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Abstract

This thesis consists of two parts, both of them related to the study of the
Markov and Lagrange spectra.

The first part focuses on the study of some topological properties of dy-
namical Markov and Lagrange spectra: we relate these sets to the elements
that come from periodic orbits in Λ; we prove that generically, in C1 topol-
ogy, their interiors are empty; we show that given a horseshoe, there exists an
open and dense set of C1 functions, where L′′(f,Λ) = L′(f,Λ), and we give
an example of an open set where such a result can not be true for dynam-
ical Markov spectrum. Also, we give some open sets of the pair (dynamics,
function), where we analyze the different beginnings that these spectra can
have before their first accumulation points.

The second part focuses in the Bousch’s question about the closedness of
M \ L. We show that M \ L is not closed, by showing that 1 + 3/

√
2 is a

point of the Lagrange spectrum L at which a sequence of elements of the set
M \L accumulates. We also analyze the set M \L near the point 3, and we
get that 3 might belong to the closure of M \ L.
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a diffeomorphism Cr near ϕ, we can construct a nearby Markov Partition for
the corresponding nearby horseshoe, since the compact parts these manifolds
are Cr-close to the original case for ϕ.

Let Λ be a horseshoe associated with ϕ. Let us fix a geometric Markov
partition {Ra}a∈A of disjoint rectangles ofM with sufficiently small diameter,
where Ra ' Iua × Isa is delimited by compact pieces Iua , resp. Isa, of unstable,
resp. stable manifolds of certain points. The set B ⊂ A2 of admissible
transitions consists of pairs (a0, a1) such that ϕ(Ra0) ∩ (Ra1) 6= ∅. From B
we can induce the following transition matrix B:

baiaj = 1 if (ai, aj) ∈ B, baiaj = 0 otherwise, for (ai, aj) ∈ A2.

Define ΣA = {a = (an)n∈Z : an ∈ A for all n ∈ Z} and the shift map
σ : ΣA → ΣA, the homeomorphism defined by σ((an)n∈Z) = (an+1)n∈Z. In
this space, we call a cylinder a subset of the form

C[m; bm, · · · , bn] := {a ∈ ΣA : aj = bj, for m ≤ j ≤ n}.

Let ΣB = {a ∈ ΣA : banan+1 = 1}. This set is a closed and σ-invariant subset
of ΣA. We keep the notation σ to denote the restriction σ|ΣB

. The pair
(ΣB, σ) is called a subshift of finite type of (ΣA, σ). Given x, y ∈ A, since ϕ|Λ
is transitive, we denote by n(x, y) ∈ N∗ the minimum length of an admissible
string that begins at x and ends at y. We also define N0 := max{n(x, y) :

x, y ∈ A}.
Subshifts of finite type have a kind of local product structure. First we

define the local stable and stable sets:

W s
1/3(a) = {b ∈ ΣB : ∀n ≥ 0, d(σn(a), σn(b)) ≤ 1/3}

= {b ∈ ΣB : ∀n ≥ 0, an = bn},
W u

1/3(a) = {b ∈ ΣB : ∀n ≤ 0, d(σn(a), σn(b)) ≤ 1/3}
= {b ∈ ΣB : ∀n ≤ 0, an = bn},

where d(a, b) =
∑∞

n=−∞ 2−(2|n|+1)δn(a, b) and δn(a, b) is 0 when an = bn and
1 otherwise. So, if a, b ∈ ΣB and d(a, b) < 1/2, then a0 = b0 and W s

1/3(a) ∩
W u

1/3(b) is a unique point denoted by bracket

[a, b] = (· · · , b−n, · · · , b−1; a0, a1, · · · , an, · · · ).

Thus, (ϕ|Λ ,Λ) is topologically conjugate to (σ,ΣB), i.e., there exists a
homeomorphism Π : ΣB → Λ such that, ϕ ◦ Π = Π ◦ ϕ.

IMPA 10 2020
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ΣB ΣB

Λ Λ

Π

σ

ϕ

Π

Moreover, Π respect the local product structure, that is, Π[a, b] = [Π(a),Π(b)].
Conveniently, sometimes we work thinking about the dynamics either on the
horseshoe Λ or on the space of symbols ΣB. Thus given a f : M → R, we
associate f̃ = f |Λ ◦Π : ΣB → R. In the whole text, by abuse of language, we
treat p ∈ Λ and its kneading sequence (an)n∈Z = (· · · , a−1; a0, a1, · · · ) ∈ ΣB

without distinction; we do the same with f and f̃ too.
Next, we use the C1+ε-foliations in a neighborhood of Λ to define the

projections πua : Ra → Iua × {isa} and πsa : Ra → {iua} × Isa of the rectangles
into the connected components Iua × {isa} and {iua} × Isa of the stable and
unstable boundaries of Ra, where iua ∈ ∂Iua an isa ∈ ∂Isa are fixed arbitrarily.
Using these projections, we have the stable and unstable Cantor sets

Ks =
⋃
a∈A

πua(Λ ∩Ra) and Ku =
⋃
a∈A

πsa(Λ ∩Ra)

associated with Λ.
The stable and unstable Cantor sets Ku and Ks are C1+ε-dynamically

defined, i.e., the C1+ε-maps

gs(π
u
a1

(y)) = πua0
(ϕ−1(y))

for y ∈ Ra1 ∩ ϕ(Ra0) and

gu(π
s
a0

(z)) = πsa1
(ϕ(z))

for z ∈ Ra0 ∩ ϕ−1(Ra1) are expanding maps of type ΣB defining Ks and Ku

in the sense that

• the domains of gs and gu are disjoint unions⊔
(a0,a1)∈B

Is(a1, a0) and
⊔

(a0,a1)∈B

Iu(a0, a1),

where Is(a1, a0), resp. Iu(a0, a1), are compact subintervals of Isa1
, resp.

Iua0
;
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We can extend ψn to a C2 diffeomorphism on all of S2, which gives a maximal
invariant horseshoe Λ0 = K2n×K2n associated with a full shift σ : Σ2n → Σ2n

by the Markov partition {R0, R2, · · · , R4n−2}, where

K2n =
⋂
k≥0

g−k4n−1

([
0,

1

4n− 1

]
∪ · · · ∪

[
4n− 2

4n− 1
, 1

])
and Σ2n := {0, 2, · · · , 4n−2}Z.

Now, we define n subhorseshoes of Λ0:

Λi
0 := Λ0(i, i+ 2) =

⋂
k∈Z

ψkn(Ri ∪Ri+2), for each i = 0, 4, · · · , 4n− 4.

Note that each subhorseshoe above is associated with a full shift of two
symbols σ : Σ(i, i+ 2)→ Σ(i, i+ 2), where Σ(i, i+ 2) := {i, i+ 2}Z. For each
i = 0, 4, · · · , 4n− 4, let

Ci
0 := (Ri ∩ψn(Ri))∪ (Ri+2 ∩ψn(Ri+2))∪ (Ri ∩ψn(Ri+2))∪ (Ri+2 ∩ψn(Ri)).

Note that Λi
0 ⊂ Ci, for every i = 0, 4, · · · , 4n − 4. Define f0 : Q → R

satisfying:

• f0(x, y) = x+ y+ ci, for every (x, y) ∈ Ci
0, where ci is a constant to be

chosen latter;

• f0(x, y) > 2 max{f0(x, y) : (x, y) ∈ C0
0 ∪ C4

0 ∪ · · · ∪ C4n−4
0 }, for every

(x, y) ∈ Rk ∩ψn(Rl), where Rk ∩ψn(Rl) ⊂ Q \ (C0
0 ∪C4

0 ∪ · · · ∪C4n−4
0 ).

We take neighborhoods Un ⊂ Diff2(S2) neighbourhood of ψn and Vn ⊂
C1(S2;R) of f0 such that for the pair (ψ, f) ∈ Un × Vn, we have:

i) By the proof of Proposition 2, for every i = 0, 4, · · · , 4n−4: L(f,Λi
ϕ) =

M(f,Λi
ϕ) and {ri(f, ψ)} := M(f,Λi

ϕ)∩ (−∞, inf M ′(f,Λi
ϕ)), where Λi

ϕ

is the hyperbolic continuation of Λi
0;

ii) f(x, y) > max{f(x, y) : (x, y) ∈ C0
ψ ∪ C4

ψ ∪ · · · ∪ C4n−4
ψ }, for every

(x, y) ∈ Rψ
k∩ψ(Rψ

l ) with Rψ
k∩ψ(Rψ

l ) ⊂ Q\(C0
ψ∪C4

ψ∪· · ·∪C4n−4
ψ ), where

{Rϕ
0 , R

ϕ
2 , · · ·R

ϕ
4n−2} is a Markov partition for Λϕ and Ci

ψ is analogously
defined, given by the hyperbolic continuation of Λ.

Since ri(f0, ψn)− inf M ′(f0,Λ
i
0) =

2

4n− 1
, we finally take

ci := r0(f0, ψn)− ri(f0, ψn) +
2i

4n(4n− 1)
, for i = 0, 4, · · · 4n− 4.
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By ii), we get that

M(f,Λϕ)∩ (−∞, inf M ′(f,Λϕ)) ⊂M(f,Λ0
ϕ)∪M(f,Λ4

ϕ)∪ · · · ∪M(f,Λ4n−4
ϕ ).

Hence, possibly reducing Un and Vn, we have:

M(f,Λϕ) ∩ (−∞, inf M ′(f,Λϕ)) = L(f,Λϕ) ∩ (−∞, inf L′(f,Λϕ)) =

= {r0(f, ψ) < · · · < r4n−4(f, ψ)},

for every (ψ, f) ∈ Un × Vn. This concludes the proof of the proposition.

3.3.2 Infinite beginning in Markov spectrum

In this subsection, we build an open set in the pair (dynamics, function)
such that the beginning of the dynamical Markov spectrum associate with
elements in this neighbourhood is an infinite countable set. Moreover, we also
answer negatively a question asked after the Theorem 3, i.e., if
M ′(f,Λ) = M ′′(f,Λ) in some generic context. More specifically, we have
the following:

Proposition 4. There are open neighborhoods Û ⊂ Diff2(S2) and V̂ ⊂
C1(S2;R), such that M(f,Λϕ) has an infinite beginning, for every (ϕ, f) ∈
(Û , V̂). Moreover, M ′(f,Λϕ) 6= M ′′(f,Λϕ) and L(f,Λϕ) has a finite begin-
ning, for every (ϕ, f) ∈ (Û , V̂).

Proof. As in the previous subsection, using g5 and h5,j for j = 0, 2, 4, we
define a map ϕ0 ∈ Diff2(S2) with an associated horseshoe Λ0 which has
the symbolic representation a full shift in Σ3 = {1, 2, 3}Z. Now, take a
C2–neighborhood Û of ϕ, where we have hyperbolic continuation of Λ0 and
we have the same symbolic representation (gave by an associated Markov
partition).

Define f0 using symbolic representation, as each rectangle Rϕ0
a0
∩ϕ−1

0 (Rϕ0
a1

)

is associated in symbolic language to the cylinder (a∗0, a1)ϕ := Rϕ0(a∗0, a1),
where ∗ indicates the zero position in the kneading sequence. We put:

f0(3∗, 3)ϕ0 < f0(1∗, 1)ϕ0 < f0(1∗, 2)ϕ0 < f0(2∗, 2)ϕ0 < f0(2∗, 3)ϕ0 < c,

for a fixed constant c, otherwise f0(a∗0, a1)ϕ0 > c1 > c. Moreover, we can
define f0 in such a way that 〈∇f0(p0), esϕ0

〉 > a > 0, where p0 ∈ Λ0 has
the kneading sequence (2̄; 3̄)ϕ0 and esϕ0

∈ T 1W s(p0) is orientated from down
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Iu(0)

Iu(01)

Iu(010)

a) ⊗ Iu(0100) Iu(0101)

Iu(01010)

b) ⊗ Iu(010101) Iu(010100)

Iu(0101000)

c) ⊗ Iu(01010001) Iu(01010000)

d) ⊗ Iu(010100000) Iu(010100001)

Iu(0101001)

Iu(00)

Figure 3.12: Symbolic representation of the cut by [f = t0] on the unstable
Cantor set (where a−1 = 0).

In order to follow, we may introduce the next notations. Given a set
A ⊂ ΣB we define the set Sσ(A) := {σn(x) : x ∈ A, n ∈ Z} of all orbits by σ
of elements in A. We define [01010, 00/00 9 00] as the set

{(..., w−1;w0, w1, ...) ∈ ΣB : wi ∈ {01010, 00} and (wi, wi+1) 6= (00, 00),∀i ∈ Z},

and [01010, 00/00 9 00]+ := [01010, 00/00 9 00] ∩ Σ+
B.

We check that Λt0 is the subset of point in Λ associated to the set Sσ(A1),
where A1 is the set

A1 = {(1010; 1010), (1010; 0), (00; 00)} ∪
∞⋃
r=0

(1010; 0r01010[01010, 00/00 9 00]+)

∪ (0; 01010[01010, 00/00 9 00]+) ∪ [01010, 00/00 9 00]}.

IMPA 52 2020
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Since the strings An+1 and Bn+1 have the common begin equal to
AnAn−1 . . . A1A0. Thus, there exists a string α∗ ∈ ΣB such that
αn := (An;An), βn := (AnBn;AnBn) and β̃n := (BnAn;BnAn) converge to α∗

when n → ∞. Since αn → α∗ and lf,Λ(αn) = mf,Λ(αn) = f(αn) → f(α∗) =

mf,Λ(α∗), by Theorem 1, we have that mf,Λ(α∗) ∈ L(f,Λ). Moreover,

lf,Λ(β0) <lf,Λ(α0) < . . . < lf,Λ(βn) < lf,Λ(αn) <

< lf,Λ(βn+1) < lf,Λ(αn+1) < . . . < mf,Λ(α∗)

Therefore, mf,Λ(α∗) is the first accumulation point of L(f,Λ) and

L(f,Λ) ∩ (−∞,mf,Λ(α∗)) = {lf,Λ(βn), lf,Λ(αn) : n ≥ 0}.

In the following we justify how the above renormalization process works
for every (ψ, h) in a neighborhood of (ϕ, f) in Diff2(S2)×C1(S2;R), by justi-
fying that for each of these pair is possible to take the required sequence (tn)n.

In the initial linear horseshoe Λ associated with ϕ, we have that the
derivatives of the maps g(n)

s are constant in each branch, i.e., |(g(n)
s )′|Is(An)| ≡

λn and |(g(n)
s )′|Is(Bn)| ≡ λ̃n. Moreover, since An+1 = AnBnAnBnAn and

Bn+1 = AnAn, we have λn+1 = λ3
nλ̃

2
n and λ̃n+1 = λ2

n. By the fact that the
constant of bounded distortion vary continuously with the Cantor set, we
can take an open neighborhood of hyperbolic continuation Ũ ⊂ Diff2(S2)

of ϕ, such that for every ψ ∈ Ũ , let gs,ψ and gu,ψ be the maps of defini-
tions of the stable and unstable Cantor set associated with Λψ, then there
are constants λn(ψ), λ̃n(ψ) such that dnλn(ψ) ≤ |(g(n)

s,ψ)′(x)| ≤ enλn(ψ) and
d̃nλ̃n(ψ) ≤ |(g(n)

s,ψ)′(y)| ≤ ẽnλ̃n(ψ), for every x ∈ Isψ(An) and y ∈ Isψ(Bn),
where d±1

n , e±1
n , d̃±1

n , ẽ±1 ∈ (0.9999, 1.0001), for every n ≥ 1. Thus, we
have that λn+1(ψ) = cnλ

3
n(ψ)λ̃2

n(ψ) and λ̃n+1(ψ) = c̃nλ
2
n(ψ), for cn, c̃n ∈

(0.999, 1.001).
Fix ψ ∈ Ũ , for simplicity let λn = λn(ψ) and λ̃n = λ̃n(ψ). Now, we define

rn := log λn/ log λ̃n. Thus,

rn+1 =
log λn+1

log λ̃n+1

=
3 log λn + 2 log λ̃n + log cn

2 log λn + log c̃n
=

3rn + 2 + log cn/log λ̃n

2rn + log c̃n/log λ̃n
.

Hence,

|rn+1 − 2| = |rn − 2|+ o(1)

2rn + o(1)
<
|rn − 2|+ o(1)

2
.
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Note that λ−0 (22k122θ0
k122j12) > λ−0 (22k122θ0

k122k+2) = Ak +Bk, where

Ak = [2; 22k, 12, 22k+2, 12, 22k, 12, 22k+2, 2, 1] and

Bk = [0; 12, 22k, 12, 22k+2, 12, 22k+1, 12, 22k1, 2].

Hence, our work is reduced to prove that Ak − Ck > Dk −Bk.
In order to prove this inequality, we observe that

Ak − Ck =
[2; 2, 1]− [1; 1, 22, 2, 1]

q2
8k+9([2; 2, 1] + β8k+9)([1; 1, 22, 2, 1] + β8k+9)

,

and

Dk −Bk =
[1; 1, 22, 2, 1]− [1; 2, 1]

q̃2
8k+11([1; 1, 22, 2, 1] + β̃8k+11)([1; 2, 1] + β̃8k+11)

,

where q8k+9 = q(22k1222k+21222k1222k+1) and q̃8k+11 = q(1222k1222k+21222k+11222k).
Thus,

Ak − Ck
Dk −Bk

=
[2; 2, 1]− [1; 1, 22, 2, 1]

[1; 1, 22, 2, 1]− [1; 2, 1]
· Y ·

q̃2
8k+11

q2
8k+9

,

where

Y =
([1; 1, 22, 2, 1] + β̃8k+11)([1; 2, 1] + β̃8k+11)

([2; 2, 1] + β8k+9)([1; 1, 22, 2, 1] + β8k+9)
.

We have

Y ≥ ([1; 1, 22, 2, 1] + [0; 2])([1; 2, 1] + [0; 2])

([2; 2, 1] + [0; 2])([1; 1, 22, 2, 1] + [0; 2])
> 0.64.

Let α = 22k1222k+21222k and α̃ = 12α, by Euler’s rule, q̃8k+11 ≥ q(α̃)q(21222k) =

(p(α)+2q(α))(p(1222k)+2q(1222k)) and q8k+9 ≤ 2q(α)q(1222k+1) ≤ 2q(α)3q(1222k).
Thus,

q̃8k+11

q8k+9

≥
(

1 +
1

2
[0;α]

)(
2

3
+

1

3
[0; 1222k]

)
≥
(

1 +
1

2
[0; 2]

)(
2

3
+

1

3
[0; 1222]

)
> 1.03

Therefore,
Ak − Ck
Dk −Bk

> 1.925 · 0.64 · (1.03)2 > 1.

Corollary 4.4. Consider the parameter

λ
(2)
k := min{λ−0 (22k122∗22k−21222), λ−0 (22k122θ0

k122k+2)}.

Then, λ(2)
k > m(γ1

k) and any (k, λ
(2)
k )-admissible word θ containing 22k122θ0

k122

extends as

θ = ...22k122θ0
k122k+11222...

= ...22k1222k+11222k+21222k122∗22k1222k+21222k1222k+11222....
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4.4.5 Extension from 22k+11222k122θ
0
k122k+11222k+1 to

22k+11222k122θ
0
k122k+11222k+21222k

Lemma 4.18. One has λ−0 (u5) > λ−0 (u6) > m(γ1
k), where

u5 = 22k+11222k1222k+11222k+21222k122∗22k1222k+21222k1222k+11222k+11222

and

u6 = 22k+11222k1222k+11222k+21222k122∗22k1222k+21222k1222k+11222k+3

Proof. Let λ−0 (u6) = Ak +Bk, where

Ak = [2; 22k, 12, 22k+2, 12, 22k, 12, 22k+1, 12, 22k+3, 2, 1] and

Bk = [0; 12, 22k, 12, 22k+2, 12, 22k+1, 12, 22k, 12, 22k+12, 1].

Moreover, by definition, m(γ1
k) ≤ Ck +Dk, where

Ck = [2; 22k, 12, 22k+2, 12, 22k, 12, 22k+1, 12, 22k+2, 12, 2] and

Dk = [0; 12, 22k, 12, 22k+2, 12, 22k+1, 12, 22k, 12, 22k+21222, 2, 1].

Let us show that Ak +Bk > Ck +Dk. For this sake, we observe that

Ak − Ck =
[2; 2, 1]− [1; 1, 2]

q2
10k+13([2; 2, 1] + β10k+13)([1; 1, 2] + β10k+13)

and

Dk −Bk =
[2; 1, 2]− [1; 22, 2, 1]

q̃2
10k+16([1; 22, 2, 1] + β̃10k+16)([2; 1, 2] + β̃10k+16)

,

where q̃10k+16 = q(1222k1222k+21222k+11222k1222k+21) and q10k+13 =

q(22k1222k+21222k1222k+11222k+2). Thus,

Ak − Ck
Dk −Bk

=
[2; 2, 1]− [1; 1, 2]

[2; 1, 2]− [1; 22, 2, 1]
·X6 ·

q̃2
10k+16

q2
10k+13

,

where

X6 =
([1; 22, 2, 1] + β̃10k+16)([2; 1, 2] + β̃10k+16)

([2; 2, 1] + β10k+13)([1; 1, 2] + β10k+13)
.

Note that

X6 ≥
([1; 22, 2, 1] + [0, 1, 24, 1])([2; 1, 2] + [0, 1, 24, 1])

([2; 2, 1] + [0, 24, 1])([1; 1, 2] + [0, 24, 1])
> 1.23.
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4.4.6 Replication lemma

Lemma 4.19. One has λ−0 (u7) > λ−0 (u8) > m(γ1
k), where

u7 = 221222k+11222k1222k+11222k+21222k122∗22k1222k+21222k1222k+11222k+21222k

and

u8 = 22k+31222k1222k+11222k+21222k122∗22k1222k+21222k1222k+11222k+21222k.

Proof. Let λ−0 (u8) = Ak +Bk, where

Ak = [2; 22k, 12, 22k+2, 12, 22k, 12, 22k+1, 12, 22k+2, 12, 22k, 1, 2] and

Bk = [0; 12, 22k, 12, 22k+2, 12, 22k+1, 12, 22k, 12, 22k+3, 2, 1].

Furthermore, by definition, m(γ1
k) ≤ Ck +Dk, where

Ck = [2; 22k, 12, 22k+2, 12, 22k, 12, 22k+1, 12, 22k+2, 12, 2] and

Dk = [0; 12, 22k, 12, 22k+2, 12, 22k+1, 12, 22k, 12, 22k+21222, 2, 1].

Thus, our task is prove that Bk −Dk > Ck − Ak. In order to establish this
estimative, we observe that

Ck − Ak =
[2; 2]− [1; 2, 1]

q2
12k+15([2; 2] + β12k+15)([1; 2, 1] + β12k+15)

and

Bk −Dk =
[2; 2, 1]− [1; 1, 22, 2, 1]

q̃2
10k+15([2; 2, 1] + β̃10k+15)([1; 1, 22, 2, 1] + β̃10k+15)

,

where q12k+15 = q(22k1222k+21222k1222k+11222k+21222k) and q̃10k+15 =

= q(1222k1222k+21222k+11222k1222k+2). Thus,

Ck − Ak
Bk −Dk

=
[2; 2, 1]− [1; 1, 2]

[2; 2, 1]− [1; 1, 22, 2, 1]
·X8 ·

q̃2
10k+15

q2
12k+15

,

where

X8 =
([2; 2, 1] + β̃10k+15)([1; 1, 22, 2, 1] + β̃10k+15)

([2; 2] + β12k+15)([1; 2, 1] + β12k+15)
.

Note that

X8 <
([2; 2, 1] + [0, 24, 1])([1; 1, 2, 2, 2, 1] + [0, 24, 1])

([2; 2] + [0, 2])([1; 2, 1] + [0, 2])
< 1.72.
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