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Abstract

In [1], a construction via surgery that mates a quadratic polynomial and a
representation of the modular group was described. This result is an at-
tempt at finding a bridge between the theories of rational maps and Kleinian
groups, whose similarities are compiled in what is known as Sullivan’s dic-
tionary. We show that construction is continuous with respect to the param-
eters.

Introduction

We start the theorem of Bullet and Harvey:

Theorem (Bullet-Harvey, [1]). Given a quadratic polynomial f.(z) =
22 + ¢ wich connected Julia set and a discrete faithful representation 7 of
PSL(2, Z) with connected regular set, there exists a 2 : 2 correspondence

P {(az+ 1>2+ (az+1> <aw - 1) N <aw - 1)2 _ 3k}
’ z+1 z+1 w—1 w—1
and a decomposition C = Q LI A into F, i-invariant sets such that
*Q/ Fy i, is conformal equivalent to (half) the surface Q(r)/7;
*A=A_UA_ where F,; : A_ — A_isa2 : 1map hybrid equivalent

to feand Fop ¢ Ay — Ay isal : 2 correspondence hybrid equivalent
to fL.

Figure 1: A mating as above.

Here, the 2 : 2 correspondence is defined as an algebraic curve, but un-
derstood as a multi-valued map (with 2 images and pre-images for generic
points). To explain the construction, we remind a few propeties of represen-
tations of the modular group:

*PSL(2,Z) ~ C, * Cs;

*Representation 7 : PSL(2,Z) — PSL(2, C) is defined by the images

o, p, of the two generators;

* Cross-ratio between the fixed points parametrizes the representations;

* Discreteness locus D is the set of parameters for which the representation

is discrete;

. ’B corresponds to the representations that have connected regular set;

* They come equipped with an involution X, exchanging fixed points.

Bullet-Harvey Construction

For the quadratic polynomial f.., take its Béttcher coordinate ¢, : C\ K. —
C \ D conjugating f, with 22. Define U, := ¢ H(Dg), U, := fe(U,) and
A := U\ U,, where R > 1is arbitrary. Then A, is an annulus. The map
fcinduces a 2 : 1 covering of the inner boundary onto the outer boundary.
We also notice that the map ¢ *(z) — (%) is an orientation reversing
involution of the outer boundary onto itself with two fixed points.

o

Given a representation » € D, one may produce a fundamental domain
A, that is a quadrilateral. In the quotient C/ (x,), the images of A, un-
der the correspondence generated by p*' combine to form an annulus B,..
The branches of p*! sending the inner boundary to the outer boundary of
B, glue to form a 2 : 1 covering map, while the action of o on the outer
boundary is an orientation reversing involution with two fixed points.

Take a diffeomorphism ¢ : A. — B, preserving the boundary dynamics.
Letting V;, := U, U B, /1 and V! be a copy of V,, we get a sphere 3 by
gluing V. and V// along the boundary via the orientation reversing involution
J. We then define a 2 : 2 correspondence G on X by:
ofo: U, — U, (a2 : 1 map);

-fc_l V. — f/'c (a1l : 2 correspondence);

*jo pi : Ao — Vo \ f/c (a2 : 2 correspondence);
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°j: l~/'c—> f/; (al:1map).

The final step is to construct a Beltrami form p preserved by G. By
the Ahlfors-Bers Theorem, p = ¢@*po for some quasi-conformal map
¢ : ¥ — C, and Weyl’s Lemma concludes that F := ¢ o G o ¢~ is
a rational 2 : 2 correspondence on C.

Results

Theorem. The map (c,7) € M X D (a,k) € C? that associates to
the pair (¢, r) the mating Fy, j, of f. and r is continuous.
The proof comes in the following steps:
1. Finding a holomorphic motion of ”fundamental domains”;
2. Splitting the problem into the two variables;

3. Using area arguments to show continuity when ¢ € J\O/I ;
4.Using a result of Ahlfors to approximate ¢ € O M.

The holomorphic motion for the fundamental annuli A, comes from defi-
nition, since Bottcher coordinates depend analytically on the parameter. For
the “fundamental” annuli B,., we notice that we can define (at least locally)
a holomorphic motion of the domains A,. Letting r¢ be the base of this
motion, we can take uniformizations ¢, : C/ (x;) — C/ {(xu,) that vary
analytically with 7 and the image B, = ¢,(B,) is 2-covered with a single
ramification point by A,. Since the pair (By,, A,,) has the same property,
the holomorphic motion descends:

Ay ————— 3 B,
I
I
I
<

|

A, — B, —25 B,

Once we have a holomorphic motion of the domains, we can follow argu-
ments similar to the ones used in [5] to prove the continuity of the Douady-
Hubbard map for analytic families of polynomial-like maps: item 3 follows
in the interior of M because of the continuity of the function ¢ — K,
in the Hausdorff topology; and item 4 follows from the fact that in O M a
quasi-conformal conjugacy is necessarily hybrid.

Conclusion

The identity representation of the modular group lives in the boundary 9D,
where the Bullet-Harvey construction fails. Still, Bullet and Lomonaco
showed in [3] that there exist matings of the modular group with parabolic-
like maps in the family Per;(1) = {Ps : 2z — 2z + 1/z & A}. The
set of A2 for which P4 has connected filled Julia set is the parabolic Man-
delbrot set M. Petersen and Roesch proved in [6] that there is a dynamical

homeomorphism h : M — Mj. One naturally conjectures:
o

Conjecture. If r,, — id is a sequence of representations in D converging
to the identity and ¢ € M, then the matings of r,, and ¢ converge to the
mating of PSL(2, Z) and h(c).
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