ph)ul

[l

zsb + (Z || Pyl
N
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[l

ve = [[ul] oy +[lull 70 (1.6)

where (¢) := 1+ |¢]. Now, let T > 0, taking B € {X*° Z* Z*" and Y*} and u :
[0,7] x R — C , we define

|u||py := inf{||v||p|v: R xR — C, v|jp1xr = u}.

1.4 Commutators, interpolation and some

additional estimates

To obtain estimates for the nonlinear terms, the following results will be imple-

mented along our considerations.
Lemma 1.4.1. If s >0 and 1 < p < oo, then

1%, F19ll oty S NV Fll ey |79

Lp(R4) + HJsfHLp(Rd) HgHLoo(]Rd) . (1.7)
Lemma 1.4.1 was first proved by Kato and Ponce in [43]. See also [12] and the

references therein.

Additionally, we recall the following commutator relation for non-homogeneous

derivatives.

Lemma 1.4.2. Let s >0, 1 <p < oo and 1 < py,ps2, p3, ps < 00 satisfying

1 1 1 1 1

p P11 D2 b3 P4
Then,

(i) if0<s<1,
I(D*, A9l o ey S | D'V

LP1(R4) HgHLPQ (R4) -

(ii) If s > 1, then

||[DS7 f]gHLp(]Rd) S HDS_IVf Ds—lg

) ||g||LP2(]Rd) + vaHLPS(]Rd)

Lr1 (R4 LP4(R4) :

The above estimates were deduced by D. Li in [58, Corollary 5.3].

Lemma 1.4.3. Given s > 0. Let 1 < p1,p2, q1, g2 < 00 with
1 1 1

pj q T
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Then,

1D (FON gy S ND°Fll s ey 191 Lor ey + 11| oz ay 1D°9 Loz e (1.8)

and
HJs(fg)HL?(Rd) S HJSfHLm(Rd) HQHLu(Rd) + Hf||LP2(Rd) ”Jngqu(Rd) : (1.9)

The proof of the above estimates can be found in [31]. The case r = p; = py =

q1 = ¢2 = oo was established in [15], see also [30]. For earlier versions of this result see

[43] and [48)].

Lemma 1.4.4. Let ¢ € C*°(R) with ¢’ € C(R). If s € R, then for anyl > |s—1|+1/2

I117%, L/ 2y + N7, 810 fllrawy < el T |2l T~ fll 2wy (1.10)

The previous lemma was established by Kenig, Linares, Ponce and Vega in [45].

We shall employ the following generalization of Calderon’s first commutator esti-
mate in the context of the Hilbert transform deduced in [24, Lemma 3.1] (see also [58,

Proposition 3.8]).

Proposition 1.4.5. Let 1 <p < oo and l,m € ZT U{0}, L+ m > 1, then

105 M, 9107 Fll o) Spam 1057 gllzoe @) 1f 1202 - (1.11)

The next estimate is an inequality of Gagliardo-Nirenberg type whose proof can
be found in [13].

Lemma 1.4.6. There exists C > 0 such that for any f € H'/?(R)

1£llzs < CIFIZNDY2 £ (1.12)

Finally, we consider a commutator estimate.

Lemma 1.4.7. Let a € C*(R) with a/, " € L™(R). There exists ¢ > 0 such that for all
f e L*(R)

ID2[DV2;a] fll2 < clldllp fllze < cllallF2la” [0 £ e (1.13)

Proof of Lemma 1.4.7. One sees that

—

(Dv2[D7%a] 1) 6)

R (1.14)
= I¢["2 [ g2 (al& = m)Fln) — @l — lnl"2F(m) dn.
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Therefore .
(D2[D2:a] 1) 6)]
< [l {11 = 1l fats = n) fn)| dn.

Assuming the following claim :

(1.15)

There exists ¢ > 0 such that for all¢, n € R implies |§|1/2‘|§|1/2—|n|1/2‘ < cl¢—n|, (1.16)

we shall conclude the proof.

From (1.16) it follows that

£(6) = (o[l e

| (1.17)
< [ le=nlfa€ —m)fmldn = c [ |a'(€ —n) fw)ldn.

Thus,

1Bl = lla’ * fllz2 < N/l )1 £l 2 (1.18)
Using that

~ - [€]]a|

a’ :/ a'ld +/

190 = Jo 1198 Joo Tl (1.19)

< ¢RY?||d|| 2 + ¢cR™V?| || 2.

Choosing R = ||a”||}5/||d||}%> we obtain (1.13).

It remains to prove the claim in (1.16). First, we consider the case where £ and 7

have the same sign, so we assume &, > 0. In this setting one sees that for some 6 € (0, 1)

1
V2 pt? = — 7. 1.20
Thus, if 0 < £/10 < n, (1.20) yields the estimate in (1.16).
If 0 <n <£/10, one has
gl (g =) <g <20 -,
In the case where &, n have different signs, one sees that
€ = nl =[]+ Inl,
and the estimate (1.16) holds.
O

Now, we present several commutator expansions for the operator [—H,D%, h] in

one-dimensional variable. These results are due to Ginibre and Velo in [28, 29]. We require
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to introduce some additional notation. Let a = 2u+1 > 1, n be a nonegative integer and
h a smooth function with suitable decay at infinity, for instance with A’ € C§°(R). We

define the operators

1
R,(a) .= [HDZ; h] — g(Pn(CL) — HP,(a)H), (1.21)
where H = —H, and
Py(a):==a > cojp1(—1) DEIRPHI DI, (1.22)
0<j<n
with
1

cl = 1 and Coj+1 =

@1 Ogl‘[kgj(a2 — (2k +1)%). (1.23)

The next proposition establish some properties for the operator R, (a).

Proposition 1.4.8. Let n be a non-negative integer, a > 1, and b > 0 be such that
2n+1<a+2b<2n+3. (1.24)
Then
(i) the operator DR, (a)D® is bounded in L?(R) and satisfy

| DiR(a) DS f

< (27r)—1/20HDg+2bh

e (1.25)
LE

In particular if a > 2n + 1, one can take ¢ = 1.

(ii) If in addition a + 2b < 2n + 3, then the operator DR, (a)D? is compact in L*(R).

x

Proof. See Proposition 2.2 in [29]. O

1.5 Pseudo-differential Operators

To facilitate the exposition of our results, this section is intended to briefly indicate
some preliminaries results concerning pseudo-differential operators, as well as, some of

their consequences.
Definition 1.5.1. Let a € C*(R? x R?) satisfying
|07 ale,€)] < Ay p(1+[E))™ 1,

for some m € R and for all the multi-index v and 8. This function a will be called a
symbol of order m in S™(RY x R?), simplifying S™ will represent the set of these type of

functions.
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Definition 1.5.2. A pseudo-differential operator is a mapping f — V,f given by

(Wf)a) = [ e Salw, ) f(©) de.

where a(x,&) € 8™ is the symbol of W, for some m € R.

Through this thesis W, will indicate a pseudo-differential operator with symbol

a € 8™ for some m € R. After these definitions, we will need the following theorem.

Theorem 1.5.3. Let a be a symbol of order 0, i.e., a € S°. Then, the operator ¥,
initially defined on S(R?) can be extended to a bounded operator from L*(R?) to itself.

Proof. The proof can be consulted in [98, Chapter VI, Theorem 1]. [

For a generalization of Theorem 1.5.3, we refer to [90, Chapter 3, Theorem 3.6].
A key ingredient in our considerations is the following kernel representation for pseudo-

differential operators.

Proposition 1.5.4. Leta € 8™ and ¥, its associated pseudo-differential operator. Then,
there exists a kernel k, € C*(R® x (R4\ {0})) satisfying the following properties:

(i) The operator admits the following representation
/k z,x —y)f(y)dy,
for all z ¢ supp(f),
(ii) Additionally, for all multi-indices vy and (B, and all N > 0, integer, it follows
0800 kul, 2)| < Aypl2| PN 2 £,

whenever d+m + |y| + N > 0.

The following result will be useful to approximate the composition between pseudo-

differential operators.

Proposition 1.5.5. Let a and b symbols belonging to S™ and 8™ respectively. Then,

there is a symbol ¢ € 8™ so that

U, =V, 0,
Moreover, .
~S (8% (O
c 25: (2m')lﬁlﬁ!(85 a) - (92h), (1.26)
in the sense that
(Qm‘)—lﬁl

c= >

(O¢a) - (09b) € STl
IBl<N B!

for all N > 0.
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Another important consequence regarding pseudo-differential operators is the fol-

lowing symbolic calculus for commutators.
Proposition 1.5.6. Fora € 8™ and b € §™ we define the commutator [¥,, ¥, by
[\I’a, \Ifb] = \Ifa o) \Ijb — \Ijb o) \Ifa.

Then, the symbol of the operator is given by

d
> (&Lgb - é@)cz;?gb) mod S22, (1.27)



Propagation of Regularity

2.1 Introduction

The main objective of this chapter is to determine how dispersion affects the
regularity of solutions when we restrict the initial data to a certain class of subsets of the
Cartesian plane. This is why, we consider a nonlinear model that represents a dispersive
interpolation between the ZK equation and the BOZK equation. In fact, in many problems
arising from Physics or Continuum Mechanics, these models are considered to determine
competition between the nonlinearity and the dispersion. In our case, we are interested
in studying the propagation of regularity of solutions of the IVP of (gBOZK). Our
motivation comes from the results shown in [39], where considering suitable solutions to
the IVP associated to the k—generalized KdV equation, it was determined propagation
of regularity on the right-hand side (r.h.s) half space where behaves the extra smoothness
of the initial datum for positive times. In that sense, we will show that the solutions
of (gBOZK) satisfies this property when we restrict ourselves to an appropriated class of
half-spaces determined by the dominant direction of the dispersion. For other studies on
the propagation of regularity for dispersive models we refer to [40, 67, 82, 85, 95]. The

main results in this chapter are contained in [27]

Real-valued solutions of the IVP (gBOZK) (smooth enough) formally satisfy the

following conserved quantities (time invariant):

u(z,y,t)dedy (2.1)

W= fu
/ (z,y,t) dzdy, (2.2)
E(u) =5

a+1 1
/ {|Dg; u(z,y, t)|* + [0,u(x, y,t)|* — gus(x, y,t)} dxdy. (2.3)

Regarding (LWP) for (¢gBOZK) in L2-type Sobolev spaces, the current best known
result available was determined by Ribaud and Vento [92]. They addressed this question
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in the space E* defined by || f||zs = H(l + €]t + )2 (€, m) Lo+ It was established that
(gBOZK) is (LWP) in E® whenever s > a%rl —3for 0 < <1, and (GWP) in the energy

space E'/? as soon as a > 3/5. We remark that their results are based on the short-time

Bourgain spaces approach developed by Ionescu, Kenig and Tataru [37], combined with
localized Strichartz estimates and a modified energy technique. Very recently, Cunha
and Pastor in [23] studied the Cauchy problem (gBOZK) in weighted anisotropic Sobolev
spaces as well as some unique continuation principles, which establish optimal spatial

decay in the z-spatial variable.

Since our main purposes depend on techniques based on weighted energy estimates
for the equation in (gBOZK), it is not clear how to address the propagation of regularity
phenomena for solutions provided by the (LWP) result in [92] relaying on the short-time
Bourgain spaces. Instead, we establish the following local well-posedness result which is

suitable with the methods developed in this work.

Theorem 2.1.1. Assume that 0 < o < 1 fized. Let s > s,, where s, := (17 — 2a)/12.
Then, for any ug € H*(R?), there exist a positive time T = T(||uo|
solution u to (gBOZK) that belongs to

gs), and a unique

C([0,7); H*(R?)) N L* ([0, T]; WH(R?)). (2.4)
Moreover, the flow map ug — u(t) is continuous from H*(R?) to H*(R?).

Theorem 2.1.1 is deduced by means of the short-time linear Strichartz approach
method developed by Koch and Tzvetkov [51], and its extension given by Kenig and Konig
[44]. See [34, 49, 65] for applications to higher-dimensional models. Since we are more
concerned with special regularity properties for (gBOZK), the proof of Theorem 2.1.1 is
given in the appendix in the end of this Chapter. We shall emphasize that the Sobolev
regularity attained in Theorem 2.1.1 does not yield to an improvement with respect to the
conclusions in [92], and to the results in [22, 86] for a = 0. Nevertheless, when 0 < o < 1,
Theorem 2.1.1 states the best-known result involving solutions of (gBOZK) in the class
(2.4). This conclusion is useful to deal with techniques based on energy estimates as the

one we are interested in this work.

In [42], T. Kato deduced a property known as Kato’s smoothing effect to the
(KdV) equation. He proved that the solution u of this equation gains one local derivative

in comparison to the initial data wug , that is,
T R 1/2
( / / |8xu(x,t)|2dxdt> < O(T, R)||uollz2w), for any R>0.  (2.5)
-T7J-R

Inspired by how the regularity will propagate if you localize the smooth properties

on some unbounded region of the space, Isaza, Linares and Ponce in [39] started the
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study of this kind of regularity properties to dispersive equations. The study for the
(IVP) (BO) it was established in [40], by the same authors, here the dispersive operator
is a non-local operator and Kato’s smoothing effect only guarantees the gain of local D}/2
derivative, then is necessary to iterate the process twice to obtain the desired result. After,
Linares, Ponce and Smith in [67] showed that this fact is valid for solutions of the general
quasilinear equation of KdV type. Sgata and Smith in [95] established the propagation

of regularity and persistence of decay for fifth order dispersive models.

In [45], Kenig et al. studied the fractinonary propagation localized in space, i.
e., how ||J*Uy||% (z0, o0) propagates to the solution of the solutions to the k-generalized
Korteweg-de Vries equation. Using the ideias in [45] and using a special decomposition
of a commutator, Mendez in [74] and [75] proved in a iteration process the fractionary
propagation of regularity for the IVP associated to generalized (BO) and fractionary
(KdV) equation. To propagation of regularity of dispersive models in higher dimensions,
we refer [85] and [76].

Since we have described all the requirements that our space solution has to satisfy,

we present our main result that is summarized in the following theorem.

Theorem 2.1.2. Assume 0 < o < 1 fized. Let ug € H* (R2) where so = (17 — 2a)/12.
If for some s € R, s > s, and xyp € R

72000133, (e = | [ (o) (w,y) dady < oo, (2.
—o0 Jxg

then the corresponding solution of the IVP (gBOZK) provided by Theorem 2.1.1 satisfies
for any v >0 and any € > 0, 7 > be,

sup/ / (Jyu)*(x, y,t) dedy
0<t<T xo+e—vt

To+T— vt a+1 (27)
[ o T (@, 0) + (9 Tu) (2, g, 1)) dadyds < e,

xro+e—vt

for all r € (0, s], where ¢ = ¢ (e; T;v; [Juoll .z 3 HJ;uOHL%y((xOm)XR))> > 0.
If in addition to (2.6),
00 oo l1—a 2
152 S+—=—
177572 o7z, (o000 ) :/ / <J:e ’ uO> (2, y) dxdy < oo, (2.8)
! —oo Jxg

then for any v >0, € > 0 and T > 5e,

(o] o0
sup [~ [ (), 1) dady
0<t<T xro+e—vt

xro+7—vt S+177a
—i—/ / / JSHu)z(x, Y, t) + (0,0 % u)?(x, y,t)) dxdydt < c,

o+e—vt
for all r € (O,s + I_Ta] , where the constant depends on the following parameters ¢ =

Lla
c(e;T;v; ol ot 1 T2 2 UOHLzy((xo,oo)xR») > 0.
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The result in Theorem 2.1.2 is relevant to predict the behavior of the flow solution
in terms of regularity just by knowing how regular the initial data is on a particular
class of subsets of the plane. More precisely, for ¢ > 0 and v > 0, we set the family of
half-spaces

H(t) := {(m,y) cR?|x 2x0+e—vt}, t>0.

The first term on the r.h.s of (2.7) describes the following behavior: The regularity in the
r—direction of ug in the half space $.(0), that is, Jéug € L* ($(0)) is propagated with
infinite speed to the left by the flow solution.

In other words,
Jou(-,t) € L* (H:(t)) € L ($H(0))  for all ¢ >0, (2.9)

and all r € (0, .

Furthermore, the second term on the r.h.s of (2.7) describes the extra regularity
obtained in a particular class of subset of the plane, this phenomenon can be better
understood by defining a new class of subsets as we did previously. More precisely, for

€ > 0 and 7 > 5e, we define the channel
Qt) := {(x,y) ER*|zg—et+vt <z <TO+T— vt} for all ¢>0. (2.10)

In this setting, the second term on the r.h.s of (2.7) describes the smoothing effect of
the solution in the channel Q(t), for all ¢ > 0. Unlike the studied for solutions of the ZK
equations (cf. [76]), in our case, the solution enjoys of some “anisotropic smoothing effect”
it means that u becomes smoother by one derivative in the y—variable when we restrict
to Q(t) for t > 0. Instead, in the z—variable a “weaker” smoothing occurs since there is
only a gain of 0‘7“ derivatives prescribed in the channel Q(t) for ¢ > 0. In geometrical

terms, the above dynamic can be summarized in Figure 3 below.

Additionally, it is worth emphasizing several issues that do not fall under the scope
of Theorem 2.1.2. In comparison with our conclusions, we notice that for the case of the
(ZK) equation (o = 1), their solutions propagate regularity in both variables in a wider
class of subsets of the plane (cf. [76]). Certainly, this contrast regarding the behavior
with (ZK) could be attributed to the differences in the nature of the fractional operator
involved in the dispersion in (gBOZK), which is non-local and tend to spread out all the
information. We think that describing the full behavior in both variables requires an
analysis that goes beyond the methods employed in this work, and it would require new

tools to handle the interaction between the operators J* (in the full variables) and D!,

The proof of Theorem 2.1.2 follows in spirit the techniques and arguments pre-
sented in [39, 74, 75, 76] regarding propagation of local derivatives, and the conclusions
in [45] for the fractional setting. However, in the case of (gBOZK), we face several addi-

tional difficulties expected from the interaction between the dispersion 9, D2*! and the
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Travelling

Y

Figure 3 — Propagation of regularity from $.(0) to ().

operator J. Among them, we require to deduce new localization formulas (see Lemma
2.2.5 below) relating the propagation on certain domains between homogeneous and non-
homogeneous derivatives. This analysis is provided by studying the kernel determined by
the difference JJ — D? as well as examining some class of pseudo-differential operators.
In fact, we believe that these localization formulas are of independent interest and could
certainly be applied to a wider class of equations in arbitrary spatial dimension. For an
application involving differential operators and the aforementioned kernel, we refer to the

work of Bourgain and Li [15].

Remark 2.1.3. In the case of physical relevance a = 0 in (gBOZK), i.e., the BOZK
equation, Theorem 2.1.2 leads to an extension to the fractional setting of the conclusions
derived in [86, Theorem 1.4] concerning the propagation of regularity principle for local

derivatives.

Remark 2.1.4. The method of proof of Theorem 2.1.2 applies for a given initial data
ug € H"(R?) with arbitrary regularity v > 0 provided that one can assure the existence of
a corresponding solution u € C([0,T], H"(R?)) of (¢BOZK) such that

u, pu € LY([0,T); L®(R?)).

In particular, in the case of the BOZK equation, o = 0 in (gBOZK), the LWP result in
[86, Theorem 1.3] determines the validity of Theorem 2.1.2 for initial data with reqularity
H™(R?), r > 5/4.

Remark 2.1.5. We believe that our results can be adapted to study the propagation of
reqularity principle for other two-dimensional models involving non-local operators. For

instance, we expect to obtain similar conclusion to that of Theorem 2.1.2 for solutions of
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the Cauchy problem associated to the fractional Kadomtsev Petviashvili-equations (KP)
type equation

Oyu — 0, Du + n@;lﬁgu +uu, =0, (x,y,t) € R,
where 0 < « < 2, see [65]. Additionally, we expect that our considerations may work as

an initial step to obtain fractional propagation of reqularity for the IVP associated to the

Shrira equation
Opu — Ho0%u — Hx(?gu +ud,u=0, (z,y,t) €R>.

This equation was deduced as a simplified model to describe a two-dimensional weakly
nonlinear long-wave perturbation on the background of a boundary-layer type plane-parallel
shear flow (see [88]). For some references dealing with LWP issues see [18, 91].

2.2 Pseudo-differential operators and weighted

functions

In this section, we will use the definitions and the results of the Section 1.5 to
obtain information of the action of a pseudo-differential operator in a function which has

the regularity concentrated in some region of the space.

Proposition 2.2.1. Let s > 0 and m,d be positive integers such that m > max{s,d}.
Additionally, we consider § € C*°(R?), 0 < 0 < 1, satisfying that 970 € L>(R%) for any
multi-index y. Then, there exist some constants c,, pseudo-differential operators of order

zero W for each multi-indez 0 < |y| < m, and K,_,, of order s —m such that

PON= Y 00 () 40T+ Ko, (2.11)

1<]y[<m

provided that f is reqular enough.

Proof. In virtue of the identity
JHOf) =[J,0)f +0J°f,

we are reduced to decompose the operator [J*, 0]. Thus, by employing Propositions 1.5.5
and 1.5.6, we find

~

0l (@) = [ (e OF Q)< de
where

(@& = Y OUE () + ke, (2.12)

1<]y|<m
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and k,_,, € S*™ C 8% Now, since
S SR(E) = X e S @ o)

1<|y|<m 1<]y|<m

we are led to define the pseudo-differential operator U7 according to the symbol

C(§) = (AL ((6)) € S,
for each 0 < |y| < m. Gathering the preceding results, it follows
[7501f = > 0000 (Jf) + Koo,

1<y|<m
where K,_,, is the pseudo-differential operator with symbol k,_,, € S*7™ defined as in
(2.12). This completes the proof. O

The kernel representation of pseudo-differential operators has been applied to ob-
tain some regularity properties for the product of functions with separated supports. In

this regard, the following result was deduced in [76].

Lemma 2.2.2. Let v be a multi-index and ¥V, a pseudo-differential operator of order m.
If g € L*(RY) and f € LP(RY), p € [2, 00] with
dist(supp(f),supp(g)) > > 0.

Then,
1fO7WagllL2 S (I f[zrllgll 2.

We also require some fractional version of the above lemma. For that reason, we
are interested in investigating some interactions between the non-local operators D?® and
J®. Broadly speaking, by taking advantage of the kernel obtained by the difference J*— D?*,
the idea is to transfer localization properties between homogeneous and non-homogeneous

derivatives. We refer to [15] for an application dealing with the difference J* — D*.
Lemma 2.2.3. Let s € R, s; € (0,1). If f € L*®(RY) and g € L*(R?) with

dist(supp(f), supp(g)) > ¢ > 0.

Then,
1F D% Fogle S e gl

Proof. We begin by choosing an integer M > 1, such that M > (s+ s1)/2. By employing

the binomial expansion, we get

©° (&) — le1") = (© (1 - (1 - (")

_M 1 81/2 g+1 s+s1 00 81/2 ( )j+1
- ( ) i%( V)

]=M
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where given that s; > 0, the above series converges absolutely. Thus, we set the operator
KMf /kM 2mx £ déf

Consequently, we deduce the identity

> [s1/2
fD* Jg=fJ" g — fKug— ) ( 13./

j=M

)(—1)j+1(fJ5+81‘2jg). (2.13)

We are led to estimate each factor on the right-hand side of the above equality. Since the
Bessel potential satisfies ||J=*'g||r» < ||g||z», for any 1 < p < oo, and s’ > 0, we deduce

from our choice of M,

||Z<81/> Rl < 3 <81/>\||f|| oI gl

S ||fHLoo||9||L2-

Next, by the hypothesis between the supports of f and g, the estimate for fJ*™51¢g is
a consequence of Lemma 2.2.2. Likewise, noticing that K, defines a pseudo-differential
operator of order s+ s; — 2, the required estimate is again a consequence of Lemma 2.2.2.

Summarizing,
1f T gl 2 + (| f Kargllce S I fllzellgllze-

Going back to identity (2.13), we gather the previous results to complete the proof of the

lemma. ]

The same arguments in the proof of Lemma 2.2.3 provide the following generaliza-

tion.

Corollary 2.2.4. Let ¥, be a pseudo-differential operator with symbol a € 8™, for some
m € R, and s; € [0,1). If f € L°(R?) and g € L*(R?) are such that

dist(supp(f),supp(g)) > ¢ > 0.

Then,
1fD* Wagllrz S [1fllze gl 22

2.2.1 Localized Regularity

This subsection introduces the main tool required to deduce Theorem 2.1.2. Mainly,
the idea is to provide formulas connecting the propagation of regularity effect in different
domains. Estimates of this kind were previously presented in [45] and [76]. A contribution
of the present work is the deduction of (I) and (II) below, which connect the operators

D? and J* in different regions. We observe that these estimates are deduced by bounding
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the kernel determined by the difference D* — J°. Additionally, we emphasize that similar
estimates (III) and (IV) were previously determined in the work of [76], but here, we

perform some minor changes to consider functions f € H-™(R%), m > 0.

Lemma 2.2.5. Let f € H ™(R?) for some integer m > 0, and 01,0, € C(R%) \ {0}
such that 0 < 01,0, <1,

dist(supp(1 — 6y),supp(62)) > 6 > 0, (2.14)

and satisfying 0701,070, € L*(R?) for all multi-index .

(I) If0 < B3 <2and 6. f,0,D°f € L*(R?), then
10277 Fllzz S 1101 fllee + 16107 Fllee + 177" fl e,
so that 0 J° f € L*(RY).
(II) If 0 < B < 2, and 6,J° f € L*(R?), then
162f 1122 + 110207 fll 2 S 116277 Fllzz + T~ fl e,
and so Oyf,0.D° f € L*(R?).
(IlI) If s > 0,0 <r <s, and 0,J°f € L*(R?), then
1027 fllz2 S N0 fllzz + ([T fll e,
and so 05J" f € L*(R?).
(IV) If s >0 and 6,J°f € L*(R?), then
17202 0) |2 S N1627° Flle + 177 f | 22,

that is, J*(0af) € L*(RY).

Proof. We first deduce (I). We begin by analyzing the difference between J® — D” as it
was done in the proof of Lemma 2.2.3. For this purpose, let us consider some integer
M > 1 fixed such that M > 2m + /2, where m is such that f € H™(R?). By means of

the binomial expansion, we have

§P(1— (17"

B2\ (=D & (B/2) (=)

( .><€>2]ﬁ+z< .><€>2jﬁ (2.15)

; j S\ J

=: kl,M(S) + kQ,M(g)a

(€)F — €7 = (¢

'M% C

1



46

where given that g > 0, the above series converges absolutely. Thus, we define the

operators K, j = 1,2 by

Kinf(@) = [ial©F(©e=ede, j=1,2

In virtue of (2.15), we write
O30 f = 03D° f + 05Ky a1 f + 02 Ko pr f-

Consequently, to deduce (I), we are reduced to prove 62K, o f € L*(R?), j = 1,2. To deal
with the estimate concerning the first operator K »s, we perform the following decompo-
sition

O2 Ky ar f = 02 K1 j(01f) + 02K 0 ((1 = 61) f).
Since 0 < 8 < 2, we have that k;y € S i.e., Ki determines a pseudo-differential

operator of order zero. Thus, Theorem 1.5.3 yields

162 Ky 1 (01.F) | 22 < 1162l oo 101 | 2- (2.16)

Next, denoting by ky y € C®(R? x (R%\ {0})) the kernel associated to K; s determined
by Proposition 1.5.4, by hypothesis (2.14) and integrating by parts we find

O2(2) K1 a (1 — 01) f)(x)
= 02(2) [ uar(e,w = y)(1 = 0u() T f(y) dy
= Y b (2.17)

0<|y1 [+[y2[<2m

- /x y|25(a% k) (@, @ — )07 (1 — 61(y) " f(y) dy,

for some constant ¢, ,, with 0 < |1+ |y2| < 2m, which are not relevant for our consider-
ations. The preceding estimate, Proposition 1.5.4 (ii) for some integer N > 0 fixed, and

Young’s inequality allow us to deduce

162 K101 (1 = 61) f)l[ 2

X{|-|>6 —om
Sall=( X 1071 = 00) ZH| iy %1 f|H 2 (2.18)
0<]y|<2m L

591,92 ||J_mf||L27

where we have also employed |[J 72" f||z2 < |[J~™f||z2. Collecting (2.16) and (2.18), we
conclude

102K a0 f N[22 S 100 f Iz + (17" F | 2

On the other hand, since K3 5 does not determine a pseudo-differential operator, we must

employ a different reasoning to bound this operator. Instead, we write

Komf = Z (5;2> 1)j+1G2j75 * f,
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where G, 6 > 0, denotes the Bessel kernel (see [9, 97]) defined by

Gé(x) . /OO 6_7'r|1"2/w6—’u)/47rw(—d+6)/2 dfo]
0 w

Y

for some constant ¢s > 0. Additionally, we recall the estimate
107G ()| < c2(Gal) + G (), (2.19)
which holds for all multi-index v of order |y| = 1. Now, writing f = J*™J?"f by

properties between convolution and derivatives, it is not difficult to deduce
B2 —om
Komf = Z ( / A Cy<(mG2j—ﬂ)*J 2 f)- (2.20)
0<|y|<2m
To estimate the above equahty, we decompose each multi-index v with 0 < || < 2m

as a sum of 2m multi-indexes of order less or equal than 1, that is, v = 32" ~;, where
0 < |y| < 1. From this, we have

"Goj_p = Goj_gm—p x O Gy % - - % 0" Gy,
2m—times
for each j > M > 2m — /2, and 0 < |y| < 2m. Then, for these set of indexes, (2.19),
and the fact that ||Gs||p: = 1, for all 6 > 0, imply

107Gaj—p* T2 fll 2 < (2¢2)*™ | T 2™ f| 2.

Plugging the previous estimate in (2.20) reveals

(%)

In particular, this shows 65 K5 5 f € L?(R%), and in consequence the proof of (I) is com-

1Ko fllze S 177" fllze S 1T fle. (2.21)

plete.
Next, we deduce (II). Writing f = J=?(J?f), we have
Oof = 05T P(J°f) = 0,07 (007 f) + 0,0 P((1 — 6,)J° f). (2.22)
The first term of the above equality satisfies
105777 (01° F)llz2 < 102 <162 T7 £ ] 2. (2.23)

Now, the remaining estimate for the r.h.s of (2.22) is obtained by arguing exactly as in
(2.17). Indeed, letting m be an integer such that 2m > m+43, and gz € C*(R?x (R¥\{0}))
be the kernel associated to J~7, by (ii) in Proposition 1.5.4 for some integer N > 0, by
using (2.14) and integrating by parts, we find
16577 ((1 = 61) 7 f)]| 2
S X 16a@)(07gs(x, )+ (072(1 = 60)T 2 f) ) ()| 2

0< |y [+ |2l <2m

<ol X 11— 0)le) S

0<[y|<2m 1=0

591792 ||J_mf||L2'

(2.24)
X(l20) | 7o
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Gathering (2.22)-(2.24), we conclude that 6y f € L*(R?).

On the other hand, following the same arguments in the proof of (I), we have
0oD° f = 05J° f — 03Ky a1 f — 0o Ko pr f, (2.25)

where M > 1 is a fixed integer number such that M > 2m + 3/2, and the operators K y
are defined as above according to k;,, given by (2.15) for all j = 1,2. Notice that (2.21)
establishes the desired estimate for 02 K5 ar f.

To control 05K, 5 f, once again we set J =7 J? f, then denoting by f(lM the pseudo-
differential operator given by the composition Kj 5;J = (see Proposition 1.5.5), it is seen
that

O Ky i f = 02Ky ppJ P(JPf) = 0,K1 00 (017 F) 4 02K, 0 (1 — 01)J°f).

Consequently, the previous equality is bounded by the same estimates concerning the
r.h.s of (2.22). To avoid repetitions, we omit the details. From this, it follows 0K 5/ f €
L*(R?), and so, by equation (2.25), . D" f € L*(R?) which establishes (II).

To deduce (III), we decompose
QQJTf _ QQJ—(S—T)JSf _ 92J—(s—r)<01J3f) + QQJ—(S—T)((l . al)JSf)
The above identity and similar considerations as in (2.22) yield the deduction of (III).

Finally, we deal with (IV). Recalling that f € H ™ (R?), we consider an integer
my > max{s + m,d} such that by Proposition 2.2.1 it is seen that

J(f0) = > 000,V (JNE) 4 000 f + Koo, f, (2.26)

1< y<m

where U7 is a given pseudo-differential operator of order zero for each 1 < |y| < m; and
Ky, is of order s—my. Clearly, ||62J°f||z2 < ||017° f|| L2, thus we focus on the remaining
parts in (2.26). We first estimate

| Koy fllee = 1 Ksmmy ™ T fllee S N7 f| 22
Now, for each multi-index 1 < |y| < my, we write
010, W (J P f) = 070, (W77 (010 F) + 02007 T ) (1 = 01).° ).

By recurrent arguments using that U7.J~1 is a pseudo-differential operator of order zero

and the assumption on the supports, on one hand we have
10762 (®7 T ) (1= 00).T* F)ll 22 S 1T f |1z
while on the other it is seen that
10762 (‘IﬂJ—M)(QlJSf)Hm SN0 T f Iz

Gathering the previous results we complete the deduction of (IV). [
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2.2.2 Weighted functions

In this part, we introduce the cutoff functions to be employed in our arguments.
This class of functions was first used in [39, 45]. For the sake of brevity, we will only
present those properties required for our considerations. For a more detailed discussion,

see Isaza, Linares and Ponce [39].

Given € > 0 and b > be, we define the family of functions

Xe,bs ¢€,b7 ée,bv wa Te,b € COO<R)7

satisfying the following properties:

(1) X/e,b Z 07

0, z<e¢

1, xzb,’

(i) Xep(x) = {

(iii) X/e,b(x) = 10(1}—5)1[%&—26](3”)’

(iv) Xep(z) > 3755, whenever z € (3¢,00),

(v) supp(xc,) C [€,0],
(Vi) supp(¢ep), supp(oep) C [€/4, 0],
(Vi) ¢e(z) = dep(x) =1, € [¢/2,€],
(viii) supp(ve) C (—o0,€/2].
(ix) Given z € R, we have the following partitions of unity

Xen(T) + Gep(x) + Ye(x) = 1 (2.27)

and
(@) + bep (@) + o) = 1. (2.28)

By a slight abuse of notation, when it is required, we shall assume that the above func-
tions act in two variables as follows xcp(z,y) := xep(x), similarly for the other weighted

functions introduced above.

2.3 Kato’s smoothing effect

We are in the condition to establish the following Kato’s smoothing effect for
solutions of (gBOZK).
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Proposition 2.3.1. Let 0 < a < 1. Consider s > s, = (17 — 2a)/12, and uy € H*(R?).
Then the corresponding solution w € C([0,T]; H*(R?)) of the IVP (gBOZK) with initial
data vy determined by Theorem 2.1.1 satisfies for any R >0, T >0 and 0 < r < s that

a+1

= AT, HoDa® Au, 0,A™u € L*((—R, R), x R, x (0,T)), (2.29)

where A" is any among the operators J", Jy, J;, D", D} and D,.

s Yy Yy

Proof. We first consider the case A" = J" for fixed 0 < r < s. The following computations
can be justified approximating with smooth solutions of (gBOZK) and taking the limit in
our estimates. Thus, we will perform our considerations assuming the required regularity
on the solution. We let ¢y € C*°(R) with ¢' > 0, and ¢’ compact supported. Applying
the operator J" to (gBOZK), then multiplying the resulting expression by J ut and
integrating in space, we find

1d

T a+1l gr T
5 [ 1T ule(e) dudy - /aD T ) J () dady

(2.30)
+ 5 / 10, u* (z) dzdy +/Jr(uux)<]ru¢(a:) dxdy = 0.

To deal with the second term on the left-hand side of (2.30), by writing 9,D¢™! =
—H, D2 we apply the expansion (1.21) with a = a +2, b= 0 and n = 0 to deduce

— /(&DE‘HJTU)Jruw dxdy

1
= §/Jru[—Hng‘+2,w]Jrudmdy

(a4 (2.31)
4

atl 2 atl
/|Dﬁ July! dudy + & )/mmDﬁ Trul? dedy
1
+ 3 / J"uRy (v + 2)J"u dxdy,
where ||Ro(a + 2)||L§y—>L§y <c=c(¥).

On the other hand, to bound the fourth term on the left-hand side of (2.30), we
integrate by parts to obtain

/JT(uux J up dady
—/ ulug J uh dedy + = /ua | J"ul* dxdy

1 1
—/ ulug J u) dedy — §/uz|JTu| Y drdy — f/u|JTu\ V' dxdy.

Consequently, the preceding equality, the fact that » < s and the Kato-Ponce inequality
(1.7) allow us to deduce

’/Jr(uuw)(]rm/z dxdy‘
SNl 17l + (s + sl ) 17l (232)
S (lull g + IVull o) |2l 7z, -
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We remark that the implicit constant above depends on ||¢||;« and [|¢’[|;«. Thus, gath-

ering the above estimates yields

1d 2 atl
o7 |J u|*y dedy + (OZI )/]DJ;Q J ul|*y drdy
(a—i—Z)/ of 2 11
H.Dz? Ju dxd
1 | " dwdy (2.33)

1
+5 / 19, J7u|?y’ dady
< (L [full oy + IVull o) | Pl 7z, -

Noticing that Theorem 2.1.1 establishes that u € L'([0,T]; WH>*(R?)), we can apply

Gronwall’s lemma in (2.33), obtaining the desired conclusion for the case A" = J".

The estimates for the remaining cases A" follow by similar reasoning as above, the
only modification required concerns the estimate for the nonlinear term, i.e., (2.33). By
implementing (1.7) on each variable, we still control the cases A" = J7, J; (the former

cases holds by the assumption d,u € L'([0,T]; L>°(R?))). Whereas, Lemma 1.4.2 allows
us to deal with A" = D", D7, D}. The proof is complete. O

2.4 Proof of Theorem 2.1.2

Our analysis follows the technique introduced in [39] (see also [45, 74, 75, 76]), so
that our starting point will be basically to obtain weighted energy estimate by localizing

the regions in R? where the information concerning the regularity is available.

By translation, we may set zy = 0. Additionally, we shall assume that the solution
u of the IVP (gBOZK) has the required regularity to justify our estimates. At the end,
the desired conclusion follows by a limit process employing smooth solutions and our
estimates. Therefore, by applying directly the operator J? to the equation in (gBOZK),
followed by a multiplication by Jiu(z,y)x?,(x + vt), that combined with integration by
parts allow us to deduce the identity

1d
2dt

v

(T, dady 5 [(Ju)*(2,) dedy

Aq(t)

~ [(@.Dk T Ty dedy + [ 0,025 Tzun, dady (2.34)

Aa(t)

+ / I3 (udpu) Jiux?, dedy = 0.

As(t)

We notice that integrating by part yields

/8xa§quJ§uxib drdy = /(ayjfufxabxé’b dxdy > 0.



92

Consequently, we only need to estimate A;(t), Ay(t) and As(t) determined by (2.34). To
simplify the exposition, the preceding differential inequality and the corresponding terms
A;(t), 7 =1,2,3 will be employed for different values § previously fixed. We notice that
our objective is bounding equation (2.34) corresponding to the case § = s, whenever

§ > Sq.

Since the estimate for Ay (t) follows by rather general arguments independent of s,

for the sake of brevity, we develop this estimate in the following lemma.

Lemma 2.4.1. Let Xcp, ¢cp and Y. defined as in Subsection 2.2.2, satisfying (2.27). Then

there exist some positive constants cy,cy such that

Ag(t) = Sml(t) + Smg(t) + RAQ(t),

where L9 »
« atl
Sma(t) = =5 (| Creaxip) 2 De® Ju(®)llzs,
/ 1/2 el s 2
1l (esXin) *Hae De® Ju®)ll3, ),
o+ 2 el o
Sma(t) = =5 (I (xeaXep) > Da® T (wr) (D)3,
atl
1) P Ha DT T3 (i) (1), )-
and .
[ Ry ()] <7 St (t) + colful i
y o (2.35)
toa > ke ullRs, F 1 (uden) [z, -

0<j<max{5—sq,0}

Proof. By writing 0, = —H, D, and using (2.27), we decompose the estimate for A, as

follows
1 - _
Aolt) =5 [, J5u [D510,, 32, i dady
2 Jr2 ’

= [ () + () + ()
X =MD X2 T2 (uxes) + (udep) + (uabe)) da dy
= (3 () JE(xea)) + 20 (T3 e, T3 b))
+ o (L (udep), Ty (udep)) + 20 (T3 (uxes), J5(uide))
20 (T3 e, i) + 0 (), i)
=:As1(t) + Aoo(t) + Aos(t) + Asa(t) + Aos(t) + Asg(t),

(2.36)

where we have set .
o(f.9) =5 [ f[-HDI2 2] g dady,

and we have used

a(f.9) =olg: f).
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To deduce a convenient factorization for the operator o, we employ Proposition 1.4.8 with
a=a+2, b=0and n =0 to get

a—+2 atl atl
o(f:9) === [ (Da® [)(De® g)xecpxes drdy
2 atl atl
ot /(”HQCDI2 [)Y(HaDz? g)XenXep dady (2.37)

1
+ i/fRo(oz + 2)g dzdy,

where the operator Ro(a + 2) satisfies

[Ro(a + 222,22, S 1D () ()l (2.38)

Consequently, we divide the analysis of (2.36) according to those cases where the above
decomposition leads bounded expressions, and in those where we can estimate directly
the commutator defining o(+,-). Indeed, (2.37), and the fact that x.p+ ¢ep = 1 — 1), allow

us to write

Ay 1 (t) + Aga(t) + As5(t)
2 atl atl
ot ((sz J§u>2 + (’Hngpz J;u>2)xe7b><;b dxdy

2
+2 atl 2 atl 2 ,
+ 2 5 <<Dm2 J;(uwe)) + (HIDI2 J;(uwe)) )XG,ngb dxdy
atl atl
= (a+2) [ (D:F (D i)

4 (HaDe Ju)(H D2 T2 () ) ey dody

+ ; / (T (uxes) + T3 (uen) ) Rolor+ 2) (T3 (uxes) + Ji(udes) )
=:Smy (1) + Sma(t) + Aga (1) + Aza(t).

Integrating between [0, 7], we notice that Sm,(t) corresponds to the required smoothing
effect, while Smy(t) provides a positive quantity. On the other hand, since Ry(« + 2)
satisfies (2.38), we have

[Aoa ()] S I (uxes) 22, + 17 (udes) 122,

7 ] (2.39)
=: A1 (1) + ||JS(U¢e,b)||igy-

Let my; > max{2, s}, by employing Proposition 2.2.1 with 0(z) = x.s(z + vt), it is seen
that

~ ml - . — . —
Az (0] S DMLY (T )2l + llxesTsullozlIZ:
=1

+ lllull 2]l (2.40)

m1 . . — . —
S I, VO () s, + s iullis, + ulls.
j=1
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Now, for each j =1,...,my, we employ (2.27) to deduce

||xi,b‘1’(j) (J;f_ju) ||Lgy
SInL TV (T (uxe)) iz, + IOV (5 (uden)) 2z,

o (2.41)
+ IOV (uthe) e,
SN2 (uxes)llez, + 17577 (uen) e, + llullre,,
where we have also applied Lemma 2.2.2 to estimate
I O (T (up )z, S llullez, (2.42)

We emphasize that the above considerations yield the factor [|.J;7(uxcp)l|zz,- This sug-
gests that we can iterate the arguments in (2.40)-(2.42) decreasing the derivatives consid-

ered in each step until we arrive at

~ m1 — . — .
[A221 (O S X Ixends 7ullzz, + 17577 (uep)lzz, + llul
7=0

2
"o

Since u € C(]0, T); H*> (R2)), we can modify the constant in the above inequality to reduce
the previous sum to integers 0 < j < max{s — s,,0}. Thus, we gather these conclusions
to deduce

[A22(8)] < > Ixen s ullze, + 127 (ugep)lI72, + [lu|
0<j<max{5—sq,0}

2
Hea

/
P

Now, we turn to Ay (). By Young’s inequality ajay < % + %, with 113 + ;z% =1, and the

fact that xcpx.;, > 0, we have

Ao ()] <3Sm0 + 200+ 2| (vepxl) 2 D2F T, i
20+ 2) [ (xea) VEHLDEE T ) 2, |
Bearing in mind that
dist(supp(XepXe ), SUPP(¥e)) > €/2,
an application of Lemma 2.2.3 on the z-spatial variable yields
o) 2D T3 () 2, S N (xen) 2l 2, (2:44)

To estimate the third term on the right-hand side of (2.43), we consider a function
Uep = Vep(z +vt) € CE(R) with 0 < 0 < 1, such that Jepxepxl, = XepXe, and
dist(supp(ep), supp(¢ve)) > €/8, then we write
112 el o5 1 \1/2 ol o5
(XewXew) *Ha D™ T3 () =(XeaXep) Vs MaDa® I3 (uth)
ati
:(Xebe;,b)l/Qwe,baHw]Dl“Q o (ue)
/ 1/2 el s
+ (XerXep) P Ha (Vs Da® T3 (wihe) ).
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Clearly, since H, is a bounded operator on L?(R?), the second term on the r.h.s of the
above inequality is estimated as in (2.44). Now, let my be an integer fixed such that
2mgy > S5+ 0‘7“, then by Proposition 1.4.5 we find
PES
[[Pep, Ho] Da® T3 (uthe) | 2
atl
= 1[0, Hol Jo72 T2 Di® Jg(utbe) |12 | 2
PES
SN2 (ep)lp || T2 D T3 (utbe) 2z,
S lullez,
This completes the estimate for (2.43) and in turn the study of Ay (¢) + A22(t) + Az 3().
Finally, we deal with Ay 4(t), A2 5(t) and As¢(t) defined in (2.36). By using again
that 1 = Xep + Pep + e, We write
A274(t) + A275(t) —+ A276(t> :2U(Jx§u, Jj(UQﬂe))
— o (Ja(uppe), Iy (uibe)).

We proceed to estimate each factor of the above identity. By opening up the commutator

(2.45)

defining o, using that J® is a symmetry operator and that D™ = H,D%d,, it is deduced
that
20 (5, () = [ wliH, D02 (x2, 2 (ws) ) dedy

— [ i (32 ML DEO2T b)) dady
- / Wi, DL (32 T3 (wh) ) ddy

— [uri (D), Mol D362 (i) dady

— [T (32, DR0R i) ) dady
=1 Ay () + Aga(t) + Azs(t).

Let m3 be an even integer sufficiently large such that ms > s + 2 + «, then by the
embedding H™3(R) < H*"***(R) on the z-variable, we find

| Azs(t)] + [Aa5(t)]

< % (192 (32 T3 (o)) Il 2, (2.46)

=0
10302, DS )2, ) )l 2,

Given that 9F.J5 determines a pseudo-differential operator on the z-variable for all integer

k >0, and that x.;, and 9. have separated support, by applying Corollary 2.2.4 we get
105 x20) (D57 T2) (wibe) 2 Nz + NI1(95x2) D3 (872 T5) (w22l

SN2 ol o llutbe| 2] 2
S HUHL?W?
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for each £k = 0,...,7 and j = 0,...,m3. Summing over these indexes, we control the
right-hand side of (2.46).

Now, from our choice of mg,

[Aoa ()] S W1 oy x2) T (™ DR 02T (whe)) 2 N g 1 22

Tr-xrxTx xy
STl 1T DY ORI (uipe) 22|z Nl s,
S llullzs.

Collecting the previous estimates, we complete the analysis of o (J3u, J:(u.)). In light of
the fact that the above argument clearly applies to o (J: f, J3(ut).)) as long as f € L*(R?),
the remaining estimate in (2.45) can be controlled in a similar fashion. The proof of the

lemma is complete. [

Remark 2.4.2. It is worth emphasizing that the above considerations dealing with A1272

in the proof of Lemma 2.4.1 provide the following inequality

175 uxen)llez, S > Ixesds 7ullz, + 1127 (udep) 22, + [lul

0<j<5—sa

HSI Y

whenever s > s, s fired. This estimate will be convenient to replace the analysis of
J*(uxep) by that of xcpJ5u.

Next, we proceed to deduce Theorem 2.1.2. We divide our attention into several

cases determined by the values of s > s, = (17 — 2a)/12.

2.4.1 Case: s € (s4,2)

We further divide our consideration into two main steps.

« STEP 1. Study the differential equation (2.34) for § = s — £2.

« STEP 2. Study the differential equation (2.34) for § = s.

It should be noted that STEP 1 is to obtain the local smoothing effect corresponding
to J? derivatives of u, which is required to deal with A;(¢) in (2.34) for the desired case
s=s. In STEP 2, we prove Theorem 2.1.2 for indexes s € (s,,2), using the derivatives

and Kato’s smoothing effect obtained in STEP 1.

2.4.1.1 Step 1.

In this part, we deal with identity (2.34) for § = r + I_Ta, where r = s — 1. We

separate our analysis according to the corresponding factors A;(t), j = 1,2, 3.
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Estimate for A;. Since r = s — 1 < s,, Proposition 2.3.1 implies

D2 Jou(x,y.t) € (=R, R) x R x (0,T)),

for all R > 0. Then, in view of the fact that J7u € C(]0, T], L*(R?)), we can apply Lemma
2.2.5 (I) to get

+1+a

Jo' % u(w,y,t) € (=R, R) xR x (0,T)),

for all R > 0. The previous conclusion and Lemma 2.2.5 (III) reveal
Fu(z,y.t) € I(~R, R) x R x (0,T)), (2.47)

for all R > 0 and all § € (0,74 $2]. Consequently, we set R; > 0 such that supp(x.,(z +
vt)X.y(x+vt)) C (—Ry, Ry), for all ¢ € [0, T]. Then, by noticing that r+45% < s—1+432
with s € (S4,2), and by (2.47), it is seen that

/ |Aq(t |dt</ //R (x,y,t) dedydt < oo. (2.48)

The analysis of A;(t) is complete.

Estimate for A,. In virtue of Lemma 2.4.1, we just need to justify the validity
of the r.h.s of (2.35) under the current restrictions. Indeed, since r + 5% — s, < 1, we

are reduced to control

o UHL2 N (We,b)HLgy- (2.49)

The first term on the right-hand side of the above expression is the quantity to be estimate
through (2.34) and Gronwall’s lemma, while the second one is bounded by Lemma 2.2.5
(IV) and (2.47) as follows

+17 a
1o 2 (udep)lcz, S Nl o, W * ullzllrz + [lullzzll 2

= omwi™ 7 ullzz, + ullzz,.

(2.50)

where Ry > 0, is given as in (2.48) and we have set ¢r, » = ¢r,.(z) € C2°(R) such that
6, 2(r) =1 on [~Ry, Ry, and dist (1 — ¢, 2)(x), gep(x + vt)) > /4, for all t € [0, 7).

This completes the considerations for As,.

Estimate for As. Recalling (2.27) and (2.28), we begin by writing

Xe, be (u@ w)

1, ,piza
— _7[JI+ 2

92 y Xe, b]aac ((uXe,b)2 + (u$e,b)2 + U2¢6)
ryl=a
[Jx y UXe b]8 (uXe,b + u¢s,b + u¢6) + uXe,baacJUE+ > u

= Ag1 +Aso+ Ass+ Az s+ Ass + Ase + As 7.
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In the first place, we obtain, after applying Lemmas 1.4.3 and 1.4.4,

1 4l=a
|As1llz2, = §||||[J; ? XeblOx(uxes)?ll 22l 2
< L./ TJFI_TQ 2
S axepllezll Tz 7 (uxes)®llzz ll ez
l1-a
S Mluxesllze 707 (uxe)llzz 2z
< s
Sllullzg 12 2 (uxep) 2z, -

A similar analysis can be applied to provide upper bounds for A;, as follows

@

+i5e <
[As2llzz, S lulless [ Je 2 (udes)llrz,-

Instead, for As3, by opening the commutator involved, we take hand of the relationship

of the weighted functions involved. More precisely, since

. €
dist (supp(Xep), supp(¢e)) > 5 >0,

we obtain after applying Lemma 2.2.2 on the z-spatial variable the bound

T_;'_l*T‘l

L%y = H”XG,be (u2¢e>HL§HL§

S Mixeollzellu*tel 2zl

| A3

S el llullez, -

zy

A similar analysis applied to Asg produces

[z, S llullos llulles, -

Instead, the terms Aj4 and Ajs require implementing more sophisticated tools. In this

sense, Kato-Ponce commutator estimate and Lemma 1.4.1 guarantees that

4l-a
[Asallzz, = e uxesOn (wxes)l 2l

T+1*TD¢

S Ma(uxes) el e 2 (uxep)llzzllzz
4+l-a
S (lullzgg + 10aullzgg )12 7 (uxes)l iz,

For A; s, the same combination of techniques as before allow us to obtain

+ize 4lza
14550122, S (lullzs + 10aulleeg) (172 (uxep)llzz, + 1927 (uoep)llzz, ).

Finally, the term Aj; can be handled by going back at the integral defining As and
integrating by parts. More precisely,

—«

r+1
/A3’7X€7b(]x > udxdy
1-a A
— /uxab@xJ;Jr 2 u(Xe,wa+ 2 u)dxdy

1 r4iz2 T
= 5 [y (T ) e dy — [y (2
= A37771 (t) + A3,772(t)'

1—

Tau)Q dx dy
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Notice that the first term on the r.h.s. can be bounded by using the Strichartz estimate
provided by the local theory, that is

Az 71 (O] S [100ull g Ixen s 2 ulls,

being the last expression the one to be estimated after using Gronwall’s inequality.

We emphasize that in spite of A37; and Az 7o share some similarities, the regions
involved in each of these estimates are different, and so the way we can provide some upper

bounds for their respective expressions. In this sense, we obtain by Sobolev embedding

[ Az 72(8)] < [Jullzes [1xe, bXebe U||L2 e A1),

where the term A; was already bounded at the beginning of this section.

In order to fully control the above estimates generated in the study of the non-

linear part, it remains to deal with the terms

I
1752 (uxes)lzz, e (W)eb)HLg Cand [ (W)eb)Hm : (2.51)

Recalling that the supp(q§6 b), SUPD(Pes) C [e /4, b], the same reasoning around (2.50) allow
us to bound ||.J; ? (ugep)|z2, and [ (u¢6,b)HL%y.

On the other hand, given that r + %0‘ —Sa=85—1+ I*Ta — S0 <1, 8 € (84,2), by
Remark 2.4.2 it is seen that

r4ize “
17772 (uxep) e, S Ieods |, + (U¢e,b)|!Lgy+|IUHH+

where the first term on the right-hand side of the above expression is the quantity to be
estimated employing Gronwall’s lemma, and the second term was considered in previous
discussions. Thereby, the estimate for the factor arising from the nonlinear As(t) is

complete.

Remark 2.4.3. The arguments in the above estimate are quite general and they can be
implemented to provide a bound for the factor As(t) in (2.34) for any regularity 5 > s,.
Indeed, we just need to justify the terms in (2.51) obtained after replacing the regularity
T+ 1770‘ by s, that is to say,

Yoo xewds ullz, H1 T (udes) |l 2,
0<j<5—sa (2.52)

115 (udes)

where we have applied Remark 2.4.2 to bound ||.J*(uxep)|12-
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Finally, recalling Sm;(t) and Smy(t) defined in Lemma 2.4.1, we gather the esti-

mates above to conclude that there exist some constants ¢y and ¢; such that

1d

Sl T2 E w4 Sma(6) 4+ Smalt) + 1| oxp) V20, ull,

1
< Smu(t) + ol

2 it (Ul e

7’+17TQ 2
1 (1+ [lullps + 10l ) Ixen s 2 ullf,,

where the function g(t) satisfies

/ dt</ // u)?(z,y,t) dedydt < oo,

being R; > 0 provided by (2.48). Thus, Gronwall’s inequality and integration in time
yield
r+1_Ta 2 T
sup o i 7 u®lffy, + [ Smalt)dt
telo.1] ’ (2.53)
T l—a
+ / /2 xe,bxéb(ﬁnyTu)Q(m? y,t) dedydt < ¢,
o Jr ’

1-a
where ¢ = ¢(e,v, T, HXE,be E uo ||z, , [[ull 45 [19zull 11 e ) and we have used that

LOOI‘Ig
T

/ Smy(t) dt > 0.
0

This completes STEP 1.

2.4.1.2 Step 2.

Fixing € and b > b, this part concerns the analysis of (2.34) for § = s, s € (54, 2),
i.e., we establish the proof of Theorem 2.1.2 for such indexes s. We shall only estimate
the terms A;(¢), j = 1,2,3. Once this has been done, following similar considerations
leading to (2.53), we obtain the desired conclusion. To avoid repetition, we omit these
details.

Estimate for A;. By applying the arguments in STEP 1 above with the function
X§/24,b+13e/12? and by properties (iii) and (iv) in Subsection 2.2.2, the local smoothing effect
obtained in STEP 1 shows

1«&»704 s— 1—a
/ , Liess, bid (@ + vt)(Ds? e u)?(z,y,t) dedydt < c. (2.54)
i
Additionally, (2.47) determines
/ - Lie/spiq(z + 0t) (o R u)?(z,y,t) dedydt < c. (2.55)
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Then, we consider functions € ¢y, 65 p, 055 € CX(R) with 0 < 6;., <1, j =1,2,3 such
that
Orcp =1 0n [5¢/32,b+ 3¢/4], and supp(ficp) C [€/8,b+ €,
Orep =1 0n [7€e/32,b+€/2], and supp(fa.p) C [3€/16,b+ 5e/8], (2.56)
O35 =1 on [, ], and supp(fs.,) C [e/4,b+ €/4].

We shall assume that the above functions act only on the z-variable in the following
manner, Gjeb = Hjeb(x + vt), j = 1,2, 3 Then, from (2.54) and (2.55), we infer
1

that elﬁbe R e i B, e L?(R2 x (0,T)). Additionally, we have
Jo 55" u(,y,t) € H™(R) for m > s — 1 + 52 for almost every y and t. Therefore, we

are in condition to apply Lemma 2.2.5 (I) to obtam

|| 92,e,bJ§U|| L2(R2x(0,T))

:||||92,e,bJ8u||L2 ||L2 L (Rx(0,T))

[ s u||L2||L2t(Rx(OT»
181,00 I w2z oy (2.57)
+ e e UHL2 L2,(Rx(0,T))

<HelebJ§ e UHL2 (]R2 x(0,T))
+ |61, D "2 e e U||L2 (®x(01) T llullze Lo (BX(0,1))-

We conclude that 0y, J5u € L*(R? x (0,T)). From this fact, and by similar reasoning to
(2.57), employing Lemma 2.2.5 (III) instead, we deduce

Os.c0J°u € L*(R% x (0,T)), for any 5 € (0, s]. (2.58)

Finally, by (2.58) and support considerations, we arrive at

T T
[ s =1l [ [ xeonta(row? dudyde
T
S / /(93,e,bJSU)2 dxdydt < oo.
0

The estimate for A; is complete.

Estimate for A, and A;. To control A,, given that 0 < s—s, < 1, Lemma 2.4.1
and (2.35) reduce our efforts to estimate [|J;(ugep)z2,. However, this estimate can be

obtained as a consequence of the support of the function 6, ., defined above and Lemma
2.2.5 (IV) as follows

172 den)llez, S Mb2.eodiullcalley + Mlull ezl

(2.59)
= [|02,cppullrz, + [[ullze,-

Since we already proved that 0y ;,Jiu € L?(R? x (0,T')), the estimate for Ay is complete.



62

Finally, to estimate As, according to Remark 2.4.3, we just need to justify (2.52)
for s = s. However, due to the restriction s — s, < 1, this is equivalent to study the
norms [|.J; (ugep)llz2, and ||Jj(u<gﬁ,b)||L%y. Recalling that supp(¢e), supp(¢es) C [€/4,0],
these estimates follow from (2.59).

2.4.2 Case k—(k—2)('53%) <s <k+1-(k—1)(52), k > 2

We have developed all the set up required to provide the proof of Theorem 2.1.2
for arbitrary regularity s > s, = (17 — 2«a)/12. Indeed, we will proceed employing an

inductive argument.

Let € > 0,0 > 5¢ and k > 2 be given, we shall assume by the inductive hypothesis

sup || xew Jsu(t) |z, + (e wrxio )2 Toull 22 < 0.7)
te[0,7]

1+a  ~
+ | (xew X ) D Toull 2@ 0.1y) (2.60)
+ (| (e X )20y T3ul L2 w2 0,1y)

< 5?(6/7b/7T7 ||XE’,b’J§u0HL2> ||u|| oo I7sE ) HaﬂEUHL1 L°°>7
L H?a Ty

whenever I — (1 - 2)(%5%) <5 <14+ 1—(1—1)(%52) if 2 <1 < k, (which holds when
k> 2), or § < 2 when k = 2. It is worth pointing out that the second term on the
Lh.s of (2.60) corresponds to the estimate for A; in (2.34) for § = 5, while the third
and fourth terms are the smoothing effect granted by the dispersion —D*™19, + 8185 in
the equation in (gBOZK). In addition, we remark that by Lemma 2.2.5 (III), and the

hypothesis 1,~oyJ5ug € L*(R?), we have

IXerw Jpuollrz, S 1 L>0yJauollrz, + [uollzz,,

Ty N

whenever § € [0, s], which justify the validity of the implicit energy estimates behind the
inductive hypothesis.

Setting in (2.34), € > 0, b > 5e and 5 = s with k—(k—2)(1’Ta> <s<k+1—(k—

1)(1_?&), k > 2, the desired estimate is obtained after controlling the respective factors

Al, A2 and Ag.

Estimate for A;. We consider the functions 6y ., 02 and 03 ., determined by
(2.56) with 8.4 = 6;p(x + vt), j = 1,2,3. By assumption (2.60) with 5§ = s — 1 + 452,
€ =¢/24 and b’ = b+ 13¢/12, we infer

s 14lza atl j.il-a
Orende T 2w, OrpDe Jo 2 we LAR? x (0,7)).
Then, by Lemma 2.2.5 (I) and similar considerations to (2.57), the above consequence
establishes
Oy pJiu € L*(R? x (0,7)), (2.61)
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and so from Lemma 2.2.5 (I1I),
O35 u € L*(R? x (0,T)), whenever s, € (0, s].

Since 03 p(z +vt) = 1 on [e — vt, b — vt], the above display yields the desired estimate for
A (t).

Estimate for A; and As. To estimate A; and Ajs, by previous arguments relaying

on Lemma 2.4.1 and Remark 2.4.3, it is enough to control the following expression

Yo lxewds Pullza, + 157 (ugen)llzz, + I3 (udes) | 2, - (2.62)

0<j<s—$a
When j = 0, ||xcsy 7ullzz, is the quantity to be estimated by (2.34) and Gronwall’s
lemma. Whereas ||xepJs 7ulzz, for 1 < j < s — s, are controlled by the inductive
hypothesis (2.60).

On the other hand, by support consideration, there exists 52,6,;, € C*(R) with
0< 527671, < 1 such that dist(1 — gy, 5276,1)) > ¢/32 and dist(1 — 5276717, Gep) > €/32. Thus,
we apply Lemma 2.2.5 (IV) followed by part (III) to obtain

157 (udes) iz, S N0oen s ulliz, + ullz,

S 02cndiulliz, + llullzz,,

which is controlled by (2.61) for all integer 0 < j < s — s,. Noticing that

SUPP(&Qb% Supp(¢6b) C:[E/47M7

the estimate for ||.J (uge,)| 12, is obtained by the same argument above. These comments

provide a control to (2.62), and so the estimates for Ay and Az are complete.

Finally, gathering the previous results and applying Gronwall’s inequality, we de-
duce (2.60) for s € [k — (k — 2) (PTO‘),k’ +1—(k— 1)(%)), k > 2. This completes the

inductive step and in consequence the proof of Theorem 2.1.2.

2.5 Appendix

This section is aimed to prove Theorem 2.1.1. Since our arguments follow similar
considerations employed in [31, 34, 49], we will state the main ingredients and differences
needed to implement these ideas for the IVP (gBOZK). Let us first introduce some

notation to be employed along with our arguments.
Consider p € C2°(R) such that
0<o0<1, o) =1for ¢ <1, (&) =0 for [£| > 2,

and go(&) = 0(&) — 0(2¢) which is supported on 1/2 < |¢| < 2. For any f € S(R?) and
J € Z, we define the Littlewood-Paley projection operators

PEF(E,n) = 00(279€) F(€.m). (2.63)
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2.5.1 Strichartz estimates

The homogeneous problem associated to (gBOZK) is given by

0u—Dg+1um+uI =0, (z,y,t)eR® 0<a<l,
{t v (9,1 - (2.64)

u(z,y,0) = ¢(x,y).

Sufficiently regular solutions of (2.64) will be denoted as

S(¢(w,y) = [ Bl m)ele e it geay,

for all ¢ € R. The result in [92, Proposition 3| establishes the following estimate for
solutions of (2.64)

g=$(a+H)(1-2)
S T 0[], , forall j € Z, (2.65)

5 2
Lgy ™ |t é(l_E

|Prse

whenever 1/p 4+ 1/p’ = 1 with p > 2. Hence, an application of the TT*-argument yields

the estimate.

Lemma 2.5.1. Let0 < a < 1,1 <p<ooandj € Z. Then the following estimate holds

|Prs()e

< 278D g1, (2.66)

qrp ~v
Lt ny

forall%—i—%:%.

The same argument in the proof of [92, Proposition 3] establishes the following

rough dispersive estimate,

1(1_2

22073

S -2y ”(b”Lg; ) (267)
p

L8y ™ g2

|Prse

forall j € Z, 1/p+ 1/p’ = 1 with p > 2. This result is convenient for our purposes to
avoid the negative derivative carried by the right-hand side of (2.66) near the origin in

the frequency domain. Consequently, (2.67) provides the following estimate.

Lemma 2.5.2. Let 0 < a < 1,1 <p<ooandj € Z. Then it holds

|Prs(t)e

i(1-2

1

2,1
whenever £ + = = =.
p + b= 3

Notice that the case (¢, p) = (2,00) is not part of the conclusions in Lemmas 2.5.1

and 2.5.2. Accordingly, we require some additional regularity to control this norm.
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Corollary 2.5.3. Let 0 < a <1 and j € Z. ForeachT >0,0< 0 <1 and 6 € [0,1],
there exists ksg € (0,1/2) such that

|Pzsieys < csTRoogmaxiG=§045DIG-50+5)0-0) | 7o ¢

. (2.69)

2

Proof. Let us consider 1 < p < oo sufficiently large to assure that § > 5 Combining

Sobolev’s embedding and (2.66), we get

1P7S () f 2z )70
T PrS() g f <5 T 2760+ (0-5) My (270)
LIk, ~ r2,’
and using (2.68) instead,
[ ( )fHLQLOO -
T 2q ‘Pa: J(Sf N(g T‘ZQqQQi(l—% : ( . )
Lirk, 2,
where % + % = 2 and %—l— % = 1. Interpolating (2.70) and (2.71) yields (2.69). O

The preceding conclusion is essential to derive the following Strichartz estimate,

which is proved in much the same way as in [49].

Lemma 2.5.4. Assume 0 < a<1,0<d <1, T >0ands > s, —1=(5—-2a)/12.
Then, there exists ks € (%, 1) such that
Js+5J6 (

T
s—14+45 76
N +/0 [ ), dr). (@72)

k
Il S5 T( sup |

2
whenever w is a solution of Oyw — DO lw, + Wayy = F.

Proof. Recalling the projectors introduced in (2.63), an application of the triangle inequal-

ity reduces our considerations to control the r.h.s of the following expression

lwlly e S D ||PFw (2.73)
J

LyLg

Since Pfw satisfies the integral equation
t

Pru(t) = SWPFw(0) + [ S(t=7)PFF(,7)dr,
0

by writing P = f’ijf for some adapted projection ﬁf, we first apply Holder’s inequality
and then Corollary 2.5.3 with # = 0 to get

| Py LhLg, S’Tl/ﬂ%woﬁ(lia)(Hﬁpfw(o 12, +/ |7y F(r) 12, )
Tl/”’““%(1 5)( sup HJ‘S L +/ HJ‘SF T dT),
t€[0,T] Lzy 0
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for each j < 0. Adding the above expression over 7 < 0, we derived the desired estimate

for these indexes.

To bound the remaining sum on the right-hand side of (2.73), let us consider j > 0
and we split the interval [0, T] = U,,, I, where I,,, = [a, by and (b, — ap,) = ¢T/27. As

a consequence

HPJ LY LSS S 21/2 ZH LﬁmL;g' (2'74)
By employing Duhamel’s formula on each I,,,, we obtain
Prw(t) = S(t — am) Prw(-, am) +/ (t — 1) PEF(-,7) dr,
whenever ¢t € I,,. Then, (2.74) and Corollary 2.5.3 with = 1 show
[ PFw|py e
< T1/2+k512———7(o¢+ Y(1— 5)Z(HJ5Px am) -
0 px
+/ |2prp@)),, ar) 275
< T1/2+7€/5’12—%( sup J{E%*%(OHF )(1-90) +6/2J6 ( )
~ te[0,T] L2,
+/ SO | ar),
L2,

Summing the above expression over j > 0, using that s > (17 — 2a)/12 — 1 = 1/2 —
1/6(c+ 1/2) and that (a+ 3)0 < £, we complete the proof. O

As a further consequence of Lemma 2.5.4, for 0 < a < 1,0< 0 <1, T > 0 and
$ > S84, we find that

”aIw”LlLOO
2.76
T6< sup ’JS+5J6 +/ Js 1+5J5F( ) 2 dT), ( )
te[0,T] L2,
and

||8ZJU)||L1LC>o < T 5( sup ’JS 1+5J1+5 () )

e te[0,7] 2,
(2.77)

+ / |52 ()|, dr),
0 L3y

for some ks € (%, 1) and where w solves the equation dw — D¢ w, + wy,, = F.

2.5.2 Energy Estimates

Whenever s > 2, Theorem 2.1.1 follows by a parabolic regularization argument on
(gBOZK). Roughly speaking, an additional term —pAuwu is added to the equation, after
which the limit 4 — 0 is taken. These results follow the same arguments in [21, 38], so

we omit its proof.
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Lemma 2.5.5. Let s > 2 and 0 < o < 1. Then for any uy € H*(R?), there exist
T = T(|luollzs) > 0 and a unique solution v € C([0,T]; H*(R?)) of the IVP (gBOZK).

Additionally, the flow-map ug — u(t) is continuous in the H*-norm.

For simplicity, we shall take s = 3 in the above lemma. Therefore, the proof
of Lemma 2.5.5 also provides existence of smooth solutions. More specifically, given
uy € H®(R?) = Nz H™(R?) there exist T'(|jul/gs) > 0, and a unique solution u of
(gBOZK) in the class C([0, T]; H>°(R?)). Additionally, Lemma 2.5.5 yields the following

conclusion.

Blow-up criteria. Let vy € H*>(R?) there exist T* > T(|lug| ys) > 0 and a
unique maximal solution u of (gBOZK) in C'([0,T*); H*(R?)). Moreover, if the maximal
time of existence T is finite

lim
tT*

u(t)|| gz = o00. (2.78)

Next, we deduce some estimates involving smooth solutions of (gBOZK). By
recurrent arguments using Lemma 1.4.1 to control the nonlinear term in (gBOZK), it

follows:

Lemma 2.5.6. Let T > 0 and u € C([0,T]; H*(RY)) solution of the IVP associated to
(gBOZK). Then, there exists a positive constant ¢y such that

2 2 2
Full2 e e < ol + o [9ll g 1 e (2.79)

for any s > 0.

In addition, we require further a priori estimates for the L' ([0, T]; W' (R?))-norm
of smooth solutions of the IVP (gBOZK).

Lemma 2.5.7. Consider 0 < a < 1. Let u € C([0,T]; H*(R%)) be a solution of the IVP
(8BOZK). Then, for any s > sq there exist ks € (5,1) and ¢, > 0 such that
FT) =l gy 1 + 190l 5 -

satisfies
F(T) < eT5 1+ F(T)) [lull o e (2.80)

Proof. Let § € (84, 5s) fixed and 0 < 6 < min {(s — 5)/2,1}. From (2.76) with F' = —ud,u,
we get

10zull 2y 1,

- T 2.81
ST (sup |7 u(O)liz, + [ 1B @)Dl ).
[O,T] xyY 0 Y
for some ks € (1/2,1). Our choice of § then shows that
sup |2 ut) 52, < lJullizne, (2.82)

te[0,7
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and Lemma 1.4.3 gives

17572 (wdu) | 12,
< Null g 57520, 2, + 1757520 2, [10sul] o (2.83)

S (lull g + 1Vl oo ) lull oo s -
Plugging the above estimates in (2.81), we arrive at
||aocUHL1TLg<; Ss T (1+ f(T)) ||u||L;9H; : (2.84)
On the other hand, (2.77) yields

HayuHL,}FL;gj

~ T -
< P s+26 s—246 71496
ST (sup |75 uOll, + [ LT @l (i, dr) o g5

- T -
ST (sup |77 u(®)z, + [ 1774 (@) (7) sz, dr ).
[0,7] oo !
And so the above inequality allows us to argue as in (2.82) and (2.83) to obtain

10yull 1 o s T (14 F(T)) Ntll oo s -

Now, since §—1 > 0, one can use (2.72) and the arguments in (2.85) to obtain the desired

estimate for ||u||L1TL°°‘ O
Ty

2.5.3 A priori Estimates
We require some additional a priori estimates.

Lemma 2.5.8. Let 0 < a < 1, s € (84,3]. Then there exists Ay > 0, such that
for all uy € H®(R?), there is a solution u € C([0,T*); H*(R?)) of (gBOZK) where

T* = T*(JJuoll zs) > (1 + Ag |Jugl| )2 Moreover, there exists a constant Ko > 0 such
that

[l oo s < 2 ol s
and

FT) = ullyy g + [Vl 1 < Ko,

whenever T < (14 Aj ||uol| 5. ) 2.

Proof. In view of the Lemmas 2.5.6, 2.5.7 and the blow-up criteria (2.78) applied to the

H3-norm, the proof follows from the same arguments in [65, Lemma 5.3]. O
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2.5.4 Proof of Theorem 2.1.1

According to Lemma 2.5.5, we shall assume that (17 — 2«) /12 = s, < s < 3. Let
us consider uy € H*(R?) fixed. The existence part is deduced employing the Bona-Smith
argument [14]. More specifically, we regularize the initial data by choosing p € C°(R?)
radial with 0 < p < 1, p(§,n) = 1 for |(&,n)] < 1 and p(&,n) = 0 for |(&,n)] > 2, we set
then

wom = {p(&/n,n/n)o (&, m)}"
for any integer n > 1. Now, by employing Plancherel’s identity and Lebesgue dominated

convergence theorem, it is not difficult to see that for m >n > 1,

n|| " (uon — tom)llz2, — 0, (2.86)

Y n—oo

whenever 0 < o < s.

Consequently, since |[ugnl ;s < [Juol|ms, Lemma 2.5.8 establishes the existence of
regularized solutions u, € C([0,T]; H**(R?)) emanating from wug, n > 1, sharing the
same existence time

0<T < (1+ As[|uol

) (2.87)

satisfying

[nll oo prs < 2 lluoll s (2.88)

and

K = sup {llunll iy 15 + [ Vtnllzy 135} < o0 (2.89)

Therefore, setting v, , = ,, — Uy, we find
1
OVnm — DM 0pvp i + 0000 m + 581((1% + U )Unm) = 0, (2.90)

with initial condition vy, ,,(0) = ug ., — wom-

Thus, by employing recurrent energy estimates, (2.89) and (2.86) we find

n®=7 |[J7 (un — um)HL%OLgy Sno7et |7 (uo,n — UO,m)HLOTOLgy nhe 0, (2.91)

m >n > 1, whenever 0 < o < s.

Proposition 2.5.9. Let m > n > 1, then

n Hun - umHLlTLg% + Hv(un - um)HLlTLOC - 0, (2'92>

Ty N—00

provided that A in (2.87) is taken large enough. Moreover,

Hun—umHL%oHs — 0. (2.93)

n—oo
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Proof. We begin deducing the first estimate on the Lh.s of (2.92). Let § € (s,,s) and
0 < § < min{l, (s — 5)/2} fixed. An application of Lemma 2.5.4 with equation (2.90)
yields

”Un,nHLlTng
~ T ~
S T1/2(||<]S_1+6Un,m||L§9L§y + i ||Js—1+26((un + Um)vn,m)(T)”Lﬁy dT)

< T1/2(||Jg71+5run,mHL%°L%y (2.94)
T,
+/0 (17572t 24m) (722, Jormm (7) 255

(T2 (1) 22, | (i + 1) ()25, ) ),
where we have employed Lemma 1.4.3. Notice that our choice of ¢ and (2.91) give

||JS_1+6'Un,m||L§9L§y — O(n—l)7

so that (2.94), (2.89) and (2.92) imply
lonnllzyreg = o(n™") + O(TV2|[vnnll s rss ).

Hence, taking 0 < T" < 1 small with respect to the above constant (that is, A, large in
(2.87)), we find

an,nHLlTng = o(n™). (2.95)
On the other hand, by a similar reasoning dealing with (2.94), employing (2.76) and (2.77)
with equation (2.90), we obtain

IVonmlizyrzy S TV (17 vnmllug rz, + 1755 (un + wn) g 22, [0nmll 23 3

+ HJH%Un,mHL%’L%y [on + UmHL%Lg@)
= 0(1) + O(llvamll Ly e ),
where we have employed (2.88) and (2.89). Then, (2.95) completes the deduction of
(2.92).
Next, we deduce (2.93). Applying J* to (2.90), multiplying then by vy, ,, integrat-

ing in space shows

1d
5% “‘]Svn,m(t) ||%%y == / JS(”n,mamun)‘]SUn,m dxdy
— /Js(umamvnvm)(]svnvm dzdy (2.96)
::Al + AQ.

Applying the Cauchy-Schwarz inequality and the commutator estimate (1.4.1),
|Ay| = ’/[Js,vn,m]axunfvmm dzdy + /vnvmﬁzjsunjsvnvm dxdy‘
S % vnmlOvtin| 2, 1T 0n ml 22, + [[onml g5 |00 St | 22, |0, | 2,
S IVonmlles | TP unl 2, |5 0nml L2, + ||azun”L§2§HJSUn,mH%§y

+ an,mHLg‘;j||aﬂcJSun||L§yH‘]SUHMHL%y-
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Now, employing energy estimates with the equation in (gBOZK) and using (2.88) and
(2.89), we get

|0 T 5w || 2. < 6CKH(9mJSU0,n||Lgy Sn.

zy N
Gathering the previous estimates, we arrive at
AL S IVl g 1T vl 22, + 1 Vtnllzgs 17500l 22,
+ (nHUn,mHLg‘;,)||J5Un,m||L§y'

On the other hand, integrating by parts

1
|Ay| = ‘/[Js,um]azvnﬁmfvn,m dxdy — 5 /élcum(Jsvmn)2 d:vdy‘
< H[Jsaum}awvn,m”LiyH‘]Svn,m”L%y + HawumHLg?,”JSUan%gy

S HVUmHLé@HJSUn,m”%gy + HJsumHLngaxUn,mHLg@”Jsvn,mHLgy-

Inserting the estimates for A; and A, in (2.96), we get

1d
E%Hjsvn,ma)”%gy rg(nHUn,ani‘{, + ||vvn,m”L§%)||Jsvn,mHL%y

+ (IVunllzg, + IVl ) | T vnmlZ, -

Hence, applying Gronwall’s inequality to the above expression, and recalling (2.89), we
find that there exists ¢ > 0 such that

17 (= ) |52, S(I7 (o — o m)ll o2,

+ (ol g + I V0nmll 21 2s) ) e

Now, (2.93) is a consequence of (2.86) and (2.92). O

We deduce from Proposition 2.5.9 that u,, converges to a function u in
C([0,77; H*(R*) 0 LY([0, T|; WH(R?)).
Therefore, since u,, solves the integral equation
1 rt
n(t) = S(thuon = 5 [ St =)0 (r) dr.
0

letting n — oo in the sense of C([0,T]; H*"*(R?)), we conclude that u also solves the
integral equation associated to (gBOZK). This completes the existence part of Theorem
2.1.1. Uniqueness is derived by using a similar energy estimate to (2.79) for the difference
of two solutions, and then applying Gronwall’s lemma. Finally, continuous dependence is
extended by approximation with the sequence of smooth solutions {u,} and employing
this same property from Lemma 2.5.5. We refer to [34, 65] for an explicit prove of these

results.






On Local Decay Properties

3.1 Introduction

In this chapter, we study special asymptotic behavior of solutions to the IVP asso-
ciated to some dispersive equations introduced in the Chapter 1. We will start studying

these properties for solutions of the IVP BO equation

(3.1)

Ou — HO*Pu +ud,u=0, xz,t€R,
u(z,0) = up(x).

First we will introduce some notation and definitions that will be used for each

IVP that we will work in this section.

Let ¢ be a smooth even and positive function such that

¢'(x) <0, forx >0,

)
ii) ¢(x)=1, for0 <z <1,
iii x)=e*forx > 2,
) o) > .
iv) e < ¢(x) <3e " forx >0,
v) |¢'(z)| < c¢(z) and [¢"(z)| < c o(z)
for some positive constant c.
Let ¢(x) :/ ¢(s)ds. In particular, [(z)| < 1+ 3/ e 'dt < oco.
0 1
Now, we consider the smooth cut-oft functions ¢, (g, : R — R such that
(=1in[0,1], 0<(¢<1 and (=0 in (c0,—1]U[2,00), (3.3)

(g, =11in [-1,1], 0<(g, <1 and ¢ =0 in (oo, —[&]] U[|&], o0), (3.4)
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and we define (,(z) := ((x — n).

For the parameters 6,0 € RT, we define

x x
b5 = 80 (5) and 9, () = o () .
o
First, we start by considering some useful parameters involved in our argument of
proof.
tb
o) =", ()= and p(t) =10 logt, (3.5)
0g

where m and b are positive constants satisfying the relations

b 2 2
Since ) ; | ) - )
G b1 (-
pi(t) t tlogt w(t) t tlogt
it readily follows that
m) p(t) (1)
~ =0|(-), for t>1 3.7

MORTOREAY: 0

where t > 1 means the values of t such that p/(¢) is positive. In particular, [10, +o00) C
{t > 1}.

3.2 Benjamin-Ono equation

In Chapter 1, we gave an historical overview of the developments made regarding
well-posedness for the IVP (BO). The BO equation possesses an infinite number of

conservation laws, being the first three the following :

Li(u(-, 1) = /Ru(-,t) dz,

Bl 1) = M(u(1) = [ u*(1)da. (3.8)
ul1)) = Blut,0) = [ (5107208 + (.0 de,

— ~
S

where Dsf(§) = |€]° f(&).

The k-conservation law, I (), k > 2, provides a global in time a priori estimate
of the norm || D®*=2/2y(t)|| > of the solution u = u(z,t) of the (BO).

In this section, we are interested in the study of the asymptotic behavior of so-

lutions to the IVP (BO). In fact, we shall deduce some decay properties for solutions
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of (BO) as time evolves. We shall mention recent progress made in this direction which
have inspired our work. In [70], Martel and Merle studied the phenomenon of asymptotic
stability of solitons in the energy space H1 for the solutions of the gKdv equation, because
the same authors in [69] have been built blowing up solutions for this model, that guar-
antees the blow up in finite time (or formation of singularity in finite time) of solutions
of the critical generalized KdV equation, . Kowalczyk, Martel, and Mutioz [53] showed
the asymptotic stability of the kink of the ¢* model with respect to odd perturbations
in the energy space. In the same spirit, Munoz and Ponce [83], [84] introduced a novel
approach to study long time behavior for solutions of the KdV and BO equations. Then
in [61] Linares, Mendez and Ponce extended this approach to deal with the dispersion
generalized BO equation. In [72], [73] new techniques were introduced by Mendez, Munoz,
Poblete and Pozo to study the KP and ZK equations which are high dimensional models,
in particular, they deduced the virial estimates used in this chapter. This technique was
proved useful to analyze one dimensional systems as was done by Linares and Mendez
[60] for the solutions of the Schrodinger-Korteweg-de Vries system. The main results in

this section are contained in [26].

The following theorem of well-posedness of the IVP (BO) can be found [78] and
it guarantees the existence of a global solution which is necessary to obtain the results of

this section. The definition of the spaces can be found in Chapter 1.

Theorem 3.2.1. Let s > 0 be given. For all ug € H*(R) and all T > 0, there exists a

solution

we C([0,T); H¥(R)) N X5 b n Laws4 (3.9)

of (BO) such that
w = 8, Pppi(e” 2" € V).

This solution is unique in the following classes:
(i) we L=((0,T); L*(R)) N L*((0,T) x R) and w € X¥?,
(ii) we L=((0,T); H*(R)) N L3 W2* whenever s > 1,

(iii) uwe L>((0,T); H*(R)) whenever s > 5.

Moreover, u € Cy(R; L3(R)), and the flow-map data solution ug — u is continuous from
H*(R) into C([0,T]; H*(R)).

Now, we have all te conditions to establish and prove the results of this section.

Our main results in this section are the following:
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Theorem 3.2.2. Let ug € L*(R) and u = u(x,t) be the global in time solution of the IVP
(BO) such that uw € C(R: L*(R)) N L>®(R : L*(R)). Then

lim inf u?(x,t) dr = 0, (3.10)

t—o0 Btb (0)

where By (0) denotes the ball centered in the origin with radius t°,

2
Bp(0):={reR:|z|<t’} with 0<b< 3 (3.11)

Moreover, there exist a constant C' > 0 and an increasing sequence of times t,, — oo
such that

C
Bt%(o) log b (tn)
—t 203 £2/3 t
M § v X
Solitonic Region Interior Region Solitonic Region

Figure 4 — Interior Region

As a consequence of the proof of this theorem we have:

Corollary 3.2.3. Let ug € L*(R) and u = u(x,t) be the global in time solution of the
IVP (BO) such that u € C(R : L*(R)) N L>°(R : L*(R)). Then

lim inf u?(z,t) dv = 0, (3.13)
t—o0 Btb(tm)
where
Bp(t™) :={z e R: |z —t™| < '}, (3.14)
with
2 3
O<b<§ and 0§m<1—§b. (3.15)

Remark 3.2.4. Under the additional hypothesis:

There ezist a € [0,1/2) and ¢y > 0 such that for all T >0
o0 3.16
sup lu(z,t)|de < co (1 + T, (3.16)
te0,T) / —o0
a related result to those in Theorem 3.2.2 and Corollary 3.2.3 was established in [84]. The
argument of the proof in [84] was based on virial identities (or weighted enerqy estimate)

first appearing in [83] in the study of the long time behavior of solution of the generalized
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Korteweg-de Vries (KdV) equation. In [82] and [61] this was extended, adapted and
generalized to others one dimensional dispersive nonlinear systems under an assumption
similar to that in (3.16).

In [73] a key idea was introduced to remove the hypothesis (3.16) and to extend the
argument to higher dimensional dispersive model. This approach was further implemented
in [72] and [60] for systems.

Next, we present a result concerning the decay of solutions in the energy space :

Theorem 3.2.5. Let ug € H'/?(R) and v = u(z,t) be the global in time solution of the
IVP (BO) such that

uwe C(R: HY2(R)) N L®(R : HY?(R)).
Then 5
lim inf (uQ(x,t) + ]Di/Qu(:U,t)P) dr =0, 0<b< 3 (3.17)

t—o00 Btb (0)

3.2.1 Proof of Theorem 3.2.2 and Corollary 3.2.3

The proof of Theorem 3.2.2 will be deduced as a consequence of the following

lemmas, which we shall prove below.

For u = u(x,t) a solution of the IVP (BO) we consider the functional

) = uéf) /Ru(m’t)% <u112t)> ” (u??ﬂ) o (318)

for ¢ > 1.

Lemma 3.2.6. Let u(-,t) € L*(R), t > 1. The functional Z(t) is well defined and

bounded in time.

Proof. The Cauchy-Schwarz inequality and the definition of the functions pu(t) and pu4(t)

imply that
1 ' :
1Z(t)| < m”u(t)HL? Vo (/h@)) . % (lﬂ@)) L2
_ ) 1
o p(t) (@) |22t Lo l| Pl 2 319
1 1

S/a,‘; t(2—26—bq)/2 lOg(4+q)/2 (t) ”UQHLQ_

Since b satisfies the condition (3.6) we have that

sup |Z(t)| < oo.
£>1
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]

In the next lemma, we will obtain a virial estimate to the solution of IVP BO
equation involving the derivative in time of the functional introduced above and a term
that belongs to L'(t > 1) .

Lemma 3.2.7. For any t > 1, it holds that

: ottt (<5 Y o (=5 dw < 4L
g b0 (o) o () o< gm0 sro. 2

where h € L'(t > 1).

Proof. Since

to) L (ﬁt)) % (u‘fx(t)> o o

Cauchy-Schwarz inequality and the conservation of mass, I5 in (3.8), yield

ve (m@) % <u‘f(t)>

< 1 1
~o,0 +(4—2b—bq)/2 log(4+q)/2 " ol 2.

w(

)
B < |50 o)l

Lo L2 (3.22)

Hence B(t) € L'({t > 1}) whenever b < 22Tq‘

To estimate A we first differentiate in time to write

401~ g otz v (55 ) s (i) =

N m /Ru(x’ 2 (uiﬂ) vr (Miﬂ) % <u‘1’l&t)> o (3.23)

a0 [ :
) S O ul(t)>

Using the equation in (BO) and integrating by parts yield

u‘{(t)> o (3.24)
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We remark that A;5(t) is the term we want to estimate in (3.24). Then we need
to show that the reminder terms are in L'({t > 1}).

Differentiating with respect to x, using the Cauchy-Schwarz inequality, Hilbert’s
transform properties, the conservation of mass, and the definition of u(t) and p;(t) we
deduce that

1
[ A ()] < D [u() |25 | 2 | fsl oo
1
1
+ lu(®) 22 (195 | 295 o
(O 0 (1)
1
+ /W%HMUHL?H%HLO@H<Z5gHL2 (3.25)
< [[uo| 2 [uo]| 2

N0 4 (240) /2 log'/?t  2-b+269)/2]9g(270) ¢

[[wol| 2
+(2—2b+3bg) /2 log(4—3q)/2 t

Since ¢ > 1 and b > 0 it follows that A;; € L'({t > 1}).

definition of u(t) and py(¢).

The term A; 3 can be bounded by employing the conservation of mass, and the
[[u(t HL2
| A1 3] <
2| () i ()]

(f@)) % (mt))
ol

~50,0 $1—b+bq log(Q—Q) t’

Lo

L (3.26)

Because of ¢ > 1 one has that A, 3 € L'({t > 1}).

inequality, we have for € > 0,

2
dzx

Next we turn our attention to the other terms of (3.23). First, by means of Young’s
t
|As(1)] < ‘/ﬁ()

u1<;1>u<t> A W’(ujt))%(u’fx(t)ﬂ B " 46%)
i v (o)
W)

168 Ml () 6 (o

Then, taking € = p}(t), which is positive for ¢t > 1, we get

1 2 - i
| As(t)] < ‘W /R“ Vo (Ml(t)> % <u‘1’(t)> o
(blogt —1)?
b gt o

(blogt —1)?
3-3b1og® ¢

Y

1
- §A172<t) + 0575
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where C, 5 is a constant depending on ¢ and 4.

Notice that the last term in the last inequality of (3.27) is integrable for ¢ > 1

since b < %

Finally, we consider the term Ajz. Young’s inequality and the conservation of the

L?—mass implies

!A3<t>|_| 24 () ‘H%Hm/tl b2 (1) da

(t)u(t)
qui (t) i IR T 2 ) |
+| 10 ’”%”L L | () o )| = o
gt~ ”m(t)| i, (1) pd (t) ‘
N Oult) | P (Ou(t) |

Hence, the conditions on (3.7) imply, for ¢t > 1,

[As(t)] Sos

1
tlog*t * £3-b(2+a) Jog?t 7 ¢ (3.29)

Since b < 3%, A3(t) € L'({t > 1}).

Gathering the information in (3.21)-(3.29) together we conclude that

1 2 N @ d
o L0 (5 ) o () <tz ene 630
where h € L'({t > 1}), as desired. u

The next lemma will give us a key bound in our analysis.

Lemma 3.2.8. Assume that uy € L*(R). Let u € C(R : L*(R)) N L®°(R : L*(R)) be the
solution of the IVP (BO). Then, there exists a constant C' > 0, such that

u?(x,t) dedt < C. (3.31)

/{t>>1} tlogt /B

Proof. From the definition, u(t)u;(t) = tlogt and a straightforward computation involv-
ing the properties of the function ¢, it follows that

/M(t;/t(t)/Btb u?(z,t) da < M/ u;, ( ()>¢5 (m(t)) d,

for suitable o and 9§, whenever ¢ > 1 is chosen sufficiently close to 1 and b slightly smaller

if necessary. Lemma 3.2.7 implies that

/{t>>1} Ml(t;#(t)/Bb u?(z,t) dedt < 2||Z|| 1 +/ h(t)] dt. (3.32)

The first term on the right hand side of inequality (3.32) is bounded because of b < 7= < z
and the last one is bounded by the proof of Lemma 3.2.7. This completes the proof of

the lemma.
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Now we are ready to prove Theorem 3.2.2.

3.2.1.1 Proof of Theorem 3.2.2

Since the function ;7 ¢ L'(Bg(1)), from the previous lemma, we can ensure that
gt T

there exists a sequence (t,) — 0o, such that

lim w?(x,t,) dr = 0.

Therefore, 0 is an accumulation point and using that u?> > 0 we can conclude the result.

To end this section we will give a sketch of the proof of Corollary 3.2.3.

3.2.1.2 Proof of Corollary 3.2.3

The proof of this result follows the same argument as the proof given to prove
Theorem 3.2.2. Hence we will present the new details introduced in the proof. We
consider the functional

@@y:]'/ﬁwxn%<x_mw>@<m&é@>dx

pa(t) i

where p(t) = £t™, m as in the statement of the corollary, u(t) and p(t) defined as in
(3.5), and v, and ¢; defined as above.

As in Lemma 3.2.6 we have that

sup |Z,(t)] < oo.
£>1

We also obtain a similar inequality as (3.20) in Lemma 3.2.7, i.e.
1 /2 ,<x—MU> <w—MO>
—— [ u (x, 1) Y, o dx
mou ) 0w )\
d

< 4T, () + hy (D),

where h, € L'({t > 1}). Besides the terms previously handle in the proof of Lemma
3.2.7. The difference will appears in (3.23), where the two additional terms above will be

established
s o0 () o () =400

it oo () 4 () = 40

and
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The Cauchy-Schwarz inequality and the mass conservation yield

|A4(t) + As(t)] < E(SL( 5 l[eto|| 22 ||¥0% ] 2 || ds | Loe
AN
14 () () lluo|| 22 |¥o | Loe || 5] 22
50',5,777, 1 1

t(4=2m=0)/210g%/2 ¢ + {(4=26=2m-+bg)/2 | oo (4=0)/2 ¢

We observe that the first term in the r.h.s. above belongs to L'({t > 1}) since
m<1-— % Similarly, the last term in the last inequality belongs to L'({t > 1}) since
m<1-5<1-b(59),

From this point on the argument of proof to establish Theorem 3.2.2 can be applied
to end the proof of Corollary 3.2.3.

3.2.2 Proofof Thm. 3.2.5 (Asymp. Behavior in H%(]R))

This section contains the proof of Theorem 3.2.5. The argument follows closely
what we did in the previous section. Thus, we will give only the main new ingredients in

the proof.

Lemma 3.2.9. Let u € C(R: H2(R)) N L¥(R : H2(R)) the solution of the IVP (BO).
Then, there exists a constant C > 0 such that

1
/ DY u(a, )] dedt < C. (3.33)
{t>1} tlogt /B, (0)

Proof. Consider the functional

J(t) = ;JJ(175)/RU2(x’t)¢U< ’ ) dx. (3.34)

where p(t) and p(t) were defined in (3.5).
Differentiating (3.34) yields

t T
7\7 2(1) <ﬂ1(t)> e

)/Ruxt(‘?tu:vt)%,( ol

t
O
_u(t)ul(t)/ w0 ()
= C1(1) + C2(1) + C3(1).

) ! (3.35)

(5)
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Combining the properties pu(t) and p(t), the conservation of the L?—mass, and
using (3.5), it follows that

HUOH%2
Ci(t)| + |Cs <5 3.36

Thus, the terms C(t), C3(t) are integrable in {t > 1}.

Regarding C5(t), we use the equation in (BO) and integrate by parts to write

Cy(t) = / D, uHO w(,( 1‘% )

- u(t)il(t UHa "o <M1 > (3.37)

2 3 x
* S0 ke ( <t>>
= Cy1(t) + Caa(t) + Ca5(t).

By Hilbert’s transform properties, integrating by parts and Cauchy-Schwarz in-

equality we obtain

[eN0] =|—Mgt)/Ruax [H,% <ﬂ1.(t)>] Oyu da

] (3.38)
<—lull 12 {wp( )}awu .
a1 ) 1%,
Lemma 1.4.5 gives us
Coatl < sl |02 ()| <0 o (3.39)
28 i M [0 @) )| S e |
which belongs to L*({t > 1}).
To estimate C 5, we apply Parseval’s identity to obtain
Cao(t) = 2/uD1/2 [DW é ( ' )] wdz
’ pa()p(t) Jr T\ ()
2 / 1/2, \2 x (3.40)
C 2 (), ( )da:
pa (£) () R( ) pa ()
= Cy21(t) + Ca2p

Notice that Cy 55 is the term we want to estimate.

To bound the term (52, we use Cauchy-Schwarz’s inequality, the conservation of
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mass, (1.13) and properties of the Fourier transform to deduce that

(2o (i)

(0:65)
1

o]l 2

Coaalt)] < |

2

pu(t)u(t)
2

pE(t)p(t)

1
<s 75 € LY({t > 1}).

Lt

(3.41)

||UOHL2

~O

Finally, notice that by Lemma 1.4.6, here we are following the arguments developed

in [46],
/R|u|3¢g< xt )d:c
< [l e () as

neL

) . (3.42)
< Sl (w0 (155)
< Gl D 2w ) e ( b, ( : )) .
net velnnt1]  \H(t)
Moreover, by Lemma 1.4.3 and hypothesis,
IDY2(w(®)G)lz2 S || D 2u(®)]| , IGallze + lu() 221 DY*Gll oo )

S lu@ ey S lullgepve:

Combining these estimates we deduce that

/ |U x,t | ¢0< ( )> dx < nze:ZHUCnHLQ (me[srll},ll)+1] ¢U (lM)) '

A similar analysis to that given in Lemma 4.1 in [73] (see also [46]) yields

/\uxt\ghg( <>dx</]uxt2¢g< (t)>dx (3.44)

Using the properties of the function ¢ in (3.2) for suitable § and o we can apply
Lemma 3.2.8 to deduce that Cy3 € L'({t > 1}).

Collection the information in (3.35), (3.36), (3.39), (3.41) and (3.44) we deduce
that

d
DY u(z, t))? dedt < ——J (t t
Togt Jo, 1D/ ula, ) dndt < — .7 (6) + g(0),

where J is bounded and g € L'({t > 1}).

A similar analysis as the one implemented in the proof of Theorem 3.2.2 yields the

desired result.
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3.3 Benjamin equation

Now, we are interested in the investigation of the asymptotic behavior of the
solutions of the IVP (Bn). Specially, how the interaction of the difference of differential
operators, i.e, the sum of the terms 9u and —H?u, will describe the region of the space
that the Sobolev norms would be concentrated and the evolution of this information as
time evolves. Real-valued solutions of the IVP (Bn) (smooth enough) formally satisfy the

following conserved quantities (time invariant):
Li(u) = M(u) = / u? du,
R
1

B(w) = B(w) = [ (5(-(@20? - |DYuP) - 20*) d.

where Dsf (&) = |£]° f(€).

As we saw in the Introduction, we have an extensive theory of well-posedness for
the solutions of the IVP (Bn). Then the following result allows us to work with the

evolution in time of the solutions of the Bn equation.

(3.45)

Firstly, consider the IVP

ou + vHPPu + pdiu + ud,u =0, z,t € R,
u(z,0) = ug(x)

(3.46)

where u = u(x,t) is a real-valued function and v, u € R and v, u # 0. Then, due to Chen,
Guo and Xiao in [19],

Theorem 3.3.1. The IVP (3.46) is globally well-posed for ug € H*(R) with s € [—2, 00).

Now, using the conservation of the mass in (3.45) and the theorem 3.3.1, we have all
the conditions to work with the asymptotic behavior for global solutions of (Bn) equation.

Assuming these results, we can enunciate the main results of this section.

Theorem 3.3.2. Suppose vg € L*(R) and let v = v(t,x) be a bounded in time solution
to (Bn) equation such that v € C(R : L*(R)). Then
liminf [ v*(z,t)dz = 0. (3.47)

t—o00 B

Moreover, there exist constant C' > 0 and an increasing sequence of times t, — 0o such

that
C

S M. (3.48)

/B v (z,t)dx

(th)
Theorem 3.3.3. Suppose vy € H'(R) and let v =v(t,x) be the bounded in time solution
to (Bn) equation such that v € C(R: H'(R)) N L>*(R : H'(R)). Then

liminf [ (1D v(x,t)* + |0p0(x, £) ) da = 0. (3.49)
b

t—o00 B,
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Remark 3.3.4. 1. It is worth noticing that Theorems 3.3.2 and 3.3.3 can be extended

to the non-centered case if we make some straightforward modifications.

2. Theorem 3.3.2 can be extended directly to the IVP 3.46, using the conservation laws,
the GWP and the virial estimates for this case.

3. If in addition, we suppose p > 0, in IVP 3.46, we can recover the result in Theorem

3.3.3 to this class of equations.

The key ingredients to deduce these results are mainly based on the virial tech-
niques established in the Section 3.2. Then, we shall focus on presenting where the dif-
ferences appears and applying similar arguments to gathering the information and obtain

the desired result.

3.3.1 Proof Theorem3.3.2

For v a solution of IVP (Bn) equation, we consider the functional

70 = 1 Lo () o () o (350

where Z:=z —p(t) and ¢> 1.

Lemma 3.3.5. For v a solution of IVP (Bn) equation, the functional Y is well defined

and bounded in time.

Proof. The proof is analogous to the one of the Lemma 3.2.6. [

Lemma 3.3.6. For any t > 1, one has the bound

M/Rm(x,t)l/fé (,ujt)) bs (M?(ﬂ) dr < 4(2?(75) + To(t), (3.51)

where Yo(t) are terms that belong to L'({t > 1}).

Proof. We compute

/RWU <u1£(t)> % (ui’iﬂ) o o
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Now,

0= Jroe v (155 o ()

it >(Z)< 0 / o) (uit)) o () () &

) <;§Z)<t/ (umt)% u;éw o (3.53)
‘ulqglﬁffgt /R“ oo (o) () # ()
‘MZSZ)@ [vto e () uiw)dx

1(t
Ay (t) + As(t) + As(t) + Au(t) + As(t).

Using the same accounts that we did for the terms B, As, A4, A5, we can prove

that the terms B, Ay, A3, A5 € L'({t > 1}), respectively.

Concerning A, after integrating by parts, we obtain

() = - 1/ D.(HD+ Bt v, <u§t ) % <M§t>> "

2 )
s L () o ()
- M feoemte (o) () 2
s A () o () 3.5)
st Lo (i) % ()
s L (o) o ()
* sucag o () (i)
= A1 (1) + Ava(t) + Ara(t) + Ara(t) + Ars(t) + Arg(t)

We handle fll,l, fle and 1211,6 analogously as we did with the terms A; ; and A, 3,

previously. To control the terms 121173 and 1211,4, whose are the terms given by the part
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“O3u” in the IVP (Bn), we integrate by parts and Cauchy-Schwarz inequality to obtain

_ _ 1 x
Ay + Ara®)] <|— | ol e () 651
A < mam| e Yo aw )|, 199
3 T
o3 ot o ()
a1 velle |95 Cagy )|
3 ‘ N
; ||v||Lz||w;||Loo\ ()
) (£) i (8) i) )]z (3.55)
1 T
N ||v|rLz||¢o||Loo\ ()
() (t) " \ult)) |,
1 1 1
120 Jog L ¢ + H(242+b9)/2 0o~/ 2 ¢ + £(2+4300)/2 o (2=30)/2 ¢

1
1(2—2b+5bq) /2 log(4’5q)/2 t’

for ¢ > 1.
Since b > 0 and ¢ > 1, the above inequality yield A; 5, A;4 € L'({t > 1}). Now, 24, 5 is
the term to be estimated after integrating in time.

Finally, in regards to A,, it can be estimated using Young’s inequality. Setting
e = i (t) > 0. So that,

. 1 T T (blogt —1)?
w0 o (Vo wva,
0] ‘%(t)u(t) Ve ) 9 RIS (g5
1 - ~
= §A175(t) + A5(t),
where 151”{72 € L*({t > 1}) since b < 2.
Collecting all the estimates corresponding to this lemma, we obtain that
« d
Aus(t) < 40(0) + Yolt), (3.57)
where
1 . . _ . .
00) 5= = BlO) = 2010 = ) = Arale) = Arato 559
— Ap(t) — As(t) — Au(t) — As(t) + A5(2),
belongs to L'({t > 1}), which concludes the proof. O

Lemma 3.3.7. Assume that vy € L*(R). Let v € C(R : L*(R)) N L=(R : L*(R)) be the
solution of the IVP (Bn). Then, there exists a constant C' > 0, such that

1 ~
/ uQ(x,t) dxdt < C. (3.59)
{r>1) tlogt /B,

Proof. The proof follows the same ideas of the proof Lemma 3.2.8. O]

Finally, using the same argument to prove Theorem 3.2.2, we can deduce Theorem
3.3.2.
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3.3.2 Asymptotic Behavior H' of Benjamin equation

Our aim here is to study how the concentration of these Sobolev norms will evolve
with time. Concerning Kato’s smoothing effect, which we saw in the Chapter 2, we can
realize that we have the local gain of the derivatives D!/? and d, given by the dispersion
terms HO? and 92, respectively, presented in the linear part. Then to study the concen-
tration of these quantities in these special regions of the real line allow us to understand
the decay properties of the solution of the IVP (Bn) equation. Then, following the ideas

in Section 3.2.2, we prove Theorem 3.3.3.

Lemma 3.3.8. Let v e (C(R: H'(R)))N(L>®(R : H'(R))) the corresponding solution of
(Bn) with initial data v(0,x) = vo(x) € H'(R). Then, there exists a constant Cy > 0 such
that

1
/{t>>1} tlogt /B . (|D910/20<x7t)‘2 + ’ax’l}(aj,t)’Q) daxdt < Cy (3.60)

Proof. Consider the functional

T(t) = /RUQ(t,x)@bg< i )dm (3.61)

- o () o)

C1 (t) Ca (t)

ittt b (550) (5w

Cs(t)

(3.62)

First, we deal with the terms C; and Cj in the same way as we did in Section 3.2.2 with

the terms C; and Cj, respectively.



90

Next, we focus our attention into C’g, after integrate by parts,

Colt) = ,jt) / 00, (’H&Ev — 90— ) Vo ( (t)> dx
/ D, vHO, v, ( (t)> dr
- M()il() / vHO, 00, (@) dz
/ 0,002, ( (t)> dz (3.63)
¥ u(t)i(t) oo (155 )

2 3o, [~ da
T Bum / o (m(ﬂ) !
= 0271( ) + 0272( ) + 0273(t) + 6274(15) + C’gg,(t).

We estimate the terms 6’271, 6’272, and 6’2,5 in the same way as we did in Lemma
3.2.9 (Cy1,C52 and Cy3). In particular, (:‘2,1,6'273 € L'({t > 1}) and

~ 2 1/2 | p1/2 i
)= i o (2 ()| o

2 12 \? e\ (3.64)
o e (070) <u1(t)> !
= 02,2,1(15)4—@2,2,2(15),

where Cj 5 is the term that we want to estimate. Using Cauchy-Schwarz’s inequality, the

conservation of mass, (1.13) and properties of the Fourier transform allow us to deduce
that 6277271 € Ll({t > 1})

Next, we consider the remaining terms. After integrating by parts,

Cos(t) /a (8,0)? ( ()>dac

(3.65)
= V) Py | —— | dx
p(t )m( ) /( a ( (t)>
is the quantity to be estimated after integrating by parts.
Finally, we have
~ 2 z
O t —_— <, < 82 o d
40 = s e (m(ﬂ) !
2 x
TG AGRE e (3.66)
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The 56’27471 is the term that we want to estimate and the Cauchy-Schwarz inequality and
the conservation of the mass imply Cp 49 € L'({t > 1}).

After gathering the equalities in this step, we obtain

d - 3 9 x
ai "= L Om /R(axv) o <u1(t)> o

2 172, \? x
— W/R (D / /U) ¢0- </,l,1(t)> dx (367)
+ C~(1 (t) + 271(t) + 027472@) + 02’5(75)

After integration in time, we obtain the desired result.

O

A similar analysis as the one implemented in the proof of Theorem 3.2.2 yields the
proof of the Theorem 3.3.3.

3.4 General Dispersive Models

As we observed in the Benjamin equation, these virial identities (or weighted
energy estimate) allow us to work with different dispersive operators to obtain decay
properties in the energy space. Throughout this section we consider the class of dispersive
equations

ou+ Lou+udu=0, x,teR,

(3.68)
u(z,0) = ug(x)

where v = u(z,t) is a real-valued function and o > 0 . The operator L, is the Fourier
multiplier operator by iwq1 and wq1 is a real-valued odd function belonging to (C*(R)N
C*>(R*)) satistying:

There exists £ > 0 such that for any £ > &, it holds

\86wa+1(§)| ~ ‘€|a+1757 5 S {07 172} (369)

and
0% wain (O] <€)7, B> 3. (3.70)

We will use the notation By := {|z| < &}.

Remark 3.4.1. In particular, following dispersive operators belong to this class

(1) The Generalized (BO) operator —D20, satisfies these conditions for 1 < o < 2.
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(2) The Intermediate Long Wave operator 0, D coth(D,) for a = 1.

(3) The Fractionary (KdV) operator —D%0, satisfies these conditions for 0 < o < 1.

It is clear that the study of the asymptotic behavior of solutions for this general
class of models is meaningful if (GWP) has been previously established. That is the case
for the former two examples: BO and Bn equations. Another important tool used in these
two cases was the conservation of the || - ||z2 norm. Regarding to IVP (3.68), in general,
we do not have the conservation of mass and/or neither (GWP) theory available yet. So,
to avoid working in which case we can apply the developed techniques, we prove a more
general version of the theorem and, as theorems emerge in the literature that guarantee
these properties to a subclass of this model, we shall be capable of applying the theorem

to these cases and obtain the result in question.

Finally, we will present some particular cases that we can apply the theorem,
showing that the set of dispersive equations satisfy the hypothesis is not a null set. Then
with appropriate structure we have the following answer to the local energy decay of the
solutions of the IVP (3.68)

Theorem 3.4.2. Let up € H*(R), s > 0, and u = u(x,t) be the global in time solution
of the IVP (3.68), with a > L such that u € C(R: H*(R)) N L®(R : L*(R)). Then

27

lim inf u?(z,t)dr = 0. (3.71)

t—o00 Btb (0)

Moreover, there exist a constant C' > 0 and an increasing sequence of times t,, — co such
that

/ RIER AT - —— (3.72)
Bi%(o) log b (tn>

As a consequence of the proof of this theorem we have:

Corollary 3.4.3. Let ug € L*(R) and u = u(x,t) be the global in time solution of the
IVP (3.68) such that u € C(R : H*(R)) N L=(R : L*(R)). Then
lim inf u?(z,t)dr =0, (3.73)

t—o00 Btb (tm)

with ) 5
O<b<§ and 0§m<1—§b. (3.74)

Theorem 3.4.2 shows us that we advance one more step in the direction to under-
stand the long time dynamics for dispersive nonlinear models and the relation between
the evolution for L2-norm (mass) of solutions for the IVP and the behavior of the soliton

solutions associated to the initial equation, 7. e, we obtain a result that follows same
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direction indicated for the soliton resolution conjecture. Before starting the proof of this
theorem, we present some examples for which the (GWP) is known and we have the
structure aimed to apply the theorem in the IVP (3.68).

Remark 3.4.4. (1) Considering the IVP associated to the Intermediate Long Wave
(ILW) equation
Owu + Ts0%u + %dju +ud,u=0, z,t€eR,
(ILW)
u(a:, 0) = Uo(x)

where u = u(z,t) € R is a real-valued function, and

Tsf(x) := _;SP'U'/HQCOHL (W) fy)dy.
The Intermediate Long Wave equation was introduced by Kubota, Ko and Dobbs
in [55] to describe the propagation of a long weakly nonlinear internal wave in a
stratified medium of finite total depth. The ILW equation reduces formally to BO
equation when the depth of the layer tends to infinity. The ILW equation has been
proven to be complete integrable see [57] and [71]. In fact the Inverse Scattering
formalism was given in [2] and [3]. Real solutions of IVP (ILW) satisfy many

conservation laws as

T(u) = /R u(z,t) de, (3.75)
M(u) = /R W, 1) da, (3.76)
E(u) = /R {u%@mu(x, t) + ;UQ(x, t) — ;u?’(x, t)} dz. (3.77)

In particular, (3.76) is that we need to guarantee that this solution satisfy the hy-
pothesis of Theorem 3.4.2. It is well-known that (ILW) possesses soliton (or solitary

wave) solutions of the form
1
u(t,r) = Qse(r —ct), c> 5 (3.78)

where Q5. solves
0. T+ (5 =) @ue 508, =0,
due to Joseph in [41] and it is given by the formula, see [6] for more details,
b(c) sin(a(c)d)
cos(a(c)d) 4 cosh(a(c)s)’

Qs.c(z) == a,b depending on c. (3.79)

The following result, in [1], established the GWP necessary to apply the Theorem
3.4.2 to the IVP associated to (ILW).
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(2)

(3)

Theorem 3.4.5 ([1]). For any initial data uy € H*(R), s > %, for any T > 0 and
0 the IVP (ILW) has a unique solutions:

we C([0,T] : H¥(R)) N CY([0,T] : H2(R)) N L=([0,T] : HLTV*(R)).  (3.80)

loc

Moreover, the map data — solution is locally continuous from H*(R) to the class
defined in (3.80) and L*(R) norm of u(-,t) are uniformly bounded in time.

For a more in-depth study on local energy decay, propagation of reqularity and other
properties, we refer [82] and references therein. Finally, using that

Oy
5=
where the symbol iV(€) = 1/ — coth(6€) is C(R) N L>*(R), odd, real valued and of
order zero, we can see that solutions of the IVP associated to (ILW) satisfy all the

requirements of Theorem 3.4.2 .

7502 + O2W5(0,),

The results in Theorem 3.4.2 also hold for solutions of the generalized dispersive

Benjamin-Ono (gB0O) equation

Ou — DO u+udu =0, z,teR 0<a<l,
(eBO)
u(z,0) = up(x).
where u = u(x,t) € R is a real-valued function.

This model is not complete integrable, but it possesses three conserved quantities (see

[96]), that is,

T(u) = /R u(e,t) d, (3.81)
M(u) z/Ruz(x,t) dx, (3.82)
sw)= | (; D (e, - éug(:z:,t)) iz, (3.83)

are satisfied at least for smooth solutions. The equations in (3.68) model vorticity
waves in the coastal zone. Using a renormalization method to control the strong low-
high frequency interactions, Herr, Ionescu, Kenig and Koch in [33] show that the
IVP (gBO) is globally well-posed in the space of the real-valued L*(R). This GWP

and conservation laws allow us to apply Theorem 3.4.2 to this family of equations.

The last IVP considered in this thesis is the one associated to the fractional
Korteweg-de Vries (fKdV) equation, i.e.,

Ou — DSOyu+ud,u =0, x,t€R, % <a<l,
u(z,0) = ug(x)

(fKdV)
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where u = u(x,t) € R is a real-valued function. This model can be seen as a
“dispersive” interpolation between Burger equation (o = 0) and the Benjamin-Ono
equation (o = 1). The case a = % is somewhat reminiscent of the linear dispersion
of finite depth water waves with surface tension. For this dispersive family the
quantities (3.81) and (3.83) are conserved by the flow associated to (fKdV). For

more details we refer [03], [64] and references therein.

By using standard compactness methods, one can prove that the Cauchy problem as-
sociated to (fKAV) is well-posed in HR) for s > % Linares, Pilod and Saut showed
that the (IVP) possesses a global weak solution in L>([0, 00); L*(R))NL? . (R; Hz (R))
and Molinet, Pilod and Vento in [80] obtain the global well posedness for the solution
of the (IVP) associated to (fKdV) in the energy space H*/*(R), whenever o > .
Then under the conditions of the well-posedness theory in [80], we have the conser-
vated law and the (GWP) necessary to apply the Theorem 3.4.2 to this dispersive

family.

Now, proceding in the proof of the Theorem 3.4.2. Using the same virial estimate

as we did to the cases before, we can obtain the result

Lemma 3.4.6. For anyt > 1, it holds that

1 ) [ x d
O /R Wz, 1) ), (m (t)) s (M? (t)> de 4TS +h(D),  (384)
where h € L'(t > 1).
Proof. We compute
do,. 1 x x
730 = L2 (“‘”" <u1 t>> K (wf t))) *
_H@) x T\ de (3.85)
s oo () o (i)
= A(t) + B(t)
By Cauchy-Schwarz inequality and u € L®(R; L?(R)), yield
; KOl () ()
501 < |5 1oa jor (5)] o G )| -

1 1

50’,5 +(4—2b—bq)/2 log(4+q)/2 + ||UOHL27 for t > 1.

Hence B € L'({t > 1}) whenever b < 52-. We remark that this term is bounded in

2+q°
{t > 1}.
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Proceeding

2
b< i

| Ay (t)]

(3.87)

(3.88)

we did in Lemma 3.2.7, we obtain that Az € L'({t > 1}), since

(blogt — 1)?

, fort>1.
t3=3b Jogf ¢

< SAia(t) + Cs, (3.89)

Notice that the last term in the r.h.s. of (3.89) is integrable in {t > 1} since b < 2
and A, is the term we want to estimate. Since ¢ > 1 one has that A;3 € L'({t > 1}).
Therefore, proving that A;; € L'({t > 1}) we will obtain the required estimate to proof

the asymptotic behavior of the solution of this equation.

where 3 > 1.

h

o (i) i)

Fl (CBO““ u) D?

(v () 2 (m))

(3.90)

/R F1 <WU> Dy (1/’0 < M'(t) ” (u‘f@)) "
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Now, applying Cauchy-Schwarz’s inequality and Lemma 1.4.3 we obtain

e (o q'<t>>> e G
o)), |2 (v ()

- 1
|A112(0)] S WHHHL

+ gl - .
1
Sos - 1D 5 2
(8™ (1)
1
+ : D ey || 2
() 2 (8)
! 1 for t > 1
N0 (2-2b+2abg-+bq) /2 log(4_°‘q_q)/2(t) + F(2-b+2ab)/2 |5 (3=20)/2 ¢ ort> 1.
(3.91)
Since ¢ > 1 and a > 1/2, then A; 15 € L'({t > 1}).
Now, using Holder’s inequality and Lemma 1.4.3
1 1 CB Wa o
s gl (59 )
|u(t)] €1 fua ( pi(t
<pir 7 G, e o) ).
~ t) B t) 1(¢)
R ®) 7\ o
S BO”“‘@) ol (m ( ))
S ul) H ( e )], 1!
1 Wa
w77 (Sma) | veliem |2 (v (255))| -
[(®)] < L
where%+§:1and1<p<2.
Applying Hausdorff-Young’s inequality, we obtain
1 1 CB Wa .
Aol S (o)) 10ost
(@t "IN 1P s
1 CB Wa
(] (S|, 1ot
¥ 251 Lp (393)
1 CBowaﬁ
~70 -brabi—ba/p |og298—/p ¢ ||\ " |¢]P .

]- CBOWCY A~
+ U
H1=b+bB—b/p 10g2*/3*1/}7t |€|,3 .
CBOWQ A
€P “) L

To deal with H( ‘ Lo We need to use Holder’s inequality and Plancherel’s Theorem
(59
A

to deduce that

< @] L2 (8o

Wa

S IS
1

€]t

(3.94)

< lullr2

9

L7 (Bo)
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where 7 = ;Tpp.

The inequalities (3.93) and (3.94) lead us to

1 2
1+-<f8<Prat1 (3.95)
p 2p

1
2 p

1 < p < 2. Gathering this information and choosing a pair (/3,p) under the conditions
described above we should obtain A; ;1 in L*({t > 1}).

In particular, if we take o > 5, we always can find a pair (§,p) satisfying (3.95), for

We emphasize that the term

_ 1 2 = v
2415(t) = W/R“ (=, t)¢s (Ml(t)> & <u (t)> “

is the term to be estimated after integrating in time.

=

Analogously for A, 3 in Lemma 3.2.7, we deduce,

[ uoll7-

A <
[A13(t)] <o v og B ¢ (3.96)
Because of ¢ > 1 one has that A, 3(t) € L'({t > 1}).
Gathering all the relations above together we obtain
d
2141’2(15) S 4%%@) — \Yo(t>,
where Sy € L ({t > 1}).
O

Finally, using the same argument to prove Theorem 3.2.2, we can deduce Theorem
3.4.2.
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