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These lecture notes present new results on statistical model selection for stochas-
tic systems. The majority of the results are original and first appeared in several
recent papers co-authored by us. They all share a common feature; they propose
a new conceptual framework to assign appropriate models to specific samples of
scientific data, displaying non-trivial interactions in time and space.

The papers at the origin of these notes found their primary motivation in prob-
lems and data coming from linguistics or biology. Despite their original specific
inspiration, we believe that the models and statistical procedures presented here
can be applied to a large variety of data sets produced from different scientific dis-
ciplines, representing time evolutions with structural time and space dependencies.
This belief justifies the existence of the present book.

The models and statistical procedures discussed here are attractive from an
applied point of view, but not only. They are also interesting from a purely theo-
retical point of view, as mathematical objects. All the results presented here have
been rigorously proved, and these proofs are presented in the book. However, this
rigour should not scare applied researchers. These notes are written so that the
models, statistical procedures and results are presented intuitively. Proofs appear
only in a separate section at the end of the chapters. They are there to be read
by those interested in the technical details related to the theoretical properties of
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models and procedures. Those who are only interested in applications can skip the
proofs.

Let us now summarise the goal content of this book. Let us start by discussing
the meaning of the title: statistical model selection for stochastic systems.

What is statistical model selection?
Statistical model selection is a domain of Statistics. It refers to a crucial issue,
namely, how to assign models to samples of experimental data.

What is a model?

A model is a description of a procedure that can generate samples with the same
statistical features displayed by the sample of experimental data we are analysing.
By procedure, we mean, for instance, a computational algorithm able to generate
a piece of data.

For example, suppose the sample is a string of symbols. In that case, a possible
model is a computational algorithm, producing sequentially the symbols, one by
one, by taking into account, at each step, the last symbols already generated.

A naive model could, for instance, assume that each next symbol is produced
independently of the string of past symbols. Or it could assume that each next
symbol depends only on the last symbol already generated. This class of mod-
els was introduced by the Russian mathematician Andrey Andreyvich Markov in
1913 to model the occurrence of consonants and vowels in Pushkin’s poem Eugene
Oneguin (Markov 20006).

We could generalise Markov’s original assumption and assume that each next
symbol depends on the last k symbols, where k is a fixed integer greater or equal 1.
More recently, in 1983, the Finish information computer scientist Jorma Rissanen
observed that typically strings of symbols produced by scientific experiments have
a dependence from the past, which is not fixed but has a length which is a function
of the past itself. This leads Rissanen to introduce what was later called the class
of chains with memory of variable length.

What statistics has to do with this?

The intrinsic randomness of typical samples of scientific data makes it unavoid-
able to use statistical criteria to select a model. In other words, we do not look for
a procedure that generates a sample identical to the original sample of scientific
data; instead, we look for a procedure that can generate samples with the same
statistical features as those displayed by the sample of experimental data.



What is the motivation of this quest for models?

In 1867, the physicist von Helmholtz observed that the human brain does statisti-
cal model selection all the time, by making hypotheses and assigning models to
sequences of stimuli to be able to make predictions about what will occur in the
near future. This neurobiological ability was called unconscious inference by von
Helmholtz.

Assigning models to stimuli to make predictions about the future is crucial
to make good choices in real life, in all kinds of situations, from driving a car
without touching or being touched by other vehicles to simply surviving in a hostile
environment.

Less dramatically, other examples of the need for statistical model selection
in real life include making reliable predictions about the stock market’s time evo-
lution, the weather, the options of a set of voters, etc.

In computer science, assigning models to strings of bits is necessary to com-
press data. Medical diagnostic imaging is essentially a matter of statistical model
selection. More generally, in all branches of science, assigning models to data
samples is necessary to understand the structure and typical features of samples of
scientific data.

What are the classes of models that we consider in this lecture notes?

In this book, we consider mainly two classes of stochastic systems. First of all,
the class of stochastic chains with memory of variable length, introduced by Jorma
Rissanen in his 1983 seminal paper: A universal system for data compression (Ris-
sanen 1983). The paper’s title refers to the fact that models in this class are dense
in the class of chains with memory of infinite order. From an applied point of
view, these models are attractive because they are flexible enough to recover es-
sential patterns in the processes. At the same time, they can be economical in the
number of degrees of freedom, giving a good balance between the goodness of fit
and the complexity of the final model. The second model considered in the book
is interacting systems of point processes with memory of variable length and, in
particular, systems of interacting chains with memory of infinite length. They ex-
tend Rissanen’s’ ideas to systems with space-time interactions, which are required
to deal with medical imagery, multiunit records of neuronal activity and samples
representing systems with many components interacting in time and space. From
a mathematical point of view, this class of systems extends in a non-trivial way
the class of interacting Markov systems introduced by Spitzer (Spitzer 1970). .

Is this a course in Probability Theory or is this a course in Statistics?
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In this book, we introduce probabilistic models, which are interesting mathemat-
ical objects by themselves. We also discuss how these mathematical models can
be used to model sets of scientific data.

To apply the models to data analysis is necessary to study rigorously the proper-
ties of the algorithms used to select the model which best fits the data. This requires
proving theorems that are mathematically challenging and technically difficult.

Besides discussing the rigorous mathematical framework required to make sta-
tistical analysis with these models, we also face the challenge of analysing real
scientific data, with samples and scientific questions coming from linguistics, pro-
teomics and neurobiology.

Is this course related to Data Science?

The answer is clearly: yes! Data Science’s goal is to assign models to huge sets
of data to make predictions, putting together data with the same type of features.
It turns out that identifying essential features in the data is rarely a task that can
be solved by naive ”visual inspection”. Accurate predictions require identifying a
model able to generate samples with the same statistical features as those displayed
by the original data set.

A naive point of view that considers that Data science requires only computa-
tional power will only produce superficial and non-interesting results. To be suc-
cessful, data science requires developing new classes of stochastic systems and
new statistical selection procedures. This is precisely the goal of this book.

By the way, one of the articles that we discuss in the book, Galves, Galves, et al.
(2012), received in 2020 the Johannes Kepler award discerned for the first time by
the SBMAC, the Brazilian Society for Applied and Computational Mathematics.
The award’s name comes from the fact that Johannes Kepler can be considered the
first data scientist in history.

So the answer is yes. This book is related to Data Science. We hope that it
will be useful for young researchers interested in the stochastic modelling of very
large samples of complex data.
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In this chapter we introduce the main definitions concerning stochastic chains with
memory of variable length. We also describe the main algorithms in the litera-
ture to estimate the parameters and the structure of the context tree associated to
the model. The material in this chapter is based mainly on the articles Galves,
Galves, et al. (2012), Galves and Leonardi (2008), Garivier and Leonardi (2011),
and Leonardi (2010).

2.1 Model definition

The idea behind the notion of stochastic chains with memory of variable length
is that the probabilistic definition of each symbol only depends on a finite part of
the past and the length of this relevant portion is a function of the past itself. The
minimal relevant part of each past is called context. The set of all contexts satisfies
the suffix property which means that no context is a proper suffix of another context.
This property allows to represent the set of all contexts as a rooted labeled tree.
With this representation the process is described by the tree of all contexts and an
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associated family of probability measures, indexed by the tree of contexts. Given a
context, its associated probability measure gives the probability of the next symbol
for any past having this context as a suffix. In the sequel we put these ideas in
formal terms.

2.1.1 Irreducible trees

We write N to denote the set of natural numbers {0, 1,2, ...}. The set of integers
{...,—1,0,1,...} is denoted by Z. The set of strictly negative and positive inte-
gers are denoted by Z_ and Z 4, respectively.

Let A be a finite alphabet. We denote by |A| the cardinal of the set A. For
integers m, n € 7 with m < n, we will use the shorthand notation wy,., to denote
the string (wy,, - .., wy) of symbols in the alphabet A. The length of this string
will be denoted by £(wp:n) = n—m + 1. If m > n we let wy,., denote the empty
string A. Forany j € N, we let A/ denote the set of strings in A having length
j, in particular A% = {1}. We also let A* = U; >0A7 denote the set of all finite
strings on A and we denote by A the set of all left-infinite sequences wW—_oo:x
with symbols in A.

We say that a sequence s . is a suffix of a sequence Wy if €(s 1) < €(Wiin)
and sg_; = wy—; foralli = 0,...,k — j. This will be denoted as s;.x < Wm:n-
If €(s;.x) < €(wm:n) then we say that s is a proper suffix of w and denote this
relation by s < w. Given a sequence w, the maximal proper suffix of w (obtained
bu removing the leftmost symbol) will be denoted by suf(w).

Definition 2.1. A subset t C A* U A% is a tree if it satisfies the suffix property,
what means that no w € t is a proper suffix of another s € t. If in addition, a
tree T satisfies the irreducibility property, which states that no string belonging to
7 can be replaced by a proper suffix without violating the suffix property, then it
is called irreducible tree.

It is easy to see that the set T can be identified with the set of leaves of a rooted
tree with a finite set of labeled branches. Elements of T will be denoted either as
w or as w_g._p if we want to stress the number of symbols in the string.

Example 2.2. Suppose A = {0, 1}. Consider the following sets of sequences with
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0 1 1 0

71 T2 T4

Figure 2.1: Examples of the tree representation of the sets 71, 7o and 74 that satisfy
the suffix property in Definition 2.1. The sequences in the set (read from left to
right) are read in the tree bottom-up (from leaves to root). The set 75 is not irre-
ducible, because we can substitute the sequence 100 by the sequence 00 without
violating the suffix property. The set 74 is infinite then we represent a truncated
version with sequences of length up to three.

symbols in A.

71 = {00,010, 110, 1}

7, = {100, 10, 1}

73 = {000, 00, 100, 10, 1}

T4 ={10_p._1:k=0,...} U{0_00:—1}.

Here, 10_j._; represents the sequence obtained by concatenating a 1 with k& 0’s.
Similarly, the sequence O_qo:—1 is a semi-infinite sequence with all 0’s. It can be
seen that t; and 74 correspond to irreducible trees over A, satisfying all the con-
ditions in Definition 2.1. On the other hand, t, does not satisfy the irreducibility
property and t3 does not satisfy the suffix property. As 71, 12 and 4 satisfy the
suffix property, they can be represented graphically as an (inverted) tree where
each sequence is represented by a leaf in the tree, see Figure 2.1.

In the set of all trees over the alphabet A we can define a partial ordering.

Definition 2.3. We will say that t < 7’ if for every v € 7’ there exists w € 7 such
that w < v. As usual, whenever T < t/ with T # t/ we will write T < /.
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For example, considering the trees defined in Example 2.2 we can say that
7o < 14 but 75 £ 17.
The height £(7) of the tree 7 is the maximal length of a sequence in 7, that is

£(r) = max{f(w): w € t}.

In Example 2.2 we have £(t71) = £(12) = 3 and £(74) = oo. Given a tree T and
K € N we will denote by t| g the tree t truncated at level K, that is

tlk ={wer: l(w) < K}YU{we AX: w < u for some u € 7).
For example,
74]3 = {000, 100, 10, 1} .
2.1.2 Context tree of a stationary ergodic process

Let {X;:i € Z} be a stationary and ergodic process with law, or measure, P
assuming values in the alphabet A'. If w is a finite sequence, we denote by p(w)
the probability of observing w at any time, that is

pw) = P(Xi:pw) =w).
If s € A* is such that p(s) > 0 we write
plals) = IP)(XO =al| X—K(s):—l = S)’ (2.1)

for the transition probabilities of the process, with the convention that if s = A

then p(als) = p(a).
A process as above is said to have kernel of transition probabilities given by
p(|): Ax A* — [0, 1] as defined in (2.1).

Definition 2.4. We say that the string s € A* is a context for a process with law
P if it satisfies

1. p(s)>0ors =A.
2. Foralla € Aandall w € A* such thats < w

plalw) = p(als). (22)

'In this book we assume the reader is familiar with the definition and properties of stationary
ergodic processes over finite alphabets. For an introduction of this subject we recommend the book
Shields (1996).
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3. No proper suffix of s satisfies 2.

An infinite context is a left-infinite sequence s_oo:—1 such that its finite suffixes
S_r.—1,k =1,2,... have positive probability but none of them nor A is a context
for the process.

By this definition, the set of contexts of a process with measure PP is an irre-
ducible tree, as defined in Definition 2.1, and will be denoted simply by . We
leave this proof as an exercise to the reader, see Exercise 2.4.

Example 2.5. Consider the stationary Markov chain of order 3 over the alphabet
A = {0, 1} defined by the transition probabilities

w | pOlw) | p(1{w)
abl | 02 0.8
a00 | 0.5 0.5
010 | 03 0.7
110 07 0.3

where a, b € A are arbitrary. This is an example of what is called in the statistics
literature a Variable Length Markov Chain (VLMC). By Definition 2.4, the only
contexts of this process are the strings 1, 00, 010 and 110. The context tree of this
process is the tree 71 represented in Figure 2.1.

Example 2.6. Suppose the ergodic process { X; : i € Z}takes valuesin A = {0, 1},
and in order to decide the probability distribution of the next symbol based on the
past realization, we only need to know the distance to the last occurrence of a 1.
That is, for any k > 0 and any v, w € A* assume that

p(1v10_g.—1) = p(1|wl0_g._y),

and that these conditional probabilities are well defined. According to Defini-
tion 2.4, the strings 10_g._1, kK = 0, as well as the semi-infinite sequence 0_so:—1
are contexts of this process.

Therefore, the context tree of this process is t4 shown partially in Figure 2.1.

20One can show that this process is obtained, for example, when X; = Y; Z;, where {Y; : i € Z}
is a Markov chain of order 1 over A and {Z; : i € Z} is an i.i.d (Bernoulli) sequence with values in
A.
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2.2 Inference on model parameters

In the sequel we will assume we have a finite sample x1, ..., x, of elements in A
generated by a stochastic process with law P and context tree £*. In this context,
the inference problem is related to the estimation of the transition probabilities p
that completely determine the law of the process, and the model selection problem
is related to finding a procedure based on x1., to select the context tree 7*.

Let d be an integer such that d < n. For any finite string w with £(w) < d
and any symbol a € A we denote by N, (w, a) the number of occurrences of the
string wa in the sample X (g —_¢(w)+1):n, that is

n

Np(w,a) = Y Wxg—tqy-a-1) = w,x =a}. (2.3)
t=d+1

We also define the counter N, (w) as the sum of N, (w, a) over all a € A, that is

Na(w) =" Np(w.a). (2.4)

acA

Observe that in general we can have N, (wa) # Ny(w,a) for some sequence w
and symbol a € A, because N, (wa) considers the sub sample X (z—¢(w)+1):(n—1)>
while N, (w, a) takes into account the sub sample x(d_((w)_i_l):n}.

Given any tree T with £(t) < d and any family of probability distributions
over the finite set A indexed by the contexts in the tree ¢ = {g(-|w): w € t}, the
likelihood function L;(¢g; x1:,) conditioned on x;.; is given by

Lo(gixia) = [ [T atalw)™ ), 2.5)

WET geA

with the convention that 0° = 14, Then, it is not difficult to prove that the maxi-

31t can be shown that all the results in this section apply straightforward to the real number of
occurrences of any sequence wa in the sample x1.,, by substituting d by £(w) in (2.3). The fact
of using the same value d independent of the length of the sequence facilitates the proofs of the
consistency results of the context tree estimators defined in the following sections, where we need
to handle a set of sequences with different lengths.

4Informally speaking, the likelihood function is defined as the probability of the sample for a
given set of parameters in the model. As the sample is assumed to be fixed, the likelihood function
is a function of the parameters. Then, the set of parameters maximizing this function are called
maximum likelihood estimators. For more details on the definition of the likelihood function for
some stochastic processes see Guttorp (1995).
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mum likelihood estimators of the transition probabilities are given by

Np(w,a)

Np(w) 20

Pnlalw) =
if Ny(w) > 0 (and any distribution on A if N,(w) = 0), see Exercise 2.6. By
plugging-in these estimators in (2.5) we obtain the maximum likelihood of x1.j,
conditioned on x;.4 for the tree t, given by

Pe(xin) = [ [] Pnlalw)¥®. 2.7)

WET geA

2.2.1 Concentration inequalities

We know, by the ergodicity of the chain and the Ergodic Theorem?, that for any
finite sequence w € A* and alla € A, the empirical transition probability p, (a|w)
converges to p(a|w) almost surely as n — o0, see Exercise 2.7. But in order
to prove the consistency of the context tree estimators defined in the following
sections, we need finer results on the rate of convergence of the empirical transition
probabilities.

Suppose {X;: i € Z} is a stochastic chain with memory of variable length
with kernel p and context tree t*. From now on we assume the process satisfies
the following condition.

Assumption 2.7. The process {X;: t € Z} satisfies the following loss of memory
condition:

o
wi=1+Y o < oo, (2.8)
k=1

where

ap: =sup sup |[P(Xp =a| X-oc:0 =u)— pla)] < 0.
acAucA>®

This assumption is sufficient to prove concentration of the empirical counter
Nn(w,a) around its mean (n — d)p(wa). This result implies a concentration
bound for the transition probability p,(a|w) around its limiting value p(a|w),
as shown originally in Galves, Maume-Deschamps, and Schmitt (2008) for pro-
cesses with bounded context tree and extended in Galves and Leonardi (2008) for

3See for instance Shields (1996), Theorems 1.3.1 and 1.3.2
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processes with unbounded context trees, i.e. processes with infinite memory. As-
sumption 2.7 can be proved under different conditions on the parameters of the
model, as shown in Galves and Leonardi (ibid., Lemma 3.4), see also Garivier and
Leonardi (2011) for slightly different conditions.

We present below, in Theorem 2.8 and Corollary 2.9, the concentration inequal-
ities proved in Galves and Leonardi (2008).

Theorem 2.8. Assume the process {X;: t € 7.} satisfies Assumption 2.7. For any
finite sequence w with £(w) < d, any symbol a € A and any t > 0 the following
inequality holds

[2

dea(n —d)(d + 1)]'

P(|Na(w, @) = (1 = d)p(wa)| > 1) < e¥ exp|

As a direct consequence of Theorem 2.8 we obtain the following corollary.

Corollary 2.9. Assume the process {X;: t € 7} satisfies Assumption 2.7. For any
finite sequence w with p(w) > 0 and £(w) < d, any symbol a € A, anyt > 0
and any n > d the following inequality holds

(n —d)t* p(w)*
l6ea|A2(d + 1)

P (| pn(alw) — plalw)| > 1) < e (|| + 1) exp[— 1. 29

In order to prove the consistency of the context tree estimators that we will in-
troduce in the following section, we need to control the empirical transition prob-
abilities associated to different context tree models. When the candidate context
trees are bounded with an a priori upper bound, then Corollary 2.9 is sufficient to
obtain these consistency results. But for unbounded candidate context trees, Corol-
lary 2.9 is not optimal because of the p(w) factor in the exponent of the right-hand
side of (2.9), that in general decreases exponentially fast with the length of the se-
quence. In this case, we can use finer results based on martingale techniques that
can be applied when the sequence w has a suffix in the context tree of the process.
We state this result in the following theorem.

Theorem 2.10. For any sequence w having a suffix in the context tree of the pro-
cess with £(w) < d, anya € A and any t > 1 we have that

P (N (w) max| pu(alw) = palw)? > 1) < e|A]logn)t exp(~1).
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Theorem 2.10 was first obtained in Garivier and Leonardi (2011), considering
the Kullback—Leibler divergence between the empirical and theoretical transition
probabilities. This version of the theorem was considered in Leonardi, Carvalho,
and Frondana (2021) for Markov random fields on graphs.

The proofs of all the theoretical results in this section are postponed to Sec-
tion 2.4.

2.3 Model selection

In this section we present the main approaches in the literature for model selec-
tion, that is the estimation of the context tree T* of the process, based on the finite
sample x1.,. We begin by describing in Section 2.3.1 the algorithm Context intro-
duced by Rissanen (1983). Then, in Section 2.3.2 we present the Bayesian Infor-
mation Criterion defined in Csiszar and Talata (2006b) and finally, in Section 2.3.3
we describe the Smallest Maximizer Criterion introduced in Galves, Galves, et al.
(2012).

2.3.1 The algorithm Context

The algorithm Context was introduced by Rissanen (1983) in its original work.
This algorithm computes, for each node of a given tree, a discrepancy measure
between the transition probability associated to this context and the corresponding
transition probabilities of the nodes obtained by concatenating a single symbol to
the context. Beginning with the largest leaves of a candidate tree, if the discrep-
ancy measure is greater than a given threshold, the contexts are maintained in the
tree; otherwise, they are pruned. The procedure continues until no more pruning
of the tree can be performed.

The discrepancy measure used by the algorithm Context is the Kiillback—Leibler
divergence, defined for two probability measures p and g on A by

p(a)
D(piq) = ) p(a)log —— @ (2.10)
acA
where, by convention, p(a) log q(a) = 0if p(a) = 0 and p(a) log q(a = 400

if p(a) > q(a) = 0.
Denote by V, the set of all sequences w € A* that appear at least once in the
sample, that is
Vi ={w e A*: Ny(w) = 1}. (2.11)
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Observe that the set of maximal sequences (with respect to the suffix order <) in
V, is a tree as defined in Definition 2.1. This tree is not necessarily irreducible. We
leave these proofs to the reader, see Exercise 2.8. Moreover, there is a one-to-one
correspondence between the set V, and the nodes of this tree (considering also the
internal nodes). Therefore, even if V), is not a tree as defined in Definition 2.1, by
an abuse of notation we will refer sometimes to V), as a tree.

For a given sequences w € V, let

Apw) = D Na(bw)D (pu(-lbw); pu(-lw)) . (2.12)
b: bweyy,

Remark 2.11. The discrepancy measure A, (w) defined in Equation (2.12) is the
one originally proposed by Rissanen (ibid.), but other possibilities have been pro-
posed in the literature, see for instance Bithlmann and Wyner (1999) and Galves,
Maume-Deschamps, and Schmitt (2008).

We will denote the threshold used in the algorithm Context on samples of
length n by 8,, where (§,),eN is a sequence of positive real numbers such that
8n — +oo and §,/n — 0 when n — +oo. This asymptotic property on &y is
necessary to obtain the consistency of the algorithm Context when the sample size
increases, see Theorem 2.12 later in this section.

The algorithm Context works as follows. First we construct the maximal pos-
sible tree with depth at most d and such that each node w in the tree belongs to Vy,,
that is N(w) = 1. This first tree is not necessarily irreducible. Then, we assign to
each node in this tree an indicator function, denoted by Cy, (x1:1) € {0, 1}, begin-
ning by assigning a value of 0 to the terminal nodes and going up until reaching
the root, in a recursive form. The recursion is defined as follows. For a given node
w, and assuming that the function Cy(x1.,) was defined for every node v in the
tree such that w < v, we compute Cy, (x1:) as

Cu (¥1:m) = max{1{A, (w) > 8,1, max Chu(1:n)} 2.13)

This definition implies that if a given node in the tree has a significantly bigger
discrepancy measure, then this node must be an internal node in the context tree
of the process and it must be maintained in the final tree, as well as all the nodes
in the way from this node to the root. For this reason all these nodes will receive
value 1 as its associated indicator function. Then, the final estimated tree by the
algorithm Context is the tree of sequences with associated indicator function 0
and such that all the nodes in the way to the root has associated value 1. Formally,
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the context tree estimator T.(x1.,) given by the algorithm Context is the set of
sequences given by

Te(x1:n) = {w € Vy: Cyp(x1:n) = 0and Cy(x1:x) = 1 forallu < w}. (2.14)

The algorithm Context is consistent for any threshold sequence §, such that
87” — Oasn — ooand log‘slﬁ > cg for all n, where cg is a constant depending on
the process. As the constant ¢ is unknown, the most common approach is to use
a threshold sequence 6, = ¢ logn, with ¢ > 0. The consistency of the algorithm
Context is stated in the following theorem.

Theorem 2.12. Assume the process generating the sample x1., has context tree
©* and satisfies Assumption 2.7. Let K,d € N be such that

min max max {|p(alus) — p(a|suf(us))|} =€ >0 (2.15)
s<wet*  ueA’ €A
L(s)<K r<d—{(w)

and let §,, such that 5, /n — oo when n — oo. Then, there exist explicit constants
ci >0,i =1,...,4 depending only on the process and ng € N such that for any
n = ng it holds that

. c2(n—d)
P(Te(x1:m) |k # T*|K) SIS eXp[_d——i—l] + ¢36n log(n)n2 exp[—(:48n] .
(2.16)
The constants in (2.16) are given by
2.2
1 €°q-.
c1 = 3ee (A + DA ¢ = W
Pmin
C3 = €Pmin Cq4 = |A| s

where pmin > 0 and qmin > 0 depend on the process.

Remark 2.13. It can be seen that for any K € N there is always a value of d
such that (2.15) holds. This hypothesis can be avoided by letting d increase with
the sample size n and by controlling the upper bounds in (2.16). Extensions of
Theorem 2.12 can also be obtained by allowing K to be a function of the sample
size n. In this case, the rate at which K increases must be controlled together with
the rate at which €, ppin and guin decrease with the sample size. This leads to a
rather technical condition, see for instance Talata and Duncan (2009).
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From Theorem 2.12 we can obtain the consistency of the algorithm Context
for an appropriate choice of §;,.

Corollary 2.14. Under the same hypotheses of Theorem 2.12, take 6, = % log(n)
for all n. Then for d = o(n) we have that

P(tc(x1:0) |k # T*|K) — 0,
as n — OQ.

Observe that Corollary 2.14 implies in particular that when t* is finite, if we
take K = £(t*) we have that 7.(x1.,) = t™ with probability converging to one
when n — oo. In general we take d = O(log(n)) and in the finite case we can
take K = d. In the infinite case we need stronger assumptions to enable K — oo.

Remark 2.15. The proof of Theorem 2.12 and Corollary 2.14 are based on the
exponential inequalities presented in Section 2.2, specifically Corollary 2.9 and
Theorem 2.10. But other approaches exist in the literature to prove the consistency
of the algorithm Context, see for instance Duarte, Galves, and Garcia (2006) and
the review article Galves and Locherbach (2008) for details.

2.3.2 Penalized maximum likelihood

The penalized maximum likelihood approach is based on the regularization of the
maximum likelihood function defined in (2.7) with an appropriate penalizing term.
The estimated tree is then the tree maximizing this regularized function. Although
the set of all possible irreducible trees over the alphabet A grows exponentially fast
with the depth of the trees d, Csiszar and Talata (2006b) showed that the estimation
can be done in linear time in the size of the sample, by an efficient recursion over
the nodes of the tree, in a similar way as the algorithm Context works. By using
this construction, it can be shown that the estimated tree with penalized maximum
likelihood is always smaller than the tree obtained with the algorithm Context, as
shown in Garivier and Leonardi (2011).

The most well known method of penalized maximum likelihood for stochastic
chains with memory of variable length is the Bayesian Information Criterion. The
BIC is a classic approach in statistics originally proposed for general model selec-
tion by Schwarz (1978). In the area of stochastic chains with memory of variable
length it was first considered in the work Csiszar and Talata (2006b), where the au-
thors also proposed an efficient algorithm to compute the estimator of the context
tree.
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It is worth noting that on the definition of a penalized maximum likelihood
criterion, the likelihood function (2.7) does not need to be computed on all possible
trees. Rather, it is only necessary to compute the likelihood function for all trees
whose associated contexts are observed in the sample. This is made precise in the
following definition.

Definition 2.16. We say the irreducible tree t is admissible for the sample x1.5, if
L(t) <£d, Ny(w) > 0 forany w € t and forany j = d ...,n — 1 there exists a
sequence w € T such that w < xy:;.

Then, the set of candidate trees considered in the penalized maximum likeli-
hood criterion, denoted by 7, will be the set of all admissible trees. The penalized
maximum likelihood criterion for the sequence x5 is then defined by

frs (1n) = argmax {log Pr(x1) = [elpen(n} 217
€Ty
where |7| is the size of the tree 7, i.e. the number of sequences in t and pen(n)
is some positive function such that pen(n) — +oo and pen(n)/n — 0 when
n — o0. As we will show below, the penalty function is closely related to the
threshold §, in the algorithm Context.

The BIC as introduced by Csiszar and Talata (2006b) is obtained by using the
penalty function pen(n) = c(]4| — 1) log(n), for a given constant ¢ > 0. It may
first appear practically impossible to compute Tpy; (X1:1), because the maximiza-
tion in (2.17) must be performed over the set of all admissible trees 7. Fortu-
nately, Csiszar and Talata (ibid.) showed how to adapt the Context Tree Maximiz-
ing (CTM) method introduced in Willems, Shtarkov, and Tjalkens (1995) to obtain
a simple and efficient algorithm computing Tpyy (X1:,). We describe this algorithm
in the sequel.

For any sequence w € V,, see (2.11), we define

Py (x1:n) = [ Pulalw)¥ ™.
acA
Then we have that the maximum likelihood function, introduced in (2.7), is given
by
Pr(x1:) = 1_[ Py (xX1:n).

WET
This equality allows us to decompose the penalized maximum likelihood function
in the argument of (2.17) as a sum over the sequences in the tree t; that is

log Pr(x1:0) — [tlpen(n) = " [log Py (x1:n) — pen(n)]. (2.18)

weT
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This is the key to obtain the efficient algorithm based on the CTM method of
Willems, Shtarkov, and Tjalkens (ibid.).

We consider, as in Section 2.3.1, the set of nodes given by (2.11). We first
define, for any w € V), with £(w) = d the value

Vw(X1:n) = e_pen(n)ﬁw(xlzn)

and the indicator function
Xw (X] :n) =0.

We then assign to any w € V, recursively from bottom to top of the tree, the value
Vo(xim) = max e @ Py ), [ Voww)}  (219)
beA: bweyy,

and the indicator

Xw (X1:) = 1{ l_[ Vow (X1:0) > e—pen(n)ﬁw(xl:n)> . (2.20)
beA: bwey,

Now, for any finite string w, with £(w) < d and for any tree t € T,, we define
the irreducible tree 1y, as the set of branches in T which have w as a suffix, that is

Tw={uet: w=<u}
Let 7y, be the set of all trees defined in this way, that is
Tw ={tw: T € Tn}.

If w is a sequence such that X, (x1.,) = 1 we define the maximizing tree assigned
to the sequence w as the tree 7, € Ty, given by

Ty = {u € Vy: X, (x1:0) = 0and X (x1:,) = 1 forallw < v <u}. (2.21)

On the other hand, if X, (x1.,) = 0 we define 7;;, = {w}.

The following lemma, proven in Csiszar and Talata (2006b), is the key for the
efficient computation of the penalized maximum likelihood context tree estimator
given in (2.17).

Lemma 2.17. For any finite string w, with £(w) < d, we have

Vip (x1:0) = max [Te ™™ Puxin) = [ e ™" Pu(xi).  (222)
Yuer

uety,
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The second equality in (2.22) implies, in particular, that the context tree esti-
mator defined in (2.17) is given by Tpy (X1:1) = ri", that is

Tone (X1:n) = {u € Vit X, (x1:n) = 0and X, (x1:n) = 1 forallv < u}. (2.23)

Observe that this definition of the context tree estimator with penalized maximum
likelihood is very similar to that given for the algorithm Context in (2.14). This
similarity was exploited in Garivier and Leonardi (2011) by showing that if the
threshold function &, in the algorithm Context is smaller than the penalizyng func-
tion pen(n) in the definition of the penalized maximum likelihood estimator we
have that Tpyy (X1:5) is smaller than T.(x1.,). This statement is made precise in the
following proposition.

Proposition 2.18. For any n = 1 and all sequences x1.p, if 8, < pen(n) we have
that

o (X1:0) =X Te(X1im),
with the partial order given in Definition 2.3.

As in the case of the algorithm Context, we can prove that the penalized maxi-
mum likelihood criterion is consistent for a convenient penalizing function pen(n).

Theorem 2.19. Assume the process generating the sample x1., has context tree
©* and satisfies Assumption 2.7. Let K,d € N be such that

min max max{|p(alus) — p(als)|} =€ >0 (2.24)
s<wet* uecA” a€A
L(s)<K r<d—{(w)

and let pen(n) such that pen(n)/n — oo when n — oo. Then, there exist explicit
constants ¢; > 0,1 = 1,...,4 depending only on the process and ng € N such
that for any n = no it holds that

c2(n — d)]
d+1 (2.25)
+ c3pen(n) log(n)n2 exp[—(:4pen(n)] .
The constants in (2.16) are given by

]P)(%PML(XIZII”K 7é T*|K) s exp[_

3e% (|4] + D) 4[¥ i

C = ee C - =

! 2 256ea|A|?
Pmin

C3 = €Pmin C4 = |A| s

where pmin > 0 and qumin > 0 depend on the process.
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As in the case of the algorithm Context, we obtain as a consequence of The-
orem 2.19 the consistency of the penalized maximum likelihood criterion for an
appropriate penalizing function pen(n).

Corollary 2.20. Under the same hypotheses of Theorem 2.19, take pen(n) =
;,L::L log(n) for all n. Then for d = o(n) we have that

P(%PML(XIZHNK 5& T*|K) - 0,

asn — oQ.

Remark 2.21. Corollary 2.20 establishes the consistency of the penalized max-
imum likelihood criterion for a penalizing term pen(n) = o(n) and such that
pen(n) = co log(n) for a specified constant ¢g. This result follows from the concen-
tration inequalities presented in Section 2.2. It is worth noting that consistency re-
sults also exist in the literature for penalizing terms of the form pen(n) = ¢ log(n)
for any constant ¢ > 0, see for instance Csiszar and Talata (2006b) and Garivier
(2006).

2.3.3 Smallest Maximizer Criterion

The Smallest Maximizer Criterion (henceforth SMC) is a constant free procedure
that selects a context tree model, given the sample x;.,. Informally speaking this
criterion can be described as follows. First of all, using the penalized maximum
likelihood approach described in Section 2.3.2 with a penalty pen(n) = ¢ log(n),
we identify the set of “champion trees”, which are the context trees maximizing
the penalized likelihood for each possible constant ¢ in the penalization term. It
turns out that the set of context trees identified in this way is totally ordered with re-
spect to the natural ordering among rooted trees. The sample likelihood increases
when we go through the ordered sequence of champion trees: the bigger the tree,
the bigger the likelihood of the sample. The noticeable fact is that there is a change
of regime in the way the sample likelihood increases from a champion tree to the
next one. The function mapping the successive champion trees to their correspond-
ing log-likelihood values starts with a very steep slope which becomes almost flat
when it crosses a certain tree. The tree corresponding to this change of regime is
the estimated tree with the SMC.

As before, let T, be the set of all admissible context trees for the sample x1.,.
Let df: 7, — N be a function that assigns to each tree t € 7, the number of
degrees of freedom of the model corresponding to the context tree 7. The defini-
tion of df(z) depends on the class of models considered. Without any restriction



22 2. Stochastic chains with memory of variable length

df(tr) = (JA| — 1)|z|. However, in many scientific data sets, we know beforehand
that some transitions are not allowed by the problem’s nature. That is the case of
the linguistic data set we consider in our case study presented in Chapter 3. In
general, we can define an incidence function y: A* x A — {0, 1} which indicates
in a consistent way which are the possible transitions, by using the convention that
x(w,a) = 0 means that the transition from w to « is not allowed. By consistent
we mean that if y(w,a) = 0 for some w € A* and a € A then y(uw,a) = 0 for
all u € A*. In this case,

df(ti) =) ) x(w.a).

WET geA

In order to construct our constant-free selection procedure, we consider the penal-
ized maximum likelihood estimator defined in (2.17) with pen(n) = clogn and
|| replaced by df(z). That is, for each constant ¢ € [0, +00] define the estimated
tree with constant ¢ by

Teue(c) = argmax {log Isr(xl;n) —c-df(z)-logn }. (2.26)

€T,

Then define the map
C € [Oa +OO) = %SMC(C) € 7;! ]

and denote by C,, its image

The trees belonging to C,, are called champion trees. Observe that the cham-
pion trees are the ones which maximize the likelihood of the sample for each avail-
able number of degrees of freedom. The set 7, of all admissible context trees is
not totally ordered with respect to the ordering introduced in Definition 2.3. But
its subset C, containing only the champion trees is totally ordered, as can be con-
cluded from the following result.

Lemma 2.22. Let 0 < ¢y < c3 be arbitrary positive constants. Then

Touc(€1) > Tauc(c2).

Assume t* is finite. By the consistency of the penalized maximum likelihood
estimator in Corollary 2.20 we have that if the sample size n is big enough, then
the tree t*, which, by assumption, generated the sample, belongs to C,, with high
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probability. In fact, stronger results in the literature show that * belongs to C,
with probability one eventually for large n, see Remark 2.21. It turns out that when
* € C, it has a remarkable property: it is an inflection point for the penalized
maximum likelihood function. This makes it possible to identify t* in the set Cy,.
This is the basis for the SMC approach and the content of the next theorems. As
in Csiszar and Talata (2006b) we assume d = o(log(n)).

Theorem 2.23. Assume the process generating the sample x1., has finite context
tree t*. Then, C, is totally ordered with respect to the order < and eventually
almost surely t™ € C,, as n — o0.

The next theorem 1is the basis for the smallest maximizer criterion. It shows
that there is a change of regime in the gain of likelihood at 7*.

Theorem 2.24. Assume the process generating the sample x1., has context tree
t*. Then, the following results hold eventually almost surely as n — oc.

1. Foranyt € Cy, witht < T*, there exists a constant c¢(t*, ) > 0 such that

log Ppx (x1:n) — log Py (x1:0) = c(z*, 1) n. (2.28)

2. Foranyt < t' € Cy, witht™ < 1, there exists a constant ¢(t,t') = 0 such
that

log Pe(x1:n) — log Pr(x1:) < ¢(7,7') logn. (2.29)

Theorem 2.23 and Theorem 2.24 lead to the following Smallest Maximizer Cri-
terion: select the smallest tree Tgyc in the set of champion trees C,, such that

log Pr(x1:1) — log Pz (x1:a) < 1 (2.30)

with r,, a function satisfying r,,/n — 0 and r,,/ logn — oo as n — oo. The next
theorem states the consistency of this criterion.

Theorem 2.25. Let x1., be a stochastic chain with memory of variable length with
context tree T*, with T* finite. Then

P(ie #7%) — 0

for any sequence {ry }neN satisfying r,/n — 0 and r,/logn — co as n — oo.
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In order to implement the SMC we first need an algorithm to compute the set
of champion trees C,,. This can be done efficiently using the Context Tree Max-
imizing method presented in Section 2.3.2, for different values of the penalizing
constant. In fact, for any given tree t € C,, associated to a given constant c, it is
possible to compute the minimum ¢’ > ¢ leading to a strictly smaller tree T/ <
by a direct exploration of the leaves in t. Then beginning with the constant ¢ = 0
and the maximal possible tree V), defined in (2.11), we can iterate this procedure
until we arrive to the root tree composed uniquely by the empty string A. The
sequence of trees obtained in this way corresponds to the set of champion trees
Cy.

Once the set of champion trees C,, has been obtained, the next step is to iden-
tify a tree 7 belonging to C, exhibiting a change of regime as specified by Theo-
rem 2.24. One possibility would be to take a given threshold r;, and compare the
differences in log-likelihood between two subsequent trees in Cy, as in (2.30). That
is, denoting by 79 < 71 < -+ < 7 the different trees in C,,, we could define

toe = min{z; : log Py, | (X1:) — log Ps, (X1:n) < T},

where the minimum is taken with respect to the order <. But this procedure would
require the specification of the threshold r, and it is not clear how this number
should be selected. Moreover, as we only have one sample x5, this would not
take into account the variability in the selection principle. For this reason, Galves,
Galves, et al. (2012) proposed a Bootstrap procedure® to detect the tree in C,, ex-
hibiting the change of regime. This procedure is specified below.

Bootstrap Procedure:

1. For two different sample sizes n; < n, < n obtain B independent bootstrap
resamples of x1.,. Denote these resamples by

x* (7)) = {x:’(b’j),i =1,...,nj}whereb=1,...,Band j = 1,2.

2. For j = 1,2 and for all t, € C, and its successor 7, € Cy in the < order,
compute the average

B A . A ¢ .
A(f”’r’/’)(n ) = l Z log Pr, (X*’(b’])) — log Py, (x *’(bjj)).
J B 109
b=1 J
The Bootstrap is a classical resampling method in Statistics where the observed sample is used
to produce resamples and to assess the variability of a statistical procedure. We refer the reader to
the seminal book Efron and Tibshirani (1993) for an extensive presentation of this method.
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3. Apply a one-sided 7-test for comparing the two means E(A®>%)(n;)) and
E(AT™ (n5)).

4. Select the tree gy as the smallest champion tree 7, such that the test rejects
the equality of the means in favor of the alternative hipothesis that

E(A® %) (n1)) < E(A™™) (ny)).

In Step 1 above, any bootstrap resampling method for stochastic chains with
memory of variable length can be used. In the specific application of the SMC to
linguistic data described in Chapter 3, we use a remarkable feature of the data set,
that is, the fact that one of the symbols is a renewal point. This makes it possible
to sample randomly with replacement independent strings between two successive
such symbols, see Galves, Galves, et al. (ibid.) for details.

2.4 Proofs of this chapter

Before presenting the proof of Theorem 2.8, for completeness we state a proposi-
tion obtained by Dedecker and Doukhan (2003, Proposition 4) that is essential to
obtain such result.

Proposition 2.26. Let {X;: i € N} be a sequence of centered and square in-
tegrable random variables, and M; = o(X;,0 < j < i). Define S, =
X1+ -+ Xy, and

bp; = max
i<l<n

I
Xi E(X i .
D EM|

Then, for any p = 2, the following inequality holds:

n 1/2
1Sall, < (2pr,-,n) :

i=1
We present now the proofs of the main results in this chapter.

Proof of Theorem 2.8. Let w be a finite sequence and a any symbol in A. Define
the random variables

Ur = BX(—gw)):r = wa} — p(wa),
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fort =d+1,...,n. Observe that (Us);>4+1 1s a sequence of centered and square
integrable random variables. Then, using Proposition 2.26 we have that, for any
r=2

INn(w, @) — (n —d)p(wa)|

N|—

(2r Z max. || U; ZE(Uk [Ugsi1,-...Up) ||r/2)

t=d+

(2r Z Z sup [P (X (k—ewyy:ke = wa | X1 = u) —P(wa)|>

t=d+1k=t 44’

D=

< (2r (n—d)(d + 1)a)5,

where in the last inequality we used Assumption 2.7 and the fact that we can use
the bounds

sup |P(Xg—tw)):x = wa | X1.x = u) — p(wa)] < 1
ucAl

fork =1¢,...,t +£(w) and

sup IP(X(k—tw)):k = wa | X1y = u) — p(wa)| < L(wa)ag_¢uw)—
ueA

for k > t + £(w), see Galves and Leonardi (2008, Lemma 3.4) for details. Let
B =2(d+1)(n—d)xa. Then, as in Dedecker and Prieur (2005), by using Markov’s
inequality we obtain that, for any ¢ > 0,

P(|Np(w,a) — (n — d) p(wa)| > 1) < min(l,

o rB’j
\m1n<1, 7 )

The function r — (cr)2 has a unique minimum at rog = é and is increasing on
the interval [rg, +00). Then, comparing the value of ro with 2 we have that

E(|Nn(w,a) — (n — d)p(wa)lr))
tr

l2
B(|Na(w.0) = (1 = d) p(wa)| > 1) < g5 =)
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where g is the function from R4 to R defined by
g(y) = 1y$e_1 + (ey)_lle_1<y$1 + e_y1y>1 .

Observe that g(y) < exp(—y + e~ 1) for any positive y. Then we conclude that

/2
de(d + 1)(n — d)a]'

P(|Ny(w.a) — (n — d) p(wa)| > 1) < e¢ exp|

Proof of Corollary 2.9. First observe that
(n —d) p(wa)
(n—d)p(w)

. . N, (w’a) .
Then, summing and subtracting the term —(n_" Do) Ve obtain that

plalw) =

Nn(w,a) — (n—d)p(wa)| _ Nn(w,a)
Na(w) — (n=d)pw) | = Na(w)(n —d)p(w)
!Nn(w,a) —(n— d)p(wa)].

|(n — d) p(w) — Nu(w)]

1
+ -
(n—d)p(w)
Therefore we have that

P(|pn(alw)=p(alw)| > 1, Nn(w) = 1)

< P(|(1 = d)p(w) = Np(w)| > w)
+ B (|Na(w. @) — 0~ dyp(ua)| > LI

We can write Ny(w) = Y pecyq No(w,b) and p(w) = ) pcyq p(wb), then the
right hand side of the last inequality can be bounded above by the sum

t(n—d
bXé[;IPHNn(W,b)—(I’l—d)p(wb” > %) i
P(|Nu(w,a) — (n —d) p(wa)| > W)

Using Theorem 2.8 we can bound above this expression by

(n —d)t? p(w)? ]

16ealA|2(d + 1)

This finishes the proof of the corollary. O

e% 4]+ 1 exp[—
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Proof of Theorem 2.10. First observe that

P(Nn(w) sup | pnlalw) — plalw)*> > 1)

a€A
< a;lP(Nn(w)lﬁn(alw)—p(alw)|2 > 1) 231)
= > P(|Na(w.a) = Np(w)p(alw)] > ViNy(w)).

a€A

Now we will fix a € A and bound above each term in the right-hand side sep-
arately. For simplifying the notation we write p = pp(alw), p = p(a|w),
O, = Ny(w,a) and N, = N(w). Observe that p = O, /N,. For A > 0 de-
fine p(A) = log(1 — p + e*p). Let Waf‘ = 1 and for n > d define

Wnl — elon_Nn¢(A) .

Observe that Wn’1 is amartingale withrespectto F,—1 = o (X~ 1) with E[ Wn)L | =
1 for all n = d. In fact, we have that

: _ n—1 _ .
Oy — Oyt = 1, ifx, =a, Xy gy = W5
0, cc.
and similarly
: n—1 _ .
Ny — Nyy = 1, 1fxn_e(w) =w;
0, cc.

Observe that if x;’:t}(w) = w and w has a suffix in the context tree of the process
then

E [e/l(on—on—l) | Fp1 ] - K [ell{xn=a} | Fp1 ]
— ) (2.32)

— o WNa=Nam)$ () |

On the other hand, if xZ:t}(w) # w the equality trivially holds. Then rearranging
the terms in (2.32) we conclude that

E [ewn—Nm(A) | ;n_l] — ¢AOn-1=Nu—16()
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and Wn’l is a martingale with respect to ,—1. Now divide the interval {1, ...,n} of
possible values for N, into “slices” {0x_1 +1, . . ., Ok } of geometrically increasing
size, and treat the slices independently. Assume ¢ > 1 and take n = 1/(t — 1),

0p = Oand fork = 1, 6, = L(l + r])kJ. Let m be the first integer such that

O = n, that is
" logn _‘
m=|———/|.
log(1 + n)

Define the events By = {fx_1 < Np < 6k} N {N, |p — p|> > t}. We have

m

P (Ny|p—pl® > 1) < P(U Bk) < Y P (By). (2.33)
k=1

k=1

Without loss of generality we can assume that p = p (the case p < p holds by
symmetry). Observe that |x— p|? is a continuous increasing function for x € [p; 1],
with 0 < |x — p|? < |1 — p|2. Let x be such that |x — p|?> = t/(1 4 n)*, that is

we take
o +
X = .
A+mk 7

Observe that x € [p, 1] unless /(1 + n)* > |1 — p|2. But in this case we have
that if N, < (1 4 )¥ then

t > (1+n)k1—p> = Nalpn— pl?

so P(Bx) = 0. So we may assume that such an x always exists over the non-
empty events By. Moreover, on By, we have that | p, — p|? = t/N, = t/(1+n)¥
then we must have p, = x. Now take A = log(x(1 — p)) —log(p(1 — x)). It can
be verified that Ax — ¢(1) = d(x; p) with

1—x

d(x;p)=)c10g£+(1—x)log1
p

Moreover, by Pinsker’s Inequality (see Cesa-Bianchi and Lugosi 2006, Section
A.2) we also have that d(x; p) = |x — p|?>. Then on By we have that

A _ — 2 = :
Mon—9@) 2 Ax—=¢() = v—pl" = o 2 o
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therefore
t
B, c IAp,—op(A) > —
k { Dn —¢(A) (1+77)Nn§

C {Wn)L > et/(H")} .
AsE [Wn’\] = 1, by Markov’s inequality we have that

P(By) < P (W,jL > et/(1+”)) (2.34)

< ot/

Finally, by (2.33) we have that

IP’(N,,|[3—p|2 > 1) < m et/ (M

Butasn=1/(t —1),m = Logl(o%n)] and log(1 4+ 1/(t — 1)) = 1/t we obtain

P (N 1p—p|* > 1) < elog(n)te™.
Finally, by (2.31) we obtain that

P (Nn(w) sup |pn(alw) — plalw)* > t) < e|A|log(n)te™ . O
acA

Before presenting the poof of Theorem 2.12 we state and prove two basic lem-
mas that are based on the results in Theorem 2.8 and Corollary 2.9.

Lemma 2.27. Assume the process {X;: t € 7} satisfies Assumption 2.7. Then for
any w € A* with £(w) < d and any t > 0 such thatt < (n — d) p(w) we have

[(n —d) p(w) —1]? ]
dea|A12(n —d)(d + 1)1
Proof. Usingthat Ny(w) = Y ,c 4 Nn(w,a), p(w) = Y ,c4 p(wa) and t —(n—
d)p(w) < 0 we have that

P(Na(w) < 1) = P Y [Na(w,a) = (0 =d)p(wa)] < 1 = (n —d) p(w))

acA

< Y P(INa(w.a) = (n = d)p(wa)| =

acA

P(Np(w) < ) < |A]e* exp[— (2.35)

(n—d)p(w)—t)
| 4] '
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Using Theorem 2.8 we can bound above the right hand side of the last inequality
by

Aot el 0= Dp@ =1
dea|Al2(n —d)(d + 1)7"
This finishes the proof of Lemma 2.27. O

Lemma 2.28. Assume the process {X;:t € 7} satisfies Assumption 2.7. Let
u,w e A* withmax(£(u),{(w)) < d and b € A such that p(blu) — p(b|w) > 0.
Then, for any t < [p(blu) — p(b|w)]?/5 we have that

(n — d)t min(p(w)?, p(u)?)
32ea|A|12(d + 1) ]

P(D(fn(-lu): paClw)) < 1) < 2€% (|A|+1) exp| -

Proof. By Pinsker’s inequality (see Cesa-Bianchi and Lugosi 2006, Section A.2),
we have that

Do) patw)) = 5[ 3 Inal) ~ patalw)] |
N (2.36)
> [l — publw)]*.

Now, set v = 2[p(b|u) — p(b|w)]?/9 > t and define the event

Co ={1Pn(blu)—p(blu)| < vv/2} 0 {[pn(blw)—p(blw)| < vv/2}. (2.37)

Observe that
{D(Pn(lu): pu(lw)) <13 N Cp=9.
To see this note that by (2.36), if (2.37) holds then

R R 1 2
D(puClu): puClw) = 3 | (pBl) = Vo/2) = (pw) + /D] = v > 1.
Therefore, using the bounds in Corollary 2.9 we obtain for any ¢ < v that

P(D(pn(|u): pu(lw)) <) < P(|pn(blu) — p(blu)] > v/v/2)
+ P(1pn(blw) — plw)| > Vv/2)

(n — d)t min(p(w)?, p(u)*)
32ea|A|12(d + 1) ]

< 2ee (JAl+ 1) exp[—

and this concludes the proof of Lemma 2.28. O
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Proof of Theorem 2.12. First observe that

IPD(:Ec(xl:n)h(' ?é T*|K) < IP)(On) +P(Un)7

where
On = {T*|K < %c(xlzn)|K}

is the overestimation event and
U, = { T*|K :L( fc(xl:n)|K }

is the underestimation event (more precisely, non-overestimation event). We will
divide the proof bounding separately these two events. In the case of O, observe

that
On ¢ |J U {4nus) > 84}
sET* ueA*
L(s)<K
and
An(us) =) Nuy(bus)D (Pn(-|bus); pn(-|us))
beA
= Y Nu(bus) Z[ﬁn (albus)log pn(albus) — pn(albus)log pn (alus)] :
beA acA

For any sequence us € A* we have that p,(-|lus) are the maximum likelihood
estimators of the transition probabilities p(-|us), therefore we have that

Z Ny (us,a)log pn(alus) = Z Ny (us,a)log p(alus)

acA acA

= Z Z Ny (bus,a)log p(a|bus)

beAacA

where the equality in the second line follows because us has a suffix in the context
tree T*. Then

An(us) <Y Ny(bus) Z[ﬁn (albus) log pu(albus) — pn(albus)log p(a|bus)]

beA acA
= Z Ny (bus)D (pn(-|bus); p(-|bus)) .
beA

(2.38)



2.4. Proofs of this chapter 33

Now we use a well-known inequality between two probability distributions p and
q over A, that states that

. 2
D(p;q) < Z% (2.39)

acA

for a proof see for example Csiszar and Talata (2006b, Lemma 6.3). Hence, from
(2.38) and (2.39) we obtain that

P (A (us) > 8p) < IP’(ZNn(bus)Z [Pn(albus) — plalbus) sn),

beA acA p(a|s)

as p(albus) = p(als) forall a,b € A. Taking
Pmin = min{p(als): a € A,s € t*,{(s) < K}
we have that

P(On) < Y. > P(An(us)>8y)

SET* ueA*
L(s)<K

< E E E P(Nn(us) max | pn(alus) — p(alus)|?* > pminSn) .
acA |A|
sET* ueA*aci
L(s)<K

Now it is enough to observe that the sum over s and v has at most @ terms
corresponding to those sequences us such that N, (us) > 0. Each term can be
bounded above using Theorem 2.10 by

P (N 0) ma | p(alus) = plalus) 2 > P, )

Pmindn }

< el gt exp| 252

then

Pmindn } '

P(On) < epmin(gnn2 log(n) exp{— |A|

(2.40)
In the case of U, we have that

U € | ) {4n(us) <8}

sS<weT* ueA*
L(s)<K
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and the union is over a finite set of sequences. Denote by S the set of sequences s
such that s < w € t* and £(s) < K. By hypothesis, we can take some bu € A"
with r < d — £(w) and p(bus) > 0 such that

max |p(albus) — p(alus)| = €.
acA

Denote by S’ the (finite) set of sequences of the form bus, with s € S satisfy-
ing the above inequality. Then

P(Uy) < Y P(An(us) <8p). (2.41)
ues’

Now, for any fixed bus € S’ define the events 4, and B, by

Apn = { An(us) < n}

By = { D(pu(-|bus); pn(lus)) > €*/8} .
Then we can bound above the probability in (2.41) by

P(Axn N By)+P(By).

To bound the first term note that by Lemma 2.27, if n is sufficiently large so that

On - €2 p(bus)
(n—d) 16

then we obtain

P(Ay01By) < P Na(bus) < 8612”)

(n —d) p(bus)? ]
16ea|A]2(d + 1)
On the other hand, by Lemma 2.28 we have that

(n— d)ezp(bus)z]
256ea|A|2(d + 1)1°

We conclude the proof of Theorem 2.12 by observing that S’ has the same car-
dinality as S, the set of sequences s < w € ™ with £(s) < K, therefore we
obtain

1
< |A|ee exp[—

P (Bfl) < et (Al + 1 exp[—

—(n — d)ezqrznin ] ’

1
PU,) < 3ee (|A| + 1)|A|K
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with
gmin = min { p(bus)} > 0. 0
busesS’

Proof of Corollary 2.14. 1f 8, = % log(n) for all n we have that

P(Zc(x1n)lx # t¥|k) — 0
when n — oo and this completes the proof. O

Proof of Lemma 2.17. This proofis given in Csiszar and Talata (2006b, Lemma 4.4),
and follows by induction on the length of the sequence w. If £(w) = d the state-
ment is obvious. Supposing the assertion holds for all strings of length d, we have
for any w with £(w) = d — 1 that

l_[ Vaw(X1:n) = l_[ ( max He_pen(n)ﬁs(xlzn))

ta€Taw
a:aweyy a:aweyy N

= max l_[ e Pen(m) p (X1:1) -

Tw€Tw: L(tw)=1 ser
The second inequality follows since any family of trees 7, € Tay, a € A, uniquely
corresponds to a tree Ty, € Ty via Ty = UgzeaTaw. Then by the definition of
Vi (x1:n) in (2.19) and the equality above we have that

Vw(X1:n) = max {e—pen(n)ﬁw(xl:n)’ l_[ Vaw(xlzn)}
acA: aweyy,

= max {e_pen(")ﬁw (x1:n), max 1_[ e_pe“(”)ﬁs(xl;n)}

. >
tw€Tw: L(tw)=1 sety,

- —pen(n) p (..
nax. []e Ps(x1:n)
SETY
and the first equality in the lemma follows. The last equality also follows from the
last identity, by the induction hypothesis and (2.19)-(2.21). O

Proof of Proposition 2.18. We must prove that a leaf in Tpy; (X1:5) is always a leaf
or an internal node in 7. (x1:,). By the characterization of 7¢(X1:,) and Ty (X1:1)
given by equations (2.14) and (2.23), respectively, this is equivalent to prove that
Xyp(xX1:n) < Cy(xyy) forall w € V, with £(w) < d. In fact, assume that
X, (x1:n) = 1 implies Cy(x1:4) = 1, and take w € Tpy(X1:); then, either
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{(w) = d and w € Tc(x1:,), or it holds that for all u < w, X, (x1.,) = 1, which
implies that Cy,(x1.,) = 1 for all u < w and thus there exists some v > w such
that v € Tc(x1:p).

Assume there exists w € Vy, {(w) < d, such that X (x1.,) = 1 and
Cy(x1:n) = 0. Note that by (2.13), Cy(x1:n) = 0 implies Cypy(x1:0) = O
for all uw € V,, £(uw) < d; hence, w can be chosen such that X, (x1:4) = 0
for any bw € V,, b € A. In this case we have, by the definitions (2.19) and (2.20)
that

e—pen(n)ﬁw(xlzn) < l_[ Vow (X1:n)
b: bwey,

= ] ™™ Pyuxim).
b: bwey,

(2.42)

The equality in the second line of the last expression follows by the fact that
wa(xl;n) = 0 for any bw € V,, b € A; therefore we must have Vyy, (x1:0) =
e_pe“(”)ﬁbw (x1:n) forany bw € V,,, b € A.

Now, observe that for any a € A, Ny(w,a) = ) . bwey, Nn(bw,a) and
{b: bw € V,}| = 2. If not, N,(w,a) would be equal to N,(cw, a) for some
¢ € A and for all a € A, implying that Iscw(xl;,,) = 13w (x1:1); hence

1_[ Vow (X1:0) = Vew (X1:0) = e—pen(n) ﬁcw (X1:2) = e—pen(n)ISw (xX1:1)
b:bwey,
and thus, by definition, X, (x1:,) = 0. Using these facts, and taking logarithm on
both sides of (2.42), we obtain

(|{b bw e Vn}| — 1) pen(n) <; Z Z Ny (bw, a) log Pn(a|bw)

b:bweV, acA ( w)
= D Nalbw) D (paClow); fnlw))
b:bwey,

Therefore, if §, < pen(n) we have §, < A, (w) which contradicts the fact that
Cw(x1:n) = 0. This concludes the proof of Proposition 2.18. O

Proof of Theorem 2.19. As in the proof of Theorem 2.12, observe that

P(Zon (1) |k # %K) < P(O,) +P(Uy).
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where

0, = {t*|k < temw(x1:0) K }
is the overestimation event and

Uy, = {1k Z T (¥1:n) |k }

is the underestimation (more precisely, non-overestimation) event. By Proposi-
tion 2.18, for a given pen(n) we can take 6, = pen(n) and we have that

Toae (X1:0) = Te(X1:m)
and thus O;, C O,. Then

Pminpen(n) }

P(0,) < epmipen(n)n® log(n) exp| =0

as obtained in (2.40). The proof for bounding the probability of U, follows almost
identical to the analogue in the proof of Theorem 2.12. We first observe that

Uy ¢ | (G =0}
s<wet*

L(s)<K

By hypothesis, for any s < w € t* with £(s) < K there exists r < d — £(s) and
u € A" such that

max |p(alus) — p(als)| = € > 0.

acA

Denote by S’ the (finite) set of sequences us satisfying the above inequality. Now
lets < w € t™ with £(s) < K and us € S’. Observe that

P (Xs(xlin) = O) = IP>( 1_[ Vps(x1:n) < e_pen(n)ﬁs(xlzn))-
beA: bseV,
Ifu = (uy...u,),denote by A; = A\ {u;} and let t be the tree given by
T = Ulrizl Upea, {bujs} U {us}.

By Lemma 2.17, for any bs € V,, we have that

Vps(X1:0) = 1I’neax l_[ e_pen(n)ﬁv(xlzn)-

/
UE‘L’bS
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Therefore
P( l_[ Vps(X1:0) < e_pen(n)ﬁs(xlzn))
beA: bseVy,
€A bse (2.43)
<P ( 1_[ e—pen(n) Isv(xl:n) < e—pen(n) ﬁs(xlin) )
VET
by noticing that
l_[ rr/nea%i 1—[ e_Pen(n)ISv (xl:n) > 1—[ 1_[ e—Pen(n) ﬁv (xl:n)
beA: bseVy, veT) beA: bseV, VETps
> 1_[ e_pen(n)ﬁv(xlzn) .
VET

Applying logarithm and using that N, (s,a) = ) <, Nu(v,a) foranya € A we
can write the probability in (2.43) by

P( D Na@)D(nlv): paCls)) < (12l = Dpen(n) )

VET

< P(Na(s)D(puClus): puCls)) < (2| = Dpen(n) ).
(2.44)

Define the events A, and B;, by
An = {Nu(us)D(Pn(-lus): pn(ls)) < (|r| — Dpen(n) }
By = {D(pn(-lus); pulls)) > €*/8}.

Then we can bound above the probability in (2.44) by P( A, N B, ) + P( B ). To
bound the first term note that by Lemma 2.27, if n satisfies

pen(n) €2 p(us)
n—d ~ 16([=1)

then, using the bound |t| — 1 < |A|r < |A|d we obtain

8(|z| — I)pen(n) )
62
(n —d) p(us)? )
16ea|A2(d + 1)/

IP)(Antn) < P(Nn(us) <

< |A|eé exp(—
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On the other hand, by Lemma 2.28 we have

(n — d)e* p(us)? ] '

P(BS) < 2e¢(|A| + 1 _
(By) < 2e<(l4]+ )eXp[ 256ea|AI21(d + 1)

We conclude the proof of Theorem 2.19 by observing that we only have a finite
number of sequences s < w € t* with £(s) < K, therefore we obtain

(n— d)ezqiin ]

1
P(Uy,) < 3e<(|A| + 1)]A|K exp|—
(Un) < 3ez(l4]+ DIA| eXp[ 256ea|A121(d + 1)

with
Gmin = min { p(us)} > 0. m
uses’

Proof of Corollary 2.20. 1f pen(n) = % log(n) for all n we have that

P(%PML(xlln)lK 7é T*lK) - 0
when n — oo and this completes the proof. 0

Proof of Lemma 2.22. Denote by t! = Tg,c(c1) and 2 = Tguc(c2). Suppose that
it is not true that t! > t2. Then there exists a sequence w € r! and w’ € 2 such
that w is a proper suffix of w’. This implies that 72 # @. Since 2 is irreducible
we have that |t2| = 2. Then, using the definition of maximizing tree we obtain

log Py (x1:) = ) log Puy(xi) + c1(df(w) — ) df(w’)) logn

w/ €T w/ et
> Z log ﬁw/(x1:n) + co(df(w) — Z df(w”)) logn
w’/ €T w'er

> log ﬁw(xlzn),

which is a contradiction. The first inequality follows from the assumption that
t! = Zyc(c1) and the second equality in (2.22). To derive the second inequality
we use the fact that 0 < ¢; < ¢ and df(w) — )" ,. > df(w’) < 0. Finally, the

w’ ety
last inequality leading to the contradiction follows from 12 = Zg,(c2) and again
the second equality in (2.22). We conclude that ! > 72, O
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Proof of Theorem 2.23. The fact that Cy, is totally ordered follows from Lemma 2.22.
On the other hand, by Csiszar and Talata (2006b) we know that the BIC context
tree estimator is strongly consistent for any constant ¢ > 0. Therefore it follows
that eventually almost surely t* € C,, as n — oo. 0

Proof of Theorem 2.24. To prove (2.28) let t € C,, be such that T < t*. Then
log Pr(x1:n) — log Pr= (¥1:n)
= ) Na@'.a)logpnaw)— Y Nu(w.a)log pu(alw)

w/et,acA weT*,acA
/
_ Z Z ZNn(w a) log Pn( lw’)
w/eTweTH,w>w’ a€A ( |w)
Dividing by #n and using Jensen’s inequality we have that
Nl’l(w’a) ﬁn(a|w/)
)ORED DD DA
n pn(alw)

w/etwer*,w>w’ acA

plajw’)
— Z Z Zp(wa) og (alw)

w/ et wert*,w>w’ acd

as n goes to +00, by the minimality of t*. Then, for a sufficiently large n there
exists a constant ¢(t*, t) > 0 such that

log Pex (x1:n)—log Py (x1:) = c(z*, T)n.
To prove (2.29) observe that
log Pr(x1:n) — log Pe(x1:n)
= Y Na.a)logpa(alw)— D Nuy(w,a)log p(alw)

w’et’,acA weT,acA
< ) Na',a)log paaw’) = D Np(w,a)log p(alw)
w’et’,acA wEeT,acA

_ Pn(alw’)
= Z Z ZNn(w a)log —= (@)

weTtw'etr’, w'>w a€A

=3 > Na)D(pn([w): p(-|w)).

wWeETw'etr/,w'>w
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By Csiszar and Talata (ibid., Lemmas 6.2 and 6.3) we have that, if n is sufficiently
large, we can bound above the last term by

Z Z Ny (') Z [Pn(alw’) — p(alw)]?

weTt w'etr’, w'>w acA p(a|w)

! dlogn
ST X M)A

min
wWEeET w'etr/,w'>w p

where pmin = miny e+ geafp(alw): p(alw) > 0}. This concludes the proof of
Theorem 2.24. O

Proof of Theorem 2.25. Follows straightforward from Theorem 2.23 and Theorem 2.24.
O

2.5 Exercises

Exercise 2.1. Let {X,,: n € Z} be a Markov chain of order 2 assuming values in
the alphabet A = {0, 1}, with transition probabilities given by

0o 1
00 (2/3 1/3
p_OLf12 12
~ 10| 2/5 3/5
11 \2/5 3/5

For example, for w = 01 and @ = 1 we have p(a|w) = p(1|01) = P>, = 1/2.
(a) Which is the context tree of this process?

(b) Compute the probability of the sequence x3.12 = 0001101010 conditioned
on x1:.2 = 10.

Exercise 2.2. Let {X},,: n € Z} be a stationary Markov chain of order 1 assuming
values in the alphabet A = {0, 1} with transition probabilities 0 < p(1]0) < 1
and 0 < p(1]1) < 1. Consider the sequence {&,: n € Z} of independent and
identically distributed random variables, independent of { X}, : n € Z}, assuming
values in {0, 1} and such that P(§; = 1) = ¢, forsome g € (0,1). Let {Y,: n €
7} defined by Y, = £, X,,.



42 2. Stochastic chains with memory of variable length

(a) Find the context tree of the process {Y,: n € Z}.
(b) Compute P(Y, = 1|Yy—1 = ) and P(Y,, = 1|Y,—1 =0,Y,—5 = 1).

Exercise 2.3. Let {X,: n € Z} be a stochastic chain with memory of variable
length with values in A = {0, 1}. Assume the context tree of the process is T =
{10_g.—1: k =0,...} U{0_c0:—1} and the transition probabilities are given by

p(110_g.—1) = qx € (0,1), k 20, and p(1|0—0:—1) = 0.
Compute P(X1 =1, X2 =0,X3=0,X4=1,X5 =0| Xo = 1).

Exercise 2.4. Prove that the set of contexts of a process with measure P is an
irreducible tree, as specified in Definition 2.1.

Exercise 2.5. Let x1:11 = 01101000100 be a sample of a stochastic chain with
memory of variable length assuming values in A = {0, 1}.

(a) Compute N11(0,0), N11(0,1), N11(1,0) and Ny1(1,1), taking d = 1 in
(2.3).

(b) Compute the maximum likelihood estimators for the transition probabilities
p(010), p(1]0), p(0[1) and p(1]1).

(c) Compute the maximum possible value of the likelihood function L. (g; x1:11)
in (2.5) for r = {0, 1}.

Exercise 2.6. Prove that given a tree t, the family of probability distributions
defined in (2.6) corresponds to the maximum likelihood estimators of the transition
probabilities associated to t.

Exercise 2.7. Use the Ergodic Theorem to prove that for a given sequence w € t
and symbol a € A, the maximum likelihood estimator py(a|w) defined on (2.6)
converges almost surely to p(a|w) as n — oo.

Exercise 2.8. Prove that the set of maximal sequences in the set V,, defined by
(2.11), i.e. the sequences that are not suffixes of other sequences in V), is a tree.
Give an example showing that this tree is not necessarily irreducible.

Exercise 2.9. Consider the sample x1:.17 = 00110100001 over the alphabet A =
{0, 1}. Compute the estimated trees 7. and Tpyy given by (2.14) and (2.23), respec-
tively, for §,, = pen(n) = 0.15.
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Exercise 2.10. Prove that if * is the context tree of the process generating the
sample x1.,, then for any K € N and for a sufficiently large d, (2.15) holds for
some € > 0.



Applications of
stochastic
chains to
Biology and
Linguistics

In this chapter we show how the stochastic chains with memory of variable length
and some extended versions of this model can be applied in real data problems.
We first present an application to the problem of classifying protein sequences into
families, considered first in Bejerano and Yona (2001) using the Probabilistic Suf-
fix Tree (PST) algorithm and generalized for sparse stochastic chains in Leonardi
(2006) using an algorithm called Sparse Probabilistic Suffix Trees (SPST). We then
present an application of the SMC algorithm described in Section 2.3.3 to detect
differences in rhythmic patterns in European and Brazilian codified written texts,
based on the work by Galves, Galves, et al. (2012).
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3.1 Classification of protein sequences

Proteins are large biomolecules that are comprised of one or more long chains of
amino acid residues'. So, the primarily structure of a protein or protein domain can
be seen as a sequence of symbols in an alphabet of size 20, the different possible
amino acids occurring in the genetic code.

A central problem in Bioinformatics is to determine the function of a protein
using the information contained in its amino acid sequence. In general, this can be
done by comparing the sequence of amino acids to that of proteins with a known
function, or what is equivalent, to proteins in different protein families. In other
words, given a protein family F and a new sequence of amino acids x = Xj.,
we want to know if x belongs to F or not. To answer this question, we can first
construct a model for the family F using the sequences already classified on it, and
then compute a score that is related to the probability that this model generates the
sequence. Depending on this value, we classify the sequence as belonging to the
family or not.

One possible model for the protein sequences on each family is the stochastic
chains with memory of variable length introduced in Chapter 2. This was consid-
ered in the work Bejerano and Yona (2001), were the authors applied an algorithm
called Probabilistic Suffix Trees (PST), originally introduced in Ron, Singer, and
Tishby (1996), to the protein family classification task. Besides some minor dif-
ferences, the PST algorithm is equivalent to the algorithm Context described in
Section 2.3.1, as we show in the following section.

The PST algorithm was generalized to model sparse chains in Leonardi (2006),
leading to the Sparse Probabilistic Suffix Trees (SPST). Sparse chains are those
chains with memory of variable length were some contexts share the same asso-
ciated probability distributions. In other words, at some positions of the past se-
quence, some symbols can be exchanged with others without modifying the tran-
sition probabilities. This property was particularly appealing in the protein fam-
ily classification problem, were the alphabet size is considerably large, but some
amino acids can be substituted by others with the same physicochemical proper-
ties. We describe this model and the SPST algorithm on Section 3.1.2. Finally in
Section 3.1.3 we show the results of the PST and SPST algorithms on the protein
classification task, for some families in the Pfam database (Bateman et al. 2004,
release 1.0).

Ihttps://en.wikipedia.org/wiki/Protein
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3.1.1 'The PST algorithm

Let A denotes the alphabet of twenty amino acids and let x!, x2, ..., x™ be the
sample of sequences belonging to a protein family F. Foreachi = 1,...,m we
denote by Xt = X1 ; the i-th sequence in the sample, where n; denotes the length
of sequence x’. As in Chapter 2, given a sequence w and a symbol a we define
Ni n; (w, a) as the number of occurrences of w followed by symbol a in the sample
xi:ny taking d = £(w). That is

nj

Ni,n,'(w’a) = Z l{xét—ﬁ(w)):(t—l) = U),X; = Cl} . (31)
t=l(w)+1

We define also N; , (w) as the sum of N; »; (w, a) over all a € A, that is
Nin;(w) =Y Nin;(w,a). (32)
acA

As in this case we have possibly many sequences in the same family that are
considered as samples of the model, we define the empirical transition probabilities

as ”
Y i=1 Nin, (w,a)
er'nzl Ni,nl' (w)

We also compute, for any sequence w, the relative frequency of the sequence in
the sample, i.e

plalw) = acA. (3.3)

>ie1 Nin; (w)
Y —L(w))

We now present the procedure for building a PST as presented in Bejerano
and Yona (2001). The procedure uses five external parameters: L the maximal
memory length (that is equivalent to the parameter d in the algorithm Context),
Pmin the minimal probability with which strings are required to occur, r which
is a simple measure of the difference between the prediction of the candidate at
hand and its direct suffix sequence, y the smoothing factor, and «, a parameter
that together with the smoothing probability defines the significance threshold for
a conditional appearance of a symbol. We explain in more detail the roles played
by these parameters below.

The PST algorithm, as described in Bejerano and Yona (ibid.), works as fol-
lows:

acA.

p(w) =
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PST-Algorithm (L, puyin, 7, ¥, @)

1. Initialization: Let T consist of a single root node (with label 1),
andlet S < {a:a € Aand p(a) = pumin}-

2. Building the PST skeleton: while S # @, pick any s € S and do:

(a) Remove s from S.

(b) If there exists a symbol a € A such that

plals) = (1 +a)y
and

plals)
plalsufon |2, |
then add to t the node corresponding to s and all the nodes

on the path to s from the deepest node in t that is a suffix of
s.

(c) If £(s) < L then add the strings {bs: b € A and p(bs) =
Pmin} (if any) to S.

3. Estimation of the transition probabilities: assign to eachnode in t,
associated with a sequence s, the transition probability distribution
over A given by (3.3).

One can show, by appropriately choosing the parameters L, pmin, Ymin, ¥ and «,
that the tree estimated by the PST algorithm is the same as the tree generated by the
algorithm Context in (2.14), for appropriate values of d and §,, see Exercise 3.3.
An example of a context tree generated by the PST algorithm is given in Figure 3.1.

In Bejerano and Yona (ibid.), the PST algorithm was used to classify proteins
into families from the Pfam database. These results were compared with the state
of art approaches at that time, that were Hidden Markov Models (HMM). We refer
the reader to Bejerano and Yona (ibid.) for the results on the performance of these
methods and further details on the use of PST for protein classification. In Sec-
tion 3.1.3 we show some partial results of the PST algorithm in comparison to a

generalization for sparse sequences, called SPST, that we describe in the following
section.
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(0.58, 0.42)

(0.3,0.7) (0.9, 0.1)

Figure 3.1: A probabilistic suffix tree over the alphabet A = {0, 1} obtained by
the PST algorithm. The set of contexts is {00, 01, 10, 11}.

3.1.2 SPST for sparse sequences

As mentioned before, the PST algorithm was successfully used for protein clas-
sification, but it was noticed that its performance decreases with less conserved
families. For that reason, some attempts were made later to generalize this model
for sparse sequences, as for example in Eskin, Noble, and Singer (2003) and Garcia
and Gonzalez-Lopez (2017). Although very attractive, these methods have the ma-
jor disadvantage of having computationally expensive algorithms. Another gen-
eralization of PST to model sparse sequences was introduced in Leonardi (2006),
where an algorithm called SPST was introduced. We describe this approach here.

An Sparse Markov Chain (SMC) is a stochastic chain with memory of variable
length in which some contexts can be grouped together into an equivalence class.
In an SMC the transition probabilities satisfies that

P[Xy = xn | Xo = x0,.... Xp—1 = Xp—1] =
P[Xn = Xpn | Xn—k € Bn—ka .., Xp—1 € Bn—l] s

where B; C A foralli = n —k,...,n — 1. This property induces a partition of
the set of contexts of the process. Then, the contexts in an SMC are given by the
equivalence classes denoted by the sequences of subsets w = (B_g,...,B_1).
By an abuse of notation we write w_;._; € w if the context w_g._; belongs
to the equivalence class w, that is if w—_; € B—_; foralli = 1,...,k. A tree
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A
(0.56, 0.44)
(0.56, 0.44) 4 {0,1}

{0} {1}
(0.3,0.7) (0.9, 0.1)

Figure 3.2: A sparse tree over the alphabet A = {0, 1}. The set of contexts is
{00, 01, 10, 11}, and the equivalence classes are {00, 01} and {10, 11}. This means
that p(a|00) = p(a|01) and p(a|10) = p(a|ll), foralla € A.

representation for this type of contexts can be seen in Figure 3.2. To each node of
the tree it is associated a conditional probability distribution over the next symbol
given the sparse context represented by the node. For example, if we want to
compute the probability of the sequence 01001 in the model given by Figure 3.2
we compute

p(01001) = p(0) x p(1]0) x p(0]01) x p(0[10) x p(1]00)

3.4
= 0.56 x0.44x0.3x09x0.7.

Given a sample of protein sequences x', ..., x™, each one of length n;, i =

1,...,m, asparse context w = (B_g,..., B_1) and a symbol a € A, we denote
by N(w, a) the number of occurrences of the sparse context w followed by symbol
a in the sample. That is,

m n;
N@,a) =) > Ux' ,€By,....x; ;€ Bojlixi =a}. (3.9)
i=1j=k+1
We also define
N@) = > N(ib.a). (3.6)

acA
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Observe that N(w,a) and N(w) in (3.5) and (3.6) correspond to the sum of the
counters N; »; (w,a) and N; ,, (w) in (3.1) and (3.2) for all w € w, respectively.

Given a sparse context w = (B_g, ..., B_1) and symbolsa, b € A we denote
by aw and bw the sparse contexts ({a}, B_x,..., B—1) and ({b}, B_,..., B_1),
respectively. We also denote by [a, b]w the sparse context ({a, b}, B_g, ..., B_1).
Using this notation we define the operator Ay (a, b) as the logarithm of the ratio
between the estimated probability of the sequences in the model that has the con-
texts aw and bw as equivalent and the model that distinguishes the two contexts
as different. That is,

plclla, by N ablio.e }
pclaw)N @) p(c|bw)NED-c)
_ N([a, b]w, c)
3 e otoe( S ) o
- ZN(au') c)lo (M) .
ceA ’ & N(au‘))

_ N(bw,c)

A(w,a,b) = log[ l_[

ceA

Note that N([a, b]w,c) = N(aw,c) + N(bw,c) and N([a,b]lw) = N(aw) +
N(bw).

Using the preceding definitions we can specify how the SPST algorithm works.
The free parameters that must be specified by the user are: the maximum depth of
the tree, L, the minimum number of times that a sparse context has to be seen
in the sample to be considered, Npin, and a cutoff parameter that establishes the
equivalence between two contexts, rmax. The SPST algorithm works as follows. It
starts with a tree T consisting of a single root node. At each step, for every terminal
node in 7 labeled by a sparse sequence w with length less than L and for every
symbol a € A, the child a is added to node w if N(aw) = Npin. Then, for every
pair of children of w, @ and b, we test the equivalence of the sparse contexts aw and
bw using the A operator. That is, we compute A(w, a, b) for every pair of symbols
(a,b) € A% added to node w, and choose the minimum between all the pairs. If
this minimum is smaller than rp,x, the corresponding nodes are merged together
into a single node. This procedure is iterated with the new set of children of w
until no more nodes can be merged. Taking the minimum of A(w, a, b) between
all the possible pairs (a, b) ensures the independence of the order in which the
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tests are performed. To conclude the construction of the tree we assign to each
node a transition probability distribution. This distribution gives the probability of
a symbol in A given the sparse context between the node and the root of the tree.
The transition probabilities are estimated, as usual, by the maximum likelihood

estimators. That is, given a sparse context w = (B_g, ..., B_1), the estimated
probability of a symbol a € A given the sparse context w is given by
A N(w,a)
= . 3.8
plaliv) = =y (38)

We summarize the steps of the SPST algorithm below.
SPST-Algorithm (Ny,in, rmax, L)

1. Initialization: let T be a tree consisting of a single root node, and let

S=1{a:aecAand N(@) = Npmin}.

2. Iteration: while S # @ do:

(a) Remove it of S and add # to z. Then remove all sparse contexts w € S

such that suf(w) = suf (1) and add them to 7. Let C denote the set
of contexts added to t in this step.

(b) Compute

r = min{A(suf(u),a,b):a(suf(m)),b(suf(u)) e C},

and

(@*,b*) = argmin{A(suf(u),a,b): a(suf@m)),b(suf(u)) € C}.
a,beA

(¢) If r < rpax merge a™ and b* in a single node. Replace the contexts
a*(suf(u)) and b*(suf(ir)) in C by the context [a*, b*|suf (u).
(d) Repeat steps b. and c. until no more changes can be made in C.

(e) For each sparse context w € C, if £(w) < L then add the set {aw :
a € Aand N(aw) = Npyjn} (ifany) to S.

3. Estimation of the transition probabilities: assign to each node in 7, associ-
ated with a sparse context w, the transition probability distribution over A
given by (3.8).
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3.1.3 Prediction and results on the classification task

Once the context tree model (PST or SPST), that we will further denote by M, has
been constructed using the sequences already classified into a family F, we need
a way of predicting if a new observed sequence x1., belongs to F or not. To do
this we can compute a score given by

SCeron) = - loglpu (i) (3.9)

where p o is the smoothed probability distribution derived from p. That is

n

Pra(xrn) = [ [ 1(0 = |A1min) pCxilw(x1. ... Xim1)) + Vmin]

i=1

where w(x1, ..., Xx;—1) is the context (respectively sparse context) corresponding
to the sequence x1,...,X;—1 in the estimated tree by the PST (respectively by
the SPST) algorithm. The parameter Yy, is a smoothing parameter to avoid zero
probabilities, and therefore, a —oo score.

Sometimes the region of high similarity between the sequences in a protein
family is considerably smaller than the length of the sequences. This is because a
protein sequence can be composed by several domains, performing different func-
tions in the cell. Then, computing the score S over the entire sequence x;., may
not be appropriate. For this reason we propose a change in the computation of the
score S, and called it S’. In this case we fix an integer M, and for sequences with
length n > M we compute the score S’(x1:,) by

1
S'(x1:n) = j=01,l.1.3)r§—M{M log[pm(xj41 ... Xj+M)]} :
In the case n < M, the score is computed using S as before. The algorithm that
implements the score S’ is called F-SPST.

The performance of the three approaches, PST, SPTS and F-SPST was com-
pared in Leonardi (2006), on protein families from the Pfam database Bateman
et al. (2004) release 1.0. The database contained at that time 175 families derived
from the SWISSPROT 33 database Boeckmann et al. (2003). For each family in
the selected set, a model where trained with PST or SPST. There were used 4/5 of
the sequences in each family for training, and then the resulting model where ap-
plied to classify all the sequences in the SWISSPROT 33 database. To establish the
family membership threshold and following the approach in Bejerano and Yona
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% true pos. No. PST % true pos. No. SPST % true pos. No. F-SPST

Family Size  detected false detected false detected false
by PST positives by SPST positives by F-SPST positives

7tm_1 515 93.0 36 96.3 19 97.7 12
7tm_2 36 94.4 2 97.2 1 100.0 0
7tm_3 12 83.3 2 100.0 0 100.0 0
AAA 66 87.9 8 90.9 6 93.9 4
ABC_tran 269 83.6 44 85.9 38 89.2 29
actin 142 97.2 4 97.2 4 99.3 1
adh_short 180 88.9 20 89.4 19 92.8 13
adh_zinc 129 95.3 6 91.5 11 95.4 6
aldedh 69 87.0 9 89.9 7 92.8 5
alpha-amylase 114 87.7 14 91.2 10 94.7 6
aminotran 63 88.9 7 88.9 7 90.5 6
ank 83 88.0 10 86.8 11 86.6 11
arf 43 90.7 4 93.0 3 93.0 3
asp 72 83.3 12 90.3 7 91.7 6
ATP-synt_A 79 92.4 6 94.9 4 97.5 2
ATP-synt_ab 180 96.7 6 96.7 6 98.3 3
ATP-synt_C 62 91.9 5 95.2 3 95.2 3
beta-lactamase 51 86.3 7 90.2 5 94.1 3
bZIP 95 89.5 10 90.5 9 93.7 6
C2 78 923 6 923 6 96.2 3

Table 3.1: Performance comparison between PST, SPST and F-SPST. Families
are ordered alphabetically, and correspond to the first 20 families with more than
10 sequences in the Pfam database, version 1.0. The number of sequences in each
family is given in the second column. The other six columns, two for each algo-
rithm, indicate the percentage of true positives detected with respect to the size of
each family and the number of false positives, when using the equivalence number
criterion. This method sets the threshold at the point where the number of false pos-
itives equals the number of false negatives. PST results where taken from Bejerano
and Yona (2001). The set of parameters to train the SPST and F-SPST algorithms
where: L = 20, Npin = 3, Ymin = 0.001 and rpx = 3.8. The value of M used in
the F-SPST algorithm was M = 80 for all families.

(2001), it was used the equivalence number criterion (Pearson 1995). This method
sets the threshold at the point where the number of false positives (the number of
non member proteins with score above the threshold) equals the number of false
negatives (the number of member proteins with score below the threshold), i.e. it
is the point of balance between selectivity and sensitivity. A member protein that
scores above the threshold (true positive) is considered successfully detected. The
quality of the model is measured by the percentage of true positives detected with
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respect to the total number of proteins in the family.

% True Positives SPST
8
% True Positives F-SPST
m
8

60 65 70 90 95 100 60 65 70 90 95 100

75 85 75 80 85
% True Positives PST % True Positives PST

Figure 3.3: Scatter-plots of performances from PST, SPST and F-SPST protein
classification methods. Above: SPST vs. PST. Below: F-SPST vs. PST

Table 3.1 shows the classification rates obtained with PST, SPST and F-SPST.
The number of false positives of each algorithm is also shown. Because of the way
of establishing the family membership threshold, the percentage of false positives
is equal to 100% minus the percentage of true positives (with respect to the total
number of sequences in the family). For example, in the case of family 7tm_1, the
percentage of true positives detected by the F-SPST algorithm is 97.7%, so the per-
centage of false positives is 2.3%. This gives 12 sequences erroneously classified
as members of the 7fm_1I family. Figure 3.3 summarizes the classification rates
of all the protein families considered in Leonardi (2006) in two scatter-plots, com-
paring the performance of PST with respect to SPTS and F-SPST. In general, both
generalizations have better performance than the original PST algorithm. This is
probably due to the fact that the sparse model mimics well the sparse nature of rel-
evant domains in the amino acid chains. Another very interesting feature of SPST
appears when comparing nodes in the estimated trees with the classes obtained by
grouping the amino acids by their physical and chemical properties. For instance,
the estimated tree for the ATPase family associated with various cellular activi-
ties (AAA) family has as a sparse node the set of amino acids {/, V, L}. This set
corresponds exactly with the group of aliphatic amino acids, see Figure 3.4.
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Figure 3.4: A SMC tree estimated with the SPST algorithm. This tree corresponds
to sequences in the AAA family (ATPase family associated with various cellular
activities). In each node we can see the subsets of amino acids corresponding to
different positions of the sparse contexts (the curly brackets of the subsets were
dropped). Some nodes of the tree are in correspondence with the physicochemical
groups of the amino acids (shown in the square), as for example the set {/, L, V'}
that corresponds to the set of aliphatic amino acids.

3.2 Rhythm in natural languages

In this section we describe the application of stochastic chains with memory of
variable length to modeling real linguistic data, as presented in Galves, Galves,
et al. (2012). The approach is based on the SMC algorithm introduced in Sec-
tion 2.3.3. The linguistic problem refers to the determination of rhythmic patterns
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in codified written texts of Brazilian and European Portuguese, as we describe in
the following section.

3.2.1 'The linguistic question

It has been conjectured in the linguistic literature that languages are divided into
different rhythmic classes (Abercrombie 1967; James 1940; Pike 1945, among
others). However, during half a century, neither a precise definition of each con-
jectured rhythmic class, nor any reliable phonetic evidence of the existence of
these classes was presented in the linguistic literature (Dauer 1983).

The situation started changing at the end of the century. First of all, Mehler
et al. (1996) gave empirical evidence that newborn babies are able to discriminate
rhythmic classes. Then Ramus, Nespor, and Mehler (1999) gave, for the first time,
evidence that simple statistics of the speech signal could discriminate between
different rhythmic classes. A sound statistical basis to this descriptive analysis
was given in Cuesta-Albertos et al. (2007) who used the projected Kolmogorov—
Smirnov test to classify the sonority paths of the sentences in the sample analyzed
in Ramus, Nespor, and Mehler (1999). We refer the reader to Ramus (2002) for
an illuminating discussion of the rhythmic class conjecture.

The Brazilian and the European dialects of Contemporary Portuguese, from
this point on referred as BP and EP, respectively, provide an interesting case to
be analyzed from this point of view. In effect, BP and EP share the same lexicon.
Moreover, from a descriptive point of view, most of the sentences they produce are
superficially identical. However, it has been argued that they belong to different
rhythmic classes (cf. for instance Branddo de Carvalho 1988; Frota and Vigario
2001; Sandalo et al. 2006).

All the analyses mentioned in the above paragraphs have been carried out on
speech signal samples. The question addressed by Galves, Galves, et al. (2012)
was whether it is possible to detect rhythmic differences in written texts. More
specifically, the question raised was whether it is possible to identify in written
texts rhythmic features characterizing and distinguishing BP and EP. In the absence
of phonetic implementation, what kind of rhythmic evidence can be retrieved from
the texts?

First of all, since the pioneer work by James (1940) and Abercrombie (1967),
it has been conjectured that linguistic rhythm is characterized by the way stressed
syllables interact in the sentence. Here by stressed syllables, we mean syllables
carrying the main stress of the word. For instance, in the English word linguistics,
which has three syllables /in - guis - tics, the main stress is on the second syllable
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guis.

Second, it has also been conjectured that linguistic rhythm depends on the
role played by the boundaries of phonological words (cf. Kleinhenz 1997). Here,
by phonological word we mean a lexical word together with the functional non
stressed words which precede it (cf. for instance Vigario 2003). For instance, in
the sentence

The boy ate the candy

there are three phonological words: “the boy”, “ate”, and “the candy”.

Finally, sentences themselves can be arguably considered as relevant units
from the point of view of rhythm, since they correspond in written language to
what has been called Infonational Phrase in the linguistic literature (cf. for in-
stance Nespor and Vogel 2012).

This suggests to encode the texts by, first of all, assigning two symbols to each
syllable of the text according to whether:

* the syllable is stressed or not;
* the syllable is the beginning of a phonological word or not,

This amounts to use {0, 1}? as the set of symbols where the first symbol in-
dicates if the syllable is the beginning or not of a prosodic word and the second
symbol indicates if the syllable is stressed or not. To simplify the notation it is
used the binary expansion to represent the pairs as integers as follows (0,0) = 0,
0,1)=1,(1,0) =2and (1,1) = 3.

Additionally, it was added the extra symbol “4” to encode the periods marking
the limits of each sentence. From now on, the alphabet {0, 1,2, 3, 4} obtained in
this way is denoted by A.

Two examples will help understanding the codification. First of all, let us con-
sider the encoding of the English sentence

The boy ate the candy.

This sentence is encoded as follows:

The boy ate the can dy

BPW yes no yes yes no no

SS no yes yes no yes no
ES 2 1 3 2 1 0 4
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where BPW, SS and ES means Beginning of a Phonological Word, Stressed Syl-
lable and Encoded Sequence, respectively. Let us now look at an example in Por-
tuguese.

O menino ja comeu o doce (The boy already ate the candy)

O me ni no ja co meu o do ce

BPW yes no no no yes yes no yes no no

SS no no yes no yes no yes no yes no
ES 2 0 1 0 3 2 1 2 1 0 4

It is worth observing that BP and EP use the same spelling rules. These rules
identify without ambiguity the syllables carrying the main stress in the words.
Moreover, the set of non stressed functional words is well-defined. These two facts
make it possible to encode both BP and EP texts in an automatic way. The Perl
script “silaba2008.pl” was developed for this purpose. This script was included in
the directory “SCRIPTS” which is part of the supplementary material of the paper
Galves, Galves, et al. (2012).

With the encoded samples from BP and EP according to the mentioned rhyth-
mic features, the class of stochastic chains with memory of variable length was
used to detect rhythmic patterns in both languages. In effect, the linguistic con-
jectures reported above concerning the rhythmic role played by boundaries of sen-
tences, boundaries of phonological words and stressed syllables can be translated
using the notion of context which characterizes the model of stochastic chains with
memory of variable length.

More precisely, the question at stake is whether the three rhythmic features
considered in the coding of prosodic words play a role in the definition of the
contexts identified through a statistical analysis of the BP and EP encoded data.
If the linguistic conjecture concerning the rhythmic difference between BP and
EP holds, then we expect to identify different context trees for the two languages.
Moreover, this difference should reflect in some way the different role played in
BP and EP by at least one of the three rthythmic features considered.

3.2.2 Results using the SMC

The data analyzed by Galves, Galves, et al. (ibid.) is a encoded corpus of news-
paper articles extracted from Folha de Sdo Paulo and Publico, daily newspapers
from Brazil and Portugal respectively. The sample consists of 80 articles randomly
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selected from the 1994 and 1995 editions. Inside each edition the articles with less
than 1000 words were discarded. There were also discarded interviews, synopsis,
transcriptions of laws, whose peculiar characteristics made them unsuitable for
the purposes of the analysis. The sample consists of 20 articles from each year for
each newspaper randomly selected in the set of the remaining articles. The data
is freely available as supplementary material to the article, see Galves, Galves, et
al. (ibid.) for details. Before encoding each one of the selected texts, they were
submitted to a linguistically oriented cleaning procedure. Hyphenated compound
words were rewritten as two separate words, except when one of the components
is unstressed. Suspension points, question marks and exclamation points were re-
placed by periods. Dates and special symbols like “%” were spelled out as words.
All parentheses were removed.

To apply the SMC described in Section 2.3.3, the number of degrees of free-
dom of each candidate context tree has to be computed. This number takes into
account the linguistic restrictions on the symbolic chain obtained after encoding.
The restrictions are the following:

1. Due to Portuguese morphological constraints, a stressed syllable (encoded
by 1 or 3) can be immediately followed by at most three unstressed syllables
(encoded by 0).

2. Since by definition any phonological word must contain one and only one
stressed syllable (encoded by 1 or 3), after a symbol 3 no symbol 1 is al-
lowed, before a symbol 2 (non stressed syllable starting a phonological
word) appears.

3. By the same reason, after a symbol 2 no symbols 2 or 3 are allowed before
a symbol 1 appears.

4. As sentences are formed by the concatenation of phonological words, the
only symbols allowed after 4 (end of sentence) are the symbols 2 or 3 (be-
ginning of phonological word).

For each data set the first step in the SMC is to identify the set of champion
trees for each penalizing constant given by (2.27). Then it is applied the Bootstrap
Procedure explained in Section 2.3.3. For each data set there were used two differ-
ent sample sizes: the first one, 1, corresponding to 30% of the size of the sample
and the second one, n;, corresponding to 90% of the size of the sample. For each
sample size, the number of resamples was B = 200.
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n.l. | Champion trees

5101234

8 1001020301234

11 | 000100 2003001020301234

13 | 000 100200 300 102030 001 20121234

14 | 000 100 200 300 0102102030 00120121234

15 | 000 100200 300 0010 2010 21020 30 001 2012123 4

16 | 00002000 100 200 300 00102010 21020 30 0012012123 4

17 | 00002000 100200 300 0010 2010 210 20 30 0001 2001 2012123 4

Table 3.2: Eight first BP champion trees, excluding the elementary root tree. The
column n.l. indicates the number of leaves of each tree. The Smallest Maximizer
Champion tree appears in bold face.

n.l. | Champion trees

5 01234

8 001020301234

11 | 000100 2003001020301234

13 | 000 100200 300 10 20 30 001 2012123 4

14 | 000 100200 300010210203000120121234

17 | 000 100 200 300 010 210 20 30 001 201 21 0212324234

20 | 000 100 200 300 010 0210 1210 3210421020 30001 201210212324234

21 | 000 100200 300 0010 2010 0210 1210 321042102030 001 201 2102 1232423 4

Table 3.3: Eight first EP champion trees, excluding the elementary root tree. The
column n.1. indicates the number of leaves of each tree. The Smallest Maximizer
Champion tree appears in bold face.

In order to implement the bootstrap resampling, the authors of Galves, Galves,
et al. (2012) took advantage of a striking feature which is present in all the cham-
pion trees, namely the fact that the symbol 4 is either a context by itself or appears
as the final symbol of a context, as can be seen in Table 3.2 and Table 3.3. In
other words, the successive occurrences of the symbol 4 are renewal points of the
chain. Therefore, the blocks between consecutive occurrences of the symbol 4 are
independent.

It follows that these independent blocks can be used to perform the usual
Efron’s bootstrap procedure (see Efron and Tibshirani 1993, for details). The
final resamples of size n; are obtained by the concatenation of the successively
chosen independent blocks truncated at size n j. The Perl script “G4L.pl” was de-
veloped to implement the SMC procedure, and is also available as supplementary
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n.l. C New contexts
5 164.6 | root— 0,1,2,3,4
8 30.1 | 0 — 00, 10, 20, 30
11 1.54 | 00 — 000, 100, 200, 300
13 | 1.037 | 1 — 001, 201, 21
14 | 0.75 | 10 —» 010,210
15 0.51 | 010 — 0010, 2010
16 | 0.357 | 000 — 0000, 2000
17 | 0.354 | 001 — 0001, 2001
19 | 0.30 | 210 — 0210, 3210, 4210

Table 3.4: Successive branchings producing the nine first BP champion trees. The
first column n.l. indicates the total number of leaves of the new champion tree
obtained by the new branching. The second column ¢ indicates the largest value
of the penalty constant making it worth selecting a tree with the new set of contexts.

material to the article Galves, Galves, et al. (2012) in the AOAS web site.

The results obtained with this approach are presented in the following figures
and tables, taken from the original article Galves, Galves, et al. (ibid.). Table 3.2
and Table 3.3 show the eight first champion trees for Brazilian and European Por-
tuguese, respectively. The smallest Maximizer Champion tree for each language
appears in boldface. Successive branchings producing the successive champion
trees in BP and EP are presented in Table 3.4 and Table 3.5, respectively. Fig-
ure 3.5 presents the log-likelihood corresponding to each champion tree for BP
and EP according to the number of leaves. Finally, the selected trees for BP and
EP are presented in Figure 3.6 and the corresponding families of transition proba-
bilities are presented in Table 3.6.

Besides discriminating EP and BP, the selected trees have properties which are
linguistically interpretable. First, 4 is a context or the ending symbol of a context,
not only in the two selected trees, but actually in all the champion trees. This is a
welcome result on linguistic grounds since it is reasonable to think that the succes-
sive sentences in a text are rhythmically, as well as syntactically, independent.

Second, in both trees, non stressed internal syllables provide poor information
about the future. Three successive symbols zero are needed to constitute a context.
This is consistent with linguistic common beliefs according to which non stressed
non initial syllables do not play a salient role in rhythm by their own, but only as
parts of bigger rhythmic units like phonological words.

Note that a stressed syllable alone is not enough to predict the next symbol ei-
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n. L. ¢ New contexts

5 177.1 | root—0,1,2,3,4

8 294 | 0— 00,10, 20, 30

11 1.70 | 00 — 000, 100, 200, 300

13 1.030 | 1 — 001, 201, 21

14 0.37 | 10— 010, 210

17 034 | 2—02,12,32,42

20 | 0.325 | 210 — 0210, 1210, 3210, 4210
21 | 0.321 | 010 — 0010, 2010

24 |1 0.276 | 30 — 030, 130, 330, 430

Table 3.5: Successive branchings producing the nine first EP champion trees. The
first column n.l. indicates the total number of leaves of the new champion tree
obtained by the new branching. The second column ¢ indicates the largest value
of the penalty constant making it worth selecting a tree with the new set of contexts.

ther. Table 3.6 presenting the transition probabilities shows that in both languages
the distribution of what follows a stressed syllable is dependent on the presence
or absence of a preceding phonological word boundary in the two preceding steps.
This fact, arguably derivable from the morphology of Portuguese, does not dis-
criminate EP and BP. By morphology, we mean the way words of a particular
language are constituted. This is not surprising since to a great extent EP and BP
share the same lexicon.

Finally, according to the selected trees, the main difference between the two
languages is that whereas in BP, both 2 (unstressed boundary of a phonological
word) and 3 (stressed boundary of a phonological word) are contexts, in EP only 3
is a context. This means that in EP, as far as non-initial stress words are concerned,
the choice of lexical items is dependent on the rhythmic properties of the preceding
words. This is not true when the word begins with a stressed syllable. This does not
occur in BP, where word boundaries are always contexts, and as such insensitive
to what occurs before, independently of being stressed or not.

These statistical findings are compatible with the discussions in the linguis-
tic literature concerning the different behavior of phonological words in the two
languages (cf. Sandalo et al. 2006; Vigario 2003, among others).

It should be mentioned that Belloni and Oliveira (2017) presented a different
point of view for model selection applied to a slightly generalized class of stochas-
tic chain with memory of variable length, that they called grouped context trees.
Their applied their method to the same linguistic data and their findings are coher-
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Figure 3.5: Log-likelihood corresponding to the champion trees for BP and EP
according to the number of leaves

ent with ours.

3.3 Exercises

Exercise 3.1. Verify that N(w, a) and N(w) in (3.5) and (3.6) correspond to the
sum of the counters N; ,, (w,a) and N; »;(w) in (3.1) and (3.2) for all w € w,
respectively.

Exercise 3.2. Consider the alphabet A = {a,c, g, ¢} and the DNA sequences
given by

aagttagctagacgcgtagcgagtccgeg
aactgacctaaacgggtggccaatctggg
accggagctagacaagtagcgaagctgag

1. Compute the counters N(w, y) and N(w) for w € {a,c,g,t}* and y €
{a,c, g, t} givenin (3.1)-(3.2).

2. Compute the PST context tree for L = 2 and ppin =7 =y = o = 0.001.

3. Compute the SPST context tree for L = 2, Npin = 1 and rpax = 1.
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Figure 3.6: Smallest Maximizer trees for BP (top) and EP (bottom).

Exercise 3.3. Show that the tree generated by the algorithm Context in (2.14) is
the same as the tree generated by the PST algorithm described in Section 3.1.1, for
appropriate values of L, pmin, Ymin» 7'» &, d and 8,. Discuss the similarities and
the main differences between both algorithms.

Exercise 3.4. Given the sequence x1:19 = 0001101010, compute the scores of
X1:10 1n (3.9) under the PST and SPST models given by Figure 3.1 and Figure 3.2,
respectively, with yuin = 0.001.
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BP EP
T T O] | R A 2

0000 | 0.28 0.72 0.00 0.00
2000 | 0.32 0.68 0.00 0.00
100 | 0.00 0.00 0.67 0.21
200 | 0.40 0.60 0.00 0.00
300 | 0.00 0.00 0.67 0.22
0010 | 0.03 0.00 0.67 0.20
2010 | 0.07 0.00 0.66 0.19 8
210 | 0.08 0.00 0.63 0.22
20| 045 0.55 0.00 0.00
30 | 0.07 0.00 0.64 0.25
001 0.62 0.00 0.27 0.08
201 0.72 0.00 0.19 0.07
21 0.73 0.00 0.18 0.08

2] 0.60 0.40 0.00 0.00

31 0.69 0.00 0.21 0.10

4| 0.00 0.00 0.66 0.34

100 | 0.00 0.00 0.67 0.25
200 | 036 0.64 0.00 0.00
300 | 0.00 0.00 0.70 0.20
010 | 0.05 0.00 0.67 0.19
210 | 0.08 0.00 0.63 0.22
20| 045 0.55 0.00 0.00
30 | 0.05 0.00 0.64 0.27
001 0.61 0.00 0.28 0.07
201 0.72 0.00 0.19 0.07
21 0.72 0.00 0.19 0.07
02 | 0.59 0.41 0.00 0.00
12| 0.55 0.45 0.00 0.00
32| 0.50 0.50 0.00 0.00
42| 052 0.48 0.00 0.00
31 0.69 0.00 0.19 0.12

4| 0.00 0.00 0.65 0.35

Table 3.6: Transition probabilities associated to the contexts of BP and EP context
trees given in Figure 3.6.



In this chapter, we introduce an example of a space-time model, called interacting
chains with memory of variable length. These chains describe the spiking activity
of a neuronal network. In this network, the interactions between neurons are de-
fined in terms of their interaction neighborhoods. The interaction neighborhood of
a neuron is given by the set of all its presynaptic neurons. One important problem
for such a network of neurons is to estimate these interaction neighborhoods. The
main goal of this chapter is to present a simple method for interaction neighbor-
hood estimation and prove its consistency. To illustrate the practical performance
of this method, we present some empirical and simulation results. The empirical
results are obtained by applying the neighborhood estimation method to a real data
set from the first olfactory relay of the locust, Schistocerca americana. The mate-
rial presented in this chapter are based on the article Duarte, Galves, Locherbach,
et al. (2019) and the manuscript Brochini, Hodara, et al. (2017).
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4.1 Interacting chains with memory of variable length —
a model for spiking neurons

Neurons communicate among themselves by firing sequences of short-lasting elec-
trical pulses, called spikes. The sequence of spikes fired by a neuron is called spike
train of the neuron. We adopt here a discrete time approach to model spike train
data. In this approach, the time is discretized into bins of equal width (10ms is a
typical choice) and spikes are indicated by the symbol 1. The symbol O indicates
the absence of a spike. In this way, the configuration of a network of neurons is de-
scribed, for each time bin 7, by a vector X; = (X14,..., X4,) with {0, 1}-valued
entries, where d denotes the size of the network. In the sequel, we assume that
the bins are indexed by the set Z so that the network of neurons will be described
by a collection of variables X = (Xj);ez.ie[q] such that X; € {0, 139, where
[d] = {1,...d} denotes the set of neurons. Moreover, whenever we say time
t € Z, it should be interpreted as time bin .

In the network we consider, each neuron spikes with a probability which is an
increasing function of its membrane potential. The membrane potential of a given
neuron depends on the accumulated spikes coming from the presynaptic neurons
since its last spike time. When a neuron spikes, its potential is reset to a resting
level and at the same time postsynaptic current pulses are generated, modifying the
membrane potential of all its postsynaptic neurons. To formalize this description,
we need to introduce some notation.

Hereafter, foreachi € [d], letg; : R — [0, 1] be a non-decreasing measurable
function and g; = (g;(¢)):eN be a sequence of strictly positive real numbers. The
function ¢; and the sequence g; are called spike rate function and postsynaptic
current pulse of neuron 7, respectively. Let also (W;—.;); je[q] be a collection of
real numbers such that W;_, ; = 0 for all j. We call W;_,; the synaptic weight of
neuron j on neuroni.

Recall that for each i € [d]andt € Z, X;; = 1 means that neuron i spiked
at time ¢ and X;; = 0, otherwise. For eachi € [d] and ¢t € Z, we write L;; to
denote the last spike time of neuron i before time ¢, defined as

Li; =sup{s <t:X;s =1} 4.1

Here, we adopt the convention that sup{@} = —oo. Finally, for each ¢t € Z, we
write X_o:; to denote the past of the network up to time ¢, that is,

X oot = (Xj,s)je[d],ssr
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In what follows, P denotes the law of neuronal network X. The dynamics of
the neuronal network X is defined as follows.
For each time ¢ € Z and any choice a = (a1, ...,ag) € {0,1}4,

d

P(X:i+1 = alX—0o) = l_[ P(Xit+1 = ai|X—00:t) P-as., 4.2)
i=1

where for each i € [d],

d t

P = ) = @i( D Wi Y g7t =)X;s) Pas,  (43)
j=1 s=L;;+1

if L;; <t,and
P(Xis+1 = 1 X—00t) = ¢i(0) P-as.,

otherwise.

Let us comment some features of the dynamics of this network. First, notice
that by (4.2) the random variables X1 +1,..., X4 41 are conditionally indepen-
dent given that past up to time t. Second, since the function ¢; is non-decreasing
and g; is a positive sequence, the spikes of j excite neuron i if W;_,; > 0. In
contrast, if W;_,; < 0 the spikes of j inhibit neuron i. Moreover, if neuron i has
spiked at time t (L; ; = ?), then it forgets its past in the sense that it spikes at time
t + 1 with a probability which does not depend on past up time t. On the other hand,
if neuron i has spiked k > 1 units in the past with respect to time ¢ (L; ; = t — k),
then its spiking probability at time ¢ 4+ 1 depends only on past up to time ¢ through
the configuration X(41 (t—k+1):r := (Xjs)je[d],r—k—1<s<:- Hence, the random
variables L; ;’s introduce a structure of variable-length memory in the model. For
this reason this stochastic model was introduced in Galves and Locherbach (2013)
under the name of Systems of Interacting Chains with Memory of Variable Length.
In what follows, we call GL neuron model the stochastic chain X defined by (4.2)
and (4.3).

The GL neuron model can be seen as a version of the Integrate and Fire (IF)
model with random thresholds, but only in cases in which the postsynaptic current
pulses are of the exponential type. Indeed, only in such cases, the time evolution
of the family of membrane potentials is a Markov process, see Exercise 4.3. For
general postsynaptic current pulses, this is not true, see Exercise 4.4. Therefore,
the GL neuron model is a non-Markovian version of the IF model with random
thresholds. This fact places the GL neuron model within a classical and widely
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accepted framework of modern neuroscience. Indeed, [F models have a long and
rich history, going back to the fundamental work Hodgkin and Huxley (1952). For
more insights on IF-models we refer the interested reader to classical textbooks
such as Dyan and Abbott (2001) and Gerstner and Kistler (2002).

The inherent randomness of the thresholds in the GL neuron model leads to
random neuronal responses instead of deterministic ones. The idea that the spike
activity is intrinsically random and not deterministic can be traced back to Adrian
(1928), see also Adrian and Bronk (1929). Under the name of “escape noise”-
models, this question has then been further emphasized by Gerstner and van Hem-
men (1992) and Gerstner (1995).

To conclude this section, let us also mention here that continuous time ver-
sions of the GL neuron model have been studied in De Masi et al. (2015), Duarte
and Ost (2016), Fournier and Locherbach (2016), Robert and Touboul (2016), Ho-
dara and Locherbach (2017b), Duarte, Ost, and Rodriguez (2015) and Yaginuma
(2016), Baccelli and Taillefumier (2019) and Baccelli, Davydov, and Taillefumier
(2020). We also refer to Brochini, de Andrade Costa, et al. (2016) and the ref-
erences therein for a simulation study and mean field analysis of the GL neuron
model. All these papers deal with probabilistic aspects of the model, not with
statistical model selection, which will be discussed in the next section.

4.2 Neighborhood estimation procedure

In the sequel, we write
X = (Xi,t)—co<t<0,ic[d]

for any configuration x € {0, 1}[41<¢--=1.0} ‘and for any F C [d], we write
Xpt = (xjz,0i € F).
Moreover, for any x € {0, 1}[41¥{-=1.0} e write
X_ o000 =x, if X;; = x;; forall —oo <t < 0Oandi € [d].
Finally, forany £ = 1,1 € Z, F C [d] and w € {0, I}{=6~UXF e write
Xpi—ti—1=w,if X, s =wj s foralll <s<{landforall j € F
and

Xis—g—14-1 = 10% if X; ;s = 0, forall 1 <s <fand X;, ¢ = 1.
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In what follows, s, ¢ € Z will be time indices, while n € N will be saved for future
use as the length of the time interval during which the neural network is observed.

Let

Vi=1j eld]\{i}: Wj-i # 03}, (4.4)

be the set of presynaptic neurons of neuron i. The set V; is called the interaction
neighborhood of neuron i. The goal of our statistical selection procedure is to
identify the set V; from the data in a consistent way.

Let us briefly describe the statistical selection procedure we consider. We ob-
serve the process within a sampling region during a finite time interval. For each
neuron i in the sampling region, we estimate its spiking probability given the spike
trains of all other neurons since its last spike time. For each neuron j # i, we then
introduce a measure of sensibility of this conditional spiking probability with re-
spect to changes within the spike train of neuron j. If this measure of sensibility
is statistically small, we conclude that neuron j does not belong to the interac-
tion neighborhood of neuron i. In the sequel, we define rigorously this statistical
procedure.

Letxfp1,....XF  beasample where F C [d]is a sampling regionandn > 3
is the length of the time interval during which the network has been observed. For
any fixed i € F, we want to estimate its interaction neighborhood V;.

F\{i}j| W

o[o[ofolo
¢

Figure 4.1: Local past w € {0, 1}{=E—UXF\i} outside of i with £ = 5 and
\F|=7.

Our procedure is defined as follows. For each 1 < £ < n — 2, local past
w € {0, 116~ XF\} gytside of i (see Figure 4.1) and symbol a € {0, 1}, we
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define
n
Nimw.a) = > Uxigrym1 = 10 xp\ iy mum1 = w.xiy = a}.
t=L+2

The random variable N(; ,,)(w, a) counts the number of occurrences of w followed
or not by a spike of neuron i (¢ = 1 or a = 0, respectively) in the sample
XF1.....XFn, when the last spike of neuron i has occurred £ + 1 time steps
before in the past, see Figure 4.2.

3t1,1,0,1,1,0(1

110,0,1,1,1/0,0,0,1,0,0|1

2--15031305030 130 051315030315031315030 1

1+110:1:1:0/1:0:0/1|1:0:1:0:1:001:0{1:0:0]/1]/0 0

1 2 3 4 5 6 7 8 9 10 11 12 12 13 14 15 16 17 18 19 20 21 22 23

n

Figure 4.2: Example for N ,)(w,1) = 2, where i = 1, for a given word w (in
blue), £ =2, |F| =3 andn = 23.

We define the empirical probability of neuron i having a spike at the next step
given w by

N ny(w, 1)
Ngmy(w)

when N(,-,n)(w) = N(,-,n)(w, 0) + N(,-’n)(w, 1) > 0.

Py (llw) = (4.5)

Remark 4.1. Notice that the empirical probabilities defined in (4.5) are extensions
to space-time configurations of the empirical transition probabilities defined in
(2.6) in Chapter 2. As such, they enjoy similar properties as the empirical transition
probabilities. For instance, one can check that the empirical probabilities defined
in (4.5) are maximum likelihood estimators (see Exercise 4.2).

For any fixed parameter £ € (0, 1/2), we consider the following set
n—2

Tim = {w c U{O’ Pl XN N ) 12 } (4.6)
=1
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We use the notation |[w| = ¢ whenever w € {0, b= IXFNE [y
both belong to {0, 1}{=6--=1XF\Mi} we write

vijve = wyjie ifand only if v\ (3 g1 = WE\(j},—£:—1-

In words, the equality v(;jc = wy;jc means that v and w coincide on all but the
Jj -th coordinate.
Finally, for each w € 7(; ,,) and for any j € F \ {i} we define the set

Timy = {U € Tm © 0] = [wl.vgje = w{j}c}
and introduce the measure of sensibility

A(i,n)(j) = wlen”l%fn) vgf(l“)’(f) |ﬁ(i,n)(1|w) - ﬁ(i,n)(”v)l-

Our interaction neighborhood estimator is defined as follows.

Definition 4.2. For any positive threshold parameter € > 0, the estimated interac-
tion neighborhood of neuroni € F, ataccuracy €, giventhe sample xg 1,...,XF 5,
is defined as

Ve =1j € F\{i}: Agy()) > €. (47)

The statistical selection criterion defined in (4.7) is, in a way, a spatial variant of
the Algorithm Context discussed in Chapter 2. Indeed, we first compute, for each
local past w outside of i, the empirical probability of neuron i to spike given w.
We then compute, for each neuron j € F \ {i}, the discrepancy measure A; ,(j)
between these empirical probabilities corresponding to local pasts coinciding on
all but j -th coordinate. If the discrepancy measure A; (/) is smaller than a given
threshold, then the j-th coordinate of the local pasts w can be “pruned’. In this
case, we conclude that neuron j is not in the interaction neighborhood of neuron
i.

To conclude this section, let us stress that in the GL neuron model, the proba-
bility of a neuron to spike depends only on the history of the process since its last
spike time. Therefore, temporal dependencies do not need to be estimated, mak-
ing the estimation problem discussed here different from context tree estimation
as considered in Chapter 2.
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4.3 Results on simulations

Simulation and neighborhood estimation procedures used to produce the results
presented here were implemented in Python 3.0. Information about the codes can
be found in Brochini, Hodara, et al. (2017).

4.3.1 Searching for suitable parameter values

In this section, we use simulated data in order to fix the parameters £ and ¢ in-
volved in the estimation procedure. Recall that £ is the parameter appearing in the

definition of the set 7(; ,,) in (4.6) and that & appears in the definition of 17(58,)1) in

(4.7). The role of £ is to ensure that the observations contains enough repetitions
of a given local past w in order to define the empirical probability ﬁ(i,n) (1|w). The
parameter ¢ can be seen as a significance threshold for the measure of sensitivity
A(i,n) (] )

The simulated samples have sample size # = 10° and correspond to a network
with 5 neurons. The neuronal activity was simulated according to the dynamics
described in (4.2) and (4.3). Synaptic weights W;_,; were arbitrarily distributed
from 0 to 0.8 in this network for all possible pairs (i, j). We used an exponential
postsynaptic current pulse g; (n) = u” with parameter = 0.5 for each neuron .
We used the spiking rate function ¢; () = min(u + ¢;, 1), where ¢; = 0.02 for
each neuron ;.

In Figure 4.3, we give the results of the estimation procedure for different val-
ues of the parameters £ and ¢. For each couple (&, &) we present the resultina 5 x5
matrix. For each line j and column i, the color of the square indicates the presence
or absence of influence of neuron j on neuron i and the result of the estimation
procedure. The color code is the following. Correct estimations are represented in
black and white: black if W;_,; # 0and whiteif W;_,; = 0. Incorrect estimations
are represented in hatched cells. Hatched white cells correspond to false negatives,
when W;_,; # 0 but the estimator produced an absent connection. Hatched grey
cells, on the other hand, indicate false positives, when W;_,; = 0 but a connection
was estimated to exist. Plain grey cells correspond to inconclusive results, a situa-

tion when the event E7 ; is not realized, where E7' ; := {Ew € Tin) : 721)"]) # @}.

This may happen due to the fact that the sample becomes relatively small as the
cutoff parameter ¢ increases, in which case the procedure will produce a smaller
number of valid events to be considered by the estimator.

As expected, low values of the sensitivity threshold ¢ lead to more false pos-
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itive whereas high values lead to more false negative. For this sample size, the
estimation procedure correctly recovers the true connectivity graph for ¢ = 0.05
and £ = 0.001 or 0.01.

4.3.2 Pruning

Since the estimator is well deﬁned only on events of the type ();cf. ;- E It
where El” : {Elw € Tin : 721 ) ;é @} , We propose an iterative pruning proce-
dure to deal with cases where this event is not realized. For neuron j € F \ {i}
for which E}' e is not realized, the connection j — i will be called inconclusive.
This may occur when the sample size is small. When 7; ,) = @, all connections
leading to neuron i are considered inconclusive. In the case where 7(; ,) # 0, a

connection j — i is considered inconclusive if ’7@ 0 = @ forallw € T ) .

The pruning procedure is described as follows. If there exist j € F \ {i} such

that E! e ; isnot realized and k € F\{i, j}suchthat E" " isrealized and k ¢ V(f;),

we say that the pruning condition is fulfilled. If so, we compute V( €) considering
the set F \ {i, k} instead of F \ {i}. This step is repeated as long as the pruning
condition is fulfilled. The consistency of this iterative pruning procedure is not
discussed here and can be found in Brochini, Hodara, et al. (2017).

Inconclusive connections can be typically attributed to small sample sizes
and/or data sparsity. Evidently, if we increase the number of neurons or decrease
sample size while maintaining the same parameter values of € and &, we expect
a larger number of inconclusive connections. This is precisely what we did to il-
lustrate the utility of the pruning procedure: we generated a sample of GL neuron
model with 10 neurons and sample size of n = 2 x 10°, which is a larger number
of neurons and smaller sample size as used in the previous section. All synapses
have the same weight (W;.; = W = 0.5), the postsynaptic current pulses and
the spiking rate functions are of the form g; (n) = " with parameter © = 0.9
and ¢; (u) = min(u + ¢;, 1) with g = 0.06, respectively. In the analysis we used
parameter values € = 0.05 and £ = 0.001, determined in the previous section.

Notice that the first estimation obtained prior to any pruning (shown in Fig-
ure 4.4 A) produced a remarkably large number of inconclusive connections (grey
cells). After the first estimation, the pruning procedure is used to help reduce the
amount of inconclusive connections. For each postsynaptic neuron i, all neurons
which are identified by the estimator as not preysynaptic to i are removed from
the set of presynaptic candidates. Then the neighborhood estimating procedure is
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repeated. The pruning and re-estimation is repeated while there are at least one
inconclusive and one connection identified as null for the postsynaptic neuron ;.

After the pruning procedure is performed for all postsynaptic neurons, we ob-
serve a dramatic improvement in the quality of the neighborhood estimations (Fig-
ure 4.4 B). The final estimation correctly identifies all existing connections for this
network. The effectiveness of the pruning procedure is due to the reduction in the
number of presynaptic candidate neurons while maintaining the same sample size,
leading to the improvement of the estimation performance.

4.4 Results on a dataset recorded in vivo

Here we present results of the estimated interaction neighborhoods for a particular
dataset that corresponds to a recording of about half an hour of spontaneous neural
activity. Spike sorting procedure for this dataset can be found in Pouzat (2021).
Through this procedure we obtain spike trains of 5 well isolated neurons, each
neuron presenting the order of 10* total spikes in the sample.

In order to use the estimation procedure, we need to obtain a representation
of the spike train in discrete time. We choose the largest binning window which
produces less than 1% of overlaps. By overlap we mean when two or more spike
events of the same neuron occur in the same time window. This leads to a binning
window of about 10 milliseconds. The corresponding length of the time interval
during which the network was observed is then n = 18 x 10%,

We fix for £ and ¢ the values that fitted the simulations, i.e. £ = 0.001 and
& = 0.05. Notice that the simulations presented in Section 4.3 were performed
with the same number of neurons (5) and with the value of n = 10°. We present
in Figure 4.5 A the result of the estimation procedure. The color code is the follow-
ing: black indicates we estimated that there is a connectioni < j, white indicates
we estimated that there is no connection i <— j and grey corresponds to an incon-
clusive connection. Notice that the results are mostly inconclusives for neurons 4
and 5, even with the pruning procedure described in Section 4.3.2.

In order to validate this estimation procedure, we split the dataset in two parts
and proceed to the estimation for each part. The results are given in figures 4.5 B
and 4.5 C. We can see that the estimation procedure gives us the same interaction
neighborhoods for the two different parts of the dataset, except for pairs 4 <— 5
and 5 < 4 where we have inconclusive results when data is split. As was already
mentioned, the expected number of inconclusive connections should be very sen-
sitive to sample size, so it is not surprising that two connections considered absent
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Figure 4.3: Interaction neighborhood estimations for a simulated dataset of a GL
neuron model of 5 neurons for various values of parameters (e, £), estimated for
the same dataset withn = 10°. Each element in the panel is a color coded represen-
tation of connections, where rows correspond to presynaptic neurons and columns
to postsynaptic neurons. Colors indicate the comparison of the estimated interac-
tion neighborhoods to the true ones used in the simulation to generate this dataset.
Black cells correspond to a true connection correctly identified by the estimator.
White ones indicate there is no connection, correctly identified as absent by the
estimator. Hatched white and grey cells correspond to false negative and false
positive, respectively. Grey cells correspond to inconclusive connections, where
there is not enough repetitions of patterns to produce an estimation. Grey cells can
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Before pruning After pruning
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Figure 4.4: Color code: Black: existent connection correctly identified by estima-
tor. White connection: non-existent connection correctly identified as such by esti-
mator. Dark and light grey: inconclusive connections corresponding respectively
to existent or non-existent connections. Original estimator produces too many in-
conclusives (A) for simulated dataset produced by a network of 10 neurons with
n = 2 x 10°. After several pruning, we obtain a closer neighborhood estimation.
The final estimation correctly identifies all existing connections for this network,
but a few inconclusive connections remain where there are no connections.

when the whole data is analyzed appear as inconclusive ones when sample size is
reduced by half. Having this considered, we can conclude that there is an over-
all agreement between the interaction neighborhoods obtained, and say that the
estimation obtained is robust to data splitting for this dataset.

4.5 Consistency of the estimation procedure
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Figure 4.5: Neighborhood estimations for the whole dataset (left), for the first half
(middle) and the second half of the dataset (right). Black: estimated connection.
White: estimator produces no connection. Grey: inconclusive connections

4.5.1 Fully observed interaction neighborhoods

Let £294™ be the set of admissible pasts, defined as
Qadm _ {x e {0, HAE-10) v e [d), 34, < Owith x; 4, = 1}. (4.8)

Observe that if X_oo:0 = x € £294™M then Lo > —oo foralli € [d]. In this
case, we have that for each i € [d],

0

d
Z Wi Z gj(—=s)X; s < o0,

j=1 s=L; o+1

which implies that the transition probability P(X; 1 = 1|X_x:0 = x) is well-
defined. By induction, for each ¢ = 0, the transition probabilities (4.3) are also
well-defined. Thus, the existence of the stochastic chain (X;);cz, starting from
X000 = X € .Q"dm, follows immediately. Observe that we do not assume
stationarity of the chain. To prove the consistency of our estimator we impose the
following condition.

Assumption4.3. Foralli € [d], ¢; € C'(R, [0, 1]) is a strictly increasing function.
Moreover, there exists a px €]0, 1[ such that forall i € [d]andu € R

Px S @i(u) < 1— ps.
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Define fori € [d],

Ki=| Y Wisigj0). Y Wisigi(0)|. (4.9)
JeV~ jeViJr

where VI ={j € V;: Wjo; > 0}and V" = {j € V; : Wj; <O}
Notice that this interval is always bounded. Finally, we define

mi = inf 4¢;()} inf {[Wj-ilg; (D5 (4.10)

The following theorem is our first main result. It states the strong consistency
of the interaction neighborhood estimator when the interaction neighborhood is
fully observed, that is when V; C F. By strong consistency we mean that the
estimated interaction neighborhood of a fixed neuron i equals V; eventually almost
surely as n — oo.

Theorem 4.4. Consider F C [d] and let XF 1, ...,XF n be a sample produced
by a the stochastic chain (X;);cz, compatible with (4.2) and (4.3), starting from
X_o0:0 = X for some fixed x € 2994™  Under Assumption 4.3, forany i € F such
that V; C F, the following holds.

1. (Overestimation). Forany j € F \ V;, we have that for any € > 0,

62’125}

IP’(j IS 17(562)) < 4n3/2—¢ exp {—

2. (Underestimation). The quantity m; defined in (4.10) satisfies m; > 0, and
forany j € Vi and 0 < € < m;,

(m; —€)2n?

P (j ¢ 17(5631)) < dexp {— 7

+exp{—0 (n1/2+$)}.

3. In particular, if we take €, — 0 as n — 0o such that €, = Cn~%/2 for some
constant C > 0, where £ is the parameter appearing in (4.6), then
17(5623 = V; eventually almost surely.

The proof of Theorem 4.4 is given in Section 4.7.
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4.5.2 Extension to the case of partially observed interaction neighbor-
hoods

We now discuss the case when V; is not fully included in the sampling region F'.
In this case, we also impose the following assumptions.

Assumption 4.5. 'y = sup j¢q] ||<P; oo < o0.

Assumption 4.6. There exists a positive constant C and p > 1, such that g(¢) =
SUp jeq) &7 (1) < C(1 +17) forallz = 1.

Under Assumption 4.6, we may introduce, for each ¢ = 1, the continuous
operator H(t) : R? — R? defined by (H®)¢); = Z,‘f:l H; j(t)&, for all
j € [d], where

Hj(t) == y|[Wi—jlgk(1), for j #1i, (4.11)
and, for ps as in Assumption 4.3,
H;i(t) := (1 — px)ly=1;.

By our assumptions, the norm of the operator H(¢) defined by

IH@)I = suptl H0)E oo : € € R?, [[Ello = 1},

satisfies
IHOI < Cyr(1+17) + (1 = px)ly=1;.

where r = sup;e(q] 2_ jefa] |Wj—il < 0o. Then for any o > 0, the linear operator

Al@) =) e ™ H()
t=1

is well-defined and continuous as well. In particular, there exists a9 = 0 such that
lA(eo) |l < 1. (4.12)

We are now ready to state our second main result. It gives precise error bounds
for the interaction neighborhood estimator when V; is not fully observed. These
error bounds depend on the tail of the series

Si(F):= > Wil (4.13)
j#VinF



4.6. Exponential inequalities 81

To state the theorem we shall also need the definitions

F
Ki[ - Z W;i_igj(0), Z Wj-ig;(0)
JeViNF jevitnF

and

[F] . / .
= inf{g] £ AIWisilgi ().
I Wit} inf {IWisilg; (D)

Theorem 4.7. Consider F C I and let x1(F), ..., x,(F) be a sample produced
by a the stochastic chain (X;);ez, compatible with (4.2) and (4.3), starting from
X_o0:0 = X for some fixed x € 299%™ Under Assumptions 4.3, 4.5 and 4.6, for

anyi € F such that V; N F # @, the following assertions hold true.
1. (Overestimation). For any j € F \ V;, we have that for any € > 0,

F e p© 3/2—£ e*n* aon
IP’(] € V(i’n)) <4n exp §— + C(e*" v n)X;(F).
2. (Underestimation). We have that ml[F] > 0, and forany j € V; N F and
0<e<mtf!

i ’

F] 2 2§
A (m[- —€)°n
P (] ¢ V(E.?l)) < 4dexp {_lf

+exp -0 (n'/2+E)} 4
C(e®" v 1) 5 (F).

The proof of Theorem 4.7 is given in Section 4.7.

4.6 Exponential inequalities

To prove Theorem 4.4 and Theorem 4.7 we need some exponential inequalities,
including a new conditional Hoeffding-type inequality, stated in Proposition 4.8
below, which is interesting by itself.

Foreach{ =1, F C [d] and w € {0, 1}{=6-"1XF\} e write

pi(lw) = P(X; 42 = 1| Xi1:041 = IOZ’XF\{i},2:€+1 = w). (4.14)
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Notice that p; (1|lw) = p;(1|lw(V;)) for any set F D V;, where w(V;) is the
configuration w restricted to the set V;. Moreover, the time homogeneity of the
transition probability (4.3) implies that, whenever F D V;, forany t = £ 4 2,

pi(llw) =P(X;, = 1|Xi,t—€—1:t—1 = 1OK,XF\{i},t—Z:t—l =w).

Proposition 4.8. Suppose V; C F. Then, for any w € {0, 1} UXF\} 350
=1, A>0andallt > £+ 1,

2

P(Mg(w)| > ) <2exp {— } P(N( ) (w) > 0), (4.15)

t—L+1
where M(; 1) (w) := N n(w, 1) — pi(1|w) N 1) (w).
As a consequence of Proposition 4.8, we have the following result.

Proposition 4.9. Suppose that V; C F. Then forany £ = 1,1 > £ + 1, w €
{0, M6 mIXFNEY £ € (0,1/2) and € > 0, we have

P(lﬁ(i,z)(l lw) — pi(1lw)| > €, Ny (w) = t1/2+g)
< 2exp {—262t2¥} P (N g (w) > 0).
The next two results will be used to control the probability of underestimating

V;. We start with a simple lower bound which follows immediately from Assump-
tion 4.3.

Lemma 4.10. For any fixedi € F,t > {+ 1 and w € {0, 1}{_€ """ —UxF\} e
definefor1 <s <t —1¢,

Zs = 1{X; 5540 = 10° Xp\ iy 54 10544 = W}
Under Assumption 4.3, it follows that

Fll+1
P (Zs = 11X—ooiis—1) = P

where pmin = min{px, (1 — px)} > O with ps« as in Assumption 4.3.
Exercise 4.5 asks the reader to prove Lemma 4.10.

Lemma 4.11. Suppose Assumption 4.3. For any § € (0,1/2),i € F and w €
{0, D=BXFNGY s holds that

P (N(,-,,)(w) < 11/2+$) < exp {—O (t1/2+$)} .
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4.7 Proofs of this chapter

Proof of Proposition 4.8. We denote p = p;(l|lw) and for each t > £ + 1,
N(i,t)(w) =N, Vi =X, =1}—p, xr = 1{XF\{i},t—e:t—l =W, Xj—p—1:4-1 =
10¢} and also M (w) = M; with the convention that My ; = 0. Thus for
t=40+2,

My = My + x: Y. (4.106)

Since P(M; > A) = P(M; > A, Ny > 0), the Markov inequality implies that
P(M; > A) < e 2 E[e"M 1{N, > 0}],

for all 0 > 0. Notice that {N; > 0} = {N;—; > 0} U{N;—1 = 0, y; = 1}, so that
by (4.16), it follows that E [e"Mf 1{N; > 0}] can be rewritten as

E[e?M=teX N,y > O] + E[e” LN, -1 =0, p = 1}]. (4.17)

From the assumption V; C F it follows that p = p;(1|lw) = p;(1|w(V;)) and
IE[)(,Y,‘]-}_I] = 0. Since —p < y;Y; < 1 — p, the classical Hoeffding bound

implies that IE[e"Xf Y: ‘.7-",_1] < ¢°°/8 and therefore the expression (4.17) can be
bounded above by

E[EGM’ 1{N1>0}] < 602/8E[60M’_1 l{N,_1>O}] + EOZ/SE[I{Nt—1=0,Xt=1}]‘

By iterating the inequality above and using the identity

t
{N; > 0} = 1{Nppy > 00+ Y 1{Ny1 =0, x5 =1},
s=£+2

we obtain that E[e"M’I{N, > O}] < e(’_£+1)“2/8]P’(N, > 0). Thus, collecting
all these estimates, we deduce, by taking o = 4A(t — £ + 1)1, that

P(M; > 1) < 222 P(N; > 0)
<expy{—— .

! Plr—c+1 !

The left-tail probability P(M; < —A) is treated likewise. O

Proof of Proposition 4.9. For any w € {0, 1}{=6»~xF\i} and r > ¢ 4 1,

M;(w) = (P, (1w) — pi (1|w)) N 1y (w),
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so that
P(1p6.0(1w) = pi1[w)] > € N (w) = 11/24E) < P(M;(w)] > er'/2+),

Thus the result follows from Proposition 4.8 by taking A = ez1/2+¢. O

Proof of Lemma 4.11. Foreach 1 < s < ¢t — 1, let Z; be the random variable
defined as in Lemma 4.10 with £ = 1. Now we define Yy = Z5(5_1)41 for 1 <
s < [t/2] and observe that Gg := o (Y1,...,Ys) C Fas. Thus, by Lemma 4.10,

P(Yy = 1|Gs—1) = E[P(Zz(s—l)—i—l = 1|]:2(s—1))|gs—1] P,',i',:rl.

|Fl+1
min

Define g« = p
every v €]0, 1],

. Then Lemma A.3 of Csiszar and Talata (2006a) implies for

2l e 5
m;Ys<vq* §exp{—Lt/2JT<1—v) %

Clearly N 1) (w) = va;ll Zs = ZU/ 2y, s, so that it follows from the inequality
above that

qx 2
P (N (w) < vgelt/2]) < exp —Lt/2j7(1 - v) .
Finally, for any fixed v € (0, 1) and all ¢ large enough, |7/2| ‘{T*(l —)2 > (/24§
and vy |1/2] > t1/21€ implying the assertion. O

Now, suppose that V; C F. In this case, notice that for £ = 1 and w €
{0, 1}4=6-=1Vi it holds that

0
pilwy=ei | Y Wini Y gi(-Hwj1]. (4.18)
JEV; t=—(+1

Proof of Item 1 of Theorem 4.4. Using the definition of 17(5.61)1) and applying the
union bound, we deduce that

P eV) = P(Aem() > e

/A

E| Y 1{alm 1pan(lw) = pan ()] > €f319)

(w,v)
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@) .
configurations of any pair (w,v) € T n) X ’72;1)”]) coincide in restriction to the
set V;. In other words, w(V;) = v(V;). In particular, it follows from (4.18) that
pi(lw) = pi(Hw(Vi)) = pi(1{v(Vi)) = pi(1]v).

Therefore, applying the triangle inequality, it follows that on A

where A% = {(w,v) € Tin X T('l”nj)} Since j ¢ V;and V; C F, the

w,v,j

@in) >

K| p,m|w) — pamy(1v)| > €} < Z | pg,my () — pi(1|u)| > €/2},

ue{w,v}

so that the expectation in (4.19) can be bounded above by

2E [Z Lper ot 21{%%_”)}1 {1Pa.mAv) = pi(1|v)| > e/z}} . (4.20)
w v
Now, since ), N(; »)(w) < n, we have that

n= > Nmy) = n'24E [fw : Ny (w) = n"/2HEy),
w: N oy (w)znl/2+E

which implies that [7(; ,)| < n 1/2=¢ From this last inequality and Proposition 4.9,
which is stated in Section 4.6 below, we obtain the following upper bound for
(4.20),

e2n2t

4nl/2—k exp %—

E [Z {Ng.m(w) > 0}} . (4.21)

w

Since Y_,, 1{N(;.n)(w) > 0} < n, the result follows from inequalities (4.19) and
“21). 0

Before proving Item 2 of Theorem 4.4, we will prove the following lemma.

Lemma 4.12. Define for each j € V;,

mi,j 1= max |pi (1lw) — pi(1]v)].

w,UG{O,l}{_l}Xvi Wy e =V e
Then, under Assumption 4.3, we have that

(i} inf {WjilgjO)) =mi >0, (422)

inf m; ;j = inf
jeV; xeK; jev;

J€Vi

where K; is defined in (4.9).
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Proof. For each j € V; take any pair w,v € {0, 1}I71Vi guch that Wjye =
vgjye with wj—1 = 1 and vj—; = 0. By Assumption 4.3, the function ¢; is
differentiable such that, for £ = 1,

0
Pi(1w) = piU)l > inf {of ()| - Whi D k(1) = i)

keV; t=—0+1

Since | Ceer, Wi X1 860k = ve)| = [Wjoilg;(0), the in-
equality above implies the first assertion of the lemma.

By Assumption 4.3, the function ¢j; is strictly increasing ensuring that infy e g, {(pl/ (x)}
0. Thus, since for all j € [d] the sequence g; is strictly positive and V; # 0 is
finite, we clearly have that m; > 0. O

We are now in position to conclude the proof of Theorem 4.4.

Proof of Item 2 of Theorem 4.4. Lemma 4.12 implies that m; defined in (4.22) is
positive. Let0 < € < m;. If j € Vi, Lemma 4.12 implies the existence of strings
w*, v* € {0, 1} UXF\} gych that Wi e = Vfjye and

|pi (Hw™) = pi (1) = |pi (Hw™* (V) = pi (o™ (Vi)| = mi.

Denoting by Cy = {N( ny(w*) = néTV2 Ny (v*) = nf+1/2} it follows that

P #V50) < PUpam W) = pan(1v9)] < e, C) + P(CF). (4.23)
Now notice that the first term on the right in (4.23) is upper bounded by

> P(pamy(lw) — pi(1u)] > (m; — €)/2. Ny (u) = n*F1/2),

ue{w*,v*}

and since m; > ¢, the result follows from Proposition 4.9 and Lemma 4.11, both
stated in Section 4.6 above.
O

Proof of Item 3 of Theorem 4.4. Define for n € N the sets

onz{jeF\V,-:jeV(ﬁ.fgg} andUnz{jeV,-:MV(fégg}
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Applying the union bound and then Item 1, we infer that

62 2f
P(On) < 4(IF| = [Vi)n¥?F exp ) —==-—¢.

Applying once more the union bound and then using Item 2, we also infer that

renf-o (s+)}).

(m; — en)znzg
2

P(Un) < Vil (4exp {—

Since {V(E ,)1) # Vi} = On U Uy, we deduce that Y o2 | P (V(Eeg + Vl) < 00
so that the result follows from the Borel-Cantelli Lemma. O

Proof of Theorem 4.7. To deal with the case V; ¢ F, we couple the process X =

(Xt)rez with the process xFl = (X,[F]),GZ, where X[F] follows the same dy-
namics as X, defined in (4.2) and (4.3) for all j # i, except that (4.3) is replaced
— for the fixed neuron i — by

t

F F F
P(X[7i, = 1/xt ]t)—(pl( S Wi Y gj(z—s)XJ[.,s]). (4.24)
JeVinF s=L¥1 41

Also, suppose that X and X [F] start from the same initial configuration, that is,
X 000 = X[_I;]):O = x, where x € 4dm,
Proposition 4.13 below shows that Assumptions 4.5 and 4.6 imply the exis-

tence of a coupling between X and X [F1 and of a constant C > 0 such that

sup P (az e [ln]: Xjy # X[F])> <CEvn) Y [Wisil (425)
jeld] JEVinF

Write
N xis = x50,
1<s<n
On E,, instead of Working with X; 5, 1 < s < n, we can therefore work with its
approximation X; [F] ,1 < s < n, having conditional transition probabilities (for
neuron 7 ) given by
0

PP =g Y Wimi Y gi=wje)

JEViNF s=—0+1
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which only depend on w(V; N F). As a consequence, on £, the proof of Theo-
rem 4.7 works as in the preceding section, except that we replace m; by

ml[.F] 1nf {(p (x)} 1nf {|W1—>z|g1 (0)} >0,
xeK

if Vi N F # 0. Here K is defined by
Ki[F] = [ Z Wj—ig;(0), Z Wj—>igj(0)]
JjEViNF jevirnF
Finally, writing
ore Vb ) it = 1 )
we obtain

P(0,) <P(0, NE,) +P(E;), P(Up) <P(U,NE,) +P(E;),

where as before in Theorem 4.4,

2 2f
P(Oy N Ey) < 402 Eexp {—6"’; }

and

(ml['F] - En)znzg
PU, NEy)) < |F||4expq— 5

+ep|-0 (nlms)}) .

Finally, by inequality (4.25),
P(ES) =P@Er e [ln]: Xig # X <Ce® vy Y Wi,
J¢VinF
for some constant C. This concludes the proof. O

In the remaining of this section, we prove the coupling result (4.25) used in
the proof of Theorem 4.7. For that sake, let F C [d], fixi € F andletU,,,j €
[d],t = 1, be an i.i.d. family of random variables uniformly distributed on [0, 1].
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The coupling is defined as follows. For any x € £24™  we define X i =
X][.I;] = xj; foreach? < 0Oand j € [d]. Foreacht > 1 and j € [d], we define

v LU > ©i(Mji—1)
It — 1
0, ifUjr < 0;(nji—1)

and

[S—

Y UF1 _ vlfU]t>(pJ(nf
BT 0, it < i ().
where foreacht = O and j € [d],

t

Nje= Y Wiy Y. &kt —9) Xk

keV; s=L;;+1
and, if j # i,
t
F F
=3 Wiy Y skt — )X, (4.26)
kEVJ _L[j'Ft]+1
and finally
t
F F
’h[t] = Z Wi i Z gk(f—S)X[ I 4.27)
keV,nNF s=LF )41

In other words, the process X [F1 has exactly the same dynamics as the original
process X, except that neuron i depends only on neurons belonging to V; N F.
Notice that we use the same uniform random variables U;; to update the values

of Xj,andof X LF ] . In this way we achieve a coupling between the two processes.
We shall write E to denote the expectation with respect to this coupling. Then we
have the following result.

Proposition 4.13. Assume Assumptions 4.5 and 4.6, and let oy be defined as in
(4.12).
1. If ag > 0, then

sup PX<U{X,S¢X}§]})sCe°‘°’ S Wil 428)
J€ld] s=1 k¢V;NF
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2. Suppose now that ag = 0 and write for any j € [d], 0; = Y 0, 8;(1),
0 = Supe(q] 0i- Then

x=0=p)+ysup ) oxlWissl <1, (4.29)
Jel keq

and in this case

sup Px(U{XméX[”}) D DL S

Jj€ld] s=1 k¢ViNF

Proof of Proposition 4.13. For notational convenience, let us assume that the start-
ing configuration x € £294™ satisfies xi,0 = 1 and extend the definition of g; by
defining g (t) = O forallt <Oand j € [d].

We start proving Item 1. Recall the definition of the continuous operator H (¢)
in (4.11). In the sequel, we set also H(0) = 0.

Let for each t = 0,
Dy, =ULj, # LNy jelal.

and observe that
Po(X,; # X[F]) Ex[Dj,]. 4.31)

Given F;, we update D ;, as follows. If neuron j spikes at time ¢ + 1 in both
processes, then D ;11 = 0 regardless the value of D ;. By the definition of the

coupling, this event occurs with probability ¢ (7 ,; A nB.I;]) > px.WhenDj; =1,
then D ;41 = 1ifand only if neuron j does not spike in both processes. Clearly,

this event has probability 1—¢; (1, AT t]) Finally,if D, = 0,then Dj ;41 =1
if and only if neuron j spikes only in one of the two processes. This event occurs

with probability [@; (1) — ¢, (ng.i])|. Thus for all j € [d], we have

F F
Ex(Djis11F1) = Dju(1 =9 (nje A + 107 (my0) — 07 ) = D).
(4.32)

Since ¢; is Lipschitz with Lipschitz constant y and L; ; = L[F] on{D;; = 0},
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we have on this event,

1
i) = )

< [nig —ntH)
t

F
< Y Wil Y gkt =) X, — X))

keV;NF s=L;;+1
+ ) |WH|ng(r—s)
k¢ViNF
t+1
F
< Y Wisil Y gkt — ) Xes — X))
keViNF s=1
t+1
+ Y Wisil gkt —s), (433)
k¢ViNF s=1

where we have used that g, (—1) = 0 in order to replace the sum Z s—1 by ZtH

Moreover, we have used that L; ; = LEI;] = 0 for all + = 0, by our choice of x.

Similarly, for all j # i, we have on {D;; = 0},

t+1

1 F F
S lei ) 0i DI Y IWies 1D it — )| Xaes — X1 (439
kGVj s=1

For each j € [d], let §;(t) = Ex(Dj,) and write §(t) = (8, (¢)) je[q] for
the associated column vector. Taking expectation in (4.32)—(4.34) and using that
Ex|Xks— X[F]| < 8 (s) (see (4.31)), we obtain

S+ 1)< H=*8(t+ 1)+ yXi(F)g = 1(t + 1)e;, (4.35)

where ¢; is the i —the unit vector. In the above formula,

(H86); = D > Hjxlt —)5(s)

ke[d] s=0

is the operator convolution product, and the inequality in (4.35) has to be under-
stood coordinate-wise.
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Now let ag be as in (4.12) and introduce H(t) = e ! H(1),8(t) = e~20!8(¢)
and 1(¢) = e~@0* Multiplying the above inequality with e ~%0¢+1) we obtain

SG+1D)<H*8G+1)+Z*1( + )yZi(F)e;.

Let ||g||1 = (||§i l1,i € [d]) be the column vector where each entry is given by
[8ill1 = Y 7= 8i (¢). Then we obtain, summing over ¢ = 0,

~ ~ 1 -
1811y < Alwo) 18]Iy + T—— 1811 Zi (F)ei,

l1—e
implying that

~ 1
(Id = A8l < T =5 181 Zi (F)e;. (4.36)

1—
By (4.12), Id — A(ay) is invertible, and it is well-known that the operator
norm of the inverse is bounded by

I(7d = A(@o) "Ml < (1 = [JA@) ™! = Cwo).

Moreover, (Id — A(cg))~! : Ri — Rf{_, where Rf{_ =1{¢))jea - &5 = 05
Therefore, (4.36) implies

~ 1 _
sup [|8;[l1 < [1—_%”(%’”121'(}7)] C(@o)- (4.37)
Jj€ld] -

By using the union bound and (4.31), it follows that

t
sup Pr(3s € [1.1]: X5 # X < sup D7 85(5) < e sup |31
jeld] jeldl o jeld]

which implies the assertion of Item 1.

The proof of Item 2 is similar to the above argument, except that now it is
possible to work directly with g(#) instead of g(¢). In this case, we write simply
8(t) = supje[q1d;(2). (4.35) implies that

( sup 8(s)) < x ( sup SN +yve Y, Wisils

0<s<t <s<t k¢VinF
4

which implies the assertion.
O

Proof of Inequality (4.25). The coupling inequality (4.25) follows now directly
from (4.28) ((4.30), respectively). O
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4.8 Exercises

Exercise 4.1. Show that the GL neuron models is a stochastic chain with mem-
ory of variable length taking values in the alphabet A = {0, 1}¢ and which asso-
ciates to the past X—co:—1 = (Xi,t)ie[4],rez_ the context X (x).—1 Where L(x) =
min{L;(x) : i € [d]} and L;(x) = sup{t < —1 : x;; = 1}. Find the associated
kernel of transition probabilities.

Exercise 4.2. Write the mathematical expression for the conditional likelihood of
Xit:n = Xi,1m given Xy, 1:(a—1) = Xv;,1:(n—1) and Xj o = 1. Use this expres-
sion to show that p(; »)(1|w) defined in (4.5) are maximum likelihood estimators
of the transition probabilities defined in (4.3).

Exercise4.3. LetU; ; = Zle Wii Z§=Li 418 (t+1=5)X s withg; (1) =
e~ %! where aj = 0and denote Uy = (U1, ...,Up,). Prove that the stochastic
chain (U;);cz is Markovian.

Exercise 4.4. Find a postsynaptic current pulses g; for which the corresponding
stochastic chain (U;);ez as defined in Exercise 4.3 is not Markovian.

Exercise 4.5. Prove Lemma 4.10.



In this chapter, we will first introduce space-time stochastic systems in which
the family of transition probabilities admits a space-time Kalikow decomposition.
Next, we will show that when this space-time decomposition is sufficiently sparse,
one can exhibit a perfect simulation algorithm to simulate samples of the space-
time stochastic system from its (unique) invariant measure. As an application of
this perfect simulation algorithm, we will then derive some Hoeffding-type con-
centration inequalities. These concentration inequalities are, in turn, crucial to deal
with the statistical question of how to approximate transition probabilities of sparse
space-time systems by linear combinations of a given dictionary, as presented in
the last sections of this chapter. The materials presented in this section is based on
the article Ost and Reynaud-Bouret (2020).

5.1 Stochastic framework and notation

We consider a stationary stochastic chain X = (Xj)ier ez taking values in
{0, 131%Z | defined on a probability space (£2, F, P), where I is a countable (possi-
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bly infinite) set. The configuration of X attime ¢ € Z isdenotedby X; = (X; ;.1 €
I). Fors,t € Z with s < t, X; s;; stands for the collection (X; . ..., X; ) and
X for the collection (X r);er,s<r<s- We write X_o:s to denote the past history
(..., Xs—1, Xy) of X at time ¢ + 1. Note that the past histories have space-time
components. For F C I andt € Z, XF; = (X;,,i € F) denotes the configura-
tion of X at time ¢ restricted to set F'. More generally, Xs denotes the collection
(Xi,t)(i,r)es for any subset S C I x Z. We will use similar notation for determin-
istic space-time configurations belonging to either {0, 1}/*Z or {0, 1}/*%-,

Remark 5.1. Many of the results presented in this chapter could also be formu-
lated for space-time models taking values in A7*%, where the set A is finite. We
consider only the case A = {0, 1} for two reasons. First, by doing so, we keep the
exposition as simple as possible, making the argument more transparent. More-
over, our main motivation to consider space-time models come from networks of
spiking neurons. In this context, the set / represents the neurons in the network.
As already mentioned in Chapter 4, neurons talk to each other by firing sequences
of spikes. By discretizing the time into bins of small width, one can model spike
train data by assigning the symbol 1 to the bins in which a neuron has spiked and
the symbol O to all the remaining ones. With the notation above, this means to set
Xi; = lifneuroni € I spike at the ¢-th bin and X; ; = 0 otherwise.

Throughout this chapter, we will work under the following assumption.

Assumption 5.2. For each t € Z, the components of X;4 are independent given
the past history X_:¢, that is,

P(Xi41=0a7X—cor =x) = [ [ P(Xir41 = ai| X—oox = x),
ieJ

for any finite J C I, ay := (a;)ies € {0,1}’ and P-a.e. x € {0, 1}1>*2~,

Since the stochastic chain X is stationary, Assumption 5.2 implies that the
dynamics of X is fully characterized by the family of transition probabilities

pi(xX) =P(Xi0=1|X_o0m1 = x), x €{0, 1112~ e

These transition probabilities are all assumed to be measurable functions of x €
{0, 1}/%2~,

Remark 5.3. In the context of stochastic modeling of spike train data, p;(x) mod-
els the probability of neuron i to spike at a given time given the spike history up
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to that time of all the neurons in the network (including neuron i itself). The exam-
ples discussed in the next section provide different ways of describing the value
of the spiking probability p;(x) as a function of spike history x.

Hereafter, we need the following notation. For any neighborhood S C I xXZ_

and x, y € {0, 1312~ we write x 5 y to indicate ys = xgs. For any real-valued

function £ on {0, 1}7*2~ and subset S C I x Z_, we say [ is cylindrical in S

and write f(x) = f(xs),if f(x) = f(y) for any x, y € {0, 1}7*Z~ such that
S

X =Y.

5.2 Space-time decomposition and perfect simulation

In this section, we first introduce the notion of space-time decomposition of a fam-
ily of transition probabilities. We then given some examples of stochastic models
for which the associated family of transition probabilities admit a space-time de-
composition. Finally, we will show how to build perfect simulation algorithms for
space-time models whose transition probabilities admit sparse space-time decom-
positions.

5.2.1 Definition

We denote by V the collection of finite neighborhoods, i.e. finite subsets of / x Z
and we consider processes for which the following decomposition holds.

Assumption 5.4 (Space-time decomposition). Forall S in )V andi in 7, there exists
a [0, 1]-valued measurable function pf (.), cylindrical in S, and a non negative
weight A; (S), such that for all x € {0, 1}/*Z~ andi € I,

pi(x) = i@ pl(xX) + X sey.s204i (S)pP (x).,

Y osevAi(S) =1

This decomposition can be interpreted as follows. At each time step, to decide
which value to assign to site i, we first choose a random space-time neighborhood
in )V according to the distribution A;. Once this neighborhood is chosen, say S is
the chosen neighborhood, we then assign the value 1 to the site i with probability
p;g (xs). Note that p;g (xs) depends only on the past history restricted to S. Note
also that p? (x) does not depend on x at all, and for this reason we denote this
value p? in what follows.



5.2. Space-time decomposition and perfect simulation 97

Such a space-time decomposition of the transition probabilities {p;(x),i €
I, x € {0, 1}/*2-} generalizes the classical Kalikow decomposition introduced in
Kalikow (1990) and further developed in Comets, Fernandéz, and Ferrari (2002),
Galves, Garcia, et al. (2013) and Galves and Locherbach (2013). The main differ-
ence consists in not forcing the neighborhoods S that lie in the support of A; to
be nested. This helps us to exploit the fact that in many cases the distributions A;
charge very few neighborhoods and that the cardinality of this neighborhood is usu-
ally very small, if the nesting is not forced. We speak in this case of probabilistic
sparsity.
Remark 5.5. If we denote ¢; (x) = P(X; 0 = 0| X—00:=1 = x) = 1 — pi(x) and
qiS x)=1- plfg (x) foralli € I, x € {0, 1}*2Z~ we can also write

i) =L@g! @)+ D> (S ).
SeV,v#£0D

where for each S € V, the function qiS is cylindrical in S.

Remark 5.6. For a given space-time decomposition, one can use Remark 5.5 to
deduce that foralli € I,

inf pi(x) + inf qi(x) = A;(9).

x€{0,1}/*Z— x€{0,1}/*Z

More generally, for any S € V, one can show that

inf inf pi(y) + inf qi(y)¢ =
x€{0,1}/*2— ye{0,1}/x2—; y 2 & ye{0,1}/x2—: y 2 &
Ai (D) + Z Ai (V).
VCS,V#D

One can also show that the space-time decomposition is not unique. This fact
raises the question of whether there is an “optimal” decomposition of a given tran-
sition probability. Such a question, however, will not be discussed here.

5.2.2 Main examples

Example 5.7 (Chains of infinite order). Suppose / is a singleton, say I = {1},
and let us write X; and p(x) instead of X ; and p;(x) for convenience. In this
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case, the stochastic chain X is described by the transition probability {p(x),x €
{0, 1}2-}. Denote for £ € Z, £ the set {—¢, ..., —1} and

Be = sup sup {lp(y) —p@I}.
xelo. 3%y 7 € {0, 132 st
¢ ¢
y=z=Xx

If there exist £o = 1 such that 8y = 0 for all £ = £, then the stochastic chain X
is called Markov Chain of Order €. Otherwise, X is called chain of infinite Order.
We say that the transition probability {p(x), x € {0, 1Y%=} of a chain of infinite
order is continuous if By — 0 as £ — oo. In this case, the sequence (B¢)¢ez, is
called the continuity rate of the chain. We refer the reader to Ferrari, Fernandéz,
and Galves (2001) for a comprehensive introduction to Chains of Infinite Order.
Denote g(x) = 1 — p(x) for all x € {0, 1}2~ and define for each £ € Z ,

af) = ian inf p(y) + inf q(y)
x€{0,1}%~ y€{0,1}2— s.t. yéx y€{0,1}2— s.t. yéx

With this notation, let us denote the distribution A which has support only on the
sets £’s, defined as

A =al) —alt—1), (5.1
where «(0) = A(0) = infy (9 1yz— p(x) +infyeq0 12— g(x). One can show (see
Exercise 5.2) that every continuous transition probability {p(x),x € {0, 1}2-}
admits a decomposition of the form:

P(x) = 2@ + Ypez, MO PEX)
A(Q) + Zeez+ A = 1.
Moreover, (5.2) is a space-time decomposition since p? € [0,1] and for each

{ € Zy, {pt(x),x € {0,1}Z-} is a transition probability of a Markov chain of
order £.

(5.2)

Example 5.8 (Discrete-time linear Hawkes processes). For eachi € [ and x €
{0, 1M1 %2~ et

pi(x) = i (x). if yi(x) € [0.1],
Vi) =vit 3, D hjmi(=8)x)s and 4§ pi(x) = 1 if i (x) > 1,
s€Z_ jel pi(x) =0, ify;(x) <O.

(5.3)
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Clearly, in this model, p;(x) is a function of the ¥; (x). Let us explain in the
context of spike trains modeling (see Remark 5.1) each one of the terms defining
the function ¥; (x). The parameter v; = 0 represents the spontaneous activity of
neuron i, that is its ability to produce spikes when there is no interaction. The inter-
action function /1 j_,; measures the amount of excitation (if positive) or inhibition
(if negative) that a spike of neuron j has on neuron i after a delay —s (a spike of
neuron j with delay —s corresponds to x; s = 1).

Remark 5.9. Hawkes processes are systems of interacting point processes on the
real line. They have been introduced in Hawkes (1971) to model seismic shocks.
More recently, the Hawkes processes have been used in areas such as finance
Bacry, Mastromatteo, and Muzy (2015) and neuroscience Chen etal. (2019), Cheval-
lier, Céceres, et al. (2015), Chevallier, Duarte, et al. (2019), Chevallier and Ost
(2020), Chornoboy, Schramm, and Karr (1988), Ditlevsen and Loherbach (2017),
Hansen, Reynaud-Bouret, and Rivoirard (2015a), Hodara and Locherbach (2017a),
Johnson (1996), and Pernice et al. (2011).

The interaction between the different components of a Hawkes process is de-
scribed by what is called the intensity function, which gives the probability of ob-
serving an arrival (spikes in context of spike train modeling) in a very short time
interval, given the past history of the process. The function v; (x) corresponds to
the discrete time description of this intensity function. For this reason, we call
discrete-time Hawkes processes the space-time models X whose transition proba-
bilities p;(x) are as above. The name linear comes from the fact that the function
¥ (x) is a linear function of x.

To check that p; (x) admits a space-time decomposition, we need to introduce
some new notation. For eachi € I, we write

A ={(j.s) € I xZ— :hji(—s) > 0},

and
A7 ={(,s) €I xZ— :hji(—s) <0},

and define the maximal excitatory (respectively inhibitory) strength by
Sr= Y |hjsit-9land 7 = Y |hjsi(=9)l.
(j.s)eAl (J.s)eA;
Let us assume that

0<v;—X  and v +XF <1, (5.4)

1
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which implies in particular that whatever the past configuration x € {0, 1}/*%-

the transition probability p; (x) € [0, 1] is always equal to ; (x). It also implies
that Z;F + X7 € [0, 1].

With the notation and conditions above, one can easily check (see Exercise 5.3)
that p; (x) admits a space-time decomposition where:

B

Ai (0) = 1—(Zt+X7) whichis >0since0 < Z;" + X7 <1,
P = Yot whichis < I since v; + T < 1,
A7) = |hj»i(=9)] forall (j,5) € A;" U 47,
p;{(j,s)}(x) = Xjs forall (j,s) € Aj',
pg(j’s)}(x) = (1—-xjs) forall (j,s) € A7

(5.5)

It is moreover sufficient to assume that Z‘i+ + X7 < 1tohave 4;(9) > 0.

The discrete-time linear Hawkes model is an interesting example, because even
if the true interaction graph, that is the set of edges (j,i) € I x [ forwhichh;_; is
non zero, is complete, the neighborhoods S € V of the space-time decomposition
have cardinality at most 1 almost surely. This probabilistic sparsity is exploited in
the sequel to obtain concentration inequalities.

Example 5.10 (GL neuron model). Let W;_,; € R withi, j € I, be a collection
of real numbers such that W, _, ; = 0 for all j. Foreachi € I, let¢g; : R — [0, 1]
be a non-decreasing measurable function and g; = (i ({))¢ez, be a sequence of
strictly positive real numbers.

For each x € {0,1}/*%2~ and i € I, we define L;(x) = sup{s € Z_ :
Xi,s = 1}. The stochastic chain X satisfies a GL neuron model if the transition
probabilities { p; (x),i € I,x € {0, 1}1*Z=} are given by (cf. Equation (4.3))

@i (0),if Li(x) = —1,

_ , (5.6)
@i (Z jer Winsi Yoet iy 41 &) (—S)XJ,s) , otherwise.

pi(x) = {

Notice that here the set of neurons / is possibly infinite, whereas the GL neuron
model as presented in Chapter 4 has a finite number d of neurons. This extension of
the GL neuron models enables us to deal with arbitrarily high dimensional systems,
taking into account the fact that the brain consists of a huge (about 10'!) number
of interacting neurons. Notice that L; (x) appearing in Equation (5.6) corresponds
to random variable L; —1 defined in Equation (4.1), given that X .1 = X.

Linear spike rate functions. Let us consider the particular case where the pa-
rameters of the model are such that ¢; (u) = v; + u with v; = 0 for eachi € I.
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Similarly to Example 5.8, let us denote for each i € I,
AF ={(j,s) eI xZ—:Wjigj(—s) > 0},

and
A7 ={(.9) € I XZ: Wjigj(—s) <0},

and define the maximal excitatory (respectively inhibitory) strength by

st= Y Wisilgi-ad Z7 = > [Winilgj(—s).
(s)eA] (Uns)ed;

We also assume that

0<v;—X%; and v+ X" <L (5.7)

1

Under these assumptions, one can check (see Exercise 5.4) that the transition prob-
abilities (5.6) also satisfy Assumption 5.4. Specifically, we can use

Ai () = 1- (5" + 2.

0 _ uzZ

P R I ()

MUG O = [Wisilgj (=) forall (j.s) € A7 U A7, (58)
pi{(].,s)}l.(_x) = Xjslx ;. 1=0 forall(j,s)eAiJr,

PO () = (l=xj )1y, =0 forall (j,s)€ A7,

where {(j, $)}V' = {(j,s). (i.s),...,(i,—1)}is the augmentation of the set {(j, s)}
on the coordinate i for each (j,s) € Al.Jr U A; . Notice that A;(#) = 0 since
0< 21.+ + X7 <land pfj < 1since v; + 21.+ < 1. In this case, the neighbor-
hoods S € V have cardinality either 0 (when S = @) ors+1 (when S = {(j, s)}¥
with j # i)ors (when S = {(i,s)}V)).

Non-linear spike rate functions. In the previous work of Galves and Locherbach
(2013), the space-time decomposition is restricted to growing sequences of neigh-
borhoods S that are indexed by their range in time. For each i € I, one assumes
that there exists a growing sequence J; (1) = {i}, J; (£) C J; (£ + 1) of subsets of
I that corresponds to the space positions that are needed when looking at a past of
length £, so that we can form S; (£) = J;(£) x £, defining a growing sequence of
subsets of 1 x Z_.
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Next let us introduce the following quantities:

()= inf inf pi(y) + inf 41 (7)

Ix7— sic S5:(0)
xeio.1) ye{o, 1}/ <=1y ="x ye{o, 1}/ *Z—1y = "x

and A; (S;(£)) = a; (£) —a; (£ — 1), where foreachi € I, g;(y) = 1 — p;(y) and

A,i (0) = (0) 1nf E{O I}IXZ— pl (x) + ln G{O 1}I><Z ql (x)
Let us assume that

sup > [Wji| < oo, Y supgi(€) < ooand sup lgi (1) = ¢ (0)] < vl = vl,
iel jel =N i€l
(5.9)
where y is a positive constant.
It has been proved in Galves and Locherbach (2013) (see Proposition 2) that
the transition probabilities {p; (x),x € {0, 1}Y*Z~} admit the following space-
time decomposition:

Pix) = 10! + e, Wi (Si0)p" 0 ). (5.10)
M@ + L5 i (Si(0) = 1.

with, pi@ € [0,1] and for £ > 1, p;” © (x) is a [0, 1]-valued measurable function

which is cylindrical in S; (£). Exercise 5.5 asks to prove this fact.

Hence, the transition probabilities p;’s also satisfy Assumption 5.4 in the non-
linear case. The neighborhoods S € V have cardinality either O (when S = @) or
L|Ji(£)| (when S = S;(£)). Note that in the non-linear case the neighborhoods
S; (£) are dense in time by construction, whereas in the linear case one can obtain
a stronger probabilistic sparsity.

5.2.3 Main properties

In this section we present an algorithm to stimulate (construct) X; ; at any fixed
site (i,¢) € I x Z. The first step of our algorithm uses the distribution A; to obtain
a space-time neighborhood of (i, ). More precisely, because the distribution A;
gives a neighborhood for site i at time 0, we need to shift it at time ¢ to obtain
a realization of the random neighborhood for site i at time ¢. Hence if for every
t € 7 and subset A of [ X Z,

= {(j,s +1)for (j,s) € A},
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with the convention that @~

of site (i, 1) as

= ), we can define the random neighborhood Kj ;

Kl,t = V_)t )

i,

where V; ; is drawn independently of anything else according to A;. We can pro-
ceed independently for all sites (/, s) and obtain K ; = VJ_’S

By looking recursively at the neighborhoods of the neighborhoods, we build
a whole genealogy in space and time of the site (i, 7), that is the list of sites that
are really impacting on the variable X; ;. This is the second step of our algorithm.
Note that the genealogy is obtained by going backward in time and its construction
depends only on the realizations of the neighborhoods, i.e. only on the distribu-
tions A;’s.

The study of this space-time genealogy is of utmost importance. Indeed, if
the genealogy is almost surely finite, then we can implement the two last steps of
our algorithm. In these final steps, given the finite genealogy, we go forward in
time and simulate first the variables X ; 5 in the genealogy by using the transition
probabilities p"7-s (X K;.;)- Once this is done, we can finally simulate the variable
Xi ¢ by using the transition probability pVin(x K:,)- This algorithm gives us a way
of constructing a space-time stochastic chain by implementing the steps above to
each pair of sites in I x Z. As we will see, the distribution of this process is
stationary and compatible with the dynamics described in Section 5.1

Moreover, the study of the length of the genealogy enables us to cut time into
almost independent blocks and therefore to have access to concentration inequal-
ities, this second construction being inspired by Viennet (1997), Reynaud-Bouret
and Roy (2007) or Hansen, Reynaud-Bouret, and Rivoirard (2015b).

Sufficient condition for finite genealogies
For all sites (i,¢) € I x Z, let us define recursively Al.lt = K;;and forn > 1,
A:lj_l = (U(j,s)eA:-”t Kj,s) \ {Ail,t LU Ant}

the genealogy stopped after n + 1 generations.
The complete genealogy is G;; = U2 A” It is finite if and only if

Niy =inf{n > 1: A7, = 0},

is finite.
This is a consequence of the following property.
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Assumption 5.11. Foreachi € I, let

mi =Y _ |S]Ai(S). (5.11)
Sey
We assume that
m=supm; < 1. (5.12)
iel

Probabilistic sparsity corresponds here to the fact that the mean size of the
random neighborhoods m; are strictly less than 1.
Thanks to this assumption, we can prove the following result.

Proposition 5.12. Foreachi € I,t € Z and !l € Z+,
P (Ni; > £) < (m)*.
In particular, under Assumption 5.11, for alli € I andt € Z,
P(Ni; < o00) =1, (5.13)

that is all genealogies are finite P-almost surely.

Perfect Simulation Algorithm

Fix a site (i,¢) € [ x Z. We want to simulate X ;.

Under Assumption 5.11, we know the genealogy is finite almost surely and it is
possible to build this genealogy recursively without having to generate all the V/j 5.
Once the genealogy is obtained by going backward in time, it is then sufficient to
go forward and simulate the X ;’s in the genealogy according to the transitions
ij’S (XKJ;)

More formally, we can use two independent fields of independent uniform
random variables on [0, 1], U! = (Ui}t)iel,tez and U? = (U,%,)iel,teZ, such that
the whole randomness of the construction is encompassed in the field U! for the
genealogies and in the field U? for the forward transitions and such that condition-
ally on these two fields, the whole simulation algorithm is deterministic. But in
practice, we generate U J.l’ s and sz’ s only if we need it. This leads to the following
algorithm
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Step 1.

Step 2.

Step 3.

Step 4.

Generate Ul-lt random uniform variable on [0, 1]. Since V is countable, one
can order its elements such that V = {S1, ..., Sy, ...}. Define the c.d.f. of A;
by F;(0) = A; () and forn > 1,

Fin) = 4@ + Y Ai(Sk)

k=1

and pick the random neighborhood of (i,7) as K; ; = Vl_t’t with

0, if U}, < F(0),
Su, 1fF(n—1)<U1 F;(n) forsomen > 1

it =

Initialize Al.lt <~ Ki;.

Generate recursively U ].1’ g for j,s € AZ ;» compute the corresponding Vs
and K ¢ as in Step 1 and actualize A’."Irl <« (Uj seAl K, s) \{Al.lt U...U

A” ;J. After a finite number of steps, A” is empty and [Step 2.] stops. Let
N, ¢ be the final n of this recursive procedure and the genealogy of (7, ?) is

givenby G;; = U, ”A"

Note that the (j,s)’s in A4; ” ! have therefore an empty neighborhood.

Generate i.i.d. uniform Varlables U 1-2’ ¢ for (j,s) in Afvlf't ~! and define
Xjs = U2 < p?). (5.14)

. 2 . . Z . _ i
Recursively generate U is for (j,s) in A; , recursively from { =Nij;—2
to £ = 1 and define

Vs
Xjs= WU} < p;”" (Xk, )} (5.15)

In particular arrived at £ = 1, one generates

= WU < p, " (X&)} (5.16)

One can show that the algorithm described above not only shows the exis-
tence but also the uniqueness of a stationary stochastic chain X satisfying As-
sumption 5.2 which is compatible with a given family of transition probabilities
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{pi(x) 1 i € I,x € {0, 1}1*Z-} satisfying Assumptions 5.4 and 5.11. Such al-
gorithms are called Perfect simulation algorithms. We refer the interested reader
to Ferrari, Fernandéz, and Galves (2001) for an introduction to perfect simulation
of stochastic chains and to Galves and Locherbach (2013) for a rigorous proof of
above result in the GL neuron model.

We conclude this section by noticing that the perfect simulation algorithm to
simulate the linear Hawkes process is very simple. Indeed, since any non-empty
neighborhood of the space-time decomposition has size 1, the algorithm reduces
to a random walk in the past to find the genealogy, a random decision on the state
X s at the end of the random walk and a forward decision of the other states X ; s
which is then completely deterministic and just depends on the sign of /1 j _; (—s).

Time length of a genealogy
We are now interested by the time length of a genealogy. Let, for each non-empty
subset A of I x Z,

T(A) =min{s € Z : (j,s) € A}.

We are interested by the variable 7; ; which is equal to  — T (A; ;) if the genealogy
Gi, is non empty and equal to O if G;; is empty. By stationarity its distribution
does not depend on ¢ and the behavior of this variable is of course linked to the
one of the variables 7'(V;j) = —T (V;) for V; obeying the distribution A ;, with
the convention that 7(d) = 0. We are interested by conditions under which the
variable T; ; has a Laplace transform, that is when

6 — w;(0) = E(ePTi1)

is finite for some positive 8. To do so, we are going to assume the following.
Assumption 5.13. There exists a strictly positive 6 such that for all 7,

i(6) = Y 18]eTS(S)
Sey
is finite and
0(0) =supg;(0) < 1. (5.17)
iel
Theorem 5.14. Under Assumption 5.13, for all i in I, W;(0) is finite and

sup; ¢z Ai (9)
W (0) = sup ¥; () < 1L 27
i e )
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Note that if ¢; (8) is finite for some positive 6, limg_,q ¢; (8) = m;. Therefore
if Assumption 5.11 is fulfilled, limg_, o ¢; (f) < 1 and it is possible to find 6 > 0
such that ¢; (f) < 1 as soon as A; has a Laplace transform. In this sense, and
roughly speaking, Assumption 5.13 is a more stringent condition of probabilistic
sparsity than Assumption 5.11.

Application on the main examples

Example 5.15 (Chains of infinite order). The space-time decomposition (5.2) im-
plies that

m=> L.
=1

Thus, the condition (5.12) is satisfied as soon as

PRAGES!

=1

and similarly the condition (5.17) is satisfied as soon as

o0
> et < 1.

{=1

Hence both can be verified if A is sufficiently exponentially decreasing. Typically
one can have A(£) = e *A¢ /1 with0 < A < 1 (Poisson distribution on the range)
or A(£) = (1 — p)tp with 1/2 < p < 1 (Geometric distribution on the range).

Example 5.16 (Discrete-time linear Hawkes processes). According to the space-
time decomposition (5.5), it follows that for eachi € [,

mi =5+ 5.
Therefore, the condition (5.12) reduces to

sup(Z;" + Z7) =sup Y |hjmi(=9)] < 1.

iel iel s
Moreover the condition (5.17) becomes

sup Zees|hj_>,- (—s)| < 1.

iel Ir
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So if for instance we can rewrite /1 ; (—s) = w;; g(—s) for a fixed function g
of mean 1, the condition (5.12) reduces to

supz lwji| <1,

iel jel
and the additional condition (5.17) is fulfilled for a small enough 6 as soon as g
has finite exponential moment.

Example 5.17 (GL neuron model). In the nonlinear case, it has been proved in
Galves and Locherbach (2013) (cf. inequalities (5.57) and (5.58)) that for each
i € I the following estimates hold:

@) <y Y IWisil > gj(s), (5.18)
jel s=1

and for £ > 1,

SO <y Yo IWisil Y g+ D IWisil Y gi(s)
J£Si(0) s=1 jesi () szt
(5.19)
Therefore, a sufficient condition for Assumption 5.11 to hold (cf. inequality (2.9)
of Galves and Locherbach (ibid.)) is

1
sup Y USi O D IWisil D gi+ Y Wil Y gl | <=
iel =1 JES;(0) s=1 jeSi () s=L 4
In the linear case (i.e. when ¢; (4) = v; + u), the condition above reduces to
sup D USiO1 | D0 Wil Y g+ Y Wisil D gils) | < 1.
i€l p>y J€S;(0) s>1 jeS; (0) s3>0
(5.20)

Using the decomposition (5.8), one can verify that the condition (5.12) is, in
the linear case, equivalent to

sup Y | UWinsilgi (D + D, (CH+ DIWjsilgi(0) | <1 (521)
i€l 42 j#ijel
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Note that condition (5.20) is usually much stronger than condition (5.21) and that
a sparse space-time decomposition of the process allows us to derive existence of
the linear process on a larger set of possible choices for w;_,; and g;. Once again
condition (5.17) is fulfilled under a very similar expression

sup Y e [ UWinilgi (@ + D (4 DIWoilgi (@) | <1,
S j#i,jel

this can be easily fulfilled if g;({) = g({) is exponentially decreasing with
Yo (£ + 1g(€) = 1. Indeed (5.21) is implied as in the Hawkes case by

SUPZ Wi—il <1
iel jel

and it is easy to find by continuity a small 8 > 0 such that (5.17) is fulfilled too.

5.3 Concentration inequalities

Block construction

Thanks to the control of the time length genealogy it is possible to cut the observa-
tions X g _(,—1):7 into (overlapping) blocks that form with high probability two
families of independent variables. This is a key tool to derive concentration in-
equalities. This construction is inspired by Viennet (1997), who used as a central
element, Berbee’s lemma, which is replaced here by Theorem 5.14. Note that simi-
lar coupling arguments have been used in continuous and more restrictive settings
(see Hansen, Reynaud-Bouret, and Rivoirard (2015b) and Reynaud-Bouret and
Roy (2007) for linear Hawkes processes, Chen et al. (2019) for bounded Hawkes
process and mixing arguments).

Lemma 5.18. Letm,T € Z4 such thatm < |T/2| and let F C I be a finite
subset. Let also B, the grid size, be an integer such that

m< B < |T/2],
and define k = L%J. Let the 2k + 1 blocks be defined by, for 1 < n < 2k,
In={mn—1)B+1—m,...nB}and Iy} 1 ={2kB+1—m,...T}.

There exist on a common probability space stochastic chains X, X XKL g
isfying the following properties:
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1. All the chains X" = (X[',)ie1,tez have the same distribution as X which

satisfies Assumption 5.2 and whose family {p; (x) : i € I,x € {0, 1}/>*Z-}

of transition probabilities satisfies Assumptions 5.4 and 5.13 for a given
6 > 0.

2. The odd chains X', X3, ..., X2+ gye independent.
3. The even chains X2, ..., X** are independent.

4. There exists an event, $2g,04, Such that on 2¢40q4, XfF,1, = X?’,In for all
n = 1,...,2k + 1 and such that the probability Of‘ngod’ under the notation
of Theorem 5.14, is at most

Y(O)  _oB+1-m)
IO+ 1) = e . (5.22)

In particular, by choosing B = m + 07 1(21og(T) + log(|F|)), we obtain that
there exists a positive ¢’ (0) such that the probability Of‘ngod is at most ¢’ ()T 1.

Applications

As an application of Lemma 5.18, we can derive the following Hoeffding type
concentration inequality.

Theorem 5.19. Let X = (Xi)iel ez be a stationary sparse space-time process
satisfying Assumptions 5.2, 5.4 and 5.13 for a given 0 > 0. For F C 1 finite,
m € Zy, let | be a real-valued function of Xf t—m:r—1 bounded by M. Let
T € Z+ such that

m + 071 (21og(T) + log(|F|)) < | T/2]
and

T
Z(f) = % Y (fKXFpemi-) —E[f(XFpome-1)]).  (5.23)
t=1

Then there exists nonnegative constant ¢', ¢”, which only depends on 6 such that,
forany x > 0,

+2e7%. (5.249)

p (Z(f) - \/c”(Q)Mzm + log 7;—1— log|F|x) < C’;@)
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If there is a finite family F of such f, we also have that

logT + log |F "6
]P(E'fe.F,Z(f)> \/C”(Q)MZm—'_ og T+ Og| |X) §C;)+2|f|€_x

There is a matrix counterpart to the previous inequality, which is an application
of now classical results on random matrices (see Tropp (2012) and the references
therein).

Theorem 5.20. Let X = (X, 1)ie1,rez be a stationary sparse space-time process
satisfying Assumptions 5.2, 5.4 and 5.13 for a given 6 > 0. For F C [ finite,
m € Z, let F be a finite family of bounded real-valued functions of X p t—m:t—1
and denote M = max{|| fglloo : /. g € F}. Let T € Z4 such that

m+ 0" 21log(T) + log(|F|)) < | T/2]

and define the random matrix Z = (Z(f, g)) y,geF Where for each f, g € F,

iﬂ

2.0) = = S (F X F ot 1)& X F st —1)
T

—E [f(XF,t—m:t—l)g(XF,t—m:t—1)]) . (5.25)

Then there exists nonnegative constant ¢’, ¢”, which only depends on 6 such that,
forany x > 0,

log T +log |F (0
P (||Z|| > \/c”(Q)M4|]-"|2m+ o8 T+ og| lx) ( )+4|f| -

(5.26)
where || Z || corresponds to the spectral norm, that is the largest eigenvalue of the
self-adjoint matrix Z.

5.4 On LASSO for sparse space-time systems

In this section we will address the statistical question of how to approximate tran-
sition probabilities of sparse space-time systems by linear combinations of a given
dictionary. One possible approach to solve this question consists in choosing the
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linear combination whose coefficients are selected via LASSO'. The main goal
of this chapter is to discuss the theoretical guarantees of this approach. Under as-
sumptions on the Gram matrix of the dictionary, we will show that the linear com-
bination corresponding to the coefficients selected via LASSO performs almost as
best as possible. Such results as called Oracle” inequalities. As an application of
the concentration inequalities developed in Section 5.3, we show that the required
assumptions on the Gram matrix hold with high probability for several examples
of dictionaries. These results hold even if the system is only partially observed,
making the methodology presented here suitable for applications in network of
spiking neurons.

Although the results presented here could be applied more broadly to other
settings, we will assume that the stationary space-time system X = (X;ez,sez)
models a network of spiking neurons. In this case, the countable (possibly infinite)
set I represents the set of neurons in the network and

1, if neuron i spikes at time t,
Xiy =

s

0, otherwise

Recall that one of the basic assumptions (Assumption 5.2) on the space-time sys-
tems studied in this chapter is that the components of X;; (neurons in our current
framework) are conditionally independent given the past X_;, for each ¢t € Z.
In this case, as already mentioned in Section 5.1 , the dynamics of network X is
completed characterized by the family of transition probabilities

pi(xX) =P(Xio=1|X_00m1 = x), x € {0, 1112~ e

These transition probabilities are measurable functions of x € {0, 1}/ %%~

For a finite ' C I, subset of observed neurons, and integers 7 > m = 1
measuring the observation window, the aim is to estimate x — p;(x) for a fixed
neuron i € F, given the sample xr _(,—1).7. To that end, for each time 1 <
t < T, we compare the past X g (;—m):(s—1) to the current observation x; ; to guess

11 ASSO is an acronym for Least Absolute Shrinkage and Selector Operator. Proposed by Tib-
shirani in 1986, the LASSO is a very popular regularization method for high dimensional statistical
settings. This popularity is due in part to its low computational cost. We refer the interested reader
to Bithlmann and van de Geer (2011) for a comprehensive mathematical treatment of the LASSO
and some its variants.

2In our setting, the Oracle corresponds to the best linear combination of elements of the fixed
dictionary. The name oracle comes from the fact that it cannot be computed without knowledge of
the unknown transition probabilities. This fact will be clarified in Section 5.4.2
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what can be a good approximation of p;(x). The intuition behind this strategy is
that for a well-chosen space-time neighborhood S C [ x Z_, it might be sufficient
to know xg and not the whole past configuration x to well approximate p; (x).

Given the sample x g _(,—1).7, one might consider several candidates to ap-
proximate p;(x). Here, we shall approximate p; (x) by linear combinations of a
given dictionary @, i.e. a finite set of real-valued functions on {0, 1}Y*Z~ which
are cylindrical in F' x m withm = {—m, ..., —1}. Let us assume that the size of
the dictionary is M = 1 and denote @ = {¢1,...,@p }. With this notation, for
each vectora = (ay,...,apy) € RM | we denote

M
X fa(x) = Z ajej(x), (5.27)
j=1

the candidate encoded by the vector a that should approximate p; (x). We assume
that the functions in the dictionary are bounded in sup norm by ||®| o, that is,
maxi<ji<M |[¢jlloc = [|@]loc < 00, where for each real-valued function ¢ on
{0, NT*Z  we write ||¢]loo = SUPefo,13/=2 |@(x)|. to denote its sup norm.

For each candidate f, witha € R, we compute its the least-squares contrast,
given by

T T
2 1
C(fa) = T Z Ja(XF (t—m):—1))Xit + T Z FEXF (t=m):—1))-
=1 t=1

The least-square contrast can be interpreted as a data-fidelity term. Notice that, if
for j,k e [M]={l,..., M}, we write

T

1
bi=7 > 0 (XF (t=my:e—1))Xit (5.28)
t=1

and
T

1
Gjr = T Z%‘ (XF,(t—m):(t—1) Pk (X F (1 —m):(:—1))» (5.29)

t=1

then C( f,) can be rewritten as

—2aTh +a7Ga,
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where b = (by,...,bpy)isavectorof R®, G = (G jk) j ke[ 1s the Gram matrix
of the dictionary @ and aT is the transpose of vector a € RM
In the sequel, each vector a € RM let |[a| = (|lai],....|lam|), laloo =

maxjerplajl, llallz = VaTa and ||a||; = 1T|a| where 1 is the vector with
all coordinates equal to 1.

To select the relevant coefficients, we minimize the least-square contrast C( f;)
subject to a £1-penalization on the vector « € RM indexing the candidate func-
tions f,. Precisely, we choose the function f = f; where

a € arg min {—2a"h +aTGa + yd|a|:1}.? (5.30)

aceRM

for d a positive term controlling the random fluctuations and y > 0, a tuning
parameter. In (5.30) above, the vector b € RM and the matrix G € RM*M
are defined in (5.28) and (5.29) respectively. The minimization problem (5.30) is
called LASSO program.

The active set S(a) ofavectora € RM istheset S(a) = {j € [M] : aj; # 0}.
We shall denote for any subset J C [M] and any a € RM, a; € RM the vector
whose coordinates in J are equal to the ones of a and 0 anywhere else. We also
denote by |J | the cardinality of J.

5.4.1 Examples of dictionaries

Let us present briefly some examples of dictionaries that might be useful.

Example 5.21 (Short memory effect). Let the dictionary @ be defined by the set
{¢; 1 J € F}, where

1, ifxjs =1forsome —m < s < —

pj(x) = , x €40, 1}1%2—,

0, otherwise

With this dictionary, we are trying to explain the presence of a spike on neuron i
at time ¢ by a linear combination of the presence of a spike on neuron j in a small
window just before time ¢.

3Notice that the multivariate function RM 3 g +> —2aTh +aTGa + yd|a||1 is convex. By us-
ing techniques from convex analysis and optimization theory, one can propose efficiently algorithms
(e.g. accelerated gradient descent algorithm) to solutions of the convex minimization problem (5.30).
We refer the reader to Bubeck (2015) for more details on how to compute efficiently solutions of
convex minimization problems.
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Example 5.22 (Cumulative effect). We can also think thatm = nL is amuch larger
parameter and cut the past m into L small pieces of length 1, where the effect of
the spikes are different and cumulative. This leads to the dictionary @ defined by
theset{g;,:j € Fand1 < { < L} where

—n({-1)—-1

@je(x) = Z Xjs, x € {0, 1}1¥2—
s=—nl

Example 5.23 (Cumulative effect with spontaneous apparition). It can be impor-
tant to take into account a background activity, especially to explain the apparition
of spikes due to the unobserved part of the network. To do so, we may add to the
previous dictionary an extra function

o =1,

whose corresponding coefficient corresponds to a spontaneous activity.

Example 5.24 (Hawkes dictionary). In both the cumulative effect and the cumula-
tive effect with spontaneous part, one might be interested in a particular example
where n = 1 and L = m. In particular, in the case with spontaneous part, we are
therefore interested in approximating p; (x) by

Falx) = ag + Z Z aj—sxjs, x €0, 1312~

jeF —m<s<—1

which is the exact form of a discrete Hawkes process restricted to F x m (see
Example 5.8) and this even if p; is not of this shape.

Note that whatever the dictionary, m represents the maximal delay in the dic-
tionary and | F'| the number of observed neurons. As we will see in Section 5.5,
both these quantities have to be usually less than a certain increasing function of 7',
which depends on the dictionary (typically log(T')), to derive an restricted eigen-
value property on the Gram matrix. In particular |m| might grow slightly with T
to ensure a good asymptotic approximation of the dependency in time. Mathemat-
ically speaking, the same holds for | F'|, although the size of F is dictated by the
neurophysiological experiment and, for practical purpose it is always thought to
be a constant with respect to 7.
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5.4.2 Oracle inequality

It is classical, by now, to derive oracle inequalities for Lasso procedures if G sat-
isfies some properties. We use two of them.

Definition 5.25. Let « > 0. The matrix G satisfies Property Inv(x) if
Va e RM, aTGa = «||a|3.
A weaker version is the restricted eigenvalue condition.

Definition 5.26. Let ¢ > 0, x > 0 and s € N. The matrix G satisfies Property
RE(k, c, s) if for all subset J C [M] such that |J| < s and for all a € RM such
that

lasellr < cllaslh.

the following holds
a’Ga = kllay|l3.

Notice that Inv(k) corresponds to RE(k, co, M) (see Exercise 5.6). Our first

result establishes an oracle inequality for the estimator f = f; where a is defined
by (5.30).
In the sequel, let us write for each j € [M],

T-1
1
= 7 2 0) (CF i) Pi (oo, (531)
t=0

}IXZ

Moreover, for real-valued functions f and g on {0, 1 —, let us denote

(f )T Z S (X o0:)8(X—o00t)", (5.32)

and || f|l7 = /(. f)r the corresponding norm.

Theorem 5.27. Lety = 2, k > 0 and s € N. On the event on which

“4Note that { f, g} can be computed from the sample x F,—(m—1).T only for functions cylindrical
in F' x m, which is the case of all functions in the dictionary @. We measure the performance of

f in terms of distance || f — pi()|lT. Notice that if ( f, g)7 were directly defined for functions
cylindrical only, the distance || f — p; (+)||7 would not be well-defined since the function p; (-) is not
necessarily cylindrical.



5.4. On LASSO for sparse space-time systems 117

(i) |bj —b;| <d forall j € [M), and
.. . ) 42
(ii) G satisfies RE(k, c(y),s) with c(y) = J;Tz

the following inequality is satisfied

. 2)?
COE < inf N S TP Vi
If = piOl7 HGRM}?S(G)KS{IIfa pi0)li7 + k7 1S(@)d" =, :

(5.33)

Moreover for any 0 < § < 1, if d = dg with

log(M) + log(25—1)
ds = \/ |3, £ T CEE),

then P(3p € [M]: |b; —b;| > d) <.

Equation (5.33) is a classical oracle inequality (see for instance Hansen, Rey-
naud-Bouret, and Rivoirard (2015b) or Hunt et al. (2019) for close setups). This
result means that the Lasso estimator gives the best s-sparse approximation of p;
based on the dictionary @ and that the price to pay is of the order of k~1sd?,

if we assume that ||@| o < 1. With the choice d = dgs, we have therefore a

—1
price of the order of K_ISM. Note that if we knew that p; can be

indeed decomposed on @, meaning that the model is true and that in particular p;
only depends on s elements of the dictionary @, the price to pay to estimate p;
would be roughly of the order of s/T. The logarithmic factor is a classical loss
for adaptation in (5.33). Therefore, it remains to see the order of «, to see if (5.33)
gives roughly the best possible rate.

Note that if G satisfies Inv(x) then one can choose y = 2 and s = |®| in
Theorem 5.27 and (5.33) can be rewritten as

I/ =piOIF < inf {Ilfa—piOlF + 47 S@)]d%},

which is a sharper version of the result proved in Hansen, Reynaud-Bouret, and
Rivoirard (2015b) in continuous time, up to the fact that they used more general
weights which leads to a weighted £1 norm in the criterion. The same refinement
would have been possible but since the focus is here on the Gram matrix, we have
decided to use a classical £1 norm for sake of simplicity.

Note also that another (very easy) refinement consists in clipping f to ensure
that it remains between 0 and 1. The same result holds for this clipped version.
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Another way to find similar results for estimators that are forced to be in [0, 1] is
to use penalized maximum likelihood. Many works have used it (see for instance
Mark, Raskutti, and Willett (2019) for Poisson counts or Basu and Michailidis
(2015) and Gaiffas and Matulewicz (2019) in Gaussian Markovian setups). This
comes with additional technicalities, in particular if the likelihood of the statistical
model is not easy to compute, because the model is not Gaussian. In particular,
Mark, Raskutti, and Willett (n.d.) use a setting very close to ours, but simpler
and make use of Taylor expansion to approximate the criteria. Translated here,
the approximation would depend on the dictionary we use and would be more
complex for each dictionary. Once again, because the focus is here on the Gram
matrix, we have decided to stick with the simplest Lasso result made for least-
squares contrast.

Results for controlling Gram matrices are numerous (see for instance Basu
and Michailidis (2015), Gaiffas and Matulewicz (2019), and Hunt et al. (2019) for
simpler settings than the present one) but always assume that the whole network is
observed and that the target can be written on the dictionary. In Hansen, Reynaud-
Bouret, and Rivoirard (2015b), which is the closest framework to the present one,
it has been proved for instance that, if one observes the whole finite network and if
the spike trains are linear Hawkes processes, then G is invertible with large prob-
ability for well chosen dictionaries. In this case, the corresponding « is roughly
lower bounded by a quantity which is exponentially small in the total number of
neurons in the network. Here we would like to go beyond these assumptions and
prove that even if

* the model is wrong (i.e. p; is not Hawkes for instance) and p; cannot be
written on the dictionary,

* the network is infinite,
» we only observe a very partial subnetwork,

it is still possible to find good « with high probability and that the dependency in
the number of neurons can be much better than these previous results.

The main idea consists in using very general Kalikow-type decomposition of
the transition probability p;(x), that are available in discrete time (as discussed
in Chapter 5) and that do not exist with such generality in continuous time (see
however Hodara and Locherbach (2017c¢) for promising results in this direction).
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5.5 Back to the Gram matrices

To control the Gram matrix we need also that the following condition holds.

Assumption 5.28. There exists some positive u such that for all i € I, for all x,

p<pi(x) <1—p,

Note that in each of the examples (strongly non-null chains of infinite order,
discrete time Hawkes processes and GL neuron model), this assumption is easily
fulfilled. For instance in the Hawkes case, this adds the condition u < v; — X" <
v + E;F < (1 — ) (see Example 5.8 to recall the notation.)

This assumption is useful to bound expectation by changing the underlying
measure.

Lemma 5.29. Under Assumptions 5.2 and 5.28, for all non negative function f
cylindrical on a fixed finite space-time neighborhood S C I x Z._,

QU —p)SIESY ) [f (X)) = E[f(Xs)] = Cw)SESY ) [F(Xs)],

where E?gf /2) Mmeans that the expectation is taken with respect to the measure
where all X; ;s are i.i.d Bernoulli with parameter 1/2.

5.5.1 Inv property for general dictionaries

In this section we prove that the Inv(«) property holds on an event with high proba-
bility for the examples of dictionaries considered in Section 5.4.1. As a by product,
we are able to derive oracle inequalities with high probability for these dictionaries.
We start with the following result.

Theorem 5.30. For a finite F' C I and integer T > m = 1, let Xp _(u—1).T bea
sample produced by the stationary sparse space-time process X = (Xit)iel tez
satisfying Assumptions 5.2, 5.4 and 5.13. Let @ denote a finite dictionary of
bounded functions cylindrical in F x m and G be the corresponding Gram matrix
defined in (5.29). If the matrix E(G) satisfies property Inv(k') for some posi-
tive constant k', then for any § > 0 and T sufficiently large, the Gram matrix G
satisfies the property Inv(k) on an event of probability larger than 1 — G- —§ with

Mo \/ (m +10g(T) + log | F|)log(M) + log(6~)
o0 T )
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where ¢y and ¢y are positive constants which only depends on the underlying dis-
tribution of X and M is the size of the dictionary ®.

To apply Theorem 5.30 to the dictionaries considered in Section 5.4.1 we must
find the corresponding «’. This is done below.

Example 5.31 (Short memory effect). To apply Theorem 5.30 we need first to find
k' for this class of models. This is done as follows. Let O = B(1/2)®Y be the
probability measure under which all X; ;’s are i.i.d. Bernoulli with parameter 1/2
and denote p; = Q(¢;j(X—00:—1) = 1) for j € F.Clearly, p; = 1—(1/2)" for
all j € F and we write p to denote this common value. With this notation, one
can check that (see Exercise 5.7),

4 p? pz pi

oV | p p p

EZY 5 (G) = (5.34)
p> p* p* op

Such a matrix has only two eigenvalues, namely, p + (| F| — 1) p? of multiplicity
1and p — p? = (1/2)™(1 — (1/2)™) with multiplicity | F| — 1. Indeed, £ is an
eigenvalue IE?(‘; /2)(G) if and only if there exists a non-null vector u € R¥ such
that
(p—pPu+p* ) uil = u.
1

On the one hand, by choosing the vector u # 0 such that ), u; = 0 gives that
n = p — p? is an eigenvalue with multiplicity | F| — 1. On the other hand, the
choice Y, u; = 1 forces that (p — p?)u; + p? = £u; foralli € F, ensuring that
£ = p+ p%(|F| —1) is the second eigenvalue. Its multiplicity is necessarily 1.

Note that if m is large, the smallest eigenvalue of Eg’(‘i /2) (G) is really small.
This can be interpreted in the following way : when m is large, one will find a ’1”
on every observed neuron in the past, therefore all the ¢ ’s will be equal with high
probability and one cannot infer a dependence graph with this dictionary anymore.

Thus, Lemma 5.29 implies that eigenvalue of E(G) can be lower bounded by

= ewmFlasma—am. (5.35)
Choosing for a fixed integer 7
m = nand |F| < loglog(T), (5.36)

gives k’ of the order (log(7"))~¢3 for some constant ¢3 > 0 depending on y and
n.
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Example 5.32 (Cumulative effect). In this case, let o« denote the common value of

E?g{/z) ((pjz.’e(X_oo:_l)) with j € Fand 1 < £ < L, and B be the corresponding

value of EF)] 12 @4 (X—00:-1) @k n(X—o0:=1)) With j.k € F and k # j and
1 < n,£ < L. With this notation, one can verify that (see Exercise 5.8)

o, 0= _n  p?

R
2

,3=n—and
4 (5.37)
a BB ... B

SRR L

B B B«

Hence, the smallest eigenvalue of E?g /2)(G) isa—p = % which grows with

n = %. This seems also reasonable since once looking for cumulative effects,

the larger the bin size 7, the more points you see in it and the more diverse the
situations are (hence the dictionary has many different functions) whereas if 7 is
small there is a large probability to see all ¢; ¢’s null.

Thus, Lemma 5.29 implies that eigenvalue of E(G) can be lower bounded by

n
K/ — Z(2'LL)1’)I<|F|

Choosing for some fixed integer 7,
m = nK with K < /loglogT and |F| < loglog T, (5.38)
gives «’ of the order (log(7))~¢3 for some other constant ¢z > 0 depending on u

and 7.

Example 5.33 (Cumulative effect with spontaneous apparition). With the same
notation of the previous example, one can show that (see)

1 n/2 n/2 ... n/2
B2 G =" @ P P (5.39)
n/2 B v B«
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Reasoning by block with the vector (11, @) with u € R and a € RXIF| we end up
with

N

. a2
Z ajk + 4”61”2.

jeF,k=1,...,.K

(. a)T EB(1/2)(G)(/"L’a) = n+

But forall0 < 6 < 1,

2
(23 au) = (1—9)u2+(1—$)% > ik

jeF k=1,...,.K
1—60 K|F|n?
= (1=0)p? = — == llall3,
so that
1 —0 K|F|n? n
B(1/2)(G) = (1-0)u” " lall3 + Z||a||%-

By choosing 6 = % we conclude, thanks to Lemma 5.29, that the

smallest eigenvalue of [E(G) can be lower bounded by

1
k' = 2u)"KIF ! min —Q )
1+ 27K|[F|’8

Once again choosing for some fixed integer 7

m = nK with K < y/loglogT and |F| < loglog T, (5.40)

gives k' roughly larger than (log(7"))~¢3 for some other constant c3 > 0 depending
on u and 7.

Next, as a by product of Theorem 5.30 and Theorem 5.27, one can derive oracle
inequalities for the dictionaries above.

Corollary 5.34. Let @ be one of the dictionaries presented in Section 5.4.1, with
the choices (5.36), (5.38) or (5.40). Assume one observes the sample Xp __(m—1).T
generated by the underlying process X satisfying Assumptions 5.2, 5.4, 5.13 and 5.28.
With the notation of Theorem 5.27, for T large enough, on an event with probability

1 —c1/T, the following oracle inequality holds
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; . (log(T))°*
1/ =piOIF < inf Sl fa=piOIF + 2l S@]———1.

acR® T
where the constant ¢c1 > 0 depends only on the underlying distribution of X, ¢ > 0
depends on 1 and y and constant c3 > 0 depends on both the underlying distribu-
tion of X and 1.

Note that the main improvement with respect to Hansen, Reynaud-Bouret, and
Rivoirard (2015b), is that in all the examples , the constant « is roughly of order
(log(T')) ™3, that is asymptotically decreasing in roughly speaking the number of
neurons used in the dictionary and not the total number of neurons in the network.
The number of neurons that are used, which is bounded by the number of observed
neurons, can very slowly grow with 7'.

5.5.2 Hawkes dictionary without spontaneous part

In this case the (X F,_;u:—1)’s are just the X s for j € F and s € m and one can
prove the following result.

Theorem 5.35. For a finite F C I and integer T > m = 1, let xp _(n—1).T be a
sample produced by the stationary sparse space-time process X = (Xit)iel tez
satisfying Assumptions 5.2, 5.4, 5.13 and 5.28. For the Hawkes dictionary without
spontaneous part, i.e. ¢ = @Qjs With ¢ s(Xf,_m:—1) = X5 for j € F and
s € m, the corresponding Gram matrix G defined by (5.29) satisfies for all ¢ > 0,
s <m|F|and T large enough, the property RE(k, ¢, s) on an event of probability
larger than 1 — CT/ — &8 with

k= p—p*>—((1=2u) + Rr)(1 + 0)s,

where
C1

= T1/2 (m +1logT + log |F|)1/2(logm + log |F| + 10g5—1)1/2’

Rt

for some positive constant ¢y and cy which only depends on the underlying distri-
bution of X.

The major point to note is that asymptotically, for slowly growing m and | F|
as functions of 7', the constant k does not depend at all on the number of observed
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neurons and therefore the rate of convergence in Theorem 5.27 is not worsened
by a huge number of observed neurons, | F'|. This is a drastic improvement with
respect to the previous result of Hansen, Reynaud-Bouret, and Rivoirard (2015b)
which depends on the total number of neurons in the network. For each fixed ¢
and s, we only need here u to be close enough to 1/2 to have ¥ > 0.

It also means that the size of the dictionary might be growing with 7', much
more rapidly than before: typically m the delay might grow like log(7") and the
number of observed neurons might grow like 7' or even more rapidly as long as
log|F| = o(T'/?). Therefore if one can reasonably well approximate p; by a
sparse combination in space and time for which the precise location is unknown,
one might by a growing set of observations find the correct set in space and time.

5.6 Proofs of this chapter

Proof of Proposition 5.12. Since {N ;) > £} = {|Aft| > 1}, the Markov in-
equality implies that

P(Niy > () <E [|A,{,|].

So let us prove by induction that E

L—

] ()t forall £ = 1. For £ = 1, we
haveE[|A |] [|V,-,t|]=nas Next for £ > 1,
E[lab 4] < X E[vi]
(.5)eAl;!

< Yoo omy < A .

(j,9)eCi (t-1)
To conclude the proof take the overall expectation and use the induction assump-
tion given by E [|Af;1 |] < (m)t 1. O
Proof of Theorem 5.14. For any fixed n > 1, for all site (7, ¢) let
Gin,t = Unm:lAzr'r,lt

We adopt the convention that if G, = @, T (G”t) t and we consider the
variable 7", =t — T(G?,) as well as its Laplace transform ¥ (¢) = E(eeTi’?t).



5.6. Proofs of this chapter 125

Let us prove by induction that ¥ (¢) is finite and that

W(0) = sup &' (0) < A(1+9(0)+...+9(0)" ) 1u=1+9(0)" ' 2(6), (5:41)

where A = sup;<; A; (%) and
g(0) = sup Z TN (S).
i€l gey
Note that g(6) is finite as soon as ¢(#) is and that 0 < A < 1.
Forn = 1, since for all 7, T(Gil,t) = T(Ail,t) =T(Kis)=t—-TViy)
'inl ) = E (CXP [QT(Vi,t)])
> T

Sey
< g(0).

Next by induction, let us assume (5.41) at level n for all i and let us prove it
atlevel n + 1. Note that because the G/', are computed recursively, we have that
when Kj ; is not empty,

T(G{’l+1

rh = " min T(Gg -

SF)EK ¢

Therefore if K; ; = 0, Tl."tJrl = 0and

E (exp [eTi’jﬁl] | K,-,t) — 1.
This happens with probability A ; (). If K; ; # @, then

(@) = ey, (= 706E).

and one can check that
E (exp [9 (r - T(G;’jl))] | K,-,,)

< Z IR (exp [9 (r — T(GZJ)>] | Ki,,) )

(k,r)eKi,;
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Since (see the algorithm) K; ; only depends on U jl,t and G . only depends on
the U}, , fork’ € I,r' <randr < t, it follows that T(Gy, ) is independent of

k’,r’

Kis Henceif K;; # 0

E(exp[@Ti,tH] |K,-,t) < Y Ly
(k,r)eK; ;
< Z e@(t—r) lI/”(Q)
(k,r)ekK; ;
< [IKidle?TED [y o)
< [Vigle®TVi0wn ().

We obtain by taking the overall expectation that
PrL0) < A+ p(0)P"(9),

so that sup; ¢y ¥/ *T1(0) is finite and (5.41) holds at level n + 1 by induction.

To conclude, it is sufficient to remark that by the monotone convergence theo-
rem, ¥'(0) —n—oc0 Wi(0) which are therefore upper bounded by A/(1 — ¢(0)).
This concludes the proof. O

Proof of Lemma 5.18. We use the perfect simulation algorithm to construct these
chains. In what follows, let

U’ = (U,-(,),’I’ Ui(,),’z)iel,tez, L U = (Uf,kH’l, Ui?tk—i_l’z)iel,tez
be independent fields of independent random variables with uniform distribution
on [0, 1]. We assume that these sequences are defined in the same probability space
and set (£2, F, P) to be this common probability space.

The perfect simulation algorithm performed with the same field U® on each
site (i, ¢) yields the construction of X = (X ;)ier.rez-

For any n, the chain X" is also built similarly via the perfect simulation algo-
rithm but with the field U™ except on a small portion of time where we use U°.
More precisely, we use the following variables

n,1 n,2 0,1 0,2 n,1 n,2
((Ui,, Ui Dienis—2B- WU; U Dier,(n—2)B<t<nB (U; ; Uy | )ie1,1>n3),
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for1 <n <2k andforn =2k + 1,
n,1 n,2 0,1 0,2 n,l n,2
((Ui,t ’ Ui,t )iGI,l$(2k—l)Bﬁ (Ui’t s Uj’t )iGI,(Zk—l)B<tST’ (Uj,t s Ui,t )iGI,t>T) .

Since all chains are simulated with the same set of weights (4;);e; and tran-
sitions ( plS )ie1,sey, they have obviously the same distribution. Since the algo-
rithms use disjoint sets of uniform variables for the odd (resp. even) chains, they
are obviously independent and therefore Items 1-3 follows easily from the con-
struction.

Let G; be the genealogy of site (i, ¢) in the chain X and T; ; = T (G, ;). For
anyn,anyi € Fandanyt € I,,ifT;; > (n—2)B, then we use exactly the same
set of uniform variables to produce the values of X; ; and X l.”,t and their values are
equal.

Therefore on 2¢0q = NieF ﬁ%’:‘l‘l Neer,{Tis > (n—=2)B}, XF, 1, = X%,In
foralln =1, ..., 2k + 1. Note that £2,,,4 only depends on X.

It remains to control Iﬁ(ﬂ;oo 4)- By a union bound, and the application of
Theorem 5.14, we obtain

2k+1
P(R%,a) < DD D P(Tiy<(n—2)B)
ieF n=1 tel,
2k+1
< D) D Pt-Tiuz1—(n-2)B)
ieF n=1 tel,
2k+1
< Z Z Ze—e(t—(n—Z)B)lp(e)
ieF n=1 tel,
e—O(B—m-l-l)
< |F|Q2k+1)——w(09).
1 —e?

In particular if we choose B = m + 6~ 1(21og(T) + log(|F|),

2k +1 w(H)
T2 1—e¢ 0

IP)(‘ngoal) <

which concludes the proof.
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Proof of Theorem 5.19. Take B = m +60~1(2log(T) +log(|F|)), k = |55 ] and

use the probability space (£2, F, P) and the stochastic chains X, . .., X2*! given
by Lemma 5.18. By Lemma 5.18-Item 1 we can assume that Z is also defined on
(.Q F, IP’) Define also a partition Jp, ..., Jop+q of 1 : T as follows:

Jp={1+4n—-1)B,....,nB}for1 <n <2k, and Jop 11 = {1 +2kB,...,T}.

Foreach 1 <n <2k + 1, write S, = % Zte],, f(X;’;,t_m:l_l) and note that .S,
only depends on the ¢’s in [, as defined in Lemma 5.18. Since |J,| < B for all
1<n<2k+1,itholds |S,| < MB/T.

Observe that Lemma 5.18-Item 1 and 4 ensure that on §24 404,

2k+1
Z=) (Su—E(Sn),
n=1
so that for any w > 0, we have
(241
P(Z > w) P25, +P| D (Sa—E(Sp) > w
n=1
0 2k+1
ki DICELENER

Now, if we denote Z1 = ZS:%(Szn—l —E(S2,-1)) and Z, = Zﬁ:l(SZn —
E(S25), then

2k+1
DS —EGS) >utv|<P(Zi>uw)+P(Z2>v).

n=1

forallu + v = w.
Lemma 5.18-Item 3 implies that S, ..., S>; are independent, so that by the
classical Hoeffding inequality, we have for any x > 0,

P (21 > \/szM2T—2x/2) <e ¥,
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and similarly for P (Zl >/ (k + 1)BZM2T_2x/2) < e™™. Hence,

c(@) —x
T + 2e

P (z > \/szMzT—Zx/Z + \/(k + 1)BZM2T—2x/2)

Butk < T(2B) !andk + 1 < (T 4+ 2B)(2B)~! < T/B. This leads directly to
the first result.

For the second result, note that we can restrict ourselves to §2¢,,4 once and
for all at the beginning and use the union bound only on the auxiliary independent
chains, which explains why we pay |F| only in front of the deviation e™*. O

Proof of Theorem 5.20. In the sequel, let (2. F, I@") be the probability space and
X, ..., X**1 be the stochastic chains given by Lemma 5.18. By Lemma 5.18-
Item 1 we can assume that Z is also defined on (.Q F, IP’) We write E to denote
the expectation taken with respect the probability measure P.

Now, let B, k, Ji,..., Jok41 as in the proof of Theorem 5.19 and define for
1 <n <2k + 1, the random matrix X, = ((Xx(f, g)) r.ger as follows:

(1 8) = % Z (f(X?T,t—m:t—l)g(X;l?,t—m:t—l)

tely,

“E(f it )8 X 1)) -
Clearly E(Zn) = 0. To apply Theorem 1.3 of Tropp (2012), we need to find

a deterministic self-adjoint matrix A, such that A2 — X2 is non negative. This
means that for all vector x € R”,

By taking A, = o1y, it is sufficient to prove that
xTX2x <o x|

In the sequel, denote

A i) = (PO it DR i)

“E(S it X i) -
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With this notation, we have

TXxx o= Y XfXg 5 > D> A (XE DA h X F 1)
f.gEF t e, heF

1
-T2 Z Z foAf,h(X;,t—m:t—l) X

tt’eJpheF | f
|:Z xgAg h (X;l’,t’—m:t’—l):|

< = Y Y ZA XF temia—1) X
tt/eJ,,heJ-‘
2
ZAg,h(X?’,t’—m:t’—l)
4
4| x|1?|F
< ||x||| | >3 mé
t,t’€Jy heF
4| F1*B>M*
< s xl*

T2

2
Henceo = M works. Denote Z1 = Zﬁ:% Yon—1and Z, = Zﬁ:l Yon
Lemma 5.18 implies that on §24 04,

Z =7+ 2>,
so that by the triangle inequality we have for any u > 0 and v > 0,
P(IZIl > u+v) < P(25,,0) + PUZ1Il > w) + P(| Z2] > v).

Since by Lemma 5.18-item 3, X5, X4, ..., X, are i.i.d random matrices, we
can apply Theorem 1.3 of Tropp (2012) to deduce that for any v > 0,

B (||zz|| > \/Skozv) <2|Fle?,

Similarly, we have that for any x > 0,

P (||zz|| > /8(k + 1)02u) < 2|Fle™®,
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and as a consequence, it follows that for any x > 0,

/
~ 0
P (||Z|| > V8ko?x + /8(k + l)ozx) < ¢ ; ) + 4| Fle™".

Since k1/2 + (k + 1)1/2 < (4T/B)'/2, the result follows from the inequality
above. O

To prove Theorem 5.27 we use arguments from Gaiffas and Guilloux (2012).
During the proof of Theorem 5.27 we will need some technical lemmas, stated and
proved below.

Lemma 5.36. Let f = f; where a is defined by (5.30). For any vector a € RM,
the following inequality holds

2f = fai f = pi)1 + ydlldsc @l < vdlas@ —as@lh +20 =0T @—a),

. (5.42)
where S(a) = {j € [M] : aj # 0} and the vectors b,b € R? are defined in
(5.28) and (5.31) respectively.

Proof of Lemma 5.36. Throughout the proof we write dg(p) to denote the subdif-
ferential mapping of a convex function g at the point p. One can show that p is a
global minimum of the convex function g if and only if 0 € dg(p). Now since d
is such that
a € arg min {a’ Ga —2a” b + yd|a|:},
acR®

it follows that
0ecd@lGa—2aTh+ yd|al) =2Ga —2b + ydd|al;.
Thus, it follows that for some W € 9| a||1, the following equation holds
2Ga —2b + ydw = 0,
which implies then
(2Ga —2b + ydw)T (@ —a) =0, foranya € R®.

From the above equation we can deduce that for any vector w € d|lal|; and a €
RM,

2Ga—20)T (Gd—a)+yd(—w)T (G—a) = —ydwT (G—a)+2(b—b)T (@—a).
(5.43)



132 5. Sparse space-time stochastic systems

One can easily show by the definition of subdifferentials that
W —w)T (@ —a) =0,
for all ¥ € [|a[l1 and w € [|a|1. Thus, using this fact in equation (5.43) together
with the fact that (2Ga — 2b)T (G — a) = 2(f fa, f pi)t, we derive the
following inequality
2f = fa f = pidr s —ydwT@-a) +20-D)T@—a).  (544)
It is well know that

dalli = {v: [lvllo < Tand v"a = fla|}.

In other words, v € d|la||; if and only if v; = sign(a;) for j € S(a) and v; €
[—1,1]forall j € S¢(a). Now, take w = (wy,...,wp) € d|al|1 of the following
form
" — sign(a;), if j € S(a)
¢ sign(@;), if j € S¢(a)

and observe that w” (@ —a) = Y jes) sign(a;)(@;j —aj) + ldseayl1- Thus, by
plugging this identify into inequality (5.44), we obtain that

2f—fa. f=pi)rHvdlase @l < —ydy_ sign(a;)(@;—a;)+2(b—b)" (@—a).
j€S(a)

and the result follows, because

— Y sign(@;)@; —aj)| < |as@ — as@);
Jj€S(a)

O]

Lemma 5.37. Let f £ where a defined by (5.30) withy = 2 anda € R®. On
an event on which

D) {f = fa. [ = pi)T 20,
(ii) |bj —bj| <d forall j € [M],
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the following inequality is satisfied,

+2

~ Y ~
ldse @)l < s —as@l (5.45)
y —2

where S(a) = {j € [M] :a; # 0}.

Proof of Lemma 5.37. Suppose that (f— fa, f— pi)T = 0. In this case, one can
use Lemma 5.36 to deduce that

ydlase@h < vdlas@ —as@h +2 Y, (bj —bj)@; —aj)
jeS(a)

+2 Z (bj —l;j)flj.

jeSc(a)
On an event on which |b; — 15‘,-| < d for all j € [M], we then have that
ydlase@ylh < (v +2)dlas@) — as@yl1 + 2dldseq)l.
and the result follows. O
We now prove Theorem 5.27.

Proof of Theorem 5.27. To prove the first part of Theorem 5.27 we proceed as fol-
lows. First of all, on the event on which { f — f,, f — pi)T < 0, there is nothing
to be proved, since in this case

1f = pil% + 1 = fal® =l fu— pil% = (f = fu. f = pi)T <0O.

Hence, in what follows, take @ € R™ such that |S(a)| < s and ( f — fa. f —
pi)t = 0. In this case, thanks to Lemma 5.37, we can use Property RE(k, ¢(y), s)
to the vectora —a :

lds@) —aswl3 <k '@ —a) G —a).

I}Iow, as in the proof of Lemma 5.37, we know that on an event on which |b; —
bj| < d forall j € [M], the following bound holds:

2|(b—b)T (@ —a)| <2d|[(ds@) — as@)llt + 2d |ase)l
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By using this inequality together with Lemma 5.36, we conclude that

2f = far [ = pidr + (¥ =dlase @yl < (v +2)d ||as) —as@li- (5.46)

Finally, by Cauchy—Schwartz inequality, we know that

lis@ —as@li < VS@llisa@ - as@lz < {/S@k @ -a)T G - a).

Plugging this last inequality into (5.46), we deduce that

2f~fao f=P) T+ (-2 lasc@lh < (+2)d y/S@=1 @ - )T GG - a).

To conclude the proof of the first part, note that

2f = fa /= )T =1/ = PilF +1f = fallf = fa = pilF
@-aT6@—-a) =1 - fal}.

and use the inequality gy — y2 < ¢2/4, which is valid for any ¢, y > 0.
For the second part of the result, to control the fluctuations of b; — b, let us
note that b; — b; = Mr, where (M;)1<:<r is the martingale defined by

— P(X—ooi1-1)

—o0:t—1

M; = 21 + [Xit — pi(X—oo:-1)].
1=

We can apply the classical bound of Hoeffding’s inequality on each increment of

the martingale AM;. Note that if ¢ ; (X_o0:s—1) is positive,

Y (X—o0:t—1)

< ¢j (X—o0it—1)
T

Di(X—o0it—1) < AM; T

[1 = pi(X—oo:t—1)],
and if (X _c0:s—1) is negative,

Qj (X—oo:t—l)
T

_‘pj (X—oo:t—l)

[1—pi(X—ooi—1)] S AM; < T

Di (X—oo:t—l)-

This leads for every 8 > 0 to

020; (X—oc:1-1)° 6219115
OAM j oo:t—1
IE(e Z|X—oo:t—1) < eXp ( 8T2 ) < eXp ( STZOO) .
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Therefore

02| ®||%
E(eeMT)&Xp( ||8T||oo)'

Hence

62| ®||2
P(Mr = x) <exp (% —9x).

By optimizing this in 6 and applying the same inequality to —¢, we get for all
positive u

ul 2113
2T

ul 2113

P| My =
d 2T

<e™andP | |bj —bj| = < 2e7H

Therefore taking u = log(M) + log(26~') and then applying the union bound we
obtain the result. O

Proof of Lemma 5.29. The proof is done for the lower bound. The argument is
similar for the upper bound. We use induction on the time length of S. If § = @,
£ is constant and E( f(Xg)) = Eg(‘{ 2(f(Xs)). Let Q = B(1 /2)®S.

If the time length of S is strictly positive, let ¢ be the maximal time of S, let
wy = {(i, 1) for i such that (i,7) € S}anddenote fx, (Xs\w,) = f((Xs\w,>*w,))
for any xy,, € {0, 1}**. With this notation,

E(f(Xs)) = E[E(/(Xs)|X-cou—1)]

= E|l Y o Xs\w)P X, = xu, [X—00-1)

Xwy €{0,1}wt

= E{ DY fanXsw) [] PXis=xiiX-oou-1)

Xw, €{0,1}Wt i/@,t)ew;

WV

Cw™EL > frw, Xs\w) Q0 (Xip = xiy)

Xw; €{0,1}Wt
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But wa,e{o,l}w fxw, (Xs\w,)O(Xiy = xi;) is a cylindrical function on
S\ wy with time length strictly smaller than S, so by induction,

Ef Y frw Xs\w)0Xiy = xiy)

Xuw, €{0,1}Wz
> @R [ D K 0K = i) |
X, €10,1}wr

implying that

E(f(Xs) = QwPER] , (f(Xs)),

and the result follows. O

Proof of Theorem 5.30. Foranya € RM suchthat ||a||, = 1, we have by Cauchy—
Schwarz inequality

k <aTE(G)a < aTGa+ ||all2|(G —E(G))a| < aTGa+ |G —E(G)|. (5.47)

so that the result follows from Theorem 5.20 with x = log(4|F|/§) and F =
. O

Proof of Theorem 5.35. First of all, remark that thanks to Lemma 5.29 and since
@; in this case depends on a neighborhood of size 1, one has that

E(Gj;) = E(pj(X)?) =2ul/2 = p

and similarly for j # k, ¢ ¢y is positive and depends on a neighborhood of size
2, hence

(1—w)? = E(Gjx) = >

Moreover let us apply our version of Hoeffding’s inequality, i.e. the second
result of Theorem 5.19 on all the (pjz- = @j, ¢jor and —@; ¢y for k # j. Hence

there exists and event of probability larger than 1 — Cl(# — & such that for all
J.k € [M],
|G jx —E(Gr)| < Rr,
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with

logT + log |F 4M?
RT=\/C”(9)(’”+ 08T +log |>10g( 5 )

which means that there exists a constant ¢y depending only on the distribution such
that for 7' large enough (depending on 6 and | F'|)

Ry = clT_l/z(m +log T + 10g|F|)1/2(logm + log |F| + log8_1)1/2.

Therefore on this event, for all ¢ and J such that [J| < s and |ajc|1 <
cllas|,and if u*> = Rr,

a’Ga = Z a?ij + Z ajarGjg
J€[M] J#ke[M]
> (u—Rp) > a4+ W -Rp) Y. aja
jelM] j #ke[M]
aja >0
+H(A-w?+Rr) Y. aja
j #ke[M]
ajar < 0
> (w—pAal3 + 1> ) ajax
J.ke[M]
+(1=2p) Z ajag — Rrla|3
j #keM]
ajar < 0
2
> (u—pd)lald+p?| Y a; | — (-2 - Rp)llal?
J€[M]
> (n—pAall3 - (1 —2p) + Ry) [las |l + llage[:]?
> (u—pAall3 — (1 —2pm) + Rp)(1 + ¢)?|lay |3
> (= pAHlasl3 = ((1=2p) + Rr)(A + o)sllas i3,

which is the desired result. O



138 5. Sparse space-time stochastic systems

Proof of Corollary 5.34. We shall prove only for the short effect dictionary. The
other cases are treated similarly. For this choice of dictionary |@|cc = 1 and
M = |®| = |F|. Hence, by applying Theorem 5.30 and Theorem 5.27 both with
8 = T~ one deduces that, for T' large enough, on an event of probability larger
then 1-¢1/ T, the following oracle inequality holds

(log | F| + log(2T))
2T ’
(5.48)

I/ =piOIF < inf Sl fa=piONF + 4@
acRM
where c¢; depends only on the distribution of X and
k=K' —c{T7V2|F|"2(m + log(T) + log| F|)"/?(log | F| + log§™)'/2,

with ¢} depending only on the distribution of X and «’ given by (5.35).

Now, for the choices given by (5.36), (5.38) and (5.40), then, as seen previ-
ously k" = ¢}, log(T'))~3, for positive constants c5 and c§ depending only on m
and u and

Cé
k = ——(1 —o(1)).
Gy 1o
By plugging « into (5.48), the result follows. U

5.7 Exercises

Exercise 5.1. Suppose [ is a singleton, say / = {1}, and denote X; instead of
X1, for convenience. Suppose also that for all x € {0, V2=, p(x) = P(Xo =
1 X_0o:—1 = x) = P(Xo = 1|X-1 = x_1), that is, the stochastic chain X =
(Xt)rez is a Markov chain of order 1 taking values in {0, 1}. Find a space-time
decomposition for p(x).

Exercise 5.2. Prove (5.2).

Exercise 5.3. Check the space-time decomposition (5.5).
Exercise 5.4. Verify the space-time decomposition (5.8).
Exercise 5.5. Show (5.10).

Exercise 5.6. Show that Inv(k) corresponds to RE(«, co, M).
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Exercise 5.7. Verify that the matrix E?g{ /2)(G) associated to the short memory
dictionary is given by (5.34).

Exercise 5.8. Check that the matrix IE?(‘; /2) (G) associated to the short cumulative

effect dictionary is given by (5.37) and find its eigenvalues.

Exercise 5.9. Show that ]Eg’(‘i /2) (G) associated to the short cumulative effect with

spontaneous apparition dictionary is given by (5.39).
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