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These notes were written in prevision of an introductory course on Gaussian Multi-
plicative Chaos (GMC) given at the 32nd Coldquio Brasileiro de Matemdtica. Their aim
is to provide a very accessible and mostly self-contained introduction to a currently very
active domain of research. For five hours of lectures, we add to make a drastic selection
on the material be presented. We provide some motivation and a short historical introduc-
tion to the subject which is by no mean exhaustive. The reader can refer to

for a more throughout review of all the development the field has known in
the past decade.

We have chosen to focus on the problem of construction of GMC in the real and com-
plex setup rather than on applications. We have chosen to present a lot of proofs in the
simpler framework of multiplicative cascades which while easier to handle, displays ex-
actly the same phenomenology as the GMC. The last chapter is dedicated to the proof of
convergence of Gaussian Multiplicative Chaos in a very general setup. Up to minor mod-
ifications and simplifications the proofs we present are borrowed from the literature. We
provide the references for the original source for most recent results.



Introduction to
Gaussian
Multiplicative
chaos

1.1 Some recall about Gaussian Random Variables, Vec-
tors, Fields

Before introducing the reader to Gaussian Multiplicative Chaos, our main object of

study, let us start with a very short recall about Gaussian processes. The reader can refer

e.g. to Zeitouni (2015) for a complete introduction to the subject and to Janson (1997) for
complements.

1.1.1 Definitions and basic properties

The Gaussian distribution A/(m, 62) with mean m € R and variance 62, o > 0 is the
probability distribution whose density w.r.t. to Lebesgue measure is given by

1 _=m)?

e 20 1.1.1
V2o ( )

By convention, when o = 0, N'(m, 0) is simply the Dirac mass at m. Given k € N, aran-
dom vector (X1, ..., Xi) taking value in R is said to be Gaussian if for all A, ..., A €
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R, the variable
Z =X+ 4+ A Xk, (1.1.2)

is a Gaussian random variable. Finally if X is an arbitrary set, we say that the collection
(X(x))xex is a Gaussian field indexed by X if, for every k>1 and xq,...,x; € X,
(X (xi))f.‘=1 is a Gaussian vector.

The important thing to know about Gaussian fields is that their distribution is com-
pletely determined by their mean and covariance. Let us detail this fact a little bit: We say
that a function ¥ : X2 — R is positive definite if forany n>1 and A1,..., 4, € R

D ik E(xi.xj)>0, (1.1.3)
i,j=1

As the r.h.s. in (1.1.3) corresponds to the variance of the variable Z in (1.1.2) (with X; =
X (x;)) the covariance of a Gaussian field K(x, y) := E[X(x) X (y)] is necessarily positive
definite function. The following reciprocal statement also holds

Proposition 1.1.1 (Existence of Gaussian Fields). Given m : X — R arbitrary and X :
X — R? positive definite, there exists a unique distribution P on (R¥, B(R)®%), under
which the coordinate projections (X (x))xex constitutes a Gaussian field with average m
and covariance K.

Sketch of proof. The statement is about existence and uniqueness of a distribution. Unique-
ness follows from the fact that being Gaussian the information of the mean and covariance

completely determines the Fourier transform. Indeed as for any u € C if Z is a Gaussian

random variable of variance m and variance 02> we have

u2
E[e*?] = "™t 25 (1.1.4)
Hence we have for any &1,...& € R
E[er:l EkX(xk)] — pXh=1 Em()+5 Y i< k<n &K (xjxi) (1.1.5)

which by injectivity of the Laplace transform, fully determines the distribution of all finite
dimensional marginals.

Existence can be obtained by describing the density explicitly in the vector case (that
is X finite). The construction can then be extended to the infinite case using Kolmogorov
extension Theorem. (an explicit construction based on Hilbert spaces is given in
( , Lemma 7, Proposition 1)) O

Let us conclude this brief section by recalling some properties of Gaussian variables
used throughout these lectures. We include their short proof for the sake of completeness.
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Lemma 1.1.2 (Gaussian tail bound). If X has distribution N'(0,02) then we have for

everyu >0

o _uZ
2

]P)[X > M]g e 20
V2mu

(1.1.6)

Proof. Simply observe that

1 *© _% d o * v _Lzz d 11
e 202 dvg —e 202 dv 1.7
V2no /u V2mu /u o2 ( )

O

Proposition 1.1.3 (Cameron Martin Formula). On a probability space (§2, F,P) let X :=
(X(x))xex be a centered Gaussian field and Z be a centered Gaussian random variable
such that (X, Z) is also jointly Gaussian. Let P be the probability whose density with
respect to P is given by

dP/dP = ¢Z—3BIZ%],
Then under P, X is a Gaussian field, with the same covariance but with mean given by

E[X(x)] = E[X(x)Z]. (1.1.8)

Sketch of proof. Considering x1,...,x; € X, we can compute the Laplace transform of
(X(x1), ..., X(xr)) under P, by using (1.1.5) for the Gaussian vector (Z, X (x1), ..., X(xx))
under P. We obtain

EleXk=18X(0)] = E[Z-2EIZ7 I+ Xi o1 8 X ()

— e% Yicihn EiE K x)+Y 2 E[X(x,)Z] (1.1.9)

which by injectivity of the Laplace transform and (1.1.5), implies the desired results.
O

1.1.2  Regularity criterion for fields on R¢

Let us focus now on the case where X = D is a bounded regular subset of R and the
covariance X' possesses some regularity property. In that case we are interested in making
sense of integrals of functionals of the Gaussian field X such as

/ FX()) dx
D

for continuous functions f. If Proposition 1.1.1 guarantees the existence of Gaussian
fields it does not say anything about its regularity and thus X and f o X. To resolve this,
we define the field on a probability space with more structure. Let C°(D) denote the set
of continuous function on D, considered with the topology of uniform convergence on
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compact set and let F be the associated o-algebra. The following classical result shows
that we can always consider that X is continuous provided that X is sufficiently regular
(the assumptions made below are far from optimal but sufficient for the application we
have in mind)

Theorem 1.1.4. Ifwe assume that X (x, y) has continuous second derivatives then there
exists a probability P on (Co(D), F), under which the field formed by projection coordi-
nates (X(x))xep is a centered Gaussian field with covariance X.

Proof. From Kolmogorov-Chentsov Theorem ( , Theorem 1), there exists a
continuous version of the field provided that there exists p > 0 and 8 > 0 such that

E[IX(x) = X(1)IP]<Clx — y|4+P. (1.1.10)
The variable X (x) — X(y) is a Gaussian and its variance satisfies
E[(X(x) = X())2] = Z(x,%) + Z(r.y) =250, N<Clx =y, (111D

where the inequality is the consequence of X' being twice differentiable and is valid uni-
formly on D. Hence by scaling, there exists C), such that we have

E[IX(x) = X()IPISCplx — yI?,
and hence (1.1.10) is satisfied for 8 = p — d for p > d. O

1.2 log-Correlated Gaussian field

In this Section, we make use of the definition introduced in the previous section to give
a mathematical definition of log-correlated fields, which are needed in the construction of
Gaussian Multiplicative chaos.

1.2.1 Definition

We want now to introduce a notion of Gaussian field which is not covered by the
previous definition. Given a bounded smooth domain D C R?, we consider a real valued
kernel K defined on D? \ {(x,x) : x € D} and which satisfies:

K(x,y) :=log

|x =yl

where L(x, y) is a continuous function on D2. We let C° (R?) denote the set of com-
pactly supported smooth (i.e. infinitely differentiable) functions in R?, and we assume
the following continuous analog of (1.1.3) for every f € C° (R%)

[, 7070k dxdy>0. (122)
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where by convention K(x, y) = 0 ifeither x or y is not in D. We say that the Kernel K is
positive definite if (1.2.2) is satisfied. We want to introduce a notion of centered Gaussian
field “indexed by D” with covariance K.

For such a definition to make sense, we must abandon the idea of defining X pointwise,
and only define the values of X integrated against sufficiently regular measures. We let
Mk denote the set of measure that can be written in the form p4 — p_ where p4 and p_
are two positive measures which satisfies

/ |K(x,y)|p+(dx)p+(dy) < oco. (1.2.3)
R4 xR4

Now we can construct a centered Gaussian field index by M g whose covariance is given
by

S (o1, p2) = / K(x. »)p1(dv)pa(dy). (12.4)

Note that as a consequence of (1.1.3) X'k is a positive definite quadratic form on Mg.
We use the notation (X, p) for the field, and sometimes write improperly [ X dp. Note
that for any @ € R, p1, p2 € Mg, we have almost-surely

(X,ap1 + Bp2) = a(X, p1) + (X, p2). (1.2.5)

1.2.2 Examples

We provide the reader a few examples of kernels K which satisfies (1.1.3). For more
motivation behind these examples we refer to the review paper

Kernels which are invariant by rotation and translation If the distribution of the field
is invariant by translation and rotations in R¢ it implies that the covariance function must
be of radial form, that is K(x, y) = ¢(]x — y|) for some function ¢ : (0, c0) — R.

When d = 1 we can deduce from Polya’s criterion (see ( , pp. 509)) that
any choice of non-negative convex ¢ makes ¢(|x — y|) definite positive. Many general-
ized versions of this criterion in arbitrary dimension have been proved (see e.g.

). A particular example valid in all dimension (see for a
proof) is given by

K(x,y) =log+(|x;y|) (1.2.6)

for an arbitrary value of 7 > 0. Another family of log-correlated field is given by star-
scale invariant Kernels. Given k : R4 — R a differentiable bounded function which is
such that k(]x — y|) is positive definite k(0) = 1, and fooo |k(u)| du < oo set

K(x,y) :=/0 k(e"|x — y|)du

It is then a simple exercise to check that it satisfies (1.2.1).
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The Gaussian Free Fields on R?  Given an open set D C R? with smooth boundary, we
consider G to be the Green kernel associated with the Laplace operator on §2 with Dirichlet
boundary condition, that is, such that for any continuous f in §2, go := [ G(-,x) f(x) dx.
is the unique solution

Ag(x) = —-2nf(x) onD,

o) = 0 e (1.2.7)

Note that this characterization implies positive definiteness since by integration by part,
we have for all continuous function f with compact support in D, using the notation

g=[G(.x)f(x)dx

/ FOG . ) f()dy = 27 / Ag(x).g(x)dx = 27 [ Vg (x)? dx0.
D2 D2

(1.2.8)
Let us briefly justify why G satisfies (1.2.1) on any compact subset D C D relying on
some property of the Brownian motion. It is known that G can be expressed as

G(x,y):=m /Ooo Pl (x,y)dt (1.2.9)

where P/ is the heat Kernel corresponding to a two dimensional Brownian motion killed
when hitting the boundary of D. We are going to show that the integral from 1 to infinity
above yields a continuous function on D while that from O to 1 can be written in the form
given in Equation (1.2.1). Note first that we have

1 x—yI2
TPl (x,y):= 2_te_| o 0(t.x,y,D) (1.2.10)

where Q(t,x,y,D) := Py, (Bs € D,Vs € [0,¢]) and Py ,, ; is the distribution of the
Brownian bridge of length ¢ from x to y.

As in each interval of time of the form [r, n + 1], conditioned on the rest of the trajec-
tory, By has a positive probability of exiting D, we can find a constant Cp satisfying

O(t.x,y,D)<e™CP" Vi1,

which is sufficient to ensure that || 1°° P}(x,y)dr is a continuous function on D?. Now if
the segment [x, y] is at a distance ¢ from the boundary of D, that is

min  |xt +y(1—1t)—z| > ¢,
tef0,1],zeDC

then standard Brownian estimates yield

&2
o, x,y,D)>1—-Ce 1,
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which is sufficient show that flo P (x,y)dt is of the form (1.2.1).

One can also consider the integral Kernel corresponding to the inverse of the massive
Laplace operator A —m? , m > 0, with Dirichlet boundary condition given by

© m2t
Gm(x,y) = 71/ e~ 2 Pf(x,y)dr.
0

In this case, the integral also converge when D is unbounded, in the particular case where
D = R? we obtain

" C 1 _m2_x?
G, (x,y)= / —e 2 T2 dt. (1.2.11)
0o 2t

The Gaussian fields with correlation function given by one of the Green functions men-
tioned above are called Gaussian free fields. They are important object in theoretical
physics, and provide important application to the theory of Gaussian multiplicative chaos:
The Multiplicative chaos associated with the Gaussian Free Fields are connected with 2D
Liouville Quantum Gravity, introduced in study , which attracted a lot of
attention in the probability community following the pioneering work of

1.3 Gaussian multiplicative chaos

The Gaussian Multiplicative Chaos associated with a log-correlated field X of given
covariance kernel K, associated with the parameter y > 0 is formally defined as a positive
random measure on D, whose density is given by the exponential of the field X

M, (A) ;=/A:eVX : dx. (1.3.1)

Above, we used the Wick notation, if Z is a centered Gaussian random variable it is defined
by: eZ := ¢ZElZ *1. The issue with Equation (1.3.1) is that X is not defined as a function
of x € D so that some extra work is required in order to give a meaning to the integral.
A reasonable way to try to give a meaning to (1.3.1) is to apply a smooth convolution
Kernel to X. In the remainder of the notes # will denote a positive function in C>(R?)
supported on the Euclidean ball of radius one centered at the origin B(0, 1) and such that
fB(o,l) 6(x)dx = 1. Given ¢ € (0, 1) we use the notation 8, := ¢~ 40(¢71.).

Now we consider X, to be the Gaussian field indexed by D given by (X, 6.). Using
the formula (1.2.4), we obtain that the covariance of the field X, is given by

Ke(x,y):= /Rd 0:(z1 — x)0:(z2 — x)K (21, 2z2) dz1 dzs, (1.3.2)
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(recall that by convention K(z1,z2) = 0 outside of D?). We write K, (x) for the variance
of the field K.(x, x). An important observation is that K, is a smooth function x and y
and hence by Theorem 1.1.4 we can find a continuous (hence measurable) version of X,.
Given y > 0 we define

2
MY = / o7Xe 15 Ke® g (133)

In order to show that (1.3.1) is well defined, one would like to show that Ms(y) con-
verges when the radius of convolution ¢ tend to zero. Also we do not want the object
(1.3.1) to depend on the approximation scheme which is used for X, and hence to prove
that the limit does not depend on the particular choice of the smoothing kernel 6. This is
the content of the following result.

Theorem 1.3.1. If'y < ~/2d, the limit
) . ; )
My = shrr(l) M,

exists and the convergence holds in the L' sense. Furthermore limiting random variable
does not depend on the choice of the approximation Kernel p.

Remark 1.3.2. Our result concerns only the multiplicative chaos integrated on the whole
domain D but can also be extended to a convergence result for the measure measure

2
Mg(y)(dx) = e¥Xe="2 Ke() dx. We have chosen to restrict to the proof convergence of
the total mass for the sake of exposition.

Let us dwell a bit on Theorem 1.3.1 which has a long history (we refer also to the
introduction of for a more detailed account). A first version of the
result is due to Kahane: In , the convergence of another approximation
sequence of (1.3.1) (which is not obtained by convolution), under the stronger assumption
that that the Kernel K is of o-positive type (that is K(x, y) = Zn>1 Ky (x,y) where K,
is a sequence of bounded positive definite Kernel which satisfy K, (x, y)>0). The result

was then considerably extended in where convergence of Ms(y)
defined above and uniqueness of the limiting distribution was shown without assuming
o -positivity. Finally in , uniqueness of the limit in IL; was established in

a very general framework. The proof of the result we present in these notes (see Chapter
4), which is short and self contained, is, up to minor modifications, the one presented

There are various motivations to study the random measure (1.3.1). The original mo-
tivation in is that they form a natural class of self-similar
random measure but further application were found in mathematical finance and in the
study of three dimensional turbulence (see the introduction of
and references therein). In recent years, the Gaussian Multiplicative Chaos associated the
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exponential of the 2D-Gaussian Free Field has been the object of numerous studies due
to its relation to the theory of two dimensional quantum gravity (see for a
review).

1.4 Complex setup and Sine-Gordon representation of log
gas

Multiplicative chaos given by Equation (1.3.1) has also been studied in the setup where
y is allowed to take complex values (see ( ) and
( ) and references therein for a general presentation and applica-
tion). In this note we present an introduction to the imaginary case where y € iR. For
notational convenience and also because of the Sine-Gordon connection exposed below,
we look only at the real part of the GMC, that is, consider cos(8X) rather than !X . For
the sake of simplicity, in these notes we are only going to prove results in the hierarchical
setup of multiplicative cascades (see Section 1.5.1 below) but we present in this section
some motivation to study the problem of log-correlated fields (we refer to
and references for a more complete introduction).

Given 8 > 0, and X a log-correlated field with covariance Kernel K on D, we want,
in analogy with the previous section, to make sense of the following integral

M® ::/ :cos(BX) : dx, (1.4.1)
D

where : cos : denotes the Wick renormalization of the cosine, which, for a Gaussian ran-
dom variable Z, is defined as follows

2
:cos(Z):=e2%cosZ.

As before the problem comes from the fact that X (x) is not a random variable, and the
integral must be computed via approximations.

The study of M ®) can be motivated by that of gas of electrically charged particle in
D , whose interaction is proportional to the kernel K. We place ourselves in the so-called
grand canonical setup, where the number of particles in the gas in not fixed. The state
space is given by

Q=[] D" x{-1.1}".
n>0

An element of £2 is a triplet @ = (n, X, A) where n denotes the number of particles, x =
(x1,...,Xxp) their position, and A := (41, ..., A,) their charge. To each configuration we
associate an energy which is given by

Hn.x. M) = > ALAjK(xi.x)). (1.4.2)

1<i<j<n
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In two dimension, this a very natural Hamiltonian to consider since the Coulomb potential
is in that case equal to log ﬁ Now given« and 8 > 0 two parameters («/2 corresponds

to the individual particle activity and B to the inverse temperature), we wish to consider
P, g the measure on §2 defined by

1 (a/2)? g2
P, 5(A) == %, > pr > /Dne BEHmXI 1 pemrdx.  (1.4.3)

n>0 T def-1,1)n

where

) (a/2)? —B2H(n,x,0)
Zoyp = Z o Z /Dn e dx,

n>0 T def-1,1)7
is the partition function. For the formula (1.4.3) to make sense we need that Z, g < 0.

In order to study this problem, physicists have been studied this partition function
under an alternative form called the Sine-Gordon representation. Let us consider K, given
by (1.3.2) and H, to be the Hamiltonian (1.4.2) with K replaced by K(¢)

Ho(n.x, A= Y AidjKe(xi.x)). (1.4.4)
1<i<j<n

and define subsequently Py g ., Z4 8,c. If X is a Gaussian field of covariance K, then
2H is, up to the addition of diagonal term, the variance of a linear combination of the
coordinates of X,

2
2H(n,x,n) + Y Ke(xj)) =E | | Y4 Xe(x;)
j=1 Jj=1

In particular this yields
B Hxd) _ B T Ko [eiﬂ Y- /‘./Xs(xj')] ) (1.4.5)

Then summing over A yields

2 n
y—n Z e—ﬁ2Hg(n,x,A) - eﬁT Yic1 Ke( ) 1_[ cos(BX(x;)) | . (1.4.6)
re{—1,1}7 j=1
Integrating and summing, we obtain that

n

2 n
Zape = Z ll (/D e%Kg(x) cos(BX) dx) —E I:eotMg(ﬂ)] . (1.47)

n!
a>0
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2
with M,g(ﬂ) = fD eZ Ko cos(BX(x)) dx. Note that as K (x) is uniformly bounded on
D, this implies immediately that Z, g  is.

The study of the convergence or renormalization of Z, g . (although formulated in
other terms) when ¢ tends to zero dates back to . What the results in

establish is that when 8 < ~/d M 8('8 ) converges to a non-degenerate limit
variable Méﬂ ), and that

Zap = E[e®™”] < oo, (1.4.8)

When B>+/d the reader can immediately check that the term corresponding to n = 2,
A1 = —A, = 1 which is equal to

/ ePPEEY) gy dy,
D2

diverges (the integrand behaves like |x — y|"’32, and the question becomes: “Does the
probability measure P, g , associated with the partition function Z, g . of Equation (1.4.7)
converge?”. This question is intimately related to the study of the divergence of Z, g ,
when ¢ tends to zero, and has first been addressed in
( )and ( ). Roughly speaking the results of

( ) and ( ) say that when
B € (v/d, ~/2d, only finitely many cumulants of M, s(ﬂ ) diverge when ¢ tends to zero. As
a consequence, Z, g . converges after multiplying by an appropriate counter-term which
is the exponential of a polynomial in «z. We present here a similar result in the case of
complex multiplicative cascade (see Theorem 1.5.5).

Multiplicative cascades (introduced in ( ) and

( ,b)) is a model which is to many respect simpler to study than multiplicative chaos
but which displays a similar qualitative behavior.

1.5 Hierarchical setup and multiplicative cascades

While they have been studied first ( )and ( ,
Gaussian multiplicative cascade can be considered as a hierarchical version of Gaussian
multiplicative chaos. Hierarchical models are models of statistical mechanics for which
the partition function of a system at one scale can be obtained by an easy operation on
the partition function of the model on a smaller scale (see Equation (1.5.7)). This feature
allows for rigorous renormalization group computation.

Multiplicative cascades can be interpreted as a Multiplicative chaos associated with
a field on [0, 1)? (d>1) which is log-correlated for the dyadic distance instead of the
usual Euclidean one. Gaussian Multiplicative Cascades are obtained by considering the
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exponential of a Gaussian field on whose covariance is given by

Q(x,y) = log, ( (1.5.1)

)
d2(x7y) ’

where log, (x) := log(x)/log2 and d,(x, y) is the dyadic distance on [0, 1]¢ defined as
follows. Forn>1,andi := (i, ...,ig) € [1, 2"]]“’ (we use the notation [a, b] = [a, b]NZ
fora, b € Z) we define the dyadic box Bi(") to be

d
B =[2G — 1.27")) (1.5.2)
j=1

The dyadic distance between two points is defined as the size of the smallest dyadic box
they both fit in
log, (da(x., y)) := —max{n>0 : di e [1,2"]%,x,y € B™}. (1.5.3)

The idea is that as d, (x, y) is very analogous to the Euclidean distance and hence the field
will be very similar to a log correlated field.

One can formally construct a Gaussian field with covariance Q in the following man-

ner. We first consider a collection of IID standard Gaussian random variables Zi(n) i€
[1,27]¢, and set

N
Xn(x) =) Za(x), (1.5.4)
n=1

where Z, (x) is defined as the value of Z i(n) in the dyadic box to which x belongs

Zn(x) = Z Zi(n)l{xeBi(")}‘
ie[1,21]

Note that we have
E[Xy(x)Xn ()] := Q(x,y) A N. (L.5.5)

Hence X = limy_,o X can informally be considered as a random field of covariance
Q (one could also prove for instance that X converges as a distribution but this is not
needed for our purpose). Thus given y > 0, we define the multiplicative chaos associated
with X as the limit of the following sequence (provided it exists)

2
MY :=/ HXND-BN g (1.5.6)
[0,1]
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An important consequence of the hierarchical structure of the model that My 4 can be
obtained by making an operation on 2¢ independent copies of My. For simplicity we
consider d = 1 (the general case is completely similar) and set

ZW(x) i= Zus1(x/2), ZP(x) 1= Zysa((x +1)/2).

We let Xj(é) = Z,],V=1 Z,gi) fori € {1,2} and let M1(\;) denote the associated chaos. Itis not

difficult to check that X 1(\? (and thus M ](\;)) have the same distribution as My, furthermore
we have

M _y2 M _y2
e’Zi 2M]§,1)+e”z2 2M1(Vz)

2 ’

Myi1 = (1.5.7)

where Z is the common value taken by Zy(x) on [0, 1], and is independent of the M Jg)s.
Beside the hierarchical structure, another feature that makes cascades easier to study is
the fact that our sequence X of approximations of the field has independent increments,

which implies that M [(\,y) is a martingale.

Proposition 1.5.1. The sequence Ml(vy) is a martingale with respect to Fy 1= G(Zi("), n<N).

As a consequence it converges to a limit Még).

Proof.
2 2
E[My11 | Fy] = /eyXN(x ~ZNE [eVZNOC)—Vz |]—"N} dx = My.  (1.5.8)
O

Note that the relationship (1.5.7) is also valid replacing N by infinity (M Ig)) N>0 are

also a martingales). As M 1(\,1 ) M 1(\,2 ) are independent and distributed as My, this implies
that P[Mo, = 0] = P[Ms = 0]?, and thus that the event has probability either 0 or 1.
The following is the equivalent of Theorem 1.3.1 in the cascade setup, but turns out to be
much easier to prove. It first appeared in , but the proof we
present is inspired by the presentation found in

Theorem 1.5.2. We have Moo > 0, P-a.s. if and only if y*> < /2d log 2.

We have chosen to introduce the cascade in a Gaussian setup for practical reasons but
it is worth mentioning that the result above (and the proof we present) are valid in much
larger generality.
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1.5.1 Complex cascades

Multiplicative Cascades have also been considered in the complex setup with vari-
ous motivations (see ( ) and
( )). In analogy with (1.4.1) we set

2

8 . Ng
My .=/ e 2 cos(BXy(x))dx. (1.5.9)
[0,1]4

Repeating the proof of Proposition 1.5.1 we see that M I(Vﬂ )isa martingale and we want
to establish its convergence. Motivated by Section 1.4 above (in particular (1.4.7)) we

are concerned not only about M ;f ) but also about the finiteness of its Laplace transform.

The analogous result in R? implies the finiteness of the log-gas partition function has first
been proved in

Theorem 1.5.3. For every B < /d log?2, the limit limy _ o Ml(f) = Még) exists in L.
Furthermore we have for every o € R

lim E [e“M/(Vﬁ)] =E [e“M‘gg)] < 0. (1.5.10)

N—o00

The above result is in a sense optimal in the sense that M 1(\13 ) does not converge for f <

v/ d log2. More precisely M ](\,’3 ), after proper renormalization, converges to a Gaussian in
distribution.

Proposition 1.5.4. For every B>./d log?2 we have
lim E[(M#)?] = o, (1.5.11)
N —o0

and

®)
M N
— =N T2 N0, (1.5.12)

E[(My)?]
where = stands for convergence in distribution.
This result can be pushed in fact a level further. When $>,/d log?2, as a consequence
of Proposition 1.5.4, E [e"‘M N )] diverges. The next result we present gives an information
about this divergence.

To enunciate this result, we must recall the notion of cumulant of a random variable.

Note that as M 1(\;3 ) is bounded, the above Laplace transform is analytic in . Hence we
can write its power expansion and we have

i
logE [eaMﬁvﬁ’] =y %c}ﬂ’(zv). (1.5.13)

i>0
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The quantity Ci('s )(N ) is called the i-th cumulant of My . The first two cumulants are re-
spectively given by the mean and variance, and the i -th cumulant can always be expressed
as

cP(N) = E[(My)'] + RE[My)"].... . E[My))

where R is a polynomial in i — 1 variables.

When 8 > /d log2, the variance Céﬂ )(N ) diverges. However, it happens that if g

is sufficiently close to /d log2 all other cumulants remain bounded. More precisely we
have a sequence of distinct threshold for § which correspond to the divergence of even

order cumulant and /d log2 is only the first one. Let us set B, = {/d log2 (2 — 1)
Theorem 1.5.5. When 8 < /2d log2 = P then

Jim e (N =) (c0) (1.5.14)
exists and is finite for every i, and when B < B, then

Jim P (N) =: P (o0) (1.5.15)

converges if one subtracts the term corre-

. B)
exists for all i >n. Furthermore E [e“MN ]

sponding to diverging cumulants.

® n—1,(8) -
lim E [e“MN ]e_zi=llc2i M) = Z, 4. (1.5.16)
—00
The proof we present are taken from and adapted

to the simpler cascade setup. The Central Limit Theorem (Proposition 1.5.4) is proved
using the same tools. An alternative proof can be achieved by computing all the moments
of the partition function as done in

1.6 Organization of the notes

The rest of the notes is organized as follows. In Chapter 2 we provide a short proof
of Theorem 1.5.2 about convergence of multiplicative cascades. In Chapter 3, we prove
all the results presented in Section 1.5.1 concerning renormalization of complex cascades.
Finally Chapter 4 is devoted to the proof of Theorem 1.3.1 concerning convergence of
Gaussian Multiplicative Chaos.



Gaussian
Multiplicative
cascades

2.1 Directed polymer on tree and multiplicative cascades

For notational simplicity and without any loss of generality we decide to stick to the
case d = 1. First of all for a better graphical representation of the problem, we find

an alternative representation of the sequence M z(vy ) (defined in Section 1.5. We) as the
partition function of a disordered model indexed by the dyadic tree T,. The elements
of T, are word represented as words of finite length using the alphabet {1, 2} (the root
corresponding to the empty word see Figure 3.1). Let us introduce some notation: For
u € T, we let |u| >0 denote the length (i.e. the number of letters) of u. For 0<n<|u| we
let u, be the ancestor of u at generation n which is simply the word that consists in the
first n letters of u. Finally for u,v € T,, we let u A v denote the most recent common
ancestor

U AV = Upy where n* := max{n<|u| A |v| : u, = v,}.
Now we consider an IID field of centered Gaussian variables with unit variance (@ )veT,

indexed by the vertices of T,. Now for u € T, we also define a variable X,, which is
obtained by summing w, along the path linking u to the root

[u]

Xy = E Wy,, -
n=1
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Now the reader can check that X is a centered Gaussian field indexed by T, whose co-
variance is given by
E[XyXy] :=|u Av] (2.1.1)
Finally we set
2
MY =28 Y K 2.12)
{ueT, : lu|l=N}
It is not difficult to check that this definition is equivalent to the one given by Equation
(1.5.6) in the case d = 1 (For the general case it is sufficient to replace the dyadic tree

with a 24 -adic one). In particular, by Proposition 1.5.1, (M 1(\,)')) N >0 1s a martingale and
converges to a limit. The aim of this chapter is to understand for which values of y the
limit is non-degenerate.

Theorem 2.1.1. When y € (0, \/210g?2), we have the following convergence result in 1.,
and almost surely

lim MY = MY, (2.1.3)

N—o0

When y > /2 log 2 then we almost surely have

lim MY =o0. (2.1.4)

N—o00

As mentioned in Section 1.5, as M 1(\,)’) is a positive martingale, it is sufficient (for the
convergence part) to prove that it is uniformly integrable.

Our proof of Theorem 2.1.1 is organized as follows. In Section 2.2, we show using
a very simple computation that the martingale in L, (and hence converge) if y < /2.

In Section 2.3, we prove (2.1.4) for y > /2log?2 using so called fractional moment
techniques, and in Section 2.4 we show how the same technique can be adapted to prove

a convergence result when y < /2log?2). Finally in Section 2.5.1, we prove (2.1.4) for
the threshold value y = /2 log 2 using so called spine techniques.

2.2 Convergence in I.°

In order to get some intuition on the problem, we start with a very simple explicit
computation, which allows to prove convergence for some values of y.

Proposition 2.2.1. Wheny € (0, \/log?2), the sequence M 1(\}/ ) is bounded in Ly, and thus
as a martingale also converges in L, to Még’ )

Remark 2.2.2. The important observation here is that second moment estimates do not

yield an optimal result: for y € [\/log2, /2log?2) the martingale Mj(\}/) is not bounded
in Ly but is uniformly integrable.
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Proof. The computation of the second moment yields

BRI = e
{u,veTy,lul=|v|=N}
_ 4N 3 o5 (EIXu+X0)21-N) _ 4N 3 72 hunvl
{u,veTy,lul=|v|=N} {u,veTs,|ul=|v|=N}
(2.2.1)
Now to compute the above sum, we can observe that
22N=k=1 " if 0<k<N — 1
#u,v: |lul=v|=N, lurvl=k= oo ’ 222
ol =pl=N v =ki=400 T (222)
and conclude that
N—1
E[M}] =478 3 02Nk=1p07k 4 4=NoN N
k=0
1 —2Ner?
=2 & o NerNg 2.2.3)

2 —e?? —ev?’

where the last inequality is valid when y? < log?2. Thus My is a bounded sequence in
L, for these value of y. O

2.3 Convergence to zero for y > /2 log?2 using fractional
moments

Let us now move to the case of large y. In this section we wish to prove that the limit
is degenerate for y > /2log2. Although convergence to zero also holds in the case
y = {/21og?2, but the proof of this case is more subtle and is detailed in Section 2.5

Proposition 2.3.1. When y>./2log?2 then we almost surely have
lim M =o. 23.1
NE;noo N ( )

The proof of this result is a particular case of what physicists call fractional moment
methods. It relies on estimating | [(M 1(\,7))9] for some non-integer value of 8 € (0, 1).

In contrast with the computation (2.2.1) made in the case 6 = 2, for 6§ non-integer
there is no explicit explicit expression for the moment. However we can obtain upper
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or lower bound on fractional moments by using convexity inequalities. One very simple
inequality (easily proved by induction) will be of used several times and is valid for any
finite or countable collection of positive numbers (a;);ez and 6 € (0, 1)

0
(Zai) <D df. (2.3.2)

i€l i€l

Proof of Proposition 2.3.1. We drop the dependence in y in the notation for commodity.
We are going to show that there exists 6 < 1 such that

lim E [M,%] —0, (2.3.3)

N—oc0

which by Fatou’s Lemma implies that E[(limy oo M 1%)9] = 0. Now using (2.3.2) we

have
6

2 2
Mf =27V [ 3 XN | NG N BN (g3

[u|=n [u|=n

and thus taking expectations and choosing 6 = /21log2/y < 1 we obtain
4 0y? — 4 (y—+/210g2)?
E [MN] <exp (N(1 =) |log2— = | ) = e~ 02027, (2.3.5)

O

2.4 Convergence when y < /2log?2

In this section, we prove that the martingale limit is non-degenerate whenever y <
+/2log 2 which is the optimal result. The proof relies on another application of the frac-
tional moment method introduced in the previous section.

Proposition 2.4.1. When y>./21og?2 then the following limit is almost surely positive.

lim MY =MD, (2.4.1)

N—o0
Furthermore the convergence also holds in L4 for q € [1, max(21;—§2, 2)).

Proof. As My is a martingale, its convergence in IL¢ is equivalent to boundedness of the
sequence in LZ. We choose ¢ € (1,2), and observe that MK, = (Mﬁ,)q/z. We use the
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decomposition (1.5.7) of My 41 using the partition functions M ]ﬁ,l ) and M ](VZ ) correspond-
ing to the the two subtrees rooted at 1 and 2 respectively (recall that w; and w, denote the
value (wy)ueT, at the two vertices of the first generation of T).

-v2/2
Myt == > (ey‘“lei,“ +eV‘”2M,E,2)). (2.4.2)

Taking the square of this recursive expression we obtain

2

-y
Mz, == (62”“’1 (MDY 4 e (MP)? + 2ey<w1+a’2)M,§,“M,§,2)). (2.4.3)

Finally, we use (2.3.2) for & = ¢/2 < 1 and obtain that

2\ —4
M]Z’-Hg (ze”z) (eqywl (MI(Vl))q + eqywz(MI(VZ))q + e%(wﬁwz)(zM](vl)M](VZ))q/Z) )
(2.4.4)
)

Hence using the independence of the M »;’s and taking expectation on both sides we have

(¢2—

q 1—q Dy? q —q/
E[M}, 1<2' e 2 E[ML]+2

(¢2—29)y?
2e T

E[M{/*)? (2.4.5)

2_ 2
Now as we have E [M;{,/z] <1 by Jensen’s inequality and as 2-4/2¢ ““—3"*~

that the sequence ay = IE[M;{,H] satisfies a9 = 1 and

<1, we obtain

an+1<ogay +1

2_ 2

with @y = 21-40“"F"  When g < (2log2)/y* we have a; < 1 which allows to

conclude that ay is bounded by 1/(1 — «y).
O
2.5 Proof of convergence to zero in the critical case y =

v2log?2

The argument of Section 2.3 falls short in the critical case y = /2log2. In order to
settle this case we have to use a more refined argument, which involves Cameron-Martin

21y

shifts of the Gaussian field (that is considering e”X*~ 2 as a probability density and
using Cameron-Martin formula (Proposition 1.1.3)). This approach turns out to be very
powerful and can also be used in the non hierarchical setup (see Chapter 4).

Proposition 2.5.1. When y = /2log2 we have

: )
lim M,;’ = 0. 2.5.1
N0 N 25.1)
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Proof. The strategy to prove the above is to identify a sequence of events Ay whose
probability tend to one while

lim E[My14,]=0. (2.5.2)
N—o0

Then we can deduce from it that My tends to zero in probability by applying the Markov
inequality to My 1.4, .

P[My > e]=e 'E[My1.4,] + P[AS]. (2.5.3)

The important thing to notice here is thatas E[My] = 1, Py [An] = E[Mn 14 ~ ] defines
a probability measure. Hence the problem reduces to find an even Ay which while very
typical under P, becomes very atypical under the probability Py .

To this purpose, it is important to have a more explicit description of ﬁN. Given
u € T, we can define P, as the measure whose density with respect to P is given by

2
e?Xu="7lul We have |
lu|l=N

Now using Proposition 1.1.3 it is worth mentioning that P, corresponds to the measure
under which the w,s are still Gaussians of variance one, but with average equal to y if v
is an ancestor of u and 0 if not.

Let us set

Ayn = Vn €1, N], m[ax]Xn(x)g\/Zloan + log N
x€[0,1

The proof of our proposition then follows from the following estimates
Lemma 2.5.2. When y = m we have
(4) limy o0 P[AS] = 0,
(B) limy o0 Py[An] = 0.
O
Proof of Lemma 2.5.2. Let us start with (4). We can use union bound and the Gaussian

tail bound (1.1.6) we have

IP’[.A%,] =P [Eln e [1,N],|ul =n, X, > /2log2n +10gN]
N N

_ (/Zlog2n+log N)2
<) Y P[Xy > V2log2n +logNI< Y 2% 21, (254)

n=1|u|=n n=1
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and we conclude by observing that neglecting the last term in the expansion of the square

(1/210g2” 10g N) Vi
2 5 5
(V2log2n+log N)* <2_711\/— 210g2 (2. . )

As /2log2 > 1, this allows to conclude.

To prove (B) we observe that by symmetry P, [An] does not depend on the choice
of u when |u| = N. Now u being fixed, let us use the notation (Yn)ﬁ’:] = (Xu”)f:’:1
for the value of X along the path of ancestors of u. Now using the fact that under P,, the
increments of Y, have mean /2 log 2 we obtain that

PulAN]<P.[Vn € [0, N], Y,<+/2log2n + log N
=P[Vn € [0, N], Y,<log N]. (2.5.6)

The probability of the right hand side is of course independent of # and the convergence of
Yixn /~/N to Brownian motion implies that the right hand side converges to P[B; <OVt €
[0, 1]] = 0O (see below for a self-contained short proof).

O

Random walk estimates

Lemma 2.5.3. Let (Y,)n>0 a random sequence (P denotes its distribution) starting from
Yo = 0 and whose increments are IID with distribution N'(0, 1).

lim P Y,<logN]=0. 2.5.7
VI Pl iR T og M &7

Proof. For n>0, we set ny := k% _ 1,and Zy := Y, — Yu,_,. We observe that the

event whose probability we want to bound is included in Ay U By where

Ay = {Vk € [(log N)'/*, (log N)'?], Z</nx =i}

2.5.8)
By :={3n €1, N[, Y,< — (log N)/n}.

Indeed if neither Ay nor By holds, considering k € [(log N)'/#, (log N)'/3] such that
Zy > /ni, we have

Yo, = Zk +Yn_ =2 — (logN)/nig—1 + /nx —ng_1<log N. (2.5.9)

As Zy [ /ng —nj_ are IID standard Gaussians, we have

P[Ay] = P[Y; <1]0oe M)/, oe M)/ (2.5.10)
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and tends to zero. As Y is a centered Gaussian of variance n, using the Gaussian tail
estimate (1.1.6), we obtain that

_ (g N)?

P[Y,< — (logN)/n]<e™ 2, (2.5.11)

o 2
and hence by union bound that P[By]<N e—“g%



3.1 Continuous tree

For the sake of studying complex multiplicative cascade, we decide to extend M 1(\,'3 )
into a continuous time martingale M, t(ﬂ ),

For this we consider the continuous dyadic tree 7, which is obtained by adding a
segment of length one between vertex of T, and its immediate ancestor. Formally 7> can
be obtained by quotienting the space {(u,?),u € T, t<|u|} by the equivalence

(u,t) ~ (v,t) ifum = V[t

where as introduced in the previous chapter, u, denotes the ancestor of u at generation
n (the word composed of the fist n letters of u. We write u, for the equivalence class of
(u, 1) in 7T,. Informally, u, is the point located at distance ¢ from the root (or empty word)
on the path going to u (see Figure 3.1). We extend the notion of length and most recent
common ancestor to 7, by setting |u;| = ¢ and

Ur Avs = (U A V)rns
Now we wish to consider a field indexed by 7, with covariance function

E[X(u)X(v)] :=u A v, (3.1.1)
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FiGure 3.1. Graphical representation of the dyadic tree T and its continuous counterpart
T>. The discrete tree T is the graph whose vertices are finite words in the alphabet {1, 2}.
Edges in T link pairs of words for which one can be obtained by adding a letter to the
other. The continuous tree 7> is obtained informally by adding segments of length 1 for
each edges in T>. Here we have schematically represented a point u € 75, together with
the path which is linking it to the root.

(the same as (2.1.1) but extended to the continuous tree 7,). We consider a continuous
version of the field that is continuous with respect to the distance in 7, which is defined
by d7, (u,v) = |u| + |v] — 2|u A v|. It is possible to construct such a process by simply
adding independent Brownian bridges to bridge the increment of (X (”n))l:io resulting
from the field on T,. Observing that for each ¢ > 0 there are 2/ vertices in 75 satisfying
|u| = t, we can define

2
MP =22 N cos(BX (). (3.12)
{ueTs : lul=t}

We can check that the following holds

Proposition 3.1.1. The process M,(ﬂ ) is a continuous martingale, for the filtration given
by F; = o(X(u), |u|<t).

Proof. Continuity of M; follows from the continuity of X(u). To prove that the process
in the martingale, observe that for s<¢, and |u| = ¢ we have

E [cos(BX(u)) | Fs] = cos(BX (us))E[cos(B(X (u) — X(uy))) | Fs]
— sin(BX (us)) E[sin(B(X (u) — X(us))) | Fs]

= o os(BX(uy) (3.13)
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where above, we have used that X (1) — X (u;) is a centered Gaussian variable independent
from Fy of variance ¢ — s and that for centered Gaussian variable of variance 02 we have

5252

E[cos(BZ)] = E[eP?] =e 2 . (3.1.4)

Hence, keeping in mind that each u with [u| = s has 211151 offspring at level £, we have

2? 2S
E [M,(ﬂ) | ]-"s] — 2 1155* Z cos(BX(uy)) = 21155 Z cos(BX(u))
{ueTs : lul=t} {ueTs : |lul=s}
(3.1.5)
O

The aim of this chapter is to understand the asymptotic behavior of M, ,('3 ) when 1 tends
to infinity. A first result, that can be obtained by repeating the proof of Proposition 2.2.1,

is that the martingale is bounded in I, if and only if 8 < /log2.
Proposition 3.1.2. When B < /log2, we have

sup E[M?] < oo, (3.1.6)
t>0

in particular the martingale M, converges in 1L? to a limit M.

Proof. We have

E[M?] = 272[11P > Elcos(BX(w)) cos(BX (v))] (3.1.7)

{lul=|v|=t}

and using (3.1.4)

Efcos(BX () cos(BX(v))]
= E [cos(B(X (1) — X (v)) + cos(B(X(u) + X(v))]
B2+ AV | B2 (—lunv))

= 3 = P’ cosh(B2[u A v]). (3.1.8)

Hence using the analog of (2.2.2) oftr the continuous tree we have

[t1—1
E[MZ] = > 27® ¥ cosh(2k) + 27" cosh(B1), (3.1.9)
k=0

The right hand side converges as ¢ tends to infinity if and only if 82 < /log 2.
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To complete the proof of Theorem 1.5.3 presented in our introduction, a bound on the
second moment is clearly not sufficient. In order to a better control on the fluctuation of
M, we use stochastic calculus to compute its quadratic variation. We are not going to use
advanced tools of stochastic calculus, but the reader needs to be familiar with Itd’s formula
and Girsanov’s Theorem (see e.g. ( ) and ( )
for introductions to the subject).

3.2 Computation of the quadratic variation of M,

We let (M ); denote the quadratic variation of (Mj)s>¢ on the interval [0, ]. The aim
of this section is to prove bound the quadratic variation in order to prove finiteness of the
Laplace transform of M.

Proposition 3.2.1. For B < /log2 there exists a constant Kg such that almost surely
we have

(M)oo = tl_i)m (M); < Kg. (3.2.1)
o0
As a consequence we have
2K
El[e®Mo]<e® T 2| (3.2.2)

Before proving the proposition, let us explain why (3.2.2) is a consequence of the
bound on the quadratic variation. This relies on the notion of exponential martingale of
M, (see e.g. ( , Proposition (3.4), pp. 148)).

Proposition 3.2.2. If M is a continuous martingale, u € R, and (M ); denotes its quadratic
variation up to time t, then the process N defined by

2
N; = eUMi—1 (M),

is a martingale for the same filtration.

The above result implies in particular that
E [e"Mt—”f(M)f} =E [¢*M0] = e, (3.2.3)

and thus trivially implies our result. Now in order to prove Proposition 3.2.1, we must
compute the quadratic variation of M;.
Fort € (n — 1, n], we can rewrite M; as

mMP =27 3" 55" cos(BX(uy)). (3.2.4)

[u|=n
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Hence using the usual rules of It6 calculus to compute the infinitesimal increments, we
obtain that fort € (n — 1,n)

aMP = —p2 3 " sin(BX () dX (), (3.2.5)
lu|=n

where dX(u;) denotes the increment of the martingale ¢ — X (u;). Thus

dM®B), = 22720 3 B sin(BX () sin(BX (v1)) d(X (), VX (vr)), (3.2.6)

lul=[v|=n

The increments of X (u,) are Brownian and are independent on different branches, hence
for u, v with |u| = |v| = n we have by construction

d(X(ur), X(vr)) = Liu=v} dz.

Hence integrating (3.2.6) between 0 and ¢ we obtain that

(M®), =g / g2l s 3 sin2(BX (u)) ds. (32.7)
0 |u|=s

With this expression, the proof of the proposition is immediate

Proof of Proposition 3.2.1. When < /log2, simply using the fact that sin®(x)<1 and
that the sum is over [s] terms we obtain that

t
(M(ﬂ))tgﬁzf 27151685 45 < o0, (3.2.8)
0

O

3.3 Central limit theorem in beyond the L., threshold

When B2 > ,/log2, the second moment of M,(ﬁ ) diverges. With some minor effort,
we can obtain the following simple asymptotic of the variance can be deduced from (3.1.9)
£ when B2 = log2,

2

o; = =11 | o821 2

d 2T|:eﬁ2 z—i—eﬂ ’] when B2 > log 2.
B2_

(3.3.1)

We are going to show in this section that in this regime M, renormalized by its standard de-
viation (or by o; which is asymptotically equivalent to it) converges to a standard centered
Gaussian
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Theorem 3.3.1. Forall B > /log2 we have

MP 1o

= N(0.1) (3.3.2)

Oy

where the arrows stands for convergence in law.

Let us briefly explain the strategy we use to prove (3.3.1). We are going to prove the

[0)
convergence of the Laplace transform of 1\{‘,_, towards that of a Gaussian, in other words
that foralla € R

aM; o2
lim E |:e ot :| =e 2. (3.3.3)

—>00

This implies in particular that e °r is uniformly integrable, and thus converges for all
a € C. By analytic continuation, (3.3.3) must also be valid for « € iR and then Lévy’s
continuity Theorem implies convergence towards a Gaussian random variable.

To prove (3.3.3), the starting point is to observe that from Proposition 3.2.2 we have
E [e”Mf—”fW%} = E [¢*M0] (3.3.4)

Foru = a/o;, E [e“MO] converges to 1 and proving the result amounts to being able to

replace (M), by 02 (which corresponds roughly to its expectation). Hence the core of the
proof is to prove that (M), concentrates around its mean (we postpone the proof of this
estimate to the end of the section)

Lemma 3.3.2. When 8 > /2log?2 we have

lim 0, 2(M),; =1, (3.3.5)

t—o00
and for sufficiently large values of t we have almost surely
0, %(M), <3 (3.3.6)

Proof of Theorem 3.3.1. We prove (3.3.3) by proving separately an upper and a lower
bound (in this order). Using Holder inequality we have for any u > 0, and p > 1

2 2
pu= (M) pu=(M)
E[e*M] = E[e*Mi—" 2 "e” 2

2,2 1/p 2,2 p/(p—1) 2,2 p/(p—1)
<]E[eP"Mf—” z”“’} E[epﬂl—(%)’} =]E[ep2(1—(11"1>)t] (33.7)
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1

Taking u = ao; " we can deduce that for any fixed p > 1 we have

. ey, 1@~D/P) 5
limsup E |:e"rt] < lim E [ezazzw—l)] =" 2", (3.3.8)
t—00 —> 00

The last equality is simply obtained by dominated convergence, using Lemma 3.3.2. The
inequality is also valid for p = 1 by continuity. For the lower bound we have

D
u? (r=Du(M), | P=T

| = E[e"Mi— (Qﬂ’]g]E[epuMz]l/p]E |:e_ = [:|p (3.3.9)

Using this for u = ao; ! p~! we obtain also using dominated convergence that

aM; _(X(I’*U%)t -1 o2
litmianE |:e0tj| > tlim Ele 27%: = e2p? (3.3.10)
—00 —00
which concludes the proof.

O

Proof of Lemma 3.3.2. We split (M ®), (recall (3.2.7)) into two parts, with the idea in
mind to prove that the first one (which is non-random) is asymptotically equivalent to o,
and that the second part (which is random) in negligible w.r.t. o;.

2 t 2 t
(M), — %/ 551,87 45 _ %/ 272016875 3™ cos(2BX (u)) ds
0 0

[ul=s

Note in particular that we have (M #)), <2 A, almost surely. To conclude we need to prove
that
lim 4,0;7' =1 and lim o, ' =0, (3.3.12)
t—>00 t—>00
where the second inequality holds in probability.

To compute A; let us observe that

+1 t
fn B2eP?s = P’ (eP* — 1) and / BReP?s = Pt _ A2(11-D) (33 13)
n [£]1—1

When B2 = log 2 this yields

_(-1 1

y 4(21+z7m —1),

A
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when B2 > log 2 we have

1 > (PPt 2 20 e —1
A = — e'B —l —+2 [-t-l eﬁ t_eﬁ rt-l 1) 202_ ,
, 2(( e e ( ) P 3
(3.3.14)

which proves our statements concerning A;. To establish the convergence in probability
of {;, we compute its second moment. Writing an upper bound (to avoid having to write
integer parts, recall that all terms are positively correlated, our constant C may change
from line to line and depend on §), we obtain

E[¢2]<C / > 47517 B2 R cos(2BX (1)) cos(2BX (v))] ds dr

Osrss<t lul=s,|v|=r

gc/ 3O 4D B 4 A g5 4 (3.3.15)

lul=r,|v|=s
where the second inequality uses (recall (3.1.8))
E[cos(28X (1)) cos(2BX(v))] = e 2B (st cosh(4B2|u A v]).

Counting the number of possibility for |u A v| = k like in (2.2.2) we obtain

[5]
3o oot N a ket k0ot etT (3.3.16)
|u|=r,|lv|=s k=0
which finally yields
C if 2 < 3 log2,
E[¢2<{Ct if 62 = 3 log?2, (3.3.17)

e2B’12730 g2 > 3 Jog2,

which in every case, is much smaller than (o)*, hence ¢; /02 converges to zero in proba-
bility. O

3.4 Transitions for cumulants

The last computation highlights that when B2 € [log 2, % log 2), the quadratic varia-
tions (M), diverges but (M), = E[M?] remains tight (or bounded in L5), and this seems

to indicate that another transition might occur at § = ,/ % log 2.
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In order to observe these transitions, we need to look at the cumulants of M;. They
are defined (up to a multiplicative factor i!) as the coefficient of the power series corre-
sponding to the Laplace transform of M,

n
1
log E [e“Mf(B)] =3 ~cP. (3.4.1)
1!
i=1

The first two cumulants are given by the mean and variance of M, respectively and we
have
Pty = E(MP)] + Ri (1), (3.4.2)

where R;(¢) is a polynomial in lower order moments of M;. We are going to prove that
while the variance diverges when 82> log 2, all but finitely many cumulants converges
when B2 € [log2,2log2).

Theorem 3.4.1. When 8 < /210g2 = B then
: )] B
tl_lglo Coni1(t) = C3,74 1 (00) (34.3)

exists and is finite for every n>0. We also have convergence of the cumulant of order 2n
when B? < log2(2 — %)

lim ¢ () =: P (c0). (3.4.4)
N—>o0

To prove the theorem, we first present a formula which allows to compute the cumulant
directly (without the need of computing the moments) using It6 calculus (see Proposition
3.4.2). This is done in Section 3.4.1. Then we make explicit computation to obtain a
general form of the cumulant in Section 3.4.2.

3.4.1 A general formula for martingale cumulants
We consider (M;);>o a continuous martingale with respect to a filtration (F;);>0
which starts from Fy = {0, £2} (this last assumption ensures that My is almost surely

constant). We define inductively a sequence of processes Agi) and (Ms(i’t))se[o,;] as fol-
lows. First set

A =M, and  (M8)sepo = E[AD |F] ~E[A{] = My — Mo (3.4.5)

Then for i >2 we define A®) in terms of the quadratic variations of previous order martin-
gales provided that they are well defined

. 1 il . o A . .
AD .= 3 SMUO M0y and MED = E[AY |F]-E[AV]. (3.4.6)
j=1
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While the result might hold with greater generality, we assume for simplicity that all
the quantities above are well defined and the quadratic variations above are essentially
bounded in the sense that for every i and ¢

(MDY, |loo < 00 where || Z]loo := inf{u=0: P[|Z| > u] = 0}. (3.4.7)
Proposition 3.4.2. Under the assumption (3.4.7), the i -th cumulant of M, is given by
Ci(M,) = i\E[AD]. (3.4.8)

Proof. Given j >1, let us consider the martingale (Ns(j ’a’t))se[o,t] defined by

J
NEED = "ot MED. (3.4.9)
i=1
We are going to prove that the log-Laplace transform of M; can be rewritten in the follow-
ing form

J A _ .
logE [e“M’] = ZaiE[Agl)] + logE [eNf(j' D=3 (NTe0) 0" )] . (3.4.10)
i=1

where

e = Z Z (M ED p k), (3.4.11)

1 Jj+1 k=i—j
To conclude from (3.4.10), from the characterization (3.4.1) of the cumulants, we only

. ; . .o _1 NG
need to prove that the last term is of order O (a/*!). Interpreting e D=3 N D) g

a probability density (which we can do according to Proposition 3.2.2), we have (using
our assumption (3.4.7))

(J.a.t) .o, (J,a) P . . .
logE [ =EN U 0| <0 o 2 ma (114 o

(3.4.12)
To prove that (3.4.10) holds we observe that for j>1 using the definition of N (>®*)
we have

i—1

(N(jat) Za Zl{max(kl k)<]}(M(kt) M(l kt))
i=2 k=1

—zZa AD + Z Z (M&D p kD), (3.4.13)

i=j+1 k=i—

=2 [(N,(j’“”) —aM,) + Zaf]E[AY’] + Q}f’“)] :

i=1
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Hence we have

. 1 , I . .
E[e®M] = E |:exp (Nt(J,a,t) _ E(N(./,a,t))t + Za‘]E[Agl)] + Q,(”“))] . (34.14)

i=1

which is the desired result. O

3.4.2 A recursive approach for the cumulants of complex cascade

Using Proposition 3.4.2 we can now try to compute all the cumulant in a recursive
manner. However the recursion (3.4.6) produces a large number of integral terms after
only a few steps. Our task is thus to find the right manner to group and estimate these
terms. Due to the high level of symmetry of the problem we are able to rewrite the Agl) in
the following form

R
AD .= Z/ FP) (5 1) [ 27181 Z cos (pBX(u)) | ds, (3.4.15)
p=070

[ul=s

where F:?) = 0 if i and p do not have the same parity. In order to prove convergence
of cumulants, we are going to use dominated convergence. Hence we need to prove that
lim; 00 F®P)(s,1) exists and that the function is dominated by something integrable.
This is the purpose of the following result.

Proposition 3.4.3. For everyi>?2, Agi) can be written in the form (3.4.15). Furthermore,
when B2 < 2log?2 the functions F®P) satisfy

(4) There exists a constant C; such that for all p we have

. . iB2s
|FOP) (s, 1) <C2~ s 5" (3.4.16)

(B) There exists a function F©P) such that for all u we have

lim F®P)(s,1) = FE&P)(y). (3.4.17)
t—>00

Before proving this result, let us expose how the theorem can be deduced from it.

Proof of Theorem 3.4.1 from Proposition 3.4.3. From (3.4.15)and (3.4.8), setting as a con-
vention F®P)(s,t) = 0if s > ¢ we have

li/2]
ici =Yy /0 FEP(s.0) [ Y E[cos (pBX(w))] | ds
p=0

[ue|=s

d o . B2 p%u
=Z/ FOP (5. 1)2Te="5 ds.  (3.4.18)
p=0"0




3.4. Transitions for cumulants 35

B2Gi—p2)s

The integrand in (3.4.16) is dominated by 2_(‘1_1)5 e 2 . When p>1 and B2 <
2log 2 this is integrable in . When i is odd, F@% (s, ) = 0 and thus the convergence

1 L2

fim G0 =5 2

p:

is is the consequence of the dominated convergence theorem applied to each term of the
sum.

00 2,2
/ FO-0) (52516~ ay
0

When B2 < (2 — %) log 2 also by dominated convergence that the term with p = 0
converges when i <2n

S . S P
lim FOO (s, )2l qs = / FOO ()20 dy.
t—>00 0 0
This implies the convergence of Cy; (¢) for i <n.
O

Proof of Proposition 3.4.3. Let us start by observing that (3.3.11) (recall that A® :=
(M),) already gives us the expression for F2-)(s, ). We have

2
F(Z,O)(S 1) = _F(2,2)(S 1) = 'B_zfmeﬁzs
9 b 2 b

and these functions (which to not depend on ¢ but this is specific to the case i = 2) satisfy
the desired assumption.

Now for higher order we prove the statement by induction. We hence assume that
(3.4.15), (3.4.16) and (3.4.17) are valid for i — 1 and prove the same statement for i >>3.
Recall that for s<r we have (recall (3.1.3))

B[ 2773 cos (pBX@) | F | = e 232751 Y cos (ppX (). (34.19)

[u|=r lul=s

Hence we have for j € [2,i — 1]

. t J . 82 p2r B2 p2(sAr)
Ms(f"):/ S FUPG e 2 e 2 27T N cos (ppX(w)) | dr
0
p=1

lul=sAr

(3.4.20)
2,2
and thus computing the infinitesimal variation of (e e > juj=s €08 (PBX (u))) like we
did in (3.2.5) we obtain
\

. J t . 2,2, 2,2
dMs(”):—,BZ(/ PFUD (v 1ye= 5 dr) 2N i (pBX () dX (us)
p=1 \Is ful=Ts1
(3.421)
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We can then compute the martingale brackets (M U M =7D), Let us first consider
(M D M U=1D), which is special, recalling that when [u| = |v] = [s], d(X(uy), X (vy)) =
l{u=v} ds, we have from (3.2.5) and (3.4.21)

t i—1

_ t ) 2,2,
(M(l’t),M(l_l’t))t — IBZ/ Z (/ pF(z—l,P)(r,t)e—% dr)
0 s
p=1

x 22T SN G (pBX () sin(BX (o)) ds. (3.4.22)

|u]=s

After using the formula 2 sin(pBX) sin(BX) = cos((p — 1)BX) — cos((p + 1)BX) the
right hand side above assume the desired form and it remains only to check that (3.4.16)
and (3.4.17) hold for all terms in the sum. More precisely it is necessary to prove that for
B2<2log 2 the generic function G defined by

20,24 [P . 2,2,
G(s,1) = 2ol 7P / FU=1P (. e~ 537" ar, (3.4.23)

S

2
converges and satisfies G(s,1)<C275 (1% These two statements are immediately
obtained by using the induction hypothesis for F“~1-2) (3, t) and dominated convergence.
Similarly to (3.4.22), we obtain that for j >2 (we assume also without loss of generality
that j <i/2)

(M(J}l)’ M(i—j,l))

¢ Joimi t ] 2,2, 4 _ 824%r
= /32/ Z ([ pFYP (r e 2 dr) (/ gF YD (r e~ 2 dr)
[V — s s

p=1g=1

~

X 272fs1ew Z sin(pBX(u))sin(BgX(u))ds. (3.4.24)

[ul=s

To conclude we must prove the domination and convergence (3.4.16) and (3.4.17) for the
function

3 ! r 4 . -
H(s,t) 1= 2_“]6% (/ pF(j’p)(r,t)e_% dr) (/ qF(l—J,q)(r,t)e—"zg2 dr)
S s
(3.4.25)

This is done in the same manner using the induction hypothesis.
O



Convergence of
Gaussian
Multiplicative

Chaos

4.1 Setup and main result

In this chapter, our object of study is the convergence in the limit when ¢ goes to zero,
of the random quantity

2
M =/DeyX€(x)_y7]E[X€(x)]dx @.1.1)

where (X¢)s~¢ is the convolution log correlated field X of with covariance K with a
smoothing Kernel 6, := e 46(e-) (as defined in Section 1.2). Recall that the fields
(X¢)e>o are all constructed on the same probability space for all values of ¢ € (0, 1),
and from (1.2.4) the doubly indexed process (X¢(X))s>0,xep 15 a Gaussian field with co-
variance given by

B (Xe 0] = Ko (503) = [ 001 = 0022 = 0K 1, 220 21 . (@012

When ¢ = &’ we simply write K, and set K.(x) := K.(x, x). The main result we prove
in this chapter is the following.
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Theorem 4.1.1. Whenever y < ~/2d we have

lim MY =M, (4.1.3)
e—>
exists and the convergence holds in 1L1. Furthermore the limit M, does not depend on
the sequence of approximation kernel 6. When y > ~/2d we have

lim M) =0, (4.1.4)

e—0
in probability

Remark 4.1.2. Let us mention that, similarly to the case of Multiplicative Cascades,

(4.1.4) is also valid in the case y = V2d, but we exclude it from the proof for the sake
of keeping things simple (we refer to for more on the
marginal case). For the sake of conciseness, we also do not include the proof of the posi-
tivity of the limit

PIMY > 0] = 1, wheny < v2d. (4.1.5)

Note that convergence in 1L implies that the limit cannot be almost surely equal to zero
since we must have E[Méy)] = limg_¢ ]E[Mg(y)] = |D|, where here and in the rest of

the chapter we use | - | to denote Lebesgue measure of subsets of R%. Positivity follows
from Kolmogorov's {0, 1}-law but requires an additional construction to find a martingale

approximation of Méy) similar to the one obtained in the cascade case (recall Proposition
1.5.1).

The remainder of the chapter is organized as follows: In Section 4.2, we prove con-
vergence in L in the simpler case y < ~/d where Mg(y). The proof is short and can
help to understand how to proceed in the general case y < +/2d. Then in Section 4.3 we
prove convergence to zero in the case y > /2d using size biasing techniques. Finally
in Section 4.4, we prove the most delicate part of the result which is convergence in IL;
when y < +/2d, and give the main guidelines to prove uniqueness of the limit.

4.2 The L, case, convergence for y < Vd

As seen in the case of Cascades (Section 2.2), we are going to prove that when y < Vd,

the second moment of Mg(y) remains bounded and this allows for a very simple proof of
convergence.

Proposition 4.2.1. Ify < Vd, there exists Méy) such that the following convergence
holds in 1L,

lim M = M

e—>0 ¢ 0 -
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Proof. To prove the convergence, it is sufficient to show that the sequence (M;)¢~¢ is
Cauchy in L, that is

lim E[(Mg, — M,)*] =0 4.2.1)
£1,62—>0
As we have
E[(M,, — M¢,)*] = E[M2] + E[M]] — 2E[M,, M,]. (4.22)

it is sufficient to show that E[ M, M,| converges when ¢ and &’ both converge to zero be-
cause it implies that the three terms in the rh.s. of (4.2.2), E[M2 ], E[M ] and 2E[ M, M¢,]
converge to the same limit. To compute E[M,M,/], we use the expression for the Laplace

transform of a Gaussian variable (see (1.1.4)) and the identity

E[(Xe() + Xe )] = Kox) + Ko0) 4 2Kew (v, 3).  (423)
We obtain
]E[MEME’] :/ E |:eY(Xe(X)+X£/(y)))/22(K5/(x)+K8/(y))j| dx dy
D2

= / e’ Kew ) dx 4y, (4.2.4)
D2
Hence to conclude we only need to prove that

. 2
lim eV Ke ) qx dy =
£,e’—0 Jp2 D

eV? Ky qx dy. (4.2.5)
2
The statement is in fact valid for every value of y but the r.h.s. is finite only if y < +/d.
This convergence is a direct consequence of the dominated convergence Theorem and of
rather standard estimates for the convoluted Kernel K, .+ exposed below (Lemma 4.2.2).
The following lemma goes slightly beyond what is required for the present proof, but will
also be used in the remainder of the chapter.

In what follows we use the following notation for the distance between a point and a
set

d(x, A) := ynelf1 [x —y|. (4.2.6)

Because of our convention that K is zero outside the domain, we must sometimes make
assumption on the distance to the boundary in our estimates for K, ./ (x, y).

Lemma 4.2.2. We have for every x,y € D

lim K¢ (x,y) = K(x,y) 4.2.7)

g,6/—>0
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(the limit being infinite when x = y). Furthermore there exists a constant depending only
on the kernel K and on 6 which is such that for every 0 < &’ < e < 1 and every x,y € D
we have

1
Kee(x,y)<log| ———— | + Ck. (4.2.8)
|x —y|Vve
If furthermore we have d(x, DE) >e¢ d(y, DC) > ¢/, we also have
1
Kee(x,y)2log| ———— | — Ckp (4.2.9)
|x—ylve
O

Proof of Lemma 4.2.2. The convergence (4.2.7) holds for x # y simply because by con-
tinuity, given § > 0, if ¢ and &' are chosen sufficiently small, we have |K(zy, z2) —
K(x, y)|<38 on the support of the integral (which by assumption is contained in B(x, &) x
B(y, &) where B(z, r) denotes the Euclidean ball of radius r centered at z),

/ , Oc(z1 — x)0s (22 — y)K(z1, 22) dzq dz;. (4.2.10)
D

A similar reasoning works on the diagonal.

Now for the second estimate, using the assumption (1.2.1) we can replace K by log ﬁ
at the cost of modifying the constant Cx. Now we split the reasoning into two cases ac-
cording to whether e<|x — y|/3, or e>|x — y|/3.

51x—y|

In the first case, we have 222 <|z; — z,|< 3

3
and thus we have

on the full support of the integral,

5 1 1
—log =< / 0 (21 —x)0(z2 —x) log ———— dz; dzp —log ———— < log 3. (4.2.11)
3" Jp2 |z1 — 22| |x =yl

The lower bound require x, y away from the boundary so that the support of 6,(z; — x)
and 6,/ (z, — y) are included in D.

We can now move to the second case, £>|x — y|/3. In that case we are going to prove
that the inequalities (4.2.8)-(4.2.9) are satisfied for the quantity

/ Oe(z1 — x)K(z1, 22) dz;.
D

for all z € B(y,é&’). The result is then obtained by integrating along z,. Setting w =
e~ 1(z1 — z») and observing that log (ﬁ) is positive only on a ball of radius one we have

1
/ log (—) Oe(z1 — x)dzy
D |z1 — 22

1 1
= log — + / log (—) Ow—e (x +22)dy (4.2.12)
e=1(D-22) |w

&
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For the upper bound, it is sufficient to observe that keeping only the positive part of the
log we have

1 1
/ log (—) O(w—e 1(x + 22)) dw<||9||oo/ log (—) dw. (4.2.13)
e=1(D-z22) |w] B(0.1) lw]

For the lower bound, we just need to observe that on the support of (- — e~ (x + z)),
we have |w|<e7 ! x — y| + 2<5. O

4.3 Convergence to zero in the supercritical case y > +/2d

In this section we are going to prove the second part of Theorem 4.1.1, that is displayed
in Equation (4.1.4). To do so we are going to rely on the notion of size biased measure,
which allows to transform the problem of convergence to 0 into one of convergence to
+00.

Given e > 0,as E[M,] = | D| (recall that | - | is used to denote the Lebesgue measure)
we can define P, as the distribution whose Radon Nikodym density with respect to P is
given by |D|™' M,, _

Ps[A] := |D|'E[M,14]. 4.3.1)

The measure ﬂf’; is usually referred to as the size biased measure. An interesting property
is that the convergence to 0 of M, to zero under the original measure is equivalent to the
convergence to infinity under the (sequence of ) size-biased measure. More precisely we
have

Lemma 4.3.1. Ifforany N > 0
lim P,[M,> N]=1 (4.3.2)
&—>

then limg_,g M, = 0 in probability.
Proof. Assuming that (4.3.2) holds, givena > 0,8 > 0 we have
s ~
P[M, > a] = P[M, > 26"+ P[M, € (a,28_1]]<5 + aP[M,<2671<8, (4.3.3)

where the last inequality is valid when § is sufficiently small. O

The most convenient way to have an intuition about the measure P, is write

~ 1
Pe:= — | Pexd
= o J P

where for x € D the measure [P, x is defined by

dPex _  x,(0)-ZE[X.()]
Slox _ (Xe(- 5 EXe@)] 43.4
P e ( )
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By Cameron Martin’s formula (Proposition 1.1.3), under P, x, X, is a Gaussian field with
the same covariance as before but with mean given by

Eex[Xe(¥)] = yKe(x, y). (4.3.5)
We have
Py[M, > N] := i/ Eox[M. > N]dx. (4.3.6)
ID| Jp

Hence combining (4.3.1) with the above, the convergence in Equation (4.1.4) is a conse-
quence of the following estimate.

Lemma 4.3.2. There exists a function §(g, N) which satisfies limy—o6(e, N) = 0 for
every N > 0 such that for all x which satisfies d(x, DC) > 2¢,

E;x[M; > N]>1—-6(s, N). (4.3.7)
Indeed (4.3.7) implies that

/ E,.[Ms > N]dx>(1 —8(e. N)|{x : d(x. D%) > 2¢}| (4.3.8)
D

which converges to | D| when ¢ tends to zero. O

Proof of Lemma 4.3.2. According to (4.3.5), under P, , the mean of the field X, is larger
in the neighborhood of x. Hence in order to find a lower bound for M, we restrict the
integral to B(x,¢). Note that our assumption on x ensures that for all y € B(x,e¢),
d(y, DC)>8. We let k4 denote the volume of the d-dimensional ball of radius one. We
have, using Jensen inequality for the uniform probability on B(x, ).

M >ky4 &4

2
_ / VXD Ke() gy
Kd&” JB(x,e)

2
>iqe? exp ( / yXe(y) — %Ks(y) dy) . (439
B(x,e)

kged

Let us use the shorthand notation Y(e, x) := Kdﬁ fB(x’g)[st(y) — él(g(y)] dy. By
(4.3.5) of the mean of this variable is given by

1 y? _
[ v (Ketron = 3K ) =T toae ) .
P (4.3.10)
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where the last inequality is obtained applying the bounds (4.2.8) and (4.2.9) to replace K,
by log(¢~!). The variance is the same that the under the original measure that is (also
using (4.2.8))

2
Var[Y(e.x)] = —— Ke(r1.y2) dyr dya<y?loge™) + €. (43.11)
k2624 Jp(xe)2

d

Hence using Chebychev inequality (which is very sub-optimal for Gaussian variables but
sufficient for what we want to prove), we have in particular for ¢ sufficiently small

2

Poxl¥ (e, 1) 2(y2/2 — 8) log(e™ )< —2

Thee above probability tends to 0 when ¢ goes to zero. When Y (g, x)>(y2/2—8) log(e™1),

2
our lower bound (4.3.9) implies that M, >k ¢ ~ZT >N fore sufficiently small.
O

4.4 The L, convergence when y < +/2d

4.4.1 Uniform integrability via restriction

When y € (\/d_ N2d ) Equation (4.2.5) (which is also valid in that case by Fatou’s
Lemma) shows that the second moment of M, diverges when ¢ tends to 0. To prove
convergence, we must find another way to prove that M, is uniformly integrable. Note
also that contrary to the the multiplicative cascade case, there is no martingale structure
so that we must go a bit beyond proving only uniform integrability.

For this we decide to excludes large values of X, from our integral. We do so by
restricting the integral as follows. We let A4 (x) be an event which we allow to depend on
x and on an integer variable g>1 and set

o 2
M,y = / erXe@—T K@y, ) dx. (4.4.1)
D

The following result is sufficient to prove (4.1.3) in Theorem 1.3.1.

Proposition 4.4.1. There exists an increasing sequence of Agz(x) of events indexed by
q=1and x € D which is increasing in q (Ap(x) C Ag(x) if p<q) such that

lim inf E [mq] = |D|. (4.4.2)
q—0 g€(0,1)

and for all g1 we have
lim E[(Msy — My 4)*] = 0. (4.4.3)

£,6/—>0
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The fact that the limit does not depend on the choice of the smoothing kernel is some-
how a consequence of the proof (we provide more detail in Section 4.5).

Proof of (4.1.3) from Proposition 4.4.1. Now Equation (4.4.3) implies that the sequence
M, 4 is Cauchy in IL, and thus converges in IL, (and thus also in IL1 ) to a limit My 4. Now

because A, (x) is monotonous in x, the sequence (My 4),>1 1s increasing in ¢ and thus
SN 4792
converges to a limit My. As a consequence of the definition we have

Mop< lim i(r)lf M, (4.4.4)
£—>

Using monotone convergence (first equality), convergence in IL; (second equality) and
(4.4.2) we obtain that

E[Mo] = lim E[Mo,] = lim_ lim E[M,,] = |D|. (4.4.5)

As M, and M, have the same expectation we have
E[|Ms — Mo|] = 2E[(Mo — M;)+]
and we can conclude by observing that by dominated convergence

lim E[(Mo — My)+] = 0. (4.4.6)

4.4.2 Introduction of thick points and proof of (4.4.2)

We introduce now a family of event A, (x) which satisty the desired property. Using
the definition of P, , in (4.3.4) we notice that

E[M,,] = /D Py.o[ Ay ()] dx.

Hence the property (4.4.2) states that for most x € D, A,(x) has probability close to one
under Py ..

In Section 4.3, we have seen that under Py ., X, (x) has an average given by yK,(x, x)
which is approximately y|loge|. This indicates that the expectation of M, is typically
supported by points for which X, (x) is of order (y + o(1))|log¢|. This points have been
referred to as y-thick points in the literature . For the second
moment property (4.4.3) to be satisfied, we want to exclude realizations of X for which
X, (x) takes too large values. With those two things in mind, we choose « satisfying

2y —a)?

a € (y,2y) and )/2 — 5

<d. 4.4.7)
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The existence of such an « is guaranteed by the fact that y? < 2d. Given k>1, with a
small abuse of notation we use X, for X, with ¢ = e~ % and define

Ag(x) := {Vk=1, Xp(x)<ak +q}N{d(x.D%>1/q}. (4.4.8)

Note that points near DC are excluded in order to avoid boundary effects. The following
estimate readily implies that A, (x) satisfies (4.4.2).

Lemma 4.4.2. There exists a constant ¢y > 0 such that whenever q is sufficiently large,
for all x such that d(x, D®)>1/q and & € (0, 1)

Pex[(Aq(x))F]<2e 719,

Indeed we have for every ¢ € (0, 1)
E[M,,] = / Bon[(Ag ()] dx=(1 = 279 {x : d(x, DV)>1/g}|  (449)
D
and the right hand side tends to | D| when ¢ tends to infinity.

Proof. We have

Pe 2 [(Ag (0))°1< Y P [Xic(x)<atk + q] (4.4.10)
k>1

From Cameron Martin Formula (Proposition 1.1.3), under P, », X (x) is a Gaussian ran-
dom variable with mean and variance given by

Pe x[Xk(x)] = yK, -+ (x,x) and Varp,  (Xk(x)) = K —(x,x). (4.4.11)
Using Lemma 4.2.2, we have for some universal constant C
Eex[Xe(x)]<y(k Alog(e™")) +C and Varp,  (Xp(x))<k +C.  (4.4.12)

Hence considering ¢ sufficiently large, using Gaussian tail estimates (1.1.6), we obtain
that for any ¢ € (0, 1) we have as long as ¢ >2C,

_ (a=)k+g—C)2
Pex [Xk (x)<ak + g] <e 2EFO)

_@=y?%k _ kg _w=y?k _ g
Le T 2FFO) T 2RO Lo 2GFO) ¢ T 2MHO)  (4.4.13)

We conclude by observing that the first term (which does not depend on ¢) is summable
that the result is valid e.g. for ¢; = m O
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4.4.3 Proof of the convergence of /\//787(,

Similarly to the observation made below (4.2.2) for the L case, it is sufficient for

us to prove that for any finite ¢, limg &0 IEZ[]\//I\M7 ]\Zr,q] exists and is finite. This is the
content of the following result.

Lemma 4.4.3. We have
lim E[My , My 4] = / e KENPA (x, y)]dx dy < oo (4.4.14)
e,&’ D

where

Ag(x,y) == {Vk21, Xp(x)<ak +q —h(x,y.k) }
N{Vk=1, Xr(y)<ak +q —h(y,x,k)} N{d(x, DC) vd(y, Dc>l/q}. (4.4.15)
with
hk,x,y) = /DZ[K(x, z) + K(y,2)]0,-x(z — x) dz, (4.4.16)

Proof. We assume without loss of generality that ¢’ < ¢ < 1/q. We have
7T Xe()+ X (0)]- % (Ke (1) +Ke
E[Mo g M g] = /m E [ey[ ()Xo (DI (Ko (0)+ (y))lAq(x)ﬂAy:|

= /D i eV Kot GNP, [A,() N Ag(»)]. (“.4.17)

where P, « ) is the probability whose density w.r.t. to IP is given by

Peexy _ yIXe@+Xo -2 (Ke()TKe()+2K, o) (4.4.18)
dP

By Cameron-Martin Formula (Proposition 1.1.3), under P, v » ,, X is a Gaussian field
with the same covariance but with changed mean. We have in particular

Eee x,y[Xk(2)] = /Dgf(wl, w2) (O (w1 — x) + O (w1 — ¥))0,—k (w2 — z) dwy dws.

(4.4.19)
Wesethg o (k,x,y) 1= Eg o x,y [Xi (x)] (note that by symmetry hy o (k, y, x) := Eg o x [ Xk (V)]
Then subtracting the mean of X to retrieve a centered field we obtain that

Bl Mgl = [ KM roplaxdy @420
D2
where

A (x, y) 1= VA1, X () <ok +q — e (x.y.k) }
N VK1, Xp()<ak +q — he oy, x. )} N {d(x. DY) v d(y. D >1/q}.  (4.421)
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Hence to conclude we only need to show that eV’ Ke.or )P [AZ’E, (x, y)] is dominated by
some integrable function and converges to eV Keer(xy )IP’[Aq (x, »)].

For this, we mostly require some uniform estimates and convergence results for /. ¢ (k, X, y).
All of these are direct consequences of Lemma 4.2.2, details are postponed to the end of
the proof.

Lemma 4.4.4. We have for any x,y € D

limohgr,g(x, v, k) =h(x,y,k) (4.4.22)
&' —>

€

Furthermore,there exists a constant such that for all x,y, e, & satisfying d(x, DC)>8
d(y, D®>¢ we have

1 1
he ek, x,y) —y(k Alog =) — y(k Alog ——— )| <C. (4.4.23)
’ e [x —y|ve

Using (4.4.23) for k = k(x,y) := [log m}, we obtain (provided that ¢ is suffi-
ciently large)

Qy—a)?k

PLAG (x, MISPXk(x)<(@ = 20)k +2g]<Ce™ 2, (4.4.24)

where the last estimates is a consequence of the fact that X (x) has an approximately
variance k (cf. Lemma 4.2.2). Using Lemma 4.2.2 again to estimate K, . (x,y) and
replacing k by its value we obtain

2_ (a=2y)2

e72K8‘8,(x’y)P[.A;’e/(x,y)]<C(|x—y| \/8)_|:y 2 i|<C|x—y|_|i

— 2
Y2 @=2) }

(4.4.25)
The conditions (4.4.7) implies that the r.h.s. is an integrable function. Hence we simply
need to prove pointwise convergence of eV K )P [AZ"S/ (x,y)] and apply dominated
convergence. Of course given ¢ € N, we only need to consider x,y € D, x # y ata
distance at least 1/¢ from the boundary. Given § > 0 we let k¢ (depending on x and y)
be such that

sup P[Vk > ko, Xp(x)<ak +q —hee(x,,k)
£,6’€(0,1)

and X (y)<ok + g —hy o(y, x,k)|<8/3. (4.4.26)
and

P [Vk > ko, Xi(x)<ak +q —h(x,y.k): Xp(y)<ak +q —h(y,x.k)] <5/3,
(4.4.27)
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The existence of such a k¢ is immediate from Gaussian tails estimates (1.1.6) using the
fact that /i, ¢/ (x, y, k) is uniformly bounded in €, &’. Now using (4.4.22) we obtain that

lim P [Vk<ko, Xxp(x)<ak +q —hee(k,x,¥); X (v)<ak +q — he o(k, y, x)]

€8—>

=P [Vk<ko, Xg(x)sak +q —h(k,x,y): Xp(y)<ak +q —h(k. y. x)]. (4.4.28)

Thus combining (4.4.26) and (4.4.28) we obtain that for ¢ and ¢’ sufficiently small, we
have

IPLAZ® (x. )] = P[Ag (x. »)]|<8. (4.4.29)
which is the desired convergence result. O

Proof of Lemma 4.4.4. The converge towards h(k, x, y) boils down to proving that given
k we have for any x, y at a positive distance from the boundary of D

lim K(wy, wz)80e (w1 —x)0,—k (w2 —y) dw; dw, = K(x,w2)8,-x (w—y)dw.
e—>0 Jp2 D>
(4.4.30)
Note that from the proof of Lemma 4.2.2 we have

1
f K(wy, wz)0:(w; — x)dw;<C log ———,
D |lwy, — x| Ve

and the Lh.s converges to K (x, w5), so that (4.4.30) holds by dominated convergence. The
estimate (4.4.23) is a direct consequence of (4.2.8)-(4.2.9). O

4.5 Uniqueness of the limit

Little is to be added to the proof to ensure that the limit does not depend of the convo-
lution Kernel. Let us consider X, the field obtained by using another smoothing kernel 0
(K. denotes the covariance of the field), and set M, ¢ be defined as

—~

M., = / e Xem Kol dx, (4.5.1)
D

where A, (x) is defined in (4.4.8). This is important here to stress that A, is defined in
terms of X, and not X;. Now, repeating the proof of the previous section (line to line,
all estimates remain valid), one can prove that

lim E[|My.q — Megl?] = 0. (45.2)

This implies that J\Z,q also converges to ]\/4\0,,1 for every value of g, from which we can
deduce, as in Section 4.4.1 that

c}l—l;% D eyXS_KS(x,X)lAq(x) dx = Mo,



4.5. Uniqueness of the limit

and thus that the limit is the same for kernels 6 and 5
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