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What ts the motivaktion?

Goal: analyse the evolution of a gas (the number of
components is huge, no precise description of the
microscopic state of the system).
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Time t=0 Time t

= Find the invariant states of a system.

= Characterize them by a quantity o().

= Fix u € A and a neighbourhood A, (microscopically big). Due
to interaction, the system reaches a local equilibrium p(u).

= Let time evolve. Now the equilibrium close to u is given by
o(t,u). How does o(t, u) evolve?



How do we approack Ehis ma&hama&i&attv?

& Discretize A according to a parameter N and get Ay.
& Two scales for space/time.

& At each cell we put a certain number of particles.

& The dynamics conserves some quantity of interest.

& Waiting times are given by independent Poisson
processes; the particle system is a Markov chain.

QUESTION: What is the macroscopic law describing the
evolution of the conserved quantity of the system?

o(t,q)
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Hvdrodvvmmic Limik: one conservation Law



The exclusion process

& N: scaling parameter: & Independent Poissonian clocks;

& Space: & Transition probability p(-);
& microscopic (discrete); & 7' (x) = number of particles at site x;
% macroscopic (continuous); & |nfinitesimal generator

& Time: (SH() = 2y Py =) (F(7Y) = f(n)).
& microscopic t0(N); & Markov processes; (continuous time)

macroscopic t; . .
+ P & Density > nN(x) is conserved.

Exclusion: After one ring of a clock a particle jumps from x to y at rate p(y — x).

not allowed p(2)
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The hydrodynamics for exclusion?

& For 7, let 7N(n,dq) = ﬁzx New(N) (X)0x/n(dq), be the empirical
measure. (Time scale 6(N))

& Assumption: fix g : A — [0, 1] measurable and probability measures
{n}n>1 such that for every H € C(A),

N ; H(R{) 1(x) =N-s+o0 /A H(a) g(q)da,

wrt pun. (o is associated to g(+))
& Then: for any t > 0,
(1, dq) =N oo o(t )da,

wrt un(t), where g(t, q) evolves according to the hydrodynamic
equation.



Some h-jo\radjnamic equa&io‘ms

g Possible hydrodynamic equations

Heat Equation (HE): 8;0: = Ag: (p symmetric, tN?)
Viscous Burgers: 9ot = Agi+ Voir(1-gt) (p w. asym, tN?)
Inviscid Burgers: 0ror = Vor(1—0t) (p asymmetric, tN)
Porous Medium (PM): dror = Ao ,2 < m € N (psym, tN?)
Fractional HE: atgt_ v/?gt 7‘ e tN7,7€(0, 2))

Fract. PM: 0y 0.=—(-A)"/%2 (p HHA tN7, ~€(0, 2))




Adding boundarv condiktions

a
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Figure: Symmetric exclusion with long jumps and a slow barrier.



Exclusion with a slow/fast boumd\.&rv

rap(8)N~?

rBp(-5)N”’
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Let p(-) be a transition probability given at z € Z by

C
P(Z) = 12760 Mﬁ

where c, is a normalizing constant. Note that p(-) has mean zero
and for v > 2 its variance is finite:

0,2y S ZZQP(Z) < 00.

zE7



& Heat equation:

2
Heat eq. & Neumann b.c. Oror = G Ao
N =2 & 6 =1 Robin b.c.:
0=1e _ 9q0t(0) = 25 (01(0) - ),
Heat eq. & Robin b.c. dq0e(1) = 2mf€(5 oe(1)),
Aﬁ,i(% s & Reaction-diffusion equation:

Oror = %ZA Ot
+ r(Vo—Viot)

\/ b6=2-1 & Reaction equation:
Oror = /‘U(VO - Vth)

Vi(a) = %”(i + ;)

Q7 (1-q)
Reaction eq. Vo(q) = Ga B .
& Dirichlet b.c. Y <q” (1—q)7)



When + < 27

We will get a collection of fractional reaction-diffusion equations

0c0t(q) = Lxot(q) + £Vo(q).

where the operator L, = L. — kV1, L is the regional fractional
laplacian on [0, 1], whose action on functions H € CZ°(0, 1) is given
by

(LH)(q) = —(—A)WH (a) + V1( )H(q)

li 1 H(Q)d 0.1
_Cyal_ngo \u—q|>g q|1+7 u, qE( , )



The whole Pic&ure:

Heat
& Neumann b.c.

i Heat & Rob. b.c.
12
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Reiaction & Dir. b.c.



Hvdrodvvmmic Limik: more conservation laws



Particle exchange models

& In this case we have three types of particles A, B and C.
& At each site only ONE particle and n(x) € {A, B, C}.
& Invariant measures (NESS) are NOT known.

& The rates r,, T, satisfy > ro =1and > ro =1 that
represent the density reservoir of each type.

5 ~ -0
rB(N_S_B';__g) rC(N + )

Figure: Dynamics of the model with particles of species A, B and © /holes.



And the hjdrodjmamic: Limik i Ehis case?

& For each a and &(1) = 1,,)—q, We consider
N (n,da) = § 2, & (1) (da).

& We assume that for a measurable profile g : [0, 1] — [0, 1]?
with >~ g* =1 it holds

1
Jm (| SR G €00 = [ H@a (@] > ) =o.

& Now we get a system of equations

B0 = A g% + BV[0%(0™H = 0**?)],
02 (0) =ra, of(1)="ta, te(0,T] a e {A,B,C},
po(a) =g%). a€l0,1],

but can also be obtained with other boundary conditions.



Fluctuakions and uuiversauli&j

e A




From the sEo&iono\rtj state

& For the exclusion process the invariant measures are known (in
special cases):

v(dn) = [[ e™(1-0)* ™.

When there are boundaries not much is known.

& The density fluctuation field YN is the time-trajectory of
linear functionals acting on H as

YWH) = = 30 HG) (e (9~ B g (91



Possible Limiting e.qu.a?:ic«ms

& SSEP in diffusive scaling, the Ornstein-Uhlenbeck eq. (0U)

dY% = AY.dt + /o(1 - o) V.
& WASEP in diffusive scaling, the stochastic Burgers eq. (5%)

dY, = AY,dt + VY2dt + \/o(1 - o) V4.
Above °Wt is the space-time white-noise.

& ASEP in hyperbolic scaling, d¥%; = (1-2p)(1 - 2p)VU,dt.
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Fluctuations for multi-component systems

Difficulties:
& Which fields to consider?

& If we have two conserved quantities then

any linear combination is again conserved. ey
& Different time scales might co-exist. Lew 32 < oo ot
& Correlations between the conserved B Wikinson
quantities. _ \/.mm
Lévy 5/3 ?
& Non-linear fluctuating hydrodynamics T—

gives predictions (not rigorous).

& How to obtain these limiting processes?

Define fluctuation fields and velocities (Dynkin's formula) v'.
Difficulty: How to close the equations!?



Fluctuations for particle exchange models

& Each site of Ty has only ONE particle.

& Weakly asymmetric rates: a configuration («, 3) on the bond
o—Ep

x,x + 1 is exchanged to (3, o) with rate c)o(‘fH —1+4°F oNT
& The total number of particles of each species N,
a € {A, B, C}, is conserved and Na + Ng + Nc = N.
& The stationary measure v, is product with parameters pa, pg
and pc = 1—pa — pg corresponding each species.

& Evolution in diffusive time scale tN2.

l. Case E, -E, o =Eqi1-Eqpo=E Il. Case e, 1 -E. =En;»-Ea =E
Fields: Fields:

2= yt“'““(srs) 2! =y (58)

2 = yertio) 2=y + 20 o0)

velocities v = +455. velocities v = + 455



Fluctuations for kwo lane exclusion

The dujv\ami.cs is:

60— nGi+1)

Lane 1 .

&G =D G+

Lane 2 —t—t—t—t—i———
i

The Predtc&iohs give:

oe () (o) () Co)

M (KPZKPZ) (KPZKPZ) (3LKPZ) (D,KPZ’)

0 (KPZ,KPZ) (KPZKPZ) (3LKPZ) (D,KPZ)

(KPZ,3L) (KPZ3L) (GM,GM) (D,3L)

(KPZ\D)  (KPzD) ((LD) (D)D)

The rates satisfy:

@ 4 4@,

rGi+1) =p+ bmj@) + N1
GG+ L) =ap +ern”) + fl’r’j(i)l +€1”7j(2)"lj(i)1'
r2(j,j+1) = pa + bznj(l) + Cznj(i)l + dznj(l)nj(i)lv

20+ 1)) =ax+ eznj(l) + f2nj(41_)1 + gznj(l)nj(i)l-

GM is a Lévy process with parameter Gold mean

_ 1+V5
Q—T.



Thanke you very much!!!
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