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Abstract

In this thesis we study extremal properties of random and pseudorandom
structures. In G(N, p) we focus on the class of bounded degree trees, proving
an approximate random analogue of the Erd6s-Sés conjecture and apply it to
extend to this setting a theorem of Chvatal on Ramsey goodness of trees. In
the pseudorandom setting, we focus on 3-uniform hypergraphs and provide

asymptotically optimal conditions for Hamiltonicity.

In chapter 2 we prove an approximate version of the Erdds-Sés conjecture is
true for G(n,p). We show that for every D > 2 and §, o € (0, 1), there exists
C > 0 such that if p > C/N, then G = G(N,p) with high probability has
the following property. Every subgraph G’ C G with e(G’") > (04 6) e(G)

contains every tree with p/N vertices and maximum degree D.

In chapter 3, we study Ramsey Goodness of bounded degrees trees in random
graphs. For a graph G, we write G — (K,.H,T(n, D)) if every blue-red
colouring of the edges of G' contains either a blue copy of K, i, or a red
copy of each tree with n edges and maximum degree at most D. We combine
results from the previous chapter with a stability argument and the study of
tree containment in expander graphs to prove the following. For each r, D > 2
there exist constants C, C’ > 0 such that if p > Cn=%0*2 and N > rn+C"/p,
then with high probability G(N, p) = (K41, T (n, D)).

In chapter 4, we study sufficient conditions for the existence of Hamilton
cycles in hypergraphs. We consider 3-uniform hypergraphs H = (V| F) such
that for any set of vertices X and for any collection P of pairs of vertices, the
number of hyperedges composed by a pair belonging to P and one vertex from
X is at least (1/4 + o(1))|X||P| — o(|V|?) and H has minimum vertex degree
at least Q(]V]?). We show that hypergraphs with these properties contain a
tight Hamilton cycle. A probabilistic construction shows that the constant

1/4 is optimal in this context.
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Chapter 1

Introduction

The study of random and pseudorandom objects in Combinatorics has its origin in
Ramsey Theory, which is commonly described as the study of finding structure among
chaos. Even though there are earlier results with this flavor, for example the theorems
of Schur [70] and van der Waerden [77|, the area got its name from Ramsey’s Theorem,
which states that for every k there exists an integer n such that every blue-red coloring of
E(K,) contains a monochromatic copy of Kj. We call the minimum such n the Ramsey
number R(k).

A few years later, Erd6s and Székeres [29] rediscovered this theorem and proved that
R(k) < 4*. Their proof relies on a simple idea: if a red Kj;_; is contained in the red
neighborhood of any vertex, then we have a red K} (and analogously for the color blue).
Applying induction on the red and blue neighborhoods of a vertex yields the bound. It
is worthwhile mentioning that every subsequent improvement on this upper bound was
obtained by building up on this same argument.

An exponential lower bound was not proved until twelve years later, due to Erdds [24],
but the wait was worthwhile: the idea behind the construction established the Probabilis-
tic Method as a powerful tool for solving problems. By coloring each edge independently
at random with probability 1/2, the expected number of monochromatic copies of Ky is
smaller than 1 if the graph has \/§k vertices. Therefore, there must exist a coloring with
no monochromatic copies of Ky, which shows that R(k) > \/§k

The proof of this lower bound is considered to be the first appearance of the concept of
the random graph G(n, p), a model which is heavily studied in probabilistic combinatorics.
In [26] and [25], Erd6s and Rényi studied several properties of the random graph, such as
subgraph containment, connectivity and largest component, and they wrote that “The
study of evolution of random graphs leads to rather surprising results”, referring to the

existence of threshold functions for many graph properties.



Building up on the argument of Erdds and Székeres for the upper bound on R(k),
Thomason [74] proved in 1988 that

2k
< 1—1/2+0(1) ‘
R(k) <k (k)

Around the same time, Thomason built the foundation of the study of pseudorandomness
in Combinatorics. He defined in [73] the so-called jumbled graphs, in an attempt to
encapsulate the randomness of G(n,p) into a deterministic property. A graph G is said
to be (p, 5)-jumbled if for every set U C V(G) we have that

(V) -p('g')\ < BIU].

Thomason studied several properties of jumbled graphs, such as diameter, connec-

tivity, Hamiltonicity and subgraph containment. Another remarkable advance on the
subject is due to Chung, Graham and Wilson [15] who showed that several notions of
pseudorandomness are in some sense equivalent. In particular, they showed that if a
graph has roughly the same number of copies C; as a random graph with the same
density, then this property extends to any ‘small’ graph.

It is believed that extremal colourings of the Ramsey problem are pseudorandom. In
2009, Conlon [18] found a way to extend Thomason’s approach by using pseudorandom-
ness in a much more involved way. In particular, he obtained the first super-polynomial
improvement on the bound of Erdos and Szekeres. He proved that

2k
k < k,fClogk/ loglog k
R( ) k Y

for some C' > 0. In a recent breakthrough, Sah [67] proved a theorem which is the state

of the art for this problem. By improving Conlon’s pseudorandomness argument to its

limit, Sah proved that
2k
k < k_*Clogk )
R(K) ()

for some C' > 0. The best construction for the lower bound on R(k) still is the one
given by Erdés and this problem remains as one of the most important open problems in
Combinatorics.

In this thesis we work with random and pseudorandom structures as we aim to extend
to this setting classical results from extremal Combinatorics. For graphs G, H we write
ex(G, H) for the maximum number of edges in an H-free subgraph of G. The celebrated
Erdés-Stone Theorem [28] states that

ex (K, H) = (1 - ﬁ 4 0(1)) (Z) (1.1)
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where x(H) is the chromatic number of H. For H = K., Turan [76] had previously proved
that in fact ex(K,, H) can only be achieved by a balanced complete (r — 1)-partite graph.

In 1986, Frankl and Rédl [30] proved that, for p > n~'/?*¢ with high probability
the largest triangle subgraph of G(n,p) has pn?/8 + o(pn?) edges. For p = o(n~'/?),
the number of edges in G(n,p) is much larger than the number of triangles, thus with
high probability one can obtain a triangle-free subgraph of G(n,p) with (1 — o(1))p(})
edges by removing an edge from each triangle. This same argument extends to a general
graph H and motivates the definition of 2-density of H, which is defined by mq(H) =
max {ngljgié : H' C H with v(H') > 3} and note that mo(K3) = 2. As in the triangle
case, if p = o(n~Y/™2U1) then with high probability there exists a H-free subgraph of
G(n,p) with (1 —o(1))p(}) edges.

A systematic study of this problem was initiated in the 1990s, Haxell, Kohayakawa
and Luczak [37,38] and Kohayakawa, Luczak and Rodl [44]. It was conjectured that

the above observation represents the only obstacle for a sparse analogue of (1.1) and

they proved that to be true for the case of even cycles, odd cycles and Ky, respectively.
More precisely, if H is one of these graphs, there exists a constant C' > 0 such that if
p = Cn~'/m2(H) “then with high probability G(n,p) satisfies

ex(G(n, p), H) = (1 - ﬁ + 0(1)> p(g). (1.2)

The Turan problem for random graphs, as it was called, attracted the interest of
several researchers who proved partial results and it remained open for a long time. It
was observed in [44] that a sparse variant of the so-called Embedding Lemma for any
graph H, together with the Sparse Regularity Lemma proved by Kohayakawa [42], would
imply . As in the dense case, these tools could also be used to prove a sparse version
of Erdés-Simonovits Stability Theorem, that is, for p > n=1/™2(H) almost surely every
H-free subgraph of G(n,p) with almost (1 — 1/(x(H)))p((3)) edges must be very close
to (x(H) — 1)-partite. We briefly sketch below how such argument would work for the
Turan problem.

Let H be a graph and p > n~Y/™2(#) We consider a typical outcome of G = G(n, p)
and a subgraph G’ C G with (1—1/(x(H)—1)+6)p(}) edges. For some € > 0, we apply
the Sparse Regularity Lemma to G, we get a (g, p)-regular partition (for definitions see
Subsection of V(G") =VouWU-- UV, with k = O.(1). We define a reduced graph
R with [k] as the vertex set and as edges we consider pairs (7, j) such that (V;, V) is an
(¢, p)-regular graph with p-density at least ¢, for some ¢’ > 0 small compared to 6. One
can show that R has density at least (1 — 1/(x(H) — 1) + §/2) and hence it contains a
copy of H, by the Erdos-Stone Theorem. The proof ends if one shows that a copy of H

in R ensures a copy of H in G'. In fact, a stronger (and more precise) statement of such
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an Embedding Lemma was conjectured in [44] and it remained open for 18 years as the
KLR conjecture.

In the 1980s, Frankl and Rédl [31] and Luczak, Rucinski, and Voigt [52] initiated
the study of Ramsey properties of G(n,p). Let us write G — H to denote that every
blue-red colouring of the edges of G contains either a monochromatic copy of H. An
important early breakthrough by Rodl and Ruciniski [62,63] established the following
threshold result for fixed non-acyclic graphs H:

{1 if p > pt/maH),

lim P(G(n,p) > H) = 0 if p < n—Y/malH),

n—oo

Sparse analogues are also studied in other discrete structures rather than graphs.
For a set X C [n] let us write X —. k for the statement that every subset ¥ C X
with |X| > ¢|Y| contains an arithmetic progression of length k. In 1970, Szemerédi [72]
proved that for every integer k > 3 and € > 0 there exists ny such that [n] —. k for every
n > no and the case k = 3 was proved earlier by Roth [65]. Ruzsa and Szemerédi [66]
found a new proof of Roth’s Theorem using the Triangle Remmoval Lemma. Inspired
by this idea, Kohayakawa, Luczak and Rodl [43] proved a sparse Triangle Remmoval
Lemma, from which they drew an analogue of Roth’s Theorem for the set [n], C [n], in
which each element is present with probability p, independently from each other. More

12 then for every ¢ > 0 with high probability

-1/2

precisely, they proved that for if p > n~
[n], =< 3. For a similar reason of the Turdn problem for random graphs, n is best
possible, since the expected number of 3-APs is of order o(pn) for p < n~'/2.

Extending classical results to sparse random settings draw the attention of many re-
searchers and culminated in breakthroughs of Conlon and Gowers [20] and of Schacht [69],
who developed a general approach for these kind of problems. In particular, their method
was used to prove the aforementioned sparse analogues of extremal results, that is, the
theorems of Erdds and Stone, of Erdoés and Simonovits, of Ramsey and of Szemerédi.
More recently, Balogh, Morris and Samotij [6] and Saxton and Thomason [68] intro-
duced the so-called Container Method as a powerful tool to solve these problems. They
translate several problems in Extremal Combinatorics can be translated into the study
of independent sets in hypergraphs and developed a very general way to group them in
a small number of sets of an ’appropriate’ size. In particular, as a fairly straightforward
consequence of their main theorems they were able to prove the results of Conlon and
Gowers and of Schacht and more remarkably the KLR Conjecture.

Far less is known of pseudorandom graphs. We consider a stronger notion of pseu-
dorandomness than the jumbled graphs of Thomasson. We say that a graph G is (p, §)-
bijumbled if for every disjoint pair of sets X, Y C V(G) we have

(X, Y) = plX[Y][ < BVIX|IY. (1.3)
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It is not hard to show that with high probability G(n,p) is (p, ©(\/pn))-jumbled,
while a result of Erdés and Spencer [27] states that this is best possible, that is for every
(p, B)-bijumbled graph we have 3 = Q(,/pn). A fair question is if G'(n,p) and (p, \/pn)-
bijumbled graphs share the same threshold for any given graph property. To answer that
question, we look at the property of triangle containment. By a First Moment argument,
one can prove that with high probability G(n,p) is triangle-free for p < 1/n while a
Second Moment argument shows that triangles are likely to appear for p > 1/n. Since
the pseudorandom setting is deterministic, such arguments do not have place and triangles
appear as long as guarantees the existence of and edge in the neighborhood of a
vertex with average degree. For (p,,/pn)-bijumbled graphs, this correspond to p being
Q(n~'/3) and a construction of Alon [4] shows that this is best possible up to a constant
factor.

In the same way as in random graphs, extremal results to the pseudorandom setting
can be proved by the sparse regularity lemma and an appropriate embedding lemma. By
building on that idea, Kohayakawa, Rodl, Schacht and Skokan proved triangle removal
lemma for bijumbled graphs. More precisely, they proved that fore every 6 > 0 there

—1/2 gatisfies

exists €,y > 0 such that every (p,yp*n)-bijumbled n-vertex graph with p > n
the following. Every graph with at most epn?® triangles can be made triangle-free by the
removal of at most dpn? edges. As in the dense and random cases, this also implies Roth’s
Theorem for pseudorandom sets of [n]. They also conjectured that both the embedding
and triangle removal lemmas are true for (p, yp*n)-bijumbled graphs.

An important question in the area of pseudorandom graphs is whether any regular
subgraph of a (p, 5)-bijumbled graph contains a copy of a graph H whenever the values
of p and [ guarantees a copy of H in any bijumbled graph with same parameters. This
question remains open even for triangles. In fact, optimal values of p and [ that ensure
a copy of a graph H in (p, 5)-bijumbled graphs is not known. An important advance in
answering this question is the breakthrough of Conlon, Fox and Zhao [19] who proved
an embedding lemma for any graph H for (p, 3)-bijumbled graphs, for certain values of
p and 3. However, they do not know whether their results are optimal, even for the case
of H being a clique. For many graphs H, their results were improved later by Allen,
Botcher, Skokan and Stein [3].

It is important to remark that even without an embedding lemma, it is possible to
prove extremal results in the pseudorandom setting. Sudakov, Szabé and Vu [71] proved
that ex(G, K,41) = (1 — 1/r + o(1))e(G) for any (p,yp"n)-bijumbled graph G, which is
known to be optimal for triangles. More recently, Berger, Lee and Schacht [7] proved
optimal results for the Turan problem for odd cycles in (n, d, A\)-graphs, a different notion

of pseudorandomness.



In the next three subsections we talk about our contributions to the research in the

context of random and pseudorandom graphs.

1.1 Sparse Erdos-Sés Conjecture for bounded degree
trees

Resilience is a measure of how much one has to perturb a graph in order to destroy a given
property of it (see e.g. |11] for a discussion of resilience in the random graph) and it is
a convenient way of phrasing extremal problems in general settings. For example, in the
context of bounded degree trees, a classical result of Komlds, Sarkézy and Szemerédi [47]
says that every n-vertex graph G with 6(G) > (1/2+0(1))n contains all trees in 7 (n, D),
for n large enough. In other words, one can say that if an adversary deletes a (1/2—o0(1))-
proportion of the edges incident at each vertex of K, the resulting graph still contains
all trees in 7 (n, D). Balogh, Csaba and Samotij [5] proved that the same happens
a.a.s. in the random graph for the class of almost spanning trees with bounded degree,
provided that p > 1/n. That is, any subgraph of G(n,p) obtained by deleting at most a
(1/2 — o(1))-proportion of the edges incident to each vertex of G(n,p) contains all trees
in 7((1 — o(1))n, D) with high probability.

In [5], the authors developed tools for embedding trees in “well-behaved” sparse bi-
partite graphs. We combine these tools with the approach of Besomi, Pavez-Signé and
Stein [9] to the Erdds—Sés Conjectureﬂ, for bounded degree trees and dense host graphs,

to obtain the following “global” resilience result.

Theorem 1.1.1. For every D > 2 and 6,0 € (0,1), there exists C > 0 such that if
p = C/N, then G = G(N,p), with high probability, has the following property. FEvery
subgraph G' C G with e(G") = (0 + ) e(GQ) is T (oN, D)-universal.

Theorem will follow by a stronger result, in which G(N,p) can be replaced by
a pseudorandom graph. More precisely, we ask that the number of edges between any
disjoint pair of sets is roughly what one would expect in G(N, p).

In terms of resilience, Theorem says that if pN > 1, then a.a.s. one can delete a
(1 —p—o(1))-proportion of the edges of G(V, p) so that the resulting graph still contains
all trees in T (oN, D). This result can be viewed as an approximate random analogue
of the Erd6s—Sods conjecture for bounded degree trees of linear size. We point out that
Theorem is sharp in the following senses: the value of p is best possible, up to

a constant factor, since the largest connected component of G(N,p) is sublinear when

IThe Erdés—Sés Conjecture [23] from 1964 says that, given k € N, every graph G with average degree
greater than k contains all trees with k& + 1 edges. In particular, it says that if k = gn for some n € N,
then every graph G with e(G) > on?/2 ~ g(g) edges contains each tree with on + 1 edges.
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p < 1/N. Moreover, for an integer r > 2 and ¢ = 1/r, the constant ¢ cannot be
improved. Indeed, one can partition the vertex set in r 4+ 1 parts, one with at most r
vertices and the others in a balanced way and thus with fewer than N/r vertices. If the
edges between parts are deleted, then a.a.s. we get a subgraph G’ C G(N, p) which has
(1/r — o(1))e(G(N,p)) edges but every connected component of G’ has less than N/r

vertices.

1.2 Ramsey goodness of trees in random graphs

Ramsey properties of random graphs involving sparse graphs have attracted significant
attention also in recent years. To give just two examples, Letzter [51] proved that if e > 0
and pn — oo, then

G((3/2+¢)n,p) — P,

with high probability (the constant 3/2 is best possible), and Kohayakawa, Mota and
Schacht [45] proved that (%) "2 i5 the threshold for the event that for any two-colouring
of the edges of G(N,p), there exist two monochromatic trees that partition the vertex
set.

In this paper we will be interested in the problem of extending to the setting of sparse
random graphs a theorem of Chvétal [16] from 1977, which states that if » € N, and T is

a tree with n edges, then
Ky — (K41, T) & NZ>=rn+1. (1.4)

The necessity of the lower bound on N is easy to see, and (as was first observed by
Burr [12]) holds in significantly greater generality. To be precise, if H is a connected
graph, F'is a graph with o(F') < |H|, where o(F") is the minimum size of a colour class
in a proper x(F)-colouring of F, and N < (x(F) —1)(|H| — 1) + o(F), then

Ky /4 (F,H).

Indeed, to see this it suffices to consider x(F')—1 disjoint red cliques of size | H|—1, and one
additional disjoint red clique of size o(F)—1. A (connected) graph H is said to be Ramsey
F-good (or just F-good) if Ky — (F,H) whenever N > (x(F) — 1)(|H| — 1) + o(F).
The systematic study of Ramsey goodness was initiated by Burr and Erdés [13] in 1983.

As far as we are aware, the problem of Ramsey goodness in random graphs was first
studied only very recently, by Moreira [54], who considered the case in which F is a clique
and H is a path. The main results of [54] identified two different thresholds for the event



that G(N,p) — (K41, P,), for different values of N. More precisely, it was proved there
that if p > n=2/0*2 and ¢ > 1/p, then

G(Tn—l—t,p) — (KT+17P71)7
while if p > n~% 0+ and t = Q(n), then
G(?‘n—l-t,p) — (Kr—i-lapn)

in both cases with high probability as n — oo. These results are sharp in the sense
that whp G(rn +t,p) 4 (K,41, P,) in three different settings. First, if p € (0,1) and
t < 1/p, then one can partition V(G(N,p)) = Vo UV, U--- UV, such that |V;| =t and
e(Vo,V;) = 0. This is possible since, with high probability, sets of size o(1/p) have o(n)
external neighbours in G(N, p). Then we can colour the edges in red if and only if they
have both endpoints inside parts without creating a blue K, or any red component
with more than n vertices. Second, for n=%(*) « p <« n=2/*2) one can show that
there are values of ¢ > 1/p such that G(rn+¢,p) - (K,+1, P,). Finally, if p < n=%/(+1)
and t = O(n), then, with high probability, G(N,p) has o(n) copies of K, 1, whose edges
can be all coloured in red without creating any red copy of P,, see [54] for the details.

Our main theorems generalise the results of [54] from paths to arbitrary bounded
degree trees. Let us denote by 7 (n, D) the class of all trees with n edges and maximum
degree at most D. Let us write G — (K11, 7T (n, D)) to denote that G — (K,41,T) for
every T € T(n, D).

Theorem 1.2.1. For each r, D > 2, there exist C,C" > 0 such that the following holds.
If
p > C'N2/0+2) and N >=rn+ C/p,

then G(N,p) — (KT+1, T (n, D)) with high probability as n — oo.

As mentioned above, it follows from the results of [54] that the bound on N is sharp
up to the value of C', and the bound on p is sharp up to a the value of C’. For smaller

values of p we obtain the following bound.

Theorem 1.2.2. For everyr,D > 2 and e > 0 there exists C' > 0 such that the following
holds. If
p > C'N2/+D) and N >rn+en,

then G(N,p) — (Kr+1, T (n, D)) with high probability as n — oo.



We will prove Theorem by iteratively applying a theorem due to Haxell [36] to
find either red copies of every tree in T (n, D), or r + 1 large disjoint sets with only blue
edges between them. The result will then follow by a straightforward application of the
Janson inequalities. The proof of Theorem is significantly more challenging, and is
based on a stability argument. One of the key steps is to prove that the random graph

not only contains all large bounded degree trees, but is also resilient with respect to this

property.

1.3 Tight Hamiltonian cycles in pseudorandom hy-
pergraphs

Dirac’s theorem states that any graph on n > 3 vertices and minimum degree at least n/2
contains a Hamilton cycle. This is best possible in terms of minimum degree, since a graph
composed by two disjoint cliques of sizes [n/2] and [n/2] is not even connected. We
investigate what kind of properties ensure the existence of Hamilton cycles in 3-uniform
hypergraphs.

Since we restrict our attention to 3-uniform hypergraphs, if not mentioned otherwise,
by a hypergraph we will mean a 3-uniform hypergraph. We denote an edge {u,v,w} €
E(H) by uvw. An ordered set of distinct vertices (v, vs,...,v,) forms a tight path
of length ¢ — 2 if every three consecutive vertices form an edge. The pairs (vq,v2)
and (vy_1,vy) are the starting pair and the ending pair of the path, and we frequently call
such a tight path a (vq, ve)-(vs_1, ve)-path. For simplicity we denote a tight path by listing
its vertices. A tight path vyvy... v, together with the edges vy v,v; and vyviv9 forms a
tight cycle of length ¢. A tight cycle which covers all vertices of the hypergraph will be
called tight Hamilton cycle. Similarly, a loose Hamilton cycle in an n-vertex hypergraph
(with n > 6 even) is a cyclicly ordered collection of n/2 edges in such a way that two
edges intersect if and only if they are consecutive and, consequently, they intersect in
exactly one vertex.

There are more than one notion of degrees in hypergraphs. Given a hypergraph H
and v € V(H), we define the neighbourhood and the degree of v by

Ny(v)={e~{v}:veeec E(H)} and dy(u)=|N(u)l,

respectively. Similarly, for u,v € V(H), we also define their neighbourhood and their
codegree by

Ny (u,v) ={w e V(H): {u,v,w} € E(H)} and dg(u,v) = |N(u,v)|.
Let 6;(H) be the minimum degree and d3(H) the minimum codegree of H.
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A possible extension of Dirac’s theorem for hypergraphs was proposed in [41]. The
optimal minimum degree and codegree conditions were obtained for loose Hamilton cy-
cles [14,/49] and for tight Hamilton cycles [59,/64]. As the extremal examples for Dirac’s
theorem for graphs, the constructions that show optimality for those results have a very
rigid structure. In the graph case, for instance, the extremal constructions contain large
pairs of sets of vertices with no edges between them.

Motivated by this, we say an n-vertex graph G is (p, d)-dense if for every pair of vertex
sets, X and Y, the number of edges between them is at least d|X||Y| — pn®. Using a
result from Chvétal and Erdés [17], it is not hard to prove that for every a,d > 0 there
is an p > 0 for which every sufficiently large (p, d)-dense n-vertex graph with minimum
degree at least an contains a Hamilton cycle. Note that the minimum degree condition
can not be dropped, as this notion of (p,d)-density does not prevent the graph from
having isolated vertices.

There are several ways to extend the notion of (p, d)-density to 3-uniform hypergraphs.
Here we consider the following three notions that we symbolise by .., & and A (see

also [24/581|60L61]).

Definition 1.3.1. Let p, d € (0,1] and let H be a 3-uniform hypergraph on n vertices.
We say that H is (p,d,s.)-dense if for every three sets of vertices X,Y, Z we have

e(X,Y,Z) = [{(w,9,2) € X x Y x Z: {2,y.2} € B(H)}| > d|X||Y|Z| - pn”

We say that H is (p,d,~)-dense if for every set of vertices X and every collection of
pairs of vertices P CV x V we have

e(X, P) = [{(,(y.2)) € X x P: {z,,2} € E(H)}| > d|X||P| - pn’.

We say that H is (p, e, A)-dense if for every two collections of pairs of vertices P, Q) C
V x V we have

e(P,Q) = {((z,9). (y.2)) € P x Q: {w,y,2} € E(H)}| > d|KA(Q, P)| — pn’,

where KA(Q, P) = {((z,v), (y,2)) € P x Q}.

Observe that .. is the weakest notion and A is the strongest (see [60] for details). Our
main result concerns &-dense hypergraphs. We consider this notion as a localised codegree
condition since it implies that for every linear sized set X most pairs of vertices will have
the same proportion of neighbours in X as in the whole hypergraph.

We are interested in (asymptotically) optimal assumptions for &-dense hypergraphs

to ensure Hamilton cycles. This line of research can be traced back to the work of

10



Lenz, Mubayi and Mycroft [50], who proved that for arbitrarily small d,a > 0 there
is an p > 0 such that every sufficiently large (p,d,.)-dense n-vertex hypergraph with
minimum degree an? contains a loose Hamilton cycle (in fact they proved this result
for r-uniform hypergraphs for r > 2). As this density condition is the weakest one, this
theorem implies the same result for the stronger notions & and A.

Aigner-Horev and Levy [2| proved the same conclusion for tight cycles, but consider-
ing minimum codegree conditions instead of vertex degrees and assuming the strongest
density notion A. More precisely, they proved that for every d,a > 0 there is a p > 0
such that every sufficiently large (p, d, A)-dense hypergraph with minimum codegree an
contains a tight Hamilton cycle. It turns out that for the &-density an analogous result

is not possible due the following counterexample.

Example 1.3.2. Let G be a random graph G,,_5 /2 and define a 3-uniform hypergraph
on the same set of vertices for which a triple of vertices is a hyperedge, if it forms a triangle
in G or in G. Observe that every tight cycle in H can only use edges, all of which induce
triangles in G or they induce only triangles en G. Finally, add two new vertices z,y in
such a way that Ny(z) = E(G) and Ny(y) = E(G). Then x is covered only by cycles
induced by triangles in G and y is covered only by cycles induced by triangles in G.
Hence H contains no tight Hamilton cycle. Obviously, adding all the edges containing
the pair {z,y}, the hypergraph H only yields a tight Hamilton path, but not a tight
Hamilton cycle. One can show for every that p > 0 with high probability H is (p, 1/4,2)-

dense and it has minimum degree (1/4 — p)(}) and even minimum codegree (1/4 — p)n.
Our main result asserts that the previous example is essentially best possible.

Theorem 1.3.3. For every e > 0 there exist p > 0 and ng such that every (p,1/4+¢,&)-

n

2) contains a tight

dense 3-uniform hypergraph H on n > ng vertices with §;(H) > 5(

Hamilton cycle.

We also strengthen a result of Aigner-Horev and Levy [2] by showing that their code-
gree assumption for tight Hamilton cycles in A-dense hypergraphs can be relaxed to a

minimum vertex degree assumption.

Theorem 1.3.4. For every d, o > 0 there exist p > 0 and ny such that every (p,d,A)-
dense 3-uniform hypergraph H on n > ngy vertices with 6,(H) > a(;) contains a tight

Hamilton cycle.

Theorem was conjectured in |2] and was obtained independently in [33]. The
main purpose result of this section is Theorem [I.3.3] The proof of Theorem is based

on similar ideas and we discuss the details in Section (4.6l
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Chapter 2

Sparse Erdos-Sé6s Conjecture for
bounded degree trees

This chapter is devoted to prove the global resilience of trees of linear size and bounded

maximum degree in G(N,p). Actually, we will prove the following stronger result.

Theorem 2.0.1. Let §,0 € (0,1) and D > 2. There are positive constants ng,no and
Coy such that for all n < no and n = ng the following holds. Let G be a (n,p)-uniform
graph on n wvertices and let p € [0,1] with pn > Cy. Then every subgraph G' C G with
e(G") = (0+0) e(G) is T (on, D)-universal.

It turns out that Theorem [I.1.1] easily follows from Theorem [2.0.1l Indeed, given
d,0€ (0,1) and D > 2, by Lemma we know that G(IV,p) is, with high probability,
(10, p)-uniform for p > C'/N and therefore, by Theorem [2.0.1] any subgraph G’ C G(N, p)
with e(G”") = (0 + 0)e(G(N,p)) is T (oN, D)-universal.

2.1 Overview

Let G be an (n, p)-uniform graph and let G’ C G be a subgraph of G such that e(G’) >
(0 + d)e(G). Since we obtained G’ by removing edges from G, it is clear that G’ is
(n, p)-upper uniform, and therefore, by the regularity lemma (Theorem , we know
that V(G') admits an (g, p)-regular partition. We will work on the reduced graph R of
G’ in order to find a good structure into which any given bounded degree tree can be
embedded. Let k be the number of vertices of R. As usual in the arguments envolving
regularity, we show that R inherits some property of G’, in this case the edge density.
More precisely, we show that the average degree of R is at least (0 + 0/3)k and thus we
can find a subgraph R’ C R such that d(R') > (0 + ¢/3)k and that 6(R) > (o +6/3)k/2.
Let X € V(R) be a vertex of degree at least the average. Note that N(X) is larger than

the size of the tree (scaled by the size of the clusters), and so our plan will be to use the
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neighbourhood of X to embed every tree in 7 (on, D). To do that we partition N(X)
into a maximal matching M and an independent set ). If we denote by H the bipartite
graph induced by Y and Z = N(Y) \ (X U N(X)), then by the minimum degree of R
we can prove that ) has large minimum degree in H, as long as M is not larger than
(0+6/16)k.

_
)
&
.- I 4
R
a / s “/'7 ," K
\__ N\ z

Figure 2.1: Structure in the reduced graph

Given a tree T' € T (on, D), our goal is to embed T using the structure that we have
found in the neighbour of X. To do so, we first need to cut the tree into very small
subtrees and then locate every such subtree into some edge of the reduced graph. If M is
large enough, then we will locate each subtree into an edge of the matching, using both
clusters of the edge in a balanced way. Otherwise, we will first locate subtrees into edges
from H, until a large proportion of ) U Z is used. The leftover subtrees can be located
into M, always using both clusters from each edge in a balanced way. In any case, once
we have located the subtrees, we will use an embedding technique due to Balogh, Csaba
and Samotij [5], in order to embed each of this subtrees into the (e, p)-regular pair that
was assigned to this subtree. The role of X here is to connect the embedding, meaning

that X will be used in order to go from one edge to another in M U H.

2.2 Sparse regularity

The proof of Theorem relies on a sparse version of the Szemerédi Regularity lemma.
In order to state this result we need some basic definitions. Let G be a graph and let
p € (0,1). Given two disjoint sets A, B C V(G), we define the p-density of the pair
(4, B) by

e(A, B)

d,(A,B) = ——=.
AP = Al
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Given € > 0, we say that (A, B) is (e,p)-regular if for all A’ C A and B’ C B, with
|A'| > e]A| and |B'| > €|B|, we have

|dp(A/7B/) - dp(A’ B)| e

Now we state some standard results regarding properties of regular pairs (we refer to the

survey [34] for the proofs).

Lemma 2.2.1. Given a > ¢ > 0, let G be a graph and let A, B C V(QG) be disjoint sets
such that (A, B) is (g, p)-regular with d,(A, B) = d > 0. Then the following are true.

1. For any A’ C A with |A’| > a|A| and B’ C B with |B’| > «|B]|, the pair (A, B') is
(e/a, p)-reqular with p-density at least d — ¢.

2. There are at most €|A| vertices in A with less then (d — ¢)p|B| neighbours in B.
A partition V(G) = VoUWV U--- UV, is said to be (g, p)-regular if
L Vol < e[V(G@)],
2. |Vi| = |V;] for all 4,5 € [k], and
3. all but at most ek? pairs (V;, V;) are (g, p)-regular.

We may now state a sparse version of Szemerédi’s regularity lemma, due to Kohayakawa
and Rodl [42,46] .

Theorem 2.2.2. Given ¢ > 0 and kg € N, there are n > 0 and Kqg > ko such that the
following holds. Let G be an n-upper-uniform graph on n = ko vertices and let p € (0,1),
then G admits an (e, p)-regular partition V(G) = Vo U Vi U--- U Vj with ky < k < K.

Let G be a graph that admits an (e, p)-regular partition V(G) = VoUV,U---UVj. Let
d € (0,1). The (e,p,d)-reduced graph R, with respect to this (e, p)-regular partition of
G, is the graph with vertex set V/(R) = {V; : i € [k]}, called clusters, such that V;V; is an
edge if and only if (V;, V) is an (e, p)-regular pair with d,(V;,V;) > d. Next proposition
establishes that the edge density of R is roughly the same as in GG. Since its proof is fairly

standard in the applications of the Regularity Lemma, we omit it.

Proposition 2.2.3. Let ¢,n,p,d € (0,1) and let k € N such that k > 1/e. Let G
be an (n,p)-upper uniform graph on m wvertices that admits an (g,p)-reqular partition
V(G) =VouUWViU---UVg, and let R be the (e,p,d)-reduced graph of G with respect to

this partition. Then
2
e(R) > e(G) (E) B 6<€—i—dk2
(I+n)p \n L+
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2.3 Cutting up a tree

Now we show how to cut a given tree T into a constant number of tiny rooted subtrees,
such that the root of each of this subtrees is at even distance from the root of 7. The
following lemma, proved by Balogh, Csaba and Samotij [5], gives a partition of the tree
into a constant number of subtrees such that each subtree has few vertices and is adjacent

to a bounded number of others subtrees.

Lemma 2.3.1. Let D > 2 and let (T, r) be a rooted tree with maximum degree at most D.
If B> 1/|V(T)|, then there exists a family of t < 4/8 disjoint rooted subtrees (T;,7;)icy
such that V(T) = V(Ty) U---UV(T}) and for each i € [t] we have

1. |V(Ty)| < D*BIV(T)],
2. T; is connected (by an edge) to at most D* others subtrees, and
3. Ty is rooted at r; and all the children of r; belong to T;.

Given a tree T', let (71}, 7;)icqq be the family given by Lemma [2.3.1] We may define an
auxiliary graph 71y, called cluster tree, with vertex set V(11) = [t] and edge set

E(Tw) ={ij | T; and T} are adjacent in T}.

Figure 2.2: Cluster tree

Now we need to refine the partition given by Lemma [2.3.1] in order to impose that

the root of each subtree is at even distance from the root of T

Proposition 2.3.2. Let D > 2 and let (T,r) be a rooted tree with maximum degree at
most D. If p > 1/|V(T)|, then there ezists a family of t < 4D/[ disjoint rooted subtrees
(T, 73)icry such that V(T) = V(T1)U--- U V(T}) and for each i € [t] we have
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1 V()| < D*BIV(T)],

2. T; is rooted at r; and the distance from r; to r is even,

3. all the children of r; belong to T;, and

4. the corresponding cluster tree has maximum degree at most D*.

Proof. Starting with the partition given by Lemma we will refine this partition as
we run a breadth first search on (7',7). Suppose that in this search we have reached a
vertex v, which is the root of a subtree in the current partition, such that v and all roots
before v are at even distance from each other in the current partition.

If there is a root u of some subtree in the current partition, which is at odd distance
from v and such that the subtree pending from v is adjacent to u, then we may update
the partition by splitting the tree pending from wu (each neighbour of u is now the root
of a subtree) and adding u to the subtree pending from v. Note that after this splitting,
the root of each tree that is adjacent to the tree pending from v is at even distance from
all the previous roots.

At the end of this process, each subtree of the original partition is split into at most
D parts and hence we end up with at most 4D/ rooted subtrees. For the same reason,
the maximum degree of the cluster tree cannot go higher than D*. Moreover, the size of
each subtree grows by at most D3 when the roots are added, so at the end of the process
each subtree has size at most D28|V(T)| + D* < D*B|V(T)|. O

2.4 Structure in the reduced graph

In this section, we will follow a strategy inspired in the approach of Besomi, Stein and
Pavez-Signé [9] to the Erdds—Sé6s conjecture for bounded degree trees and dense host
graphs. We will prove that if H is an (7, p)-upper-uniform graph with 2e(H) > (o +
§/2)pn?, then H has an (e, p, d)-reduced graph R with a useful substructure. That is, R
contains a cluster X of large degree such that its neighbourhood can be partitioned as
N(X)=V(M)U)Y, where M is a matching and ) is an independent set. Moreover, if
‘H denotes the bipartite graph induced by Y and Z = N()) \ (X U N(X)), then every
cluster in ) has large degree in H.

We need the following lemma (see [8] for a proof).

Lemma 2.4.1. Given a graph F', there exists an independent set I, a matching M and
a family of triangles I', such that V(F) = I UV (M) UV (I'). Moreover, we may write
V(M) = My U M,, where each edge e € M is of the form e = vyvy with v; € M; for
i€ {1,2}, so that N(I) C M.
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Proposition 2.4.2. Let €,0,0 € (0,1) and let d = 6/100. There exist ng, Ky € N and
ng > 0 such that for all 0 < n < no, p € (0,1) and n = ny, the following holds. Let H
be an (n, p)-upper uniform graph on n vertices such that 2e(H) > (o +6/2)pn®. Then H
admits an (e, p)-regular partition V(H) = VoUViU--- UV, with 1/e < k < K, such that
its (e,p, d)-reduced graph R contains a cluster X, a matching M and a bipartite subgraph
H, with vertex set V(H) =Y U Z, satisfying the following properties:

(a) N(X)=V(M)UY and V(IM)NY = ;
(b) [V(M)|+ Y] = (0+6/3) k; and

(¢) for allY € Y we have

2 2

T P 3

Proof. Given ¢ = min{e/5,6/1000} and ky = 1/¢’, let 19, ny and K|, be the outputs of
the regularity lemma (Theorem with parameters ¢’ and kq. Setting ny = ny, and
no = min{n;,5/1000}, let H be an (1, p)-upper uniform graph on n > ng vertices and
0 < n < n. Then H admits an (&', p)-regular partition V(H) = Vj UV U---UV/, with
1/e" <1 < Ky, and let us denote by R’ the (¢/, p, 2d)-reduced graph of H with respect to
this regular partition. By Proposition and the bound on e(H) we have

2 2

Bz (1) (0+3)5 —n e 2 > (0+5)5 @)

Note that (2.1)) implies that the average degree of R’ is at least (o + §/3)¢. Thus, by
successively removing vertices of low degree, we may find a subgraph Ry C R’ such that

d(Ry) > (g+ g)e and  6(Ry) > (g—i— g)g

In particular, this implies that there exists a cluster X’ € V(Ry) with degree at least
(0 +9d/3)¢ in Ry. Applying Lemma to Ng,(X’), we find an independent set I, a
matching M’ and a collection of triangles I' that partition Ng,(X') = TUV(M")UV(T),
and moreover, by writing V (M') = M; U M, we have that Ng,(I) C M;. Note that the

minimum degree on R, implies that for all Y € I we have

Va0 U N ()] > (o4 5) 5 - 1- O (44 4 £ - O

4

2 2

23 . . (2.2)

If there are no triangles in this decomposition, then we would finish the proof by setting
M = M’ and H as the bipartite graph induced by I and Ng/(I)\ (X U Ng/(X)). If is
not the case, for each i € [(] we may arbitrarily partition V; = V;o U V;; UV, 5 so that
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Vo] < 1 and |V;1| = |Vi2|. Notting that |V;1] = |V;2| = |V;|/3 for every i € [¢], because
of Lemma [2.2.1] for each V;V; € E(R') and a,b € {1, 2} the pair (V;,, V}3) is (¢, p)-regular
with density at least d. Moreover, by setting Vo = VyUVioU--- UV, we conclude that
V(H)=VyUViaUVaoU---UVp UVps is an (g, p)-regular partition with 2¢ + 1 parts.
Let R be the (e, p,d)-reduced graph of H with respect to this partition, and let k = 2/
be the number of vertices of R (note that R is a blow-up of R’). We set X as one of the
clusters coming from X', and ) as the set of all the V;, such that V/ € I and a € {1, 2}.
Now note that each triangle in I' can be decomposed as three disjoint edges in R. Then

we set

M= {ViaVii,ViaVistu | {VaaVor, VeaVer, VeaVao}

ViVem! VaVpVeel
and Z = Ni(Y) \ (X U Ng(X)). Letting H as the bipartite graph induced by Y and Z,
is clear that X, M and H satisfy (&) and (b)), (d) follows from (2.2)).
]

2.5 Proof of Theorem [1.1.1]

In this section we put everything togheter in order to prove Theorem As we men-
tioned in the sketch of the proof, the idea is to use the structure given by Proposition|2.4.2]
that is, the cluster X, the matching M and the bipartite graph H. To do so, we first
need to cut the tree into a family (7}, 7;)iciy of tiny subtrees such that the root of all the
subtrees are in the same color class (see Proposition [2.3.2). The main idea of the proof
is to first assign each 7T; to some edge of M U H. After this, we may remove some bad
vertices from each cluster that is used, and thus each subtree T; can be assigned to a pair
(Yi1,Y;2) which induces a bipartite expander graph and that connects well with a large
subset of X (see Claim. Finally, by using an embedding tool due to Balogh, Csaba
and Samotij |5], we can embed each subtree into the pair that was assigned to that tree.

The following lemma, proved in [5], gives sufficient expansion conditions for a bipartite
graph to contain all trees of a given size. This is the bipartite version of Theorem [3.2.1],

and is useful because it is sensitive to the unbalance of the tree in question.

Lemma 2.5.1. Let D > 2 and let H be a bipartite graph with colour classes Vi and
Vo, where |Vi| < |Va|. Suppose that H is a bipartite (m, D + 1)-expander with 0 < m <
\Vi|/(2D + 1). Then H contains all trees with mazimum degree at most D and colour
classes of sizes at most |Vi| — (2D +1)m and |Va| — (2D + 1)m respectively. Furthermore,
any such tree can be embeddeded even if we require that a particular vertex of the tree is

mapped to a particular vertex of H, as long as this mapping respect the colour classes.
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Although is not true that (e, p)-regular pairs are bipartite expanders (since they can
have isolated vertices), any large subgraphs of an (g, p)-regular pairs contains an almost
spanning subgraph which is a bipartite expander. The proof of the following result is
similar as the proof of Proposition and it was proved in [5].

Lemma 2.5.2. Let (A, B) be an (e, p)-reqular pair such that d,(A, B) > e. Suppose that
|A| = |B] = m and let A” C A and B' C B be sets of size at least (4D + 6)em. Then
there are subsets A” C A" and B" C B’ such that

(a) |A"\ A"| < em and |B"\ B"| < em, and
(b) the subgraph induced by (A", B") is a bipartite (em,2D + 2)-expander.
Now we are ready to prove Theorem [2.0.1]

Proof of Theorem[2.0.1 Let ny, Ko and 1y be the outputs of Proposition with inputs
,0 and e = /(22 D®). We set

52 217102 D% K2

P M G (23)

and let ng = max{ny, 571} and n > ny. Given p > Cy/n and 0 < 1 < o, let G be an
(1, p)-uniform graph on n vertices and let G’ C G be a subgraph with

2(G') > (0+6)2(G) > (1 —n)(o + S)pn? > (g ; g) pr.

Since G’ is (n, p)-upper uniform, by Proposition we may find an (e, p)-regular par-
tition V(G') = VoUViU--- UV, with 1/e < k < Ky, such that the (g, p, d/100)-reduced
graph R, with respect to this partition, contains a cluster X, a matching M and a
bipartite subgraph #, with vertex set V(H) = Y U Z, satisfying the conclusions of
Proposition [2.4.2]

Let T € T (on,D) be given. We consider the bipartition of 7" that assigns colour 1
to the smaller partition class of T" and colour 2 to the larger one, and then we choose an
arbitrary vertex r in colour 1 as the root of T'. We apply Proposition to (T,r), with
parameter 3, obtaining a family (75, 7;):ciy of t < 4D/ rooted trees, each of size at most
D*Bon. Furthermore, each root r; is at even distance from r and therefore every root has
colour 1. For ¢ € [t], let us write 7 ; for the set of vertices of T; having colour j € {1, 2}.

Let m denote the size of the clusters and observe that m > (1 — ¢)n/k. The heart of

the proof is the following claim.

Claim 2.5.3. For each i € [t], there are sets (Yii1,Yi2) and W; C X such that the
following holds.
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(1) For¢#i and j,j € {1,2}, Y;; N Y, = 0.

(2) Forje{1,2}, |Yi;| = |T;;| + 13Dem.

(3) G'[Yi1,Yizo] is a bipartite (em,2D + 2)-expander.

(4) Every vertex of Yo has at least opm/(200) neighbours in W;.

(5) If Ty is a child of T; in the cluster tree, then every vertex of W; has at least D + 1

neighbours in Yy .

Before proving Claim let us show how to use it in order to finish the proof of
Theorem [2.0.1] Assume that we have ordered [t] so that if 7} is below T}, with respect
to the root of T', then i < ¢. Starting with the subtree containing r, we will embed
(T})iepy following this ordering. Let us denote by ¢ the partial embedding of T'. For every

embedded subtree (T}, r;) we will ensure that
(a) ¢(r;) € W for some s < i, and

(b) @(Tij \ {ri}) € Vi for j € {1,2}.

Suppose we are about to embed a subtree T, which is a child of some subtree T; that was
already embedded satisfying @ and . Let v; € V(T;) be the parent of r, and note
that v; is embedded into some vertex p(v;) € Y;o (since v; is adjacent to 7, and every

root has colour 1).

Figure 2.3: Embedding of 7}
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Then, because of Claim

5 5Cy 8D
m = (1 — = —
2007 = (1 = &g50r 3

[N (o(vi)) N Wi| = > 2t

and therefore at least one neighbour of ¢(v;) has not been used during the embedding.
We choose any unused vertex w, € W; N Ng:(¢(v;)) and set ¢(r;) = w, (when we embed
T, we choose any vertex vetex w; € Wi as the image of r = r). By Claim “ . we
know that G'[Y;1,Y; ] is a bipartite (em, 2D + 2)-expander, we will prove now that

G'[Ye1 U{we}, Yeo] is a bipartite (em + 1, D + 1)-expander.

Indeed, since G'[Y;1,Y; o] is a bipartite (em,2D + 2)-expander is easy to see that the
expansion conditions hold for every set Y C Y;; UY;o. Let Y/ C Yy non-empty and let
us consider Y =Y U {w}. If |Y’| < em then we have

[Ner(Y) N Yo 2 (2D +2)IY'[ > (D + 1)|X],

where the first inequality follows because G'[Yy 1, Yy 2] is bipartite (em, 2D + 2)-expander.

Similarly, if |Y’| > em then we have
|NG/(Y) N }/g72| = |NGU(Y/) N }/g,2| = |}/g’2| - (5m + 1)

Finally, if Y = {w,} then by Claim [2.5.3] (B]) we know that |Ng/(w,) N Yz > D+ 1, and
therefore G'[Y;1 U {w,}, Yy o] is a bipartite (em + 1, D + 1)-expander.

To complete the embedding of 7, note that because of Claim we have
Yol — (2D + 1)(em + 1) > |Ty| + 13Dem — 6 Dem > |1y

for 7 € {1,2}. Thus, using Lemma we may extend ¢ to Ty, embedding T} into
(Yo U{we}, Yeo) so that o(Ty; \ {re}) C Yy, for j € {1,2} and wy is fixed as the image of
r¢ (we remark that Claim allows us to ensure that at every step of the embedding

we are using unused vertices). O

Proof of Claim[2.5.3. Let o be a permutation on [¢] such that for all 1 <@ < j <t we
have
Totiyol = 1Tty al 2 |To)2l = [Toi)al-

Recall that we chose colour 2 for the larger partition class of V(T'). Therefore, for every

¢ € [t] we have

Y (Totiyal = [ Toal) = 0. (2.4)
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The proof of Claim will be done in two stages. In the first stage, for each i € [t]
the subtree T; will be assigned to a pair of sets (X1, X;2), contained in some edge from
MU E(H), such that |X; ;| = |T;,| + 16Dem for j € {1,2}. In the second stage, we
will remove some vertices from each set in order to find the sets W; € X and YV, ; C X ;
satisfying the properties (1) — (6) from Claim [2.5.3]

Stage 1 (Assignation): In this stage we will prove that for each i € [t], there exist an
edge V;1Vio € MUE(H) and sets X; ; C V;, for j € {1,2}, such that

(A) Xi,j N Xﬁ,j’ = @ if {27]} 7& {gajl};
(B) |Xi;| =|Ti;| + 16Dem; and
(C) if (Vin,Viz) € E(H) then Vip € ).

The assignment will be done in two steps following the order given by o. At step 1 we
assign trees to edges from H until we use a large proportion of Y U Z, and at step 2
we will use edges from M ensuring that the clusters from each edge of M are used in a

balanced way.

Step 1: We will assume that |[M| < (04 6/16)k, as otherwise we just skip this step. Let
us set Q = (o4 6/4)k — |V(M)] and note that we have

VI =>Q > %k‘ and dy(Y)>Q/2forallY € ).

We will choose sets in Y U Z until we have assigned at least (1 — §/16)Qm vertices to
Y U Z. Following the order of ¢, assume that we have made the assignation up to some
0 </ <t—1and we are about to assign the tree T, (). Suppose that there are Y € Y
such that

Z | Xo(i)2] <m — (D*Bn + 16Dem), (2.5)
Xo(4),2CY
and Z € Ny(Y) with
Z | Xo@)1| <m — (D*Bn 4 16Dem). (2.6)
XU(i),ng

Since |Tye41)] < D*Bon, we can select sets Xo(o1)1 € Z and X,(41)2 C Y, disjoints
from the previously chosen sets, such that | Xoe41)| = [Toe+1),;] +16Dem for j € {1,2}.
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So, if there is no Y € Y satisfying ({2.5)), then we have

l l 1
S ITowl 2D 1 Toiwal = (1Xa 2| — 16Dem)
=1 i=1 i=1
> |Y|m —t-16Dem — k - (D*Bn + 16 Dem)
52

4]
> (1- —> .
( 6@
This means that we have already used enough vertices from ) U Z. On the other hand,

if every Y satisfying (2.5) has no neighbours satisfying (2.6)), we may use (2.4]) to deduce
¢ ¢

¢
Z |T5(1)] = ZZ To@yal = QZ (| Xo@),1] — 16Dem)
i=1

i=1 i=1

> 2dn(Y)m —t - 32Dem — k - 2(D*Bn + 16 Dem)

62
> Qm — 1—62km
(- Hyon

This means that if at step £ + 1 € [t] we could not find a pair (Y, Z) satisfying (2.5
and (2.6]), then we have used vertices at least (1 — §/16)@Qm vertices from Y U Z at step
l.

Step 2: Let 0 < {y < t be such that T;,..., T, have been assigned to Y U Z,
satisfying , and , and

(1 - %)Qm < i: Ty < (1 - %)Qm + D'Bon. (2.7)

Assume that {y < ¢, otherwise we are done. For fy+1 < ¢ <t we will assign each T5;) to

some edge AB € M. At each step we will ensure that for every edge AB € M we have

Y Xowil— D [ Xewl| < D*Bon. (2.8)

Xo'(i),ng Xo(i),ng

Suppose we are about to assign a subtree T, ), for some ¢ > £y 4 1, and that (2.8) holds
at step ¢ = £ — 1 (note that (2.8 holds trivially at step ¢y). Suppose that there is an edge
AB € M such that

max{ > Xowal Y |Xa<z~>,j|}<m—(D45@n+1ﬁpgm). (2.9)

Xo(1),jCA Xo(),; €B

Assuming that ZXU@),J-QA | Xo) 4] < ZX0<i/),j/§B | Xo@ir)j|, welet j* = argmaxje{1,2}|Ta(e),j|
and then we may take sets
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o Xow)j+ € A with | Xo( j+| = [To() 5+ + 16Dem, and
o Xo0)3—j+ C B with [ X, () 3-j+| = [T5()3-5+| + 16Dem.

disjoints from the previously chosen sets. Note that we have assigned the larger colour
class of T, to the less occupied cluster in {A, B}. Furthermore, since holds at
step £ —1 and as |T,(g)| < D*Bon, the assignment of T4 ¢y implies that holds at step
£. So suppose that does not hold at step ¢ — 1 for any AB € M. Then we have

/—1
S Towl = [V(M)|m —t-32Dem — k- (3D*Bon + 32Dem)

’L'Zfo-i-].

that together with ([2.7)) yields

/-1 5 5
> Tl = (1= )Qm+ V(M)m = km
=1

< o
> (1= g e on gy
> (o pon
> <@+ %)n,

which is impossible since |T'| = pn. This implies that we can make the assignation for
each ¢ € [t].

Stage 2 (Cleaning): Assume that the cluster tree is ordered according to a BFS starting
from the subtree which the root of T'. Starting with a leaf of the cluster tree, suppose
that we have found the sets Y; ; satisfying properties (1) — (6) for all subtrees T; below

Ty in the order of the cluster tree. Let us define
Wy :={ve X :d(v,Y;2) > D+ 1 for all i such that T; is a child of T}},

we want to prove that W, has a reasonable size. Given a child 7; of T} in the cluster tree,
we have that
V2| = |Ti ;| +13Dem > (D + 1)em

and therefore, since (X, V;2) is (g, p)-regular, by Lemma there are at most (D+1)em
vertices in X with less than D+1 neighbours in Y; 5. Since the auxiliary tree has maximum
degree D*, then W, has at least

[X] = (D+1)D%|X] >

| 3
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vertices. Now, since (X, Vi) is (e, p)-regular, then by Lemma the pair (Wy, Vi2)
is (2e, p)-regular with p-density at least §/(100) — e. By Lemma there are at most

2em vertices of V; o with less than

neighbours in W,. We remove each such vertex from X,o thus obtaining a set X 2’2 such
that every vertex in Xj, has at least dpm /200 neighbours in W,. Now, we need to find
an expander subgraph of (Xy1, X7 ,). Since (Vy1, Vi) is (g, p)-regular with d,,(Vi1, Vio) >
§/100 and

| Xeal, [ Xpol = 16Dem — 2em > (4D + 6)em,

we may use Lemma to obtain a pair (Y1, Yy 2), with Yy ; C X1 and Y5 C Xé,% such
that G'[Ys1, Y 2] is bipartite (em, 2D + 2)-expander and satisfies |Yy ;| > | X ;| — 3em >
Ty ;| + 13Dem for j € {1,2}. O
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Chapter 3

Ramsey goodness of trees in random
graphs

Throughout this chapter, we will always assume that Theorem holds.

3.1 Overview

For N > rn+Q(1/p) and p = Q(N~2/+2)) our aim is to prove that with high probability
G(N,p) — (Kr—f—h T (n, D)) To do so, we rely on a stability argument, in which we show
that any colouring of a typical outcome of the edges G = G(NV, p) is either sufficiently close
to a extremal colouring or it contains a blue K, or the red graph is 7 (n, D)-universal.

Let Gp and G be the blue and red graphs, respectively, in a coloring of F(G) and
let us assume that K, SZ Gp and that Gg is not T € T (n, D)-universal. By Theorem
[1.1.1] we have that e(Gg) < (1/r + o(1))e(G) and consequently that

r

e(Gp) > (1 1 0(1)> (). (3.1)

In words, in this scenario the blue graph roughly has at least the number of edges of the
intersection of a Turdn graph with G.

By a result of Conlon and Gowers [20] and of Schacht [69], with high probability, every
K, 1 subgraph of G with as many edges as in is almost r-partite. More precisely,
there exists a partition V(G) = V/ U -- UV with o(pN?) blue edges within the parts.

We first define Vj as the set of vertices with Q(pN) blue neighbours inside the part to
which it belongs and B the vertices with o(p/N) neighbours in any of the parts. One can
show that [Vy| = o(IV), by the number of blue edges inside parts, and that |B| = O(1/p)
by the properties of G. By setting V; = V/ \ (V, U B), we get a new partition V(G) =
(BUVy)UVLU---UV,, with |BU V| = o(IN) and such that for each i € [r] every vertex
v € V; has Q(pN) red neighbours and only few blue neighbours, both in V;.
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We show that the red graphs induced in each part is an expander graph, which roughly
means that every set has a large red external neighbourhood. In particular, these red
graphs satisfy the hypothesis of a theorem of Haxell [36], which imply that for every
T € T((1—0(1))|V;], D) and for every v € T and u € V; there exists an embedding of T
in Gg[Vi] that maps v to u. This already implies that |V;| = (1 + o(1))n for every i € [r]
and also that there are no red edges between different parts. The second property is true
because of the flexibility given by Haxell’s Theorem to choose the starting vertices to
embed the trees. Indeed, suppose that there exists a red edge between different parts,
say V7 and V5. We can split the tree in two subtrees connected by an edge and then we
may embed the tree by mapping one part of the tree into V; and the other part into V5
and complete the embedding with this red edge.

This part of the argument is captured by Proposition and by its statement it is
possible to conclude Theorem if N > rn+ o(n), since at least one of the V' would
have more than (1 + o(1))n vertices. However, in order to prove Theorem we need
to push further this stability argument, which is the second part of the proof. Our aim
at this point was to prove that all vertices from V; \ B can be relocated to some V;, with
i € [r] so that the expansions propertys of the red graphs remains an expander, as in the
previous step, to guarantee that we have no blue edges inside parts in this new partition.

Let v € Vy \ B. Since all edges between parts are blue, then if v has Q(pN) blue
neighbours in each of the r parts, then we get a blue copy of K,,; in a typical G, by
Janson’s inequality. On the other hand, if v has Q(p/N) red neighbours in more than one
part, then, in a similar way as mentioned above, Haxell’s Theorem would yield all trees
of T(n, D) in red. Therefore, for every vertex v € Vj \ B there is exactly one ¢ € [r] in
which v has Q(pN) red neighbours and o(p/N) blue neighbors in V;

These conditions on the blue and red degree are enough to guarantee that Gr[V;U{v}]
is an expander and therefore there are no blue edges between parts, as before. Repeating
this process, we can relocate all vertices of V except the ones in B, which is consistent
with the construction shown in Section [REF], as |B| = O(1/p). At this point, we are left
to show that if the largest part, say Vi, had n + Q(1/p) vertices, then Gg[V;] would be
T (n, D)-universal. This is the final aspect of the proof of Theorem and it is covered
in the next section.

As usual in problems of tree embeddings in expander graphs, with treat differently
the cases of trees with few or many leaves. For trees with less than n/(log® n) leaves, we
use a result of Montgomery [53] that in fact yields embeddings of this class of spanning
trees in expander graphs. In the case of trees with many leaves, previous results do not
fit in our context. In particular, in the proof of Haxell’s Theorem the vertices, except the

leaves, of the tree are embedded inductively, followed by an application of Hall’s Theorem

27



to embed the leaves. However, in our context this strategy reaches the following barrier.
There might be disjoint sets X, Y C V; of sizes w(1/p) and n/(log®n), respectively, with
no edges of G(N, p) between them. To see why this is an impediment, let 7" € T (n, D) be
a tree with at least n/(log® n) leaves and let 7' C T be the tree obtained by removing the
leaves from T'. If we carelessly embed 7" in Gg[V1], we could have the bad luck that this
embedding maps the neighbors of the leaves to Y, while at the same time X is contained
in the set of unused vertices. In this situation, we can extend it to an embedding of T
if and only if one can guarantee a Hall-type condition in the bipartite graph induced by
the image of the neighbors of the leaves in V; and the set of unused vertices. However,
since X has no edges to Y and since we have only O(1/p) “extra” vertices, there is no
way to guarantee the extention of this embedding.

We deal with this problem beforehand in the proof of Theorem in Section 3.
The basic idea is to choose a random set R C V; of size roughly n/(log®n). We prove
that there exists a realisation of R such that for every set X C V; of size {(1/p) and
for every set Y C R of size n/(log®n) there is at least one edge between them. With
an intermediate result of Haxell’s Theorem, we inductively embed 7" in H, requiring
that the neighbors of the leaves are mapped to R. Finally, we are able to show that the
aforementioned bipartite graph satisfies the hypothesis of Hall’s Theorem.

3.2 Trees in expanders

For a graph H and a subset X C V(H), we denote by I'(X) = |J,cx N(z) the set of
neighbours of X and write N(X) = I'(X) \ X for the external neighbourhood of X. In
this section, we study the family of graphs called ezpanders in which subsets of vertices
have a large external neighbourhood. The notion of expander graphs has a plentiful
number of applications in combinatorics and it is particularly useful for embedding trees.
Indeed, Friedman and Pippenger [32] proved that given integers m and D, if a graph H
satisfies
ID(X)| = (D+1)|X] for all X CV(H) with 1 < |X]| < 2m,

then H contains all trees with m vertices and maximum degree D. A limitation of this
result is that it only works for trees of size at most |V (H)|/(2D + 2). In a successful
attempt to overcome this issue, Haxell [36] considered a different notion of expansion in

order to prove the following result.
Theorem 3.2.1. Let D,m,t € N and let H be a graph with the following properties:
(i) IN(X)| = D|X|+ 1, for all X CV(H) with 1 < |X| < m.

(1) IN(X)| =2t+ D|X|+1, forall X CV(H) withm+1 < |X| < 2m.
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Then H contains a copy of every tree T with t vertices and mazimum degree at most D.
Furthermore, given v € V(H) and w € V(T), there exists an embedding of T mapping u

to v.

A different and convenient way of phrasing property [iil of Theorem [3.2.1|is as follows.
Let H be a graph such that every pair of disjoint sets X, Y C V(H), with |X| = my
and |Y| = mg, satisfies e(X,Y) > 0. Then for every Z C V(H), with m; < |Z] < 2my,
there are at most my — 1 vertices in the non-neighbourhood of Z. By discounting the

non-neighbours of Z and the vertices in Z, we get
IN(Z2)| = [V(H)| = 2] = ma + 1. (3.2)

Therefore, when |V (H)| — ms > t + 2(D + 1)my we recover property [iil The main result
of this section considers the case where m; and msy have different orders of magnitude,

which leads us to the following definition.

Definition 3.2.2. Let D, my, my be integers. We say that a graph H is an (my, mo, D)-

expander if
El [IN(X)| = D|X|+1 for all X CV(H) with 1 < |X| < my, and
E2 e(X,Y) > 0 for all disjoint sets X, Y C V(H) with | X| =my and |Y| = ms.

Moreover, if only property@ holds, then we say that H is a weak (mq, mgy)-expander. We

will often omit D when it is clear from context.

As is usual with tree embedding problems, we deal separately with trees having either
too many or too few leaves. For trees with few leaves, we will use the following result of

Montgomery [?,53].

Theorem 3.2.3. Let n be sufficiently large, let D be a positive integer, and set d =
Dlog*n/20. If H is a (n/2d,n/2d, d)-expander on n vertices, then H contains a copy of

every tree on n vertices, maximum degree bounded by D, and at most n/d leaves.

We remark that although Theorem is not stated explicitly in [53] it follows
directly from Montgomery’s proof (see |53} Section 4.2]), where it is only used that G(n, p)
is an expander as in Theorem [3.2.3] The main result of this section deals with the case

of (non-spanning) trees with many leaves.

Theorem 3.2.4. Let my,mo,n, D be positive integers such that 6m,logn < msy and
16Dmy < n, and assume that n is sufficiently large. Let H be a graph on n vertices such
that H is
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(i) a weak (my,n/32D)-expander, and
(71) a weak (mq, ms)-expander.
Then H contains every tree T € T (n —my, D) with at least 24Dmy leaves.

A first approach to Theorem|[3.2.4]is to follow the proof of Haxell’s embedding theorem
(Theorem to embed a tree with its leaves removed, and then use a Hall-type
argument in order to embed the leaves. However, the hypotheses of Theorem do
not enable a straightforward modification of this proof for the following reason. Given
a tree T', let L C V(T) be the set of leaves of T" and let P = N(L) be their parents.
Note that if T € T(n — mq, D) is a tree with |L| = Q(my) leaves, then we also have
|P| = Q(ms2). Suppose that we have a partial embedding of " — L which we want to
extend to T. By the hypothesis of Theorem [3.2.4] it might be that the image of P has
mo — 1 non-neighbours in the leftover vertices, in which case is impossible to extend the
embedding of T" — L since my < mo.

We address this obstacle by finding a set W C V(H) with ©(mg) vertices such that
every subset X C W with |X| = my has less than m; non-neighbours in H. We then
manage to find an embedding ¢ : V(T'— L) — V(H) such that ¢(P) C W, in which case

we would have that
INXO)\e(V(T'= L)) Zn—|T = L| —my +1>|L]|

for every X C ¢(P) with |X| > my. However, in order to use a Hall-type argument, we
will also need to guarantee that small subsets of p(P) have enough neighbours in the set
of unused vertices. This idea is captured by the following definition, which has previously
appeared in the works of Friedman and Pippenger [32], Haxell [36], and Balogh, Csaba,
and Samotij [5].

Definition 3.2.5. Let m be a positive integer, let T' be a tree with maximum degree at
most D, and let H be a bipartite graph with parts Vi and V. We say that an embedding
o :V(T) — V(H) is m-good in H if for everyi € {1,2} and X CV;, with 1 < |X| < m,
we have
NaO\ (V@ > Y (D - dr(v) + DIX\ p(V(T))].
vEp~H(X)

In the previous definition we considered H as being bipartite for technical reasons.
More specifically, as we want to embed the set of parents of leaves into a set W, we
have to alternate the embedding of 7" between W and V(H) \ W and thus it is easier

to consider H as being a bipartite graph. The next lemma gives sufficient conditions to
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extend good embeddings, and it was proved in [5] as the induction stepE| in the proof of
a bipartite analogue of Theorem [3.2.1] (see Theorem [2.5.1]).

Lemma 3.2.6. Let m,n, D be positive integers, let T" be a tree with maximum degree at
most D, and let H be a bipartite graph with parts Vi and Vy. Suppose that there exists
an m-good embedding ¢ : V(T) — V(H), and that fori € {1,2} and any subset X C V;,

with m < | X| < 2m, we have
INg(X)\ o(V(T))| = 2Dm + 2. (3.3)

Then for every vertex v € T, with dr(v) < D, there exists an m-good embedding of the
tree obtained by adding to T a leaf adjacent to v.

We will be able to use Lemma in graphs satisfying the following notion of bipartite

ETPansLon.

Definition 3.2.7. Let D > 2 and let H be a bipartite graph with parts Vi and Vs such
that |Vi| < |Va|. Let m be a positive integer with m < |Vi|. We say that H is a bipartite
(m, D)-expander if the following two properties hold.

(1) Fori € {1,2}, every set X CV;, with 1 < |X| < m, satisfies |[Ng(X)| = D|X|.

(ii) For every pair of sets X1 C Vi and Xy C Vi, each of size at least m, we have
€(X1,X2) > 0.

Note that property [iil implies that for every subset X C V;, with |X| > m, we have
INCO! > [Vaoi] —m + 1.

This will guarantee that (3.3) holds for the embedding of any tree with small enough
bipartition classes. Now we can state one of the main results that we need for the proof
of Theorem [3.2.4

Lemma 3.2.8. Let m,D € N with D > 2, and let T be a tree with maximum degree
at most D. Let Uy U U, be any partition of one the bipartition classes of T' and let Us
be the other bipartition class. Let H be a graph on n vertices and let Vi, Va, Vs C V(H)
be disjoint sets such that |V;| = |U;| + 3Dm for i € {1,2,3}. If H[V, V3], H[Va, V5]
and H[Vy U Vs, V3] are bipartite (m, D)-expanders, then there exists an m-good embedding
0 :V(T) = V(H) such that o(U;) CV; fori € {1,2,3}.

Under the hypothesis Theorem 7 from [5], the authors state that good embeddings can be extended
as “Property 2” in page 6 from [b]. Moreover, the only place where they use the size of neighbours of
sets with more than m vertices is in the proof of Claim 8. One can check that (3.3) is enough to get the
same proof.
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The strategy of the proof of Lemma [3.2.§] is to iteratively apply Lemma [3.2.6] in
order to extend a partial embedding of the tree by adding a leaf at each step. Since
we will alternate between vertices of Vi, V5 and V3, we will need to keep track that the
embeddings are m-good in the graphs H[V;, V3|, H[Va, V3] and H[V; UV, V], respectively.
This will guarantee that, at any stage of the embedding, small subsets of V} U V5 have
enough neighbours in the unused vertices of V3, and that small subsets of V3 have enough

neighbours in the unused vertices of both Vi and V5.
In the context of Lemma for a subtree S C T we say that ¢ : V/(S) = V(H) is

m-great if
Al U;NV(S) is mapped to V;, for i € {1,2,3}, and
A2 ¢ is m-good in both H[V; U V3, V3] and H[V;, V3], for ¢ € {1,2}.

Proof of Lemma([3.2.8 We start by showing that there exists an m-great embedding of

any single vertex subtree S C T.

Claim 3.2.9. Let S C T be a single vertex subtree. If p : V(S) — V(H) is an embedding
which satisfies property[1], then ¢ is m-great.

Proof of Claim[3.2.9. We will only prove that ¢ is m-good in H[Vi, V3], as the other
cases are completely analogous. Since H[V}, V3] is a bipartite (m, D)-expander, then for
X CVp, with m < | X]| < 2m, we have

((N(X) N V) \ p(V(S))] = [Vs] = [S] =m + 1,

which is larger than the required lower bound in the definition of m-goodness. Since the
same bound holds if X C Vj, it follows that ¢ is m-good in H[V}, V3]. O

Now that we have proved the base case, we will prove that any m-great embedding
of a subtree S C T can be extended by adding a leaf. Let s € V(S) and v € V(T — 5)
satisfy sv € E(T'). Assume we have an m-great embedding ¢ : V(S) — V(H) and we
want to add v. We deal separately with the cases when v € Uz or v € Uy U Us.

Suppose that v € Us. Since H[V; U Vs, V3] is a (m, D)-expander, then for X C V3 UV,
(and analogously for X C Vj3), with m < |X| < 2m, we have that

(N(X) N V) \ @(V(S)| = [Va| —m+1—|Us| =3Dm —m+122Dm+2.  (3.4)

Thus, by Lemma [3.2.6| there exists an m-good embedding ¢’ : V(S + sv) — V(H[V} U
Vo, V3]). We argue now that ¢’ is m-good in H[V;, V3], for i € {1,2}. Indeed, given
X CV for some i € {1,2}, we already know that |(N(X)NV3)\ ¢ (V(S))| = 2Dm + 2
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since ¢ is m-good in H[V; U V5, V3]. For X C Vj there is nothing to prove, since ¢ was
m-great and we did not use any additional vertices from either V; or V5.

The case when v € Uy (resp. v € Us) is analogous, but we apply Lemma to ¢
in the bipartite graph H[Vi, V5] (resp. H|[V3, V3]), together with the same calculation as
in ([3.4), to get an m-good embedding ¢’. Note that ¢'(v) € Vi (resp. ¢'(v) € V). This
guarantees that ¢’ is m-good in H [V}, V3] and H[V3, V3]. Moreover, for H[Vi U Vy, V3] we
only need to guarantee the neighbourhood expansion for X C V3 with m < |X| < 2m.
Note that since ¢ is m-good in H[V;, V3] for i € {1,2} we have

[(NX) N (ViU Vo) \ @' (V)] 2 [(N(X) V) \ ' (V(9))] = 2Dm + 2,
and thus ¢’ is m-good in H[V; U Vs, V3). O

The last ingredient that we need for Theorem [3.2.4] is a well-known generalisation of

Hall’s theorem.

Lemma 3.2.10. Let G be a bipartite graph with parts A = {aq,...,a;} and B. Let
(di)icfg be a sequence of non-negative integers, and let (S;)iciq be a collection of vertea-
disjoint stars such that S; has a central vertex s; and d; leaves for each i € [¢]. Then G

contains an embedding of (S;)icpy, with s; copied to a; for each i € [€], if and only if

IN(X)[ = ) d; for all X C A. (3.5)
a;€X
Proof of Theorem[3.2.4]. Let L be a set of 12Dmy leaves of T in the same bipartition
class and let U; be the set of parents of L in T. Note that 12my < |Uy| < 12Dmy. We
choose, uniformly at random, a set W C V with r = |U;| 4+ 4Dms vertices, and note that
r < 16Dmy < n . For each set X C V(H) with my vertices, let Zxy = {y € W\ X :
d(y,X) =0} . Since H is a weak (mq,n/32D)-expander, then

ron Mo
EllZx]]| < — — < —.
1Zxll< 5 3p < 5
By standard tail bounds for the hypergeometric distribution (see Theorem 2.10 in [39)]),
we have

P(|Zx| > ma) <exp (=)

Denoting by Z the number of sets X C V(H) of size m; such that |Zx| > ms, we have
E[Z] < n™ exp(—m2/6) < 1,

since 6mq logn < my. This implies that there is a realisation of W, denoted by Wi, such
that every subset X C V(H) of size m; has less than ms non-neighbours in Wj. Set
T’ =T — L and let us denote one of the bipartition classes of 7" by U; U U, and the other
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by Us. We take two disjoint sets Wa, W3 C V(H) \ W such that |W;| = |U;| + 4Dmy for

i € {2,3}, which is possible since in this case we have
Wi |+ |[Wa| 4+ [Ws| = |T| — |L| + 12Dmsy < n.

Claim 3.2.11. For each i € {1,2,3} there exists V; C W, with |W; \ V;| < 2ma, such
that the graphs H[V} U V,, Vi, H[V1, V3] and H[Va, V3] are bipartite (mq, D)-expanders.

Proof of Claim[3.2.11] Since H is a weak (mg, ma)-expander, property implies that the
second property of the bipartite expansion is already satisfied for all the three bipartite
graphs. We will find the sets V;’s iteratively. We initialise by setting X; = () and V; := W
for 1 € {1,2,3}.

e While there exists a set X C V3 with |X| < mg and |[N(X) NV;| < D|X| for some
ie{1,2}, weset X;:=X;UX and V5 :=V3\ X, and

e while there exists a set X C V; UV, with | X| < mg and |[N(X) N V3| < D|X]|, we
set X3 :=XgUX and V; :=V;\ X for i € {1,2}.

First, we show that at each step we have |X;| < my and |N(X;) NV;| < D|X]| for
i € {1,2,3}. Indeed, if this is satisfied at some step for X, Xo, X3 and there exists
X C V3 UV, (or analogously for X C V3) with |[N(X) N V5| < D|X]|, then we have that

IN(X3UX)N V3| <|IN(X3)N V3] + |[N(X) N V3| < D|X3] + D|X| = D| X3 U X]|.

On the other hand, if | X3U X| > may, then by property , X3 U X would have fewer than

ms non-neighbours in V3 and therefore we would have that
’N(XgUX)ﬁVEJ,| = |‘/:9,| —m2+1 = 2Dm2+1 >D|XUX3’+1,
which contradicts the choice of X. This finishes the proof since | X;UXs|, | X5| < 2my. O

Let V; € W; be the sets given by Claim [3.2.11|for ¢ € {1,2,3} so that H[V; U V5, V3],
H[V1, V3] and H[Va, V3] are bipartite (mg, D)-expanders. Observe that

for ¢ € {1,2,3} which, by Lemma implies that we can find an my-good embedding
¢ V(T'") — V(H) such that ¢'(U;) CV; for i € {1,2,3}.

In order to finish the embedding of L, we will use Lemma [3.2.10] in the bipartite
graph H[¢'(Uy), V(H) \ ¢'(V(T"))]. Note that the condition of Lemma is satisfied
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for every subset X C ¢'(Uy) with | X| < mo, since by property [ of the m,-good embedding
we have

NS, V(H)\¢'(V(T') = DIX| = A(T)[X].

Moreover, since ¢'(U;) € W; and by the choice of Wy, every subset X C ¢'(U;), with

| X' | = mag, has fewer than m; non-neighbours and therefore
INCO)NVH)\ V(T 2 [VH)\ ¢ (V(T)] = ma = |L],

as |T"| = |T'|—|L| = n—my—|L|. Then Lemma |3.2.10|implies we can finish the embedding
of L and thus finish the proof. O

3.3 Facts about random graphs

The following result is one of a series of random analogues of extremal results proved,
independently, by Conlon and Gowers [20] and by Schacht [69].

Theorem 3.3.1. For every r > 2 and € > 0, there exist positive numbers C' and 0 such
that if p > C'"N~2/0*2) then a.a.s. the following holds. Every K, ,-free subgraph G of

G(N, p) with
@ (1))

can be made r-partite by removing at most epN? edges.

Definition 3.3.2. Let n,p € (0,1). We say that an n-vertex graph G is (n,p)-uniform,
if all disjoint sets A, B C V(G) with |Al|, |B| = nn satisfy

(1 =n)plA|[B] < ec(A, B) < (1+n)p|Al|B| (3.6)
and

w-mp('y)) < ety < ann('3) 37)

Furthermore, we say that G is (n,p)-upper-uniform if (possibly) only the upper bounds
in (3.6) and (3.7) hold for all A, B C V(G) as above.

The proof of the following lemma is a straightforward application of Chernoft’s in-

equality and union bound and therefore we omit it.

Lemma 3.3.3. For every n > 0 there exists C > 0 such that if p > C/N then a.a.s.
G(N,p) is (n,p)-uniform.

In particular, since any spanning subgraph of an (7, p)-uniform graph is (n, p)-upper-
uniform, then, with high probability, every spanning subgraph of G(N, p) is (1, p)-upper-
uniform, as long as p > C'/N.
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Lemma 3.3.4. For every v >0, G = G(N,p) a.a.s satisfies the following properties.

(1) For every set U C V with |U| = yN, there are at most 64/~p vertices in V' with
less than ypN/8 neighbours in U.

(7i) For every ¢ > 0, there exists 0 < ¢ < 1 such that G is a weak (c/p,d N)-expander.

Moreover, ¢ — 0 as ¢ — oo.

Proof. To prove . let us fix U with |[U| > yN and let W be the set of vertices with
less than ypN/8 neighbours in U. Note that W is not necessarily disjoint from U, but
e(WNU) < ypN|W NU|/8 and Lemma [3.3.3| gives that either |W NU| = o(N) or

W NU?
TR
In both cases, we have that |W NU| < yN/2 and |U \ W| > vN/2, which let us bound

the size of W, since

eWnU)=p

N
e(W.U\W) < L= W] < LU\ W W],

which will be shown to be unlikely if |[WW| > 64/vp . Indeed, for a fixed pair of disjoint
sets U', W', Chernoff’s inequality states that

/ / 1
P (e(U’, W) < W) < exp (—gpIU’HW’\) ,

which implies, by the union bound over all pairs U’, W’ satisfying |U'| > yN/2 and
|W'| = 64/~p, that the probability that one of them have the wrong number of edges is

2N 2N L exp (—Z—Qﬂ%) < exp (—2N).
8 2 p

Finally, the proof of . ) follows from the fact that the set of non-neighbours of a fixed
set U, with |U| = ¢/p, is dominated by a variable X =¢ Bin(N,e¢), by the fact that
1 —p < e7P. Another application of Chernoft’s inequality yields

less than

P (X > (2/e)°N) < exp (—Q(N)),
that finishes the proof, since the number of such sets is less then exp(clogn/p). ]

Lemma 3.3.5. Let r > 1 and let G = G(N,p), with p > N~2/0+D_ Fig o disjoint
collection Vi, ..., Vi1 C V(G), with |V;| = m;. Then the probability that Vi,--- V4

spans a canonical copy of K,y is at least

r—+1
1 —exp (—Q (p(r;rl) H m,))
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In particular, there exists a constant C' > 0 such that if an integer m satisfies
r N
() S Clog (m)

then with high probability there exists a canonical copy of K,11 in every collection of r+1

disjoint m-sets.

Lemma 3.3.6. For every v > 0 there exists C' > 0 such that if p > C'N=2/0+2) then
G = G(N,p) with high probability has the following property. For every v € V(G) and
any r disjoint sets Wy, ..., W, C N(v), with |W;| = ypN for each i € [r], there exists a

copy of K11 containing v and one vertex in each Wy, for i € [r].

Proof. The proof follows by union bound and an application of Lemma [3.3.5] First,
we may restrict ourselves to the case where each set W; is of size O(pN), since with
high probability every vertex v € V(G) has at least 2pN neighbours. Therefore, the

probability that the event considered fails is at most

3 () )son (~110) <

W1, W 1=1

> TT(%Y) e (-2 (o).

W1, Wy 1=1

Since we are only considering sets of size w; = ©(pN), then last expression is at most
exp (0(pN ) —Q <p<T51>N )) :

which goes to 0 as n tends to infinity, as long as C”’ is chosen appropriately. [

3.4 Proof of Theorem [1.2.2

The proof of Theorem follows by applying Proposition [3.4.2] » 4+ 1 times. For an
appropriate choice of m; and msy there will be two possibilities. If the red graph is a
weak (my, mg)-expander, then we show that it is 7 (n, D)-universal, using Theorem .
Otherwise it will contain two disjoint sets of size m; and ms with all edges in between
coloured in blue. We repeat this argument r times in the induced graph on the set with ms
vertices. At the end, if the red graph is not 7 (n, D)-universal, then we get r + 1 disjoint
sets, each of size my, with all the edges in between coloured in blue. This reasoning is

made precise in the proof of the following lemma.

Lemma 3.4.1. Let n,m,r, D be positive integers and let H be a graph on N = rn +
10Drm vertices. Then one of the following holds:
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1. H is T (n, D)-universal.

2. There are disjoint sets Uy, ..., U1 C V(H), each of size m, such that e(V;,V;) =0
fori<i<j<r+1.

Before proving Lemma we deal with the technical part of showing the weak

expanders are almost expanders.

Proposition 3.4.2. Let D, my, my be integers and let H = (V, E) be a graph with |V| >
mo+ (2D +2)my. If H is a weak (mq, my)-expander, then there exists a set V' C V| with
[V V'] < my, such that H[V'] is a (my, ma)-ezpander.

Proof. Take a maximal set Z C V with |Z] < my and |[N(Z)| < D|Y|, and set V' = V\ Z.
We will prove that for any X C V’ with |[N(X) N V'] < D|X| we have that |X| > my,
which shows that H[V'] is a (my, my)-expander. For such X we have that

IN(ZU X)| < D|ZU X]|,

since we are only counting external neighbours of Z U X. By the maximality of Z, we
conclude that |Z U X| > my. Since H is a weak (m, mz)-expander, then there are less
than msy non-neighbours of Z U X in V’. Therefore
DIX| > |NX)nV/|

> INZuX)NnV'|=IN(Z)nV]

> V| =my — | X[ - D|Z]

2 |V[=mq = (D+1)my — [X]| > (D +1)my — [X],
which implies that |X| > m; and finishes the proof. O

Now we move to the proof of Lemma [3.4.1]

Proof of Lemma([3.4.1. We assume that H is not T (n, D)-universal and set Vo = V(H).
We will prove that for s € [r] there exist disjoint sets U, V5, with

|Us|] =m and |Vi|=(r—s)n+ (r—s+1)5Dm,

such that e(Us, Vi) = 0 and Uy, Vs C V,_1. Indeed, if this is true, we set U,y = V. and
get that e(U;, U;) = 0 for every 1 <i < j <r+ 1, which is what we want to prove.
Suppose we have sets Vy, Uy, Vi, -+, Us, Vi as above for s € [r], or just Vj for s = 0.
Let mg = (r—s—1)n+(r—s)5Dm. We show that if H|[V;] were a weak (m, ms)-expander,
then it would be 7 (n, D)-universal, which we assumed not to be true. To prove that,
first we check that
|Vs| —me = n+5Dm.
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In particular, |V;| > (D4 2)m + m,, which is the requirement to apply Proposition [3.4.2]
Therefore, there exists V] C V; such that |Vi \ V!| < m and H[V]] is (m, ms)-expander.
As reasoned in (3.2)), for sets X C V,_;, with m < |X| < 2m, the (m,m,)-expansion
implies that

IN(X) NV mg — | X[ +1

; |

—m-—me—2m—+1

('Ih

n+5Dm—3m+1

VoWV WV WV

n+2Dm+1>=n+ D|X|+ 1.

The above inequality and the first property of (m,mg)-expansion imply that H[V/] is
T (n, D)-universal, by Theorem [3.2.1] O

Lemma reduces the proof of Theorem to finding the minimum value m
such that with high probability every collection of r + 1 disjoint m-sets span in G(N, p) a
copy of K,.; with one vertex in each set, which we will call a canonical copy. Such value

of m is determined by Lemma [3.3.5, but we repeat it here for convenience.

il N
m”lp( 3> C'log (m)’ (3.8)

Now we may state a stronger version of Theorem . with ¢ = O(m) and m satisfying
(3.8). Note that when ¢ = Q(N), (3.8) is equivalent to say that p > CN~2/+Y_for some
C > 0.

Theorem 3.4.3. For every r, D > 2 and for every p = p(n) and m satisfying (3.8)), if
N > rn+ 10Drm,
then G(N,p) — (Kr+1, T (n, D)) with high probability.

Proof. Let G = G(N,p), where N = rn + 10Drm, and consider the even in which every
collection of 7 4 1 disjoint sets of size m span a canonical copy of K,,;. By Lemma|3.3.5
and the hypothesis on m, this happens with high probability. Let Gg, Gg C G be the red
and blue graphs in a given edge colouring of G. By Lemma | if G'g is not T (n, D)-

universal, then there are disjoint sets Uy, . .., U,4; of size m such that eg(U;, U;) = 0 for
all 1 <7 < j <r+1. In other words, all the edges in between these sets are coloured

blue, which spans a blue copy of K., by the choice of m. n
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3.5 Proof of Theorem 1.2.1]

The proof of Theorem follows from the following stability result.

Theorem 3.5.1. For every r, D > 2 there exist §,C,C" > 0 such that if N > (1 — d)rn
and p = C'"N~2/+2) then G = G(N,p) with high probability has the following property.
For every blue-red colouring of E(G), at least one of the following holds:

a) G contains a blue copy of K, 1.
b) G contains a red copy of every T € T (n, D).

c¢) There ezists a partition V(G) = VoUViU---UV,, with |Vo| < C/p and |V;| < n+C/p
for each i € [r], and such that all edges of G[V;,V;] are coloured in blue for each
1<i<j<r

Note that Theorem implies Theorem as [ cannot occur if N > rn + (r +
1)C/p. As an intermediate step towards Theorem [3.5.1, we will provide a rough structure
of a colouring of a typical outcome of G(n,p) by combining Theorems [1.1.1| and [3.3.1]

Proposition 3.5.2. For every a,e > 0 and integers r, D > 2, there exist C',§ > 0 such
that if N > (1 —0)rn and p = C'N~%0+2) then G = G(N,p) has, with high probability,
the following property. For every blue-red colouring of E(G), at least one of the following
holds:

a) G contains a blue copy of K,41.
b) G contains a red copy of every T € T (n, D).

c¢) There exists a partition V(G) = Vo U VL U --- UV, such that |Vy| < an and for each
i € [r] we have H%\ —n| < an and eg(V;) < epN2.

Proof. Without loss of generality, we may ask that ¢ is small enough for calculations.
Let C" and ¢’ be the numerical outputs from Theorem with inputs € and r. Let
§=a/(2r?), 0o = 1/r+20, N > (1 —68)rn and p > C'N~%0*2_ Since p > 1/N,
Theorem implies that, with high probability, if e(Gg) > (0 + ¢)e(G) then Gg
contains all trees with maximum degree D and oN > n edges, and thus we may assume
that

e(Gp) > (1 L 5/) (@),

r
Theorem implies that, with high probability, all K, -free subgraphs of G with
this many edges are epN?-close to being r-partite. Therefore, we may assume that there
exists a partition V(G) = Wy U--- U W, such that eg(W;) < epN? for each i € [r].
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Since p > 1/N, we may also rule out the event in which G is not (7, p)-uniform for some

0<nKa.

Claim 3.5.3. In the events considered above, for each i € [r] the following holds. If
|Wi| = N/2r, then there exists V; C W;, with |W; \ V;| < nN, such that Gg[Vi] is a
(nN,nN, D)-expander.

Proof of Claim[3.5.3 We prove first that Gg[W;] is a weak (nN,nN)-expander. Since G
is (1, p)-uniform, then for every pair of disjoint sets X,Y C V(G), with | X]|,|Y| > nN
we have

er(X,Y) = e(X,Y) —ep(X,Y) > §|X||Y| — epN? > 0,

as long as 2 < n?. Since |W;| > (D + 3)nN, provided 7 is small enough, we may apply
Proposition [3.4.2] to find a set V; C W;, with |W; \ V;| < nN, such that Gg[Vj] is an
(nN,nN, D)-expander. ]

For each ¢ € [r] such that |W;| > N/2r, by Claim [3.5.3] we know that Gg[Vi] is an
(nN,nN, D) -expander and then for all X C V;, with nN < |X| < 2nN, we have

[Ne(X) N Vi 2 [Vi| =N — |X|+ 12> ([Vi| =3DnN) + DIX| + 1.

Suppose that V; is the largest of the V;’s and note that |Wy| > |Vi| = N/r—nN > N/2r.
Therefore, if Gg[V4] is not T (n, D)-universal, then Theorem implies that |V;| <
V1| < n+3DnN for alli € [r]. Set Vo = V(G)\ (V1U---UV,) and choose 1 small enough
so that

an

Vol < 5 and |m|<(1+9)n
T T

for each i € [r]. To finish the proof we only need to show that |V;| > (1 — a)n for each
i € [r]. We suppose without loss of generality that |V,.| < (1 — a)n. Then there exists
J € [r — 1] such that

N —|V.| = [V 1 ( an o
1> 1—yrn—(1— ——>>(1 —)
Vil 1 o (== (1—-a)n— o +—)n
which is a contradiction and thus ||V;| — n| < an for all i € [r]. O

Now we push the stability even further. It is convenient to relate expansion properties
of the red graphs on each part solely to the red and blue degrees inside that part. We prove
that if a set induces a graph with high minimum red degree and roughly the expected

codegree, then it satisfies property [1] of expansion.

Lemma 3.5.4. For every C,vy > 0 there exists v > 0 such that the following holds
for p = w(log N/N). Let G be an N-vertex graph such that for all u,v € V(G) we
have d(u) > vpN and |N(u) N N(v)| < 2p?Nlog N. Then for every X C V(G), with
1 < |X| < C/p, we have |[N(X)| = +'pN|X|/log N.
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Proof. For X C V(G) with 1 < |X]| < C/p, take a subset X’ C X with 1 < |X'| <
v/(4plog N). By inclusion-exclusion, |N(X)| is at least

> IN@)| =D IN@) w)| = |X| = 9pNX'| = |[X'|*- (2p°Nlog N) — | X|
ueX’ vAEW
pN
> N IX'| - L=1X - |X]
pN
> Q| — | IX],
<1ogN> X
where in the last inequality we used that pN = w(log N). ]

Definition 3.5.5. Let ¢ > 0 and let v, D > 2 be integers. For a blue-red coloured N -
vertex graph G, we say that a partition V(G) = Vo UV U --- UV, is e-good if for every
i€ [r]

a) |Vil = (1—1/2D)N/r,
b) dr(v,V;) = pN/32r for every v € V;, and
c) dg(v,V;) < epN for every v € V;.

We will prove now that for any e-good partition of V/(G(N, p)) we have that eg(V;, V;) =
0 for all 1 <14 < j < r. First, we prove that Gg[V;] is an expander for each i € [r]. Thus,
by Haxell’s theorem (Theorem [3.2.1]), we can embed any tree of size (1 — o(1))n into any
of the V;’s. Suppose there is a red edge between V; and V;. We may split any given tree
T € T(n,D) in two trees T} and Ts, connected by an edge and both having at most
(1 —1/D)n vertices. Then, we can embed 7 into V; and 75 into Vj, and complete the
embedding of 7" using the red edge between V; and V.

Using this fact we can prove that G[V;] has even stronger expansion properties. That
is, for each i € [r] we may show that every pair of large disjoint subsets of V; always
have at least one red edge in between. Indeed, if for some i € [r] there exist a pair of
disjoint sets X, Y C V; each of size ©(N/log* N) and no red edges in between, then, with
high probability, X and Y and the remaining V;’s would span a canonical blue-copy of
K,,1. Combining this information with results of Section , we show that Gg[Vj] is
T(|Vi] — C/p, D)-universal for every i € [r].

Proposition 3.5.6. For integers v, D > 2 there exist C,C",0,¢ > 0 such that if N >
(1=0)rn and p > C'"N~2/+2) " then G = G(N, p) has, with high probability, the following
property. For every blue-red colouring of E(G) that admits an £-good partition V(G) =
VoUViU---UV,, at least one of the following holds:

a) G contains a blue copy of K,41.
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b) G contains a red copy of every T € T (n, D).

c) For every 1 <i < j <r we have eg(V;,V;) = 0. Moreover, for each i € [r| the graph
GrlVi] is T(|Vi| — C/p, D)-universal.

Proof. Assume that neither [a] nor [b] hold. For @ = 1/32D, we take C' from Lemma [3.3.4]
so that, with high probability, G is a weak (C'/p, a« N /4r)-expander, and set ¢ = a//(6C'D).

Moreover, there exists a constant C’ such that if p > C’N~'/2, then, with high probability,
every pair of vertices in G has at most 2p>N log N common neighbours. Finally, because
of the first property of the e-good partition, we deduce that N < 2r|V;|. Our first goal
is to prove that each V; satisfies the hypothesis of Theorem [3.2.1] in order to show that
Gr|Vi] is T((1 = 1/D)n, D)-universal. For i € [r], we apply Lemma [3.5.4] to Gg[V;], with
parameters v = 1/32r and C, so that for every X C V;, with 1 < |X| < C/p, we have

N
Vo) i = (25 ) 1K1 DIX] + 1 (3.9)

For X CV;, with C'/p < |X| < 2C/p, since G is a weak (C'/p, «N/4r)-expander we have

INa(X) VAL > Vi = 5 = pNIX| = |X] > (1 =) VI + DIX| 41, (310)
Since o < 1/D, then (1 — «)|V;| = (1 — 1/D)n, and thus we may use Theorem on
each Gg[V;] in order to find trees of size (1 — 1/D)n and maximum degree at most D.

Given a tree T € T (n, D), there exists a cut edge uyuy € E(T) which splits T" into two
trees 11 and 75, both with at least n/D vertices and, consequently, at most (1 —1/D)n
vertices (see [9, Lemma 2.5]). Suppose that exists a red edge v1vy between two different
parts, say v; € V7 and vy € V5. By Theorem |3.2.1, we may find an embedding of 7} in
Gg[V;] that maps u; to v;, for i € {1,2}, and thus, together with the red edge vjvq, yield
an embedding of T. Therefore, there are no red edges between different parts. Now we
move to prove the second part of [d

Set d = Dlog" n/20. We will show now that G[V;] is an (|V;|/2d, |Vi|/2d, d)-expander
for each i € [r]. Indeed, given X C V;, with 1 < |X| < C/p, by (3.9) we get [Ng(X)NV;| >
d|X|+ 1. For C/p < |X| < |Vi|/2d, by (3.10) we have that

INa(X) N V| = (1= a)|Vi] = [X]| = d| X[ +1,

as o < 1/2. To show the second expansion property, suppose that there exists a pair
of disjoint sets X, Y C V;, with |X| = |Y| = |Vi|/2d, such that er(X,Y) = 0. By
Lemma [3.3.5] with high probability there is a copy of K,; with one vertex in each of
the sets X,Y and the V}’s with j # i (we can apply Janson’s inequality since |V;|/2d =
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Q(N/log* N)). This is a contradiction and therefore G[V;] is an (|V;|/2d,|Vi|/2d, d)-
expander. Now, Theorem implies that Gr[V;] contains all spanning trees with
maximum degree bounded by D and at most |V;|/d leaves.

For trees with at least |V;|/d leaves, we know that Gg[V;] is a weak (|V;|/2d, |V;|/2d)-
expander, and so we only need to show that it is also a weak (C'/p, |Vi|/ 32D)—expander.
But this is already guaranteed by - since a < 1/32D. Now, Theorem implies
that Gr[V;] is T(|Vi| — C/p, D)-universal. O

Now we are ready to prove Theorem [3.5.1}

Proof of Theorem[3.5.1 We apply Proposition [3.5.6] with parameters r and D, to get
d1,¢,C,C1, and let a < 1/6D be sufficiently small. Without loss of generality, we assume
that 0 < & < a/r and apply Proposition [3.5.2] with parameters €?/4 and a, to get C% and
d2. Let C% be given by Lemma and set C'} = 10°r2. Finally, we set § = min{dy, d,}
and ¢’ = max{C}, C4, C%,C%}, and consider N > (1 — §)rn and p > C'N—2/(r+2),

By Proposition , with high probability, if K,11 € Gp and if Gg is not T (n, D)-
universal, then there exists a partition V(G) = Vo U Vi3 U --- UV, such that |V5| < an
and for each i € [r] we have ||V;| — n| < an and ep(V;) < e2pN?/4 . We want to define
a new partition by removing from each V; a set of “bad” vertices. First, for ¢ € [r] let
B; be the set of those vertices v € V; having at least ep/N blue neighbours in V; and set
B = By U---U B,. Secondly, let B" be the set of those vertices v € V(G) such that
d(v,V; \ B) < pN/16r for some i € [r].

Let V(G) = Wy U Wy --- UW, be the partition defined by W; = V; \ (B U B’) for
i€ [r] and Wy = V(G)\ (WL U---UW,). We will show that this partition is e-good.
Since ep(V;) < e?pN?/4, a double counting argument shows that |[B N V;| < eN/2 and
thus |V; \ B| = |V;| —eN/2 > (1 — 2a)N/r as ¢ < a/r. By Lemma [3.3.4] there are at
most 1287 /p vertices of G with less than p/N/16r neighbours in V; \ B. Then we have

N 12872 N 1\ N
Wil > (1—2a)=~ — >(1-—3 1—— )=
Wil (1= 2T - 20> 1307 > (1- 55 ) 7

By definition of W;, each vertex v € W, satisfies dg(v, W;) < epN. On the other hand,

for v € W; we have

N 12872 N

dp(u, W;) > ]19—6T— PN - = >%,
where we used that ¢ < 1/20r and pN > Cy/p. To finish the proof, take an e-good
partition V(G) = Uy U Uy U --- U U, such that W; C U; for i € [r] and that minimises
|Up|. We will prove that if Uy ¢ B’, then this partition would not be maximal. By
contradiction, suppose there exists u € Uy \ B'. If dg(u,U;) > epN for all i € [r], then

by Lemma |3.3.6| we can find a blue copy of K, i containing u, which is not possible.
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Then there must exist some i € [r] such that dr(u,U;) > pN/32r, in which case we
update U; := U; U {u}. We claim that V(G) = UyUU; U --- U U, is still e-good. Since
the blue degree of each vertex in U; \ {u} grows in at most 1, it follows that the new
partition is 2e-good. This fact and Proposition imply that er(U;, U;) = 0 for every
1 <7 < j < r. Finally, we may use Lemma [3.3.6| as before to show that the maximum
blue degree inside each part is at most ep/N, which makes this partition e-good. This
contradicts the maximality of the initial partition and thus U, C B’. In particular,
we have |Uy| < |B'| < 128r/p. Note that if |U;| > (n + C/p) for some i € [r], then,
by Proposition .5.6 Gg[U;] contains all trees with maximum degree at most D and
|U;| — C/p > n edges, which is a contradiction. This finishes the proof. O
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Chapter 4

Hamiltonian cycles in pseudorandom
hypergraphs

4.1 Absorption Method

In [64], R6dl, Rucinski and Szemerédi introduced the Absorption Method, which turned
out to be a very useful approach for embedding spanning cycles in hypergraphs. This
method reduces the problem to finding an almost spanning cycle with a small special
path in it, called the absorbing path. The absorbing path A can absorb any small set of
vertices into a new bigger path, with the same ends as A, completing the almost spanning
cycle into a Hamilton cycle.

The almost spanning cycle will be composed from smaller tight paths, which will
be connected to longer paths. For that it would be useful if any given two pairs of
vertices (x,y) and (w, z), being the ends of such smaller paths, can be connected by a
short tight path. However, in view of the assumptions of Theorem [1.3.3] it is easy to see
that not any pair of pairs can be connected in this way (in particular, there could be
pairs with codegree zero). For that we introduce the following notion of connectable pairs

and we will show that for those pairs there actually exist tight connecting paths between

them (see Lemma below).

Definition 4.1.1. Let H = (V, E) be a hypergraph. We say that (z,y) € V XV s
[-connectable in H if the set

Zy ={2€V:azyz e E(H) and d(y, z) > S|V},

has size at least B|V'|. Moreover, we say that an (a,b)-(c,d)-path is [-connectable if the

pairs (b,a) and (¢,d) are $-connectable.

Observe that the starting pair of the path is asked to be S-connectable in the inverse
direction that as it appears in the path.
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The proof of Theorem splits into three lemmas. Let H = (V, E) be a (p,1/4 +
g,&)-dense hypergraph on n vertices, with 1/n < p < e. First we prove that such
hypergraphs can be almost covered by a collection of ‘few’ tight paths. We remark that
this is even true under the weaker assumption of non-vanishing ..-density. A straight
forward proof is presented in Section [4.3]

Lemma 4.1.2 (Almost Covering Lemma). For all d,v € (0,1] there exist p,5 > 0,
and ng such that in every (p,d,..)-dense hypergraph H on n > ng vertices there exists
a collection of at most 1/ disjoint 3-connectable paths, that cover all but at most y°n

vertices of H.

Next we discuss how to find an absorbing path, which contains a collection of several
smaller structures, called absorbers. For v € V, we call A, C H an absorber for v if
both A, and A, U{v} span tight paths with same ends (we say that A, absorbs v). The
main difficulty is to define the absorbers in such a way that we can prove that every
vertex is contained in many of them. In Section 4.5 we see that the absobers considered
here are in fact more complicated and absorb sets of three vertices instead of one. This
leads to a divisibility issue which we consider separately in Lemma [4.13] Going further,
we can find a relatively small collection of tight paths which can absorb any sufficiently
small given set of vertices. After finding this collection we connect them together to form

one tight path with the absortion property described in the following lemma.

Lemma 4.1.3 (Absorbing Path Lemma). For every e > 0 there exist p, 3,7 > 0 and ny
such that the following is true for every positive v < v and every (p,1/4 + €,)-dense
hypergraph H = (V, E) on n > ng vertices with §;(H) > en®.

For every R C V', with |R| < 2v2n, there exists a tight 3-connectable path A satisfying
V(A) CV N R and |[V(A)| < yn, such that for every U C V(H)\ A with |U| < 3v*n, the
hypergraph H[V (A) U U] has a tight path with the same ends as A.

The set of vertices R in Lemma .1.3] will act as a reservoir of vertices that will be

used later for connecting the tight paths mentioned in Lemmas |4.1.2] and [4.1.3 without

interfering with the vertices already used by those tight paths.

The next lemma justifies Definition and shows that between every two (-
connectable pairs there exist several short tight paths connecting them. As it was said
before, this is used for connecting the absorbers in the proof of Lemma [£.1.3] Moreover,
observe that all tight paths mentioned in Lemma [4.1.2| and |4.1.3| are S-connectable. This

allows us to connect them together into an almost spanning cycle and the absorbing path

in this cycle will absorb all the remaining vertices to complete the Hamilton cycle.
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Lemma 4.1.4 (Connecting Lemma). For every e, 3 > 0 there exist p,« > 0 and ng such
that for every (p,1/4 + e,&)-dense hypergraph H on n = ng vertices the following holds.

For every pair of disjoint ordered [3-connectable pairs of vertices (x,y), (w,z) € VxV
there exists an integer ¢ < 15 such that the number of (z,y)-(z,w)-paths with ¢ inner

vertices is at least an’

In view of the construction given in Example , one can see that the 1/4 in the &-
density assumption in Lemma |4.1.4] cannot be dropped. In that example, there are two
classes of pairs that cannot be connected by a tight path (namely the pairs in G and
in @), although they are -connectable. Hence, &-density of at least 1/4 is required for
Lemma 414

Also Lemma requires A-density bigger than 1/4. In the proof of Lemma m
this assumption will be crucial for connecting the so-called absorbers to a tight path,
which makes use of Lemma [.1.4] Moreover, the type of absorbers used here, leads to
a ‘divisibility issue’. It is addressed in Lemma for which we also employ the same
density assumption.

We now deduce Theorem [1.3.3] from Lemmata 4.1.2]-[4.1.4]

Proof of Theorem[1.3.3, Given ¢ > 0 we apply Lemma [4.1.3] and obtain p1, 5; and 7.
Lemma applied with d = 1/4 and v = min{~/,¢/2} yields p; and (5. Applying
Lemma [4.1.4 with ¢ and

B = émin{ﬁb@};

reveals o and ps. Finally we set

p =min{py, p2/8, p3},

and n be sufficiently large. Having fixed all constants, let H be a (p,1/4 + ¢,&)-dense
hypergraph on n vertices.

We consider a random set R C V| in which each vertex is present independently
with probability v2. For every positive integer ¢ < 15 consider two pairs (z,y), (w, z) €
V x V between which there are at least an’ paths with ¢ inner vertices. Let Y =
Y (¢, (x,y), (z,w)) count the number of such paths whose inner vertices are contained in R.
We point out that Y is a function determined by n independent random variables, each
of which can influence the value of Y by at most n‘~!. Therefore a standard application

of Azuma’s inequality (see [40]*Section 2.4) implies that

(4.1)

,}/25 1
P (Y < 5 omﬁ> = exp(—(n)) < 3 o’
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for any fixed ¢, (z,y), and (w, z). Moreover, by Markov’s inequality we have that
1
P(|R| = 2v°n) < 3 (4.2)

Therefore there exists a realisation of R, which from now on will take over the name R,
that is not in the event considered in and in any of the events considered in
(all 4-tuples of vertices and values of ¢). Since 7/ < 7, p < p1, and |R| < 2v%n,
Lemma ensures that we can find a f;-connectable absorbing path A of size smaller
than yn and which does not intersect R.

Let V! = V N (V(A)UR). Since |[V(A)U R| < 3yn < n/2, the induced hyper-
graph H[V'] is (8p,1/4 + €,&)-dense. In particular, H[V'] is (89,1/4 + ¢,.)-dense and
since 8p < po, Lemma implies that there exists a collection of at most 1/, paths
with Sy-connectable ends in H|[V’] that cover all but at most v*n vertices.

Set t = |1/B82 + 1] and let (F;);c[q be any cyclic ordering of such paths together with
the absorbing path. Assume that we were able to find connections in R between the
paths Py, P, ..., P;, using inner vertices from R only. Moreover, we make sure that each
connection is made with at most 15 inner vertices. Let C; be the path that begins with P,

and ends in P; using those connections. Therefore
[V(C;)) N R| <t-15=o(n).

Now, we want to show that we can connect P; with P, to construct C;,;. Observe
that all the tight paths from (P);c are S-connectable. This follows from the choice 3 <
[y for the absorbing path A. From the paths given by Lemma [4.1.2] we know that they
are [Jy-connectable in H[V']. Owing to f < (/2 and |V'| > n/2 the [-connectibility
follows.

Let (x;,y;) be the ending pair of P, and (z;, w;) the starting pair P;,;. Lemma m
implies that, for some ¢; < 15, there exist at least an® tight (z;, y:)-(2;, w;) paths, each
with ¢; inner vertices. By the choice of R, the number of (z;, y;)-(2;, w;) paths of length ¢;+
2 whose inner vertices lie in R is at least y2an /2. Since at most |V (C;)NR|n‘~! = o(n%)
such paths contain a vertex from Cj, for sufficiently large n large enough we can find one
tight path disjoint from Cj.

Finally, consider C; the final cycle obtained in this process, by connecting P, to P;.
Then, as C; includes all the tight paths in the almost covering the number of vertices not

covered by Cy is at most
IV V(C)| < |R| +79*n < 3v*n.

This finishes the proof, since A can absorb these vertices into a new path with the same

endings. O
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4.2 Preliminary results and basic definitions

In this section we collect some preliminary results and introduce the necessary notation.
Given n,d € [0,1] and a bipartite graph G = (VU Vi, E) we say that G is (n, d)-regular

if for every two sets of vertices X C V; and Y C V5 we have
e(X,Y) — d[X[[Y]] < n[Vi|[Va].

It is easy to see that every dense graph contains a linear sized bipartite regular sub-
graph, with almost the same density. That can be proved by a simple application of
Szemerédi’s Regularity Lemma or alternatively by a more direct density increment argu-
ment (see [55]).

Lemma 4.2.1. For all n, d > 0 there exists some p > 0 such that for every n-vertex
graph G with e(G) > dn?/2, there exist disjoint subsets Vi, Vo C V(QG), with |Vi| =
|Va| = [un] such that the bipartite induced subgraph G[Vy, Vs is (n,d’)-reqular for some
d >d. O

For a hypergraph H = (V, E) recall its shadow OH is the subset of V(?) of those pairs
that are contained in some edge of H. For disjoint sets of vertices Vi, Vo C V with a
slight abuse of notation we write 0H[V;, V5] for the set of ordered pairs in V; x V;, that

correspond to unordered pairs in the shadow, i.e.,
OH[V1, Vel = {(v1,v2) € Vi x Vo: {1, 02} € OH .

Given p,d > 0, a set of ordered pairs of vertices P € V2, and a subset X C V we say
that H is (p,d,&)-dense over (X, P) if for every subset of vertices X’ C X and every
subset of pairs P’ C P we have

e(X', P) = d|X'||P'| = p | X[|PY,

which is a version of &-density restricted to P and X. For the next lemma we also need
the following concept of restricted vertex neighbourhood. Given a vertex v € V and a

set of ordered pairs P € V2 we define its neighbourhood restricted to P by
N(v,P)={(x,y) € P:vzxy € E}.

Lemma 4.2.2. Let H = (V, E) be a hypergraph, X C 'V be a set of vertices, and P C V2.
If H is (p,d,~)-dense over (X, P) for some constants p, d > 0, then

[{z € X: [N, P)| < (d— vB)IPI}| < VBIX].
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Proof. Let X" C X be the vertices with less than (d — /p)|P| neighbour pairs in P. The
definition of X’ and the (p, d,)-density of H over (X, P) provide the following upper

and lower bounds on e(X’, P)
d|X"[|P| = p|X||P| < e(X', P) < (d = /p)|P| - [ X]
and the desired bound on |X'| follows. O

The following result asserts that hypergraph contains subhypergraph with almost the
same density and such that every pair of vertices with positive codegree has at least
Q(|V]) neighbours. This fact can be proved by removing iteratively the edges which

contain a pair with small codegree and we omit the details.

Lemma 4.2.3. For every 8 > 0 and every n-vertex hypergraph H there is a hyper-
graph Hg C H on the same vertexr set with e(Hg) > e(H) — Bn® such that for ev-
ery pair of vertices x, y either dp,(v,y) = 0 or dy,(x,y) = Bn. In particular, if we

have dy,(v,y) > 0, then (x,y) is B-connectable in H. O

Let F and F’ be two hypergraphs. We say that F' contains a homomorphic copy of F’
if there is a function ¢ from V' (F”’) to V(F) such that for every edge zyz € E(F") we have
that ¢(x)d(y)p(z) € E(F). We denote this fact as F” Lo, and we recall the following

well known consequence from Erdés [22].

Lemma 4.2.4. For every & > 0 and k, { € N there is ( > 0 and ng € N such that
the following holds. Let F' and F' be hypergraphs such that |V (F)| =k and |V (F")| = ¢
hom

and F' =5 F. If a hypergraph H on n > ng vertices contains at least én* copies of F,
then H contains (n’ copies of F'. ]

We denote the hypergraph with four vertices and three edges by K f’)_. We refer to
the vertex of degree three as the apex. Glebov, Kral, and Volec [35] showed that ..-density
bigger than 1/4 yields the existence of a, in fact of many copies of, K f’)*.

Theorem 4.2.5 (Glebov, Kral & Volec, 2016). For every € > 0 there exist p and & > 0
such that every sufficiently large (p,1/4 + €,)-dense n-vertex hypergraph contains &n'
copies of Kf)_. O]

4.3 Almost covering

In this section we present a very straightforward proof of Lemma 4.1.2]
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Proof of Lemmal[{.1.2. Given d,~y > 0 take § and p such that

/6 = g d—’y6
13°
We show that a maximal collection of S-connectable tight paths, each of which having at
least Bn vertices, must cover all but at most v?n vertices. We do that by showing that
in every set X C V(H) with at least 4?n vertices there exists a -connectable tight path
of size fn. Indeed, the (p,d,..)-density implies that in such a set X, we have
d| X|?

e(X) > % — pn?,
where we discounted the ordering of triples. In H[X] we remove, iteratively, every edge
that contains an (unordered) pair of vertices with codegree smaller than Sn. In this way,
we remove at most An® edges and get a hypergraph with at least

3
S(X) . 5”3 > d|‘§|

6
2 <d%_p_6>n3a

edges. Owing to the choice of § and ~ this hypergraph is not empty. Now a tight path

_ pn?) _ ﬁn?)

with Sn vertices can be found in a greedy manner. Moreover, if (z,y) is a pair contained

in such path, then we have that the set
Zyy ={2€V:zyz € Eand d(y, z) > pn}

has at least On vertices. O

4.4 Connecting Lemma

We dedicate this section to prove the Connecting Lemma (Lemma [4.1.4). The proof
splits into several lemmata. The Connecting Lemma asserts that every ordered con-

nectable pair can be connected to any other ordered connectable pair. In a first step in

Lemmata |4.4.1] and 4.4.3| we show that there are many connections between large sets of

unordered pairs (without specifying the order of the ending pairs). In fact, these connec-
tion can be achieved by paths consisting of only two edges, which we refer to as cherries
(see Definition below). On the price of extending the length by at most two, in
Lemma we establish that one can even fix the order of one of the sets of given pairs.
On the other hand, this is complemented by Lemma [4.4.7 showing that there are many

pairs of unordered pairs that can be connected in any orientation. We call such pairs of
pairs turnable (see Definition below).
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For the proof of the Connecting Lemma we can now start with any given connectable
pair (x,y) and move to its second neighbourhood, which is a large set of ordered pairs.
From that set we shall reach many turnable pairs. Similarly, from any given ending
pair (z,w) we also reach many turnable pairs. These paths give the turnable pairs an
orientation, but since the turnable pairs can be connected in any orientation, we find the
desired tight (z,y)-(z,w)-paths. The detailed presentation of this argument renders the

proof of the Connecting Lemma, which we defer to the end of this section.

Lemma 4.4.1. For all £, € € (0, 1] there exist n, p > 0 such that the following holds for
sufficiently large m.

Suppose Vi, Vo, Va3 are pairwise disjoint sets of size m and suppose G = (V} U Va, P)
is an (n,&)-reqular bipartite graph. If H = (Vi UVoU V3, E) is a 3-partite hypergraph that
is (p,1/4 4 €,&)-dense over (V3, P), then

|OH [V, V3] | + [0H[Va, Vi]| = (1 + &) m?.

Proof. Given £ and ¢ we set

€\2 e
(= <>,
P <21> and 7 <

Let G = (VU VL, P) and H = (V3 U Vo U V3, E) be given. Since G is bipartite we may
view P as a subset of V] x V5 and, hence, as a set of ordered pairs. Lemma {4.2.2] applied
to V3 and P ensures for the hypergraph H that there are at most ,/pm vertices in V3
with less than (1/4 + € — ,/p)|P| neighbour pairs in P. We remove such vertices from V3
and let V3 be the resulting subset of V.

Consider a fixed vertex vs € V3. By the definition of V5, we have

N P (3= vB) 1P > (4 156 171 (13)

For i = 1, 2 we consider the neighbourhood of vs in 0H [V}, V3] defined by
N;(vs) = {v; € Vi: (vi,v3) € OH[V;, V3]}

and note that
[N (vs, P)| < eq(Ni(vs), Na(vs)) -

Consequently, the (7, &)-regularity of G yields
[N (vs, P)| < &[Ny (v3)]|Na(v3)| +nm?. (4.4)

Combining (4.3) and (4.4]) with the upper bound on |P| provided by the regularity of G

we obtain
15 ) 15 ) ) TN
AE| Ny (v3)|| Na(v3)] = (1—|—Ze>\P|—4nm > <1+Ze>(§—n)m —dgm? > <1—|—§e>§m ,
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where the last inequality makes use of the choice of . Hence, the AM-GM inequality
tells us

(V) (v3)] + [Na(vs)])* = 4| Ny (v3)| | Na(vs)| = (1 + ;6>m2

and, consequently, we arrive at

7 \1/2 11
N1 (v3)] + | Na(vs)] = (1+§e) m> <1+1—06>m.

Finally, summing for all vertices v3 € Vi we obtain the desired lower bound

OH[V1, Va]| + [0H[Va, Va]| = Y (IN1(v3)] + [Na(vs)])

ngV’

11
<1+—
10

)
> (110 v

> (L+e)m”,

Vsl

where we used the choice of p for last inequality. O

Tight paths of length two will play a special role in our proof and the following

notation will be useful.

Definition 4.4.2. Given a hypergraph H = (V, E) and disjoint sets p, q € V@ we say
that the edges xyz, yzw € E form a (p,q)-cherry, if p = {z,y} and ¢ = {z, w}.

Moreover, given two sets P, Q C V@ we say that edges e, ¢ € E form a (P,Q)-
cherry, if they form a (p,q)-cherry for some disjoint sets p € P and q € Q.

The next lemma asserts that in A-dense hypergraphs with density larger than 1/4

large sets of pairs induce many cherries.

Lemma 4.4.3. For every £, € € (0,1] there exist p, v > 0 such that for every sufficiently
large (p,1/4 + ¢,&)-dense hypergraph H = (V, E) the following holds. For all sets P,
Q C V@ of size at least 3¢n? there are at least vn* (P, Q)-cherries.

Proof. Given £ and € we apply Lemma 1| and we obtain n and p’. Without loss of
generality we may assume that n < & / 2. Moreover, Lemma applied with n and
d = ¢ yields some p > 0 and we fix the desired constants p and v by
03 o
56"
Let H = (V,E) and P, Q C V® satisfy the assumptions of the lemma.

We consider a random balanced bipartition of AUB of V and let P4 = {p € P: p C A}
and Qp = {q € Q: ¢ C B}. A standard application of Chebyshev’s inequality shows

p= and v = 9p%u’e
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that there exists a balanced partition of V' such that |P4|, |Qg| = &n?/2. We apply
Lemma separately to the graphs (A, P4) and (B,Qp) and obtain four pairwise
disjoint vertex sets A;, Ay C A and By, By C B each of size m > un/2 such that the
induced bipartite graphs P[A;, Ay] and Q[B1, By] are both n-regular with density at
least €.

Next for i« = 1, 2 we consider the 3-partite subhypergraph H|[B;, P[A;, As]] on A; U
Ao U B; with the edge set

{z,y,2} e V¥ 2 € B, and {y,z} € E(P[A1, 43))} .

Lemma applied to H|[B;, P[Ay, Ay]] with 3 = p yields a subhypergraph H’". Since

our choice of p guarantees
pn® + p(3m)® < 28pn* < p' - |Bi| - e(P[Ay, Aj))

it follows from the =-density of H, that H>" is (p,1/4 + ¢, &)-dense over (B;, P[Ay, Ay)).
Similarly, for ¢ = 1, 2 we also define the 3-partite hypergraph H;’Q with vertex partition
B; U By U A; and note that it is (p',1/4 + ¢, &)-dense over (A;, Q[B1, Ba).

Applying Lemma to the bipartite graph P[A;, A5] and the 3-partite hypergraph
H;’P implies

|0H ) "[AL, Bi]| + |0H )P [Ag, Bi]| = (1 + &)m?

Moreover, three further applications of Lemma to P[A;, As] with Hﬁ’P and to
Q[By, By] with H)»? and with H>? show that

2
> (|oHE" 1A, B +[0H;" 142, B )+Z (loHs21B), Al|+|0H2[Bs, A]]) > 4(1+2)m®
i=1
In particular, rearranging the terms shows that
2 2
SN (|0 (40 Bl| + |0HP(B;, Al[) > 401 + &)m?
i=1 j=1

and, hence, there are some indices ig, jo € {1,2} such that

|OHF[A;y, By )| + [0H 9By, Aiy]| = (1 + €)m?

Jo?

Consequently, set of ordered pairs
R={{y,2} eVP:(y,2) € OHIP[Ayy, Bjy] and (z,y) € OH (B, Ay}

Jo>

has size at least em?.
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Finally, we note that every {y, z} € R has positive degree in both hypergraphs HgO’P
and HZ,O’Q and, hence, these degrees are at least 3pm. Therefore, there are at least 9p?m?
distinct vertices x € As_;, and w € Bs_j, such that zyz and yzw form a (P, Q))-cherry.

Summing over all pairs in R yields at least

em? - 9,02m2 > vnt

(P, @Q)-cherries in H. O

The following corollary allows us to find many connections between a large sets of

unordered and a large set of ordered pairs.

Lemma 4.4.4. For every £, € € (0,1] there exist ¢, p > 0 such that for every sufficiently
large (p,1/4 + e, 2)-dense n-vertex hypergraph H = (V, E) the following holds.

Let P CV xV be a set of ordered pairs and let Q C V) be a set of unordered pairs,
each of size at least Eén?. There is an { € {2,4} such that there are at least (n**? tight
paths of length ¢ which start with an ordered pair from P and ends in (some ordering of)
with a pair from Q.

Proof. Given ¢ and ¢ we apply Lemma with £/6 and ¢ and obtain p and v.
Lemma applied for /2, 4, and 6 (in place of £, k, and ¢ in Lemma yields the
promised constant ¢ > 0. With out loss of generality we may assume that { < v/2 and
let n be sufficiently large.

For a given set of ordered pairs P C V xV let P be the set of unordered pairs obtained
from P by ignoring the order. In particular, |P| > |P|/2 > ¢n?/2 and Lemmaasserts
that there are vn? different (P, Q)-cherries. That is to say there are vn* tight paths on
four vertices of the form xyzw where {z,y} € P and {z,w} € Q.

If for ¢n* of those cherries we have that (x,y) € P, then the lemma follows with ¢ = 2.
Hence, we may assume that for at least (v — ¢)n* > vn?/2 of those tight paths we (only)
have (y,z) € P. Consequently, Lemma yields ¢(n® blowups of these two edge paths
where the vertices y and z are doubled, i.e., H contains (n% 6-tuples of distinct vertices

(x, Y1, Y2, 21, 22, w) such that for every i, j € {1,2} we have
(yi,x) € P, {z,w}e@, and zyz;wis a tight path with two edges.

In particular, every such 6-tuple induces a tight path y;z2;y,wzs which starts with an
ordered pair from P and ends in an unordered pair from () and this concludes the proof

of the lemma. 0
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For establishing the Connecting Lemma (Lemma [4.1.4]) we shall extend Lemma m
in such a way that we can connect large sets P and (), where both of them consist of
ordered pairs. For that certain blowups of K f)*s will be useful and we introduce the

following notation.

Definition 4.4.5. We say a T-tuple of distinct vertices (ay,as, as, by, ba,c,d) € V7 is a
turn in a hypergraph H = (V, E) if for everyi € {1,2,3} and j € {1,2} the set {a;, b;, ¢, d}
spans a copy of a Kf’)_ i H with a; being the apez.

Combining Theorem [4.2.5] and Lemma [4.2.4] shows that the hypergraphs with ..
density bigger than 1/4 contain many turns. Moreover, we observe that in a turn 7" the
tight paths

alblcang y &1b16a3db2a2 s blalcdang N and b1a1 Cbgag (45)

with at most 3 inner vertices connect the pairs {a1,b;} and {as, by} in all four possible

orientations. This motivates the following definition.

Definition 4.4.6. For a hypergraph H = (V, E) we say two disjoint unordered pairs q,
¢ € V@ are (0, L)-turnable, if for every ordering (q1, q2) of ¢ and every ordering (¢}, ¢b)
of ¢ there exists some positive integer £ < L such that the number of tight (q1, q2)-(q}, ¢5)-

paths in H with { inner vertices is at least 0|V |*.

It follows from (4.5) that pairs {a;,b;} and {ag, by} that are contained in Q(|V]3)
turns are (6, 3)-turnable for some sufficiently small > 0. The following variation of this

fact, will be useful in the proof of the Connecting Lemma.

Lemma 4.4.7. For every € € (0,1] there exist 0, p > 0 such that for every sufficiently
large (p,1/4 + €,..)-dense hypergraph H = (V| E) the following holds.

There exists a set Q C V@ of size at least 0|V'|? such that for every q € Q there exists
a set Q'(q) € VP of size at least 0|V |* such that q¢ and q' are (0, 3)-turnable for every

q € Q'(q).
Proof. Let H = (V, F) be a sufficiently large (p, 1/4+¢, %.)-dense hypergraph on n vertices.
A combined application of Theorem and Lemma yields a set 7 C V7 of at

least ¢n” turns (ay,as, as, by, be, ¢, d) in H for some sufficiently small ¢ = ((g) > 0 and we

shall deduce the conclusion of the lemma for

_¢
b=2.

For every pair (a,b) € V x V and i € {1,2} let T;(a,b) be the set of such turns where

a and b play the roles of a; and b;, respectively. We consider the set
T ={(a,d,a3,b,0',c,d) € T: |Ti(a,b) N To(a’, V)| = (n’/2}
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and note that |7*| > (n"/2. By a standard averaging argument there are at least (n?/4
pairs (a,b) € V x V for which we have

mm

|T1(a,b) NT*| >

and we denote the set of these ordered pairs by R. Note that for every pair (a,b) € R
there is a set R'(a,b) CV x V with

|R(a,b)| > %n2 such that |7i(a,b) N Ta(d’,¥)| = gng
for every (a/,V') € R'(a,b). Finally, let Q be the set of unordered pairs derived from R,

(4.6)

ie.,
Q = {{QMQQ} € V(Q): (Q17Q2) S R}
and for every ¢ = {q1, ¢} set

Q(q) ={{a1. b} € V®: (), ¢b) € R(q1,2) UR (g2, 1) } -
Clearly, . .
Q| > % gn =0n? and Q'(q) > én — On?

and the required number of tight paths for every orientation of ¢ € Q and ¢’ € Q'(q)

follows from (4.5 and (4.6]). H

Roughly speaking, the proof of Lemma follows from Lemmata [4.4.4) and [£.4.7]

The definition of connectable pairs allows us to move from the given ordered pairs (z,y)

and (w, z), that need to be connected, to large sets of ordered pairs P, P’, by considering
their second neighbourhoods. Moreover, Lemma ylelds sets Q C V® and @’ (q) C
V@ for every ¢ € Q of turnable pairs. Applying Lemma first to P and @) and then
to P and Q)'(q) for all ¢ € @ leads to the desired tight (z, y)—(z, w)-paths.

Proof of Lemmal[f.1.4. For given €, 5 > 0 let # and p; be the constants provided by
Lemma 4.4.7. We set

¢ = min{6, 5%}
and Lemma [4.4.4] applied with £ and ¢ yields ¢ and py. Finally, we define the promised
constants
C2
p=min{py,p2} and «a= EFR

Let H = (V, E) be a sufficiently large (p, 1/4+-¢,2)-dense hypergraph on n vertices and
let (z,v), (w, z) be two disjoint S-connectable pairs. Consider the second neighbourhoods

of these pairs defined by

P={(u,v) €V xV:zyu, yuw € E} and P ={(u,v') eV xV:wz, zu'v' € E}.
(4.7)
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Owing to the B-connectability, both sets P and P’ have size at least 3°n? > &n?.

Next, let Q@ € V) and Q'(q) € V@ for every ¢ € @Q be the sets of size at least
On® > &n? provided by Lemma [1.4.7 For every ¢ € Q we denote by Py(q) (resp. Ps(q))
the number of tight (u,v)-(q1,g2)-paths having 4 (resp. 6) vertices and (u,v) € P and
{q1, 92} = q. Moreover, we normalise these numbers by

aX{P4_<q> Pa_@}

ne(q) = el R

and note that Lemma [4.4.4] applied to P and () ensures
> np(g) =¢. (4.8)
qe@

Analogously, we define P;(q'), F5(¢'), and np:(q’) for every ¢' € |, @'(q) and Lemmam
applied to P’ and @’(q) implies
> neld) = ¢ (4.9)
7'€Q’(q)
for every ¢ € (). Recall, that the paths accounted for in and induce an ordering
of the vertices in ¢ and in ¢’. However, by Lemma the pairs ¢ and ¢ are (0, 3)-
turnable for every ¢ € @ and ¢’ € @'(¢), which means that these pairs can be connected

for any possible orientation. Consequently, there is some ¢ with
5 < ¢ < max{4,6} +max{l,2,3} + max{4,6} = 15

such that the number of (z,y)-(z,w)-walks in H is at least

ot nt ¢

2@ 0 D aeld) > 5 Y aele)0-¢ > ot
q€@ 7'€Q’'(q) q€Q

At most O(n’~1) of these walks might not be a path and, hence, the lemma follows for

sufficiently large n. O]

4.5 Absorbing path

We dedicate this section to the proof of Lemma Similarly as in [59] the absorbers
we consider here have two parts. Moreover, we use an idea of Polcyn and Reiher [56],
which reduces the abundant existence of absorbers to a degenerate Turan problem on the
price that we can only absorb exactly three vertices at each time.

Consider first the complete 3-partite hypergraph Kégg with parts A; = {x;, v, 2i },

for every ¢ = 1,2,3. Note that this hypergraph contains the tight paths
L1X2T3Y1Y2Y32122%3 , (4.10)
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and

T1T9T32122%3 - (411)

This means that from every copy of K?(,f)’g),?,, ordered as a tight path like in , we
may remove the three inner vertices yi, yo, y3 to obtain a tight path with the same ends.
Since we only consider dense hypergraphs, we can guarantee that many copies K. 3(,3333 exist.
In other words, in such a situation the tight path zixox3212923 could absorb the three
vertices y1, ¥2, and y3. However, not every triple might be contained in a K§?§73 and this
will be addressed by the second part of the absorbers used here.

Suppose we want to absorb some arbitrary vertices vy, vy, and v3. The idea, similarly
as in [59], is to exchange v; with y; contained in some K§3§3 Suppose we have found
a K. §3?33 as described above, but additionally we find a path (as a graph) on four vertices
with edges from Ny (v;) N Ny (y;) disjointly for each i = 1,2,3. We argue that this whole
structure can absorb vy, vy, v3. Indeed, if a;b;c;d; is a path on four vertices with edges
from Ng(v;) N Ng(y;), then both P(v;) = a;bv;c;d; and P(y;) = a;by;c;d; are tight paths
in the hypergraph and with the same endings. Moreover, the minimum degree and the
uniform density imply that for each vertex v € V', most vertices of V have (n?) common
neighbours with v, which is enough to find such paths.

Therefore, if we choose to absorb vy, v9, v3, we will consider the tight paths P(v;), P(vs),
and P(vs) and the tight path of K:,E?B as in (£.10). On the other hand, if we choose not
to absorb them, then we consider the tight paths P(y;), P(y2), and P(y3) and the tight
path of K. 953333 as in (4.11)). We will also show that for each triple of vertices, we can find
many of these configurations, so that we can choose a small amount of them that still
can absorb every triple and also connect them into a single tight path. Observe that this
absorbing path can only absorb sets of vertices with size divisible by three, an issue with

which we deal later. First we prove that for every triple there are many absorbers.

Definition 4.5.1. Let H = (V, E) be a hypergraph and (vi, vy, v3) € V3. We say
A= (K,P, P, P) e VI x Vix Vi x VvV

with K = (x1, T2, T3, Y1, Yo, Y3, 21, 22, 23) and P; = (a;, by, ¢;, d;) is an absorber for (vy, vg, v3)
if the ordered sets

(i) T1T2T3Y1Y2Y3212223, T1T2T3212223,
(ZZ) aibivicidi and azblylcldz fOT’ 1= 1, 2, 3

induce tight paths in H. All hyperedges of those paths that do mot include a vertices

from {vy,ve,v3} are called internal edges of the absorber A.
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Formally absorbers are defined to be four tuples. However, sometimes it will be

convenient to view them as 21-tuples of vertices.

Lemma 4.5.2. For all d, € € (0,1] there exist p, & > 0 such that for sufficiently large n
the following holds.

For every (p,d,)-dense hypergraph H = (V, E) on n vertices with 6,(H) > en?® and
every triple T = (vy,vq,v3) € V3 of distinct vertices there are at least En®' absorbers for
T.

Proof. Given d and € we define some auxiliary constant ¢ = (d/2)?"/3 and set

1 /d\™ Cdo%°
PZ%(@) and &=

Let H = (V, E) be a (p, d,~)-dense hypergraph on n vertices and consider some triple of
vertices T = (vy, v, v3) € V3.
Three applications of Lemma each with X =V and for i € [3] with the set of

ordered pairs
{(u,w): {u,w} € NH(vi)}

tells us, that there are at most 3,/pn bad vertices v € V that may fail to satisfy

|Ner(0) 0 Nig(w)] = (d = v/p) | N (0)| = (d = v/p)oa (H) > ggnz (4.12)

for some i € [3]. Moreover, the (p,d,&)-density of H implies that the edge density of H
is at least d — 2p > d/2 and since the extremal number of any fixed 3-partite hypergraph
is o(n?®) we have Kgg C H for sufficiently large n. In fact, the standard proof of this
fact from [22] yields at least ((d/2)*" — o(1))n? such copies. Consequently, for sufficiently

large n there are at least

((g)w - 0(1)> n® — 3/pn - n® > (n’

copies of K§?§73 in H that contain no bad vertex. Let K = K7 C V? be the set of these
K, in H.

Consider some K = (x1, T2, T3, Y1, Y2, Y3, 21, 22, 23) € K. Since none of the vertices of K
is bad, for every vertex v from K inequality holds for every i € [3]. In particular,
for every ¢ € [3] we have |Ng(y;) N Ng(v;)| = den?/2 and it follows from [10] that there
exist at least ((de/2)® — o(1))n* paths on four vertices with edges from Ng(y;) N Ng(v;).

Consequently, for sufficiently large n, there exist at least

3.3 3 9_9
K| - ((d?g . 0(1)>n4) > n? Lz s e
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4-tuples A = (K, Py, Py, P3) € VO x V4 x V4 x V* with P, inducing a path in Ng(y;) N
Ny (v;) for i@ = [3]. Such an A may only fail to be an absorber for T', if it contains some
vertex from T itself or if its 21 vertices are not distinct. However, since there are at most

O(n*") such “degenerate” A’s the lemma follows for sufficiently large n. O

Note that for the proof of Lemma positive &-density was sufficient. However,
to address the aforementioned divisibility issue, we will show that the hypergraphs H
considered here contain a copy of Cs(4), the 4-blow-up of the tight cycle on 8 vertices.
For the proof of that, we make use of the assumption that the &-density of H is bigger
than 1/4.

The Cs(4) is formed by 8 cyclicly ordered independent sets {e;, fi, gi, hi }ics) such that
the only edges are the ones with vertices from three consecutive such sets. Note that
Cs(4) contains the tight path

€1€a ... €8f1f2 . fgglgg e gghlhg e hg. (413)

Moreover, by removing the sets {fi}icis) or {fi, gi}icig from the path in leads to
tight paths with the same ends in Cg(4) with 24 or 16 vertices, respectively. We also
remark that 16, 24 and 32 are congruent to 1, 0 and 2 modulo 3, respectively. Therefore,
if we connect such tight path to the absorbing path, we can decide to remove some of the

vertices so that the size of the leftover set is divisible by 3.

Lemma 4.5.3. For all ¢ > 0 there exist p, 8 > 0 such that every sufficiently large
(p,1/4 + €,&)-dense hypergraph H = (V, E) contains 0|V|3? copies of Cs(4).

Proof. Given ¢ > 0 we apply Theorem to obtain p; and £. Then, the application of
Lemma to £/6 and ¢ yields py and v. Set p = min{py, po} and let n be sufficiently
large.

Let H = (V, E) be a (p,1/4+¢,&)-dense hypergraph on n vertices. In view of Lemma
it suffices to show that H contains (n® copies of Cg for some ¢ > 0.

Theorem implies that H contains at least én? copies of K f’)_. Let R be the set
of ordered pairs (a,z) such that both vertices are contained in at least £n?/2 of these
Kf’)f with a being the apex. By double counting we infer |R| > &n?/2.

For every (a,7) € R, let P,, € V® be those pairs {y,2} that span such a copy
of K f’)_ together with a and . We apply Lemma to P = (@ = P,, and infer that
there are at least vn? (P, Q)-cherries, i.e., tight paths with 4 vertices starting and ending
at a pair from F, ,.

Let F' be the hypergraph with vertex set {a,z,y,v, 2,2} such that the following
holds. The vertices {a,z,y, 2z} and {a,x,y’, 2’} span copies of Kf’)_ with apex a and F
contains a ({y, z}, {¢/, 2’'})-cherry. Observe that since y and z (resp. ¢’ and 2’) play a
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symmetric role in K f’)f, regardless of the orientation of the pairs {y, z} and {¢/, 2’} in the
cherry the resulting hypergraph is isomorphic. Without loss of generality we will assume
that the cherry is a tight path of the form yz1y'z’. By the reasoning above, H contains at
least

|R|-vn* > §l/n6

copies of F'. We argue that there is a homomorphism of Cg in F'. Indeed, if we consider

the vertices of F' in the following cyclic ordering
zayzy' 2 ay’

one can check that every consecutive triple forms an edge in F'. Since there are at
least Q(n®) copies of F'in H, then by Lemma and taking ¢ small enough, we have
that there are at least (n® copies of Cs. n

We are now ready to prove Lemma |4.1.3]

Proof of Lemmal[{.1.3. Given ¢ > 0 the constants appearing in this proof will satisfy the

following hierarchy
1
1>8>>§,9>>ﬁ>>p,a>>7/>7>>ﬁ, (4.14)

where the auxiliary constants £, 6, and « are provided by Lemmata [£.5.2] [£.5.3] and [4.1.4]
and it is easy to check that complies with the quantification of these lemmata.
Let H be a (p,1/4+ ¢, &)-dense hypergraph with §;(H) > en? and let R be a subset of V
with at most 2v2n vertices. Fix the subhypergraph Hs C H provided by Lemma m

For T € V3, let Ar be the set of those absorbers for T' in H that have no vertex
in R and all its 36 internal edges from Hpg. It follows from Lemma applied with
d=1/4+ ¢ and ¢ that

|Ar| = &n®' =21 |R[n*" —6-36(e(H) —e(Hp))n'® > En*' —42+°n* =216 pn*' > gnﬂ :

Let A = | J, Ar be the union over all triples 7' € V? and consider a random collection of

absorbers C C A in which each element of A is present independently with probability

A48,

P= 1A

Since E|A| = p|A|, Markov’s inequality ensures that

P(lC| > 7"/n) < (4.15)

N | —
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Moreover, for every T € V3 we have

277,,

P gn®_ yVen

Chernoft’s inequality combined with the union bound over all triples yields
P(3T € V*: |CNAr| < 3y°n) < o(1). (4.16)

Letting Y be the number of pairs of distinct absorbers A, A" € C that share a vertex we

note
8/3,,2 441~8/3p, EID) ~2
_ .2 21 2 .20 __ M 41 7 n
EY =p*-n~ -217-n —4‘A|2-441n <T < T
and by Markov’s inequality, we have
9 1
P(Y > ~°n) < 1 (4.17)

Consequently, with positive probability none of the bad events from (4.15), ,
and (4.17) happen. In particular, there exists a realisation of C such that

IC| < ~*3n, |IC N Az| > 3y%n for every T € V?, and |Y(C)| < v°n.

For every pair of absorbers accounted in Y (C) we remove one of the involved absorbers
in an arbitrary way and obtain a subset B C C of pairwise vertex disjoint absorbers

satisfying
IB| <|C| <~*3*n and |BNAp| > |CNAp| —v*n > 2+n for every T € V2,

Recall that if the absorbing path would only contain the absorbers from B, then it could
only absorb sets U with a cardinality that is divisible by 3. We address this divisibility
issue by adding a copy of Cg(4) to the path. Lemma m guarantees at least On3? copies
of Cs(4) in H. Similarly, as for the estimate of Az, we infer that there is one such Cg(4)
which is vertex disjoint from the set R and from all absorbers from B and which only

contains edges from Hpg. In fact, this follows from

On** — 32 |RIn*" — 21 |B|n' — 6 - e(Cs(4)) (e(H) — e(Hp))n*
14
> 0n®? — 64~°n%% — 2143032 — 3072 Bn’? 0.
Fix an ordering of the vertices of such a Cg(4) that induces a tight path (see, e.g., (4.13))
and denote this path by Pc.

In order to obtain the final absorbing path, each absorber (K, Py, P», P5) € B will be

viewed as a collection of four tight paths: xixox3212923 and a;b;y;c;d;, for ¢ = 1,2,3, as
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in Definition m Therefore, together with joining Po we have to connect ¢ = 4|B| + 1
tight paths to build the promised absorbing path A. For each of the connections we
will appeal to Lemma and each application will require to add up at most 15 inner
vertices.

Let (P;)icy be an arbitrary enumeration of all these tight paths that need to be
connected. We continue in an inductive manner starting with A; = P, let A; be the
already constructed tight path containing P; for every ¢ < j. Since every connection

requires at most 15 inner vertices and the longest path in (F;);c has 32 vertices we have

t

VA + D [V(P) < 15(j — 1) + 32t < 4Tt < AT(4]B| + 1) < 47(49**n +1) <yn.
- (4.18)

Suppose now that we want to connect P;, which ends in (z,y), to Pj41, which starts

at (z,w). Since all tight paths P; with i € [t] have its edges in Hg, by Lemma [£.2.3
they are S-connectable. Therefore, Lemma implies that there are at least an’ tight
paths, with ¢ < 15 inner vertices, connecting (z,y) with (z,w) in H. Consequently, in
view of and |R| < 2v%*n our choice of v in shows that at least one of such

connecting paths must be vertex disjoint from

which concludes the inductive step and proves the existence of the tight path A,4,.
Finally, let A = A; be the final tight path and let U C V \ V(A) with |U] < 3v*n.
First we remove 0, 8 or 16 vertices from Pg in A and reallocate them to U to get a set U’
with size divisible by three. Moreover |U’| < 3v*n + 16 < 3(7?n + 6) and, hence, U’ can
be split into at most y?n + 6 disjoint triples. Since each triple has at least 2v?n > v*n+6

absorbers in A, we can greedily assign one for each and absorb all of them into A. O]

4.6 Proof of Theorem [1.3.4

In this section we discuss the few modifications necessary in the proof of Theorem [1.3.3|in
order to prove Theorem [1.3.4] Recall that both theorems have the same minimum vertex
degree assumption. However, where Theorem [1.3.4] requires the given hypergraph H to
be A-dense for some positive density, Theorem requires &-density bigger than 1/4.
In other words, the uniform density assumptions of both theorems are incomparable.

The proof of Theorem consist of three main parts, namely Lemmata[d.1.2-[4.1.4]
Observe that Lemma |4.1.2| can be applied directly under the conditions of Theorem [1.3.4}
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but for Lemmata [4.1.3| and 4.1.4| we have the assumption of 2-density at least 1/4 which
is not provided by Theorem[1.3.4, We start with the discussion of the Connecting Lemma
in the context of Theorem [1.3.4] in the next section and defer the discussion of the ad-
justments for the Absorbing Path Lemma (Lemma to Section m

4.6.1 Connecting Lemma for Theorem [1.3.4

The following lemma will play the role of Lemma in the proof of Theorem [I.3.3]

Lemma 4.6.1 (Connecting Lemma for A-density conditions). For every d, § > 0 there
exist p, o > 0 and an ng such that for every (p,d,a)-dense hypergraph H on n = ng
vertices the following holds.

For every ¢ € {5,6,7} and for every pair of disjoint ordered B-connectable pairs (x,y),

(w,2) € V x V, the number of (z,y)-(z,w)-paths with { inner vertices is at least an’.

Proof of Lemma (sketch). We begin with the following observation. Let P, P C
V' x V each of size at least Q(n?) we show that

there are at least Q(n®) p-p’-paths with one inner vertex and p € P, p' € P'.  (4.19)

Note that every (p,d,a)-dense hypergraph is (p, d, &)-dense and in view of Lemma [4.2.2)
applied to P and V there is a set X C V such that |X| = Q(n) and for every x € X
we have |N(z, P)| = Q(n?). Similarly, another application of Lemma to P' and X
yields a set X’ C X of size Q(n) such that

IN(z, P)| = Q(n®) and |N(z,Q)| = Q(n")

for every z € X'. Consequently, a standard averaging argument tells us that each of the

sets

Q= {(pg,:v) eV xX':|{p1€V: (p1,p2) € Pand pipsx € E}| = Q(n)}

and
Q' = {(z,p) € X' x V: |{ph € V: (p},ph) € P and zp\ph € E}| = Q(n)}

has size Q(n?). Finally, the &-density of H applied to Q and @’ yields (n®) p-p’-paths
starting in P and ending in P’ with an inner vertex from X, i.e., it establishes .

For given connectable pairs (z,y) and (w, z) letting P and P’ be their second neigh-
bourhoods as defined in , yields the conclusion of Lemma for ¢ = 5.

For ¢ = 6 we note that ~-density implies that there are (n?) '-connectable pairs
(y,vy') with zyy’ € E for sufficiently small 5’ = p'(d) > 0. Applying the same argument
as above for every such pair (y,y’) proves the case £ = 6. Finally, for ¢ = 7 the same
reasoning applied to the connectable pairs (v/,vy") with zyy', yy'y” € E concludes the
proof. O]
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4.6.2 Absorbing Path Lemma for Theorem [1.3.4

Recall that the proof of Lemma required A-density bigger than 1/4 in only two

places:
(i) for the connection of the absorbers to a tight path and

(ii) in Lemma for addressing the divisibility issue of the size of the absorbable sets,

while for the abundant existence of the absorbers &-density d for any d > 0 is sufficient
(see Lemmad.5.2)). As shown in Section for the connecting lemma positive A-density
suffices, which addresses|ii Moreover, in Lemma|[4.6.1| we are even free to choose the length

of the connecting paths, which renders the divisibility issue from [iif in this context.

4.7 Concluding remarks

We briefly discuss a few open problems for 3-uniform hypergraphs and possible generali-

sations of Theorems [1.3.3| and [1.3.4] to k-uniform hypergraphs.

4.7.1 Problems for 3-uniform hypergraphs

Theorems|1.3.3|and[1.3.4/concern asymptotically optimal assumptions for uniformly dense

hypergraphs that guarantee the existence of Hamilton cycles. The following notation will

be useful for the further discussion.

Definition 4.7.1. Given * € {~, & A} and a € {1,2}. We say a pair of reals (d, «)
is (%, a)-Hamilton if the following assertion holds:
For every e > 0 there exist p > 0 and ng such that every (p,d+ ¢, *)-dense hypergraph

H=(V,E) with |V|=n>ng and §,(H) > (a+¢)(,",) contains a tight Hamilton cycle.

We remark that we can restrict our attention to tight Hamilton cycles, since the result
of Lenz, Mubayi, and Mycroft [50] asserts that already (0,0) would be (x, a)-Hamilton
for loose cycles for every choice of x € {s, &, A} and a € {1,2}. For tight Hamilton cycles
Aigner-Horev and Levy [2] showed that (0,0) is (A, a)-Hamilton for a = 2 and this was
extended by Gan and Han [33] and by Theorem to a = 1. It remains to characterise
the minimal pairs (d,«) that are (%, a)-Hamilton for the four combinations x € {2}
and a € {1, 2}.

Example shows that for (d, «) being (&,

Hamilton we must have

max{d,a} >

1)-
i . (4.20)
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On the other hand, Theorem asserts that for d = 1/4 already a = 0 suffices. It
would be interesting to determine the smallest value a.; such that d = 0 suffices. In
view of we have a.; > 1/4 and the result from [59] bounds a.; by 5/9. Since
all known lower bound constructions for that result are lacking to be &-dense it seems
plausible that a.; < 5/9.

Similarly, let a5 be the infimum over all & > 0 such that (0, «) is (&, 2)-Hamilton.
Here it follows from [64] that a.» < 1/2. Moreover, Example yields a hypergraph
with minimum codegree (1/4 —o(1))n that fails to contain a tight Hamilton cycle. There-
fore, we have a5 > 1/4 and at this point we are not aware of any reason that excludes
the possibility that «. > matches this lower bound.

Problem: Determine «.; and a. .

For tight Hamilton cycles in ~-dense hypergraphs the problem appears to be more
delicate as the following unbalanced version of Example [1.3.2] shows. Instead of a uni-
formly chosen bipartition of F(K,_3) we may colour the edges independently red with
probability p and blue with probability 1 —p. Let H), be the resulting hypergraph, where
the rest of the construction is carried out in the same way as in Example [1.3.2] By
symmetry we may assume p > 1/2 and for the same reasons as in Example the
hypergraph H,, contains no tight Hamilton cycle. Moreover, for every fixed p > 0 we
have with high probability that

61(Hy) = (min{l —p,p* + (1 —p)°} —p)(5) and &(H,) = ((1 —p)>—p)n

and that H, is (p, p*+ (1 —p)3,..)-dense. For p close to 1 this shows that there isno d < 1
such that (d,0) is (., a)-Hamilton for a € {1,2}. In particular, there is no straightforward
analogue of Theorem in this setting.

It would be intriguing if this construction is essentially optimal for every p > 1/2.
In such an event it would imply a resolution of the following problems, where the lower
bound would be obtained from H, for p = 2/3 and p = 1/2. Problem: Is it true that

(i) (1/3,1/3) is (=, 1)-Hamilton?

(i1) (1/4,1/4) is (=, 2)-Hamilton?

4.7.2 Possible generalisations to k-uniform hypergraphs

The notion of tight Hamilton cycles straight forwardly extends to k-uniform hypergraphs.
Moreover, the definition of uniformly dense hypergraphs is inspired from the theory of
quasirandom hypergraphs (see, e.g., [1,75] and the references therein). Below we briefly
recall the generalisation of Definition for general k-uniform hypergraphs, where we

follow the presentation from [57].
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Given a nonnegative integer k, a finite set V, and a set Q C [k] we write V@ for the
set of all functions from Q to V. It will be convenient to identify the Cartesian power V*
with V¥ by regarding any k-tuple v = (vi,...,vx) as being the function i — v;. We
denote by v — v | @ the projection from V* to V% and the preimage of any set Gg C V@
is denoted by

Ke(Gg) ={veV* (v|Q) € Gg}.

We may think of Gg C V@ as a directed hypergraph (where vertices in the directed
hyperedges are also allowed to repeat). More generally, for a subset @ C P([k]) of the
power set of [k] and a family & = {Go: Q € Q} with Go C V@ for all Q € Q, we define

Ke(@) = () Ki(Gq) . (4.21)
QeQ
Moreover, if H = (V, F) is a k-uniform hypergraph on V| then ey (%) denotes the cardi-
nality of the set

EH(g) = {(Ul, c ,Uk) S ]Ck<g) {1)1, C ,Uk} S E} .
Now we are ready to state the generalisation of Definition [1.3.1]

Definition 4.7.2. Let p, d € (0,1], let H = (V,E) be a k-uniform hypergraph on n
vertices, and let Q@ C P([k]) be given. We say that H is (p,d, Q)-dense if for every
family 9 = {Gq: Q € Q} associating with each Q € Q some Gg C V@ we have

en(9) > d|Kp(9)| — pn®.
It is easy to check that for k = 3 the following subsets of P*([3])

Q.= {{1},{2},{3}}, Q.={{1}.{2,3}}, and Q.= {{1,2},{1,3}}

correspond to ., &, and A-dense hypergraphs. More precisely, for every x € {., =, A}
we have that a 3-uniform hypergraph is (p, d, x)-dense if and only if it is (p, d, Q,)-dense.

Example straight forwardly extends to k-uniform hypergraphs. In fact, we may
consider a random bipartition G UG of the (k — 1)-element subsets of an (n — 2)-element
set and we define a k-uniform hypergraph containing only those hyperedges with the
property that all of its (kK — 1)-element subsets are in the same partition class. Finally,
we may add two vertices z and y such that the (k — 1)-uniform link of z is G and the
(k — 1)-uniform link of y is G. We remark that for k = 2 this construction leads to
two disjoint cliques with ~ n/2 vertices, which is a lower bound construction for Dirac’s

theorem [21] in graphs.

69



It is easy to check that the resulting k-uniform hypergraph H does not contain a tight
Hamilton cycle and for every fixed p > 0 it is (p, 2'7%, Q)-dense for

0={Qek*?:1cQ}u{{2... k}}

with high probability for sufficiently large n. Note that for £ = 3 we have Q = Q. and H
provides a lower bound for Theorem It seems plausible that the hypergraph H is
essentially optimal for Q-dense hypergraphs also for £ > 3, i.e., that O-dense k-uniform
n-vertex hypergraphs with density bigger than 2!=% and minimum vertex degree Q(n*=1)
contain a tight Hamilton cycle. This would be an interesting extension of Theorem [1.3.3
to k-uniform hypergraphs.

Moreover, one can check that for
Q' ={{1,...,k—1}{1,....k—2,k}}

the hypergraph H constructed above is not (p,d, @')-dense for any fixed d > 0 and
sufficiently small p > 0. Note that for £ = 3 we have @' = Q, and, in fact, Theoremm
asserts that (p,d, @')-dense hypergraphs with minimum vertex degree Q(n?) contain a
Hamilton cycle for any d > 0 and sufficiently small p. We remark that the proof of
Theorem discussed in Section extends to k-uniform Q’-dense hypergraphs with

an appropriate minimum vertex degree condition.
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