Instituto Nacional de Matematica Pura e Aplicada

Doctoral Thesis

MARKOV AND LAGRANGE SPECTRA

Sandoel de Brito Vieira

Rio de Janeiro
May, 2020



impa
m Instituto Nacional de Matematica Pura e
Aplicada

Sandoel de Brito Vieira

MARKOV AND LAGRANGE SPECTRA

Thesis presented to the Post-graduate Program in Math-
ematics at Instituto Nacional de Matematica Pura e
Aplicada as partial fulfillment of the requirements for

the degree of Doctor in Philosophy in Mathematics.

Advisor: Carlos Gustavo Moreira

Rio de Janeiro
May, 2020



“It ain’t about how hard you hit. It’s about how hard
you can get hit and keep moving forward; how much you
can take and keep moving forward. That’s how winning
is done!”

Rocky Balboa



To my parents:

Francisca (Fransquinha) and Manoel (Pequeno)



Agradecimentos

Primeiramente, gostaria de agradecer ao meu orientador, Professor Carlos
Gustavo Moreira, o Gugu, por ter me acolhido como seu aluno, e por ter me
guiado em toda a elaboragao deste trabalho, com suas habituais densas con-
versas de matematica. Além de ser um matemético brilhante, Gugu tem um
coragao gigantesco, o que foi transparecido em diversas ocasioes cotidianas,
onde sempre foi bastante solicito, e nas reunides que aconteciam no IMPA ou
de forma mais descontraida, logo ap6s o tradicional futebol das sextas-feiras.
Refraseando um ex-aluno dele, "Meu orientador é f*d@Q, cara”.

Neste paragrafo, venho agradecer aos professores que tive ao longo da
minha vida, por cada parcela por eles dada para a minha formacao. Em
nome de todos, citarei Anténio Amaral e Joao Xavier. Ao primeiro, sou
grato por ter sido o meu mentor nos estudos iniciais de matemaética e pelas
intmeras vezes que esteve ao meu lado, sobretudo, como uma figura paterna.
Ao segundo, devo gratidao por ter acompanhado minha vida académica desde
antes da graduacao até os dias de hoje, ajudando-me em diversas decisoes
na matematica e na vida.

Sou muito grato aos colaboradores Davi Lima e Carlos Matheus, por
todo o apoio e solicitude dados quando necessario, bem como por todas as
discussoes matemaéticas que contribuiram para boa parte deste trabalho.

Agradeco aos membros da banca, Carlos Matheus, Fernando Lenarduzzi,
Jacob Palis, Marcelo Viana e Sérgio Romana, por seus comentérios e sug-
estoes que ajudaram a melhorar a redacao do texto final.

Gostaria de agradecer a todos os funcionarios do IMPA por criarem um



Sandoel de Brito Vieira Markov and Lagrange spectra

ambiente ideal para que todos nés estudantes possamos trabalhar. Saliento
meu respeito pelo profissionalismo por estes demostrado, sendo sempre muito
atenciosos, agéis e prestativos.

Nunca se vence uma guerra lutando sozinho, e por isso nas proximas lin-
has gostaria de agradecer aos amigos que que tornaram as batalhas diarias
amenas durante esta etapa. De inicio, quero registrar meu profundo agradeci-
mento e respeito pelos irmaos que a Turma 2016.1 deu-me: Alcides Jr, Jamer-
son, Gregory e Thomas, que apoiaram-me desde o inicio de disciplinas, pas-
sando pela época dos exames, até a parte final de tese. Em seguida, gostaria
de agradecer a excelente companhia dos amigos da Sala 427 e vizinhancas:
Ermerson, Piere, Nelson (Poke), Emanoel e Vitor, com quem convivi grandes
momentos, considero-os familia. Agora, gostaria de agradecer aos amigos dos
Sistemas Dinamicos, que sempre estiveram disponiveis, com valiosas sug-
estoes e dicas, em todas as conversas que propus a eles, sendo eles: Jamer-
son, Ermerson, Thomas, Sergio, Hugo, Fernando e Alex. Gostaria também
de agradecer os demais amigos que fiz no IMPA, sejam os da Sala de Ch4,
do Futebol ou dos Board Games, gostaria de mencionar os seguintes: Iva,
Walner, Matheus (S6 Alegria), Antonio Carlos, Diogo(AL), Roberto, Joao
Paulo, Wallace, Eduardo Silva e Zé Eduardo. E por fim, expresso minha
sincera gratidao pelo apoio, que mesmo a distancia sempre ofereceram, de
meus amigos Chico do Toti, Jordan (Negao), Rui, Atécio, Antonio (Veludo),
Rodolfo, Miguel e Gilson. Amigos, obrigado por existirem.

Gostaria de agradecer aos meus pais, Francisca e Manoel, pelo amor,
carinho e por sempre guiaram-me para o caminho da educacao e dos bons
valores, apoiando-me em todos os momentos da minha vida. Sem eles, eu
nada seria. Bem como aos meus irmaos, Samara, Augusto e Sylmara, pela
amizade e companheirismo de todas as horas.

Por fim, gostaria de agradecer a minha namorada, Francilene, por todo o
amor, compreensao e apoio que ela concedeu-me, principalmente nas horas
mais dificeis. Te amo, minha princesa, vocé me completa.

Pelo apoio financeiro para realizacao deste trabalho sou grato a Capes e
FAPERJ.

IMPA vi 2020



Abstract

This thesis consists of two parts, both of them related to the study of the
Markov and Lagrange spectra.

The first part focuses on the study of some topological properties of dy-
namical Markov and Lagrange spectra: we relate these sets to the elements
that come from periodic orbits in A; we prove that generically, in C! topol-
ogy, their interiors are empty; we show that given a horseshoe, there exists an
open and dense set of C' functions, where L”(f,A) = L'(f,A), and we give
an example of an open set where such a result can not be true for dynam-
ical Markov spectrum. Also, we give some open sets of the pair (dynamics,
function), where we analyze the different beginnings that these spectra can
have before their first accumulation points.

The second part focuses in the Bousch’s question about the closedness of
M \ L. We show that M \ L is not closed, by showing that 1 + 3/v/2 is a
point of the Lagrange spectrum L at which a sequence of elements of the set
M \ L accumulates. We also analyze the set M \ L near the point 3, and we
get that 3 might belong to the closure of M \ L.
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a diffeomorphism C" near ¢, we can construct a nearby Markov Partition for
the corresponding nearby horseshoe, since the compact parts these manifolds

are C'"-close to the original case for ¢.

Let A be a horseshoe associated with (. Let us fix a geometric Markov
partition { R, }4e 4 of disjoint rectangles of M with sufficiently small diameter,
where R, o~ I} x I; is delimited by compact pieces I, resp. I, of unstable,
resp. stable manifolds of certain points. The set B C A? of admissible
transitions consists of pairs (ag, a;) such that ¢(R,,) N (R,,) # 0. From B

we can induce the following transition matrix B:
b, = 1 if (a;,a5) € B, ba,e, =0 otherwise, for (a;,a;) € A

Define ¥4 = {a = (an)nez @ a, € Aforalln € Z} and the shift map
0 : X4 — X4, the homeomorphism defined by o((an)nez) = (ant1)nez. In
this space, we call a cylinder a subset of the form

Clm;by, -+ by :={a € X4 :a; =0b;, form < j <n}.

Let XYp={a€X4:b
of ¥ 4. We keep the notation o to denote the restriction o[y, . The pair

anansy = 1}. This set is a closed and o-invariant subset

(Xp,0) is called a subshift of finite type of (¥ 4,0). Given x,y € A, since p|s
is transitive, we denote by n(z,y) € N* the minimum length of an admissible
string that begins at x and ends at y. We also define Ny := max{n(z,y) :
z,y € A}

Subshifts of finite type have a kind of local product structure. First we
define the local stable and stable sets:

Wis(a) ={b€ ¥p:¥n >0, do"(a), 0" (b)) < 1/3}
={beSp:V¥n >0, a, =b,},

Us(a) ={b€ Sp:¥n <0, d(o"(a),0™(b) < 1/3}
={beXp:Vn <0, a, =b,},

where d(a,b) =Y 7 2§, (@, b) and 6,(a,b) is 0 when a, = b, and

1 otherwise. So, if a,b € ¥ and d(a,b) < 1/2, then ay = by and Wls/g(g) N
W1“/3(l_)) is a unique point denoted by bracket

[Qab] = ( 7b—n7"' ab—l;a07a1a"' 7an7"')'

Thus, (¢|,,A) is topologically conjugate to (o,Xp), i.e., there exists a
homeomorphism II : X5 — A such that, p o Il =1 0 .

IMPA 10 2020



Sandoel de Brito Vieira Markov and Lagrange spectra
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Moreover, IT respect the local product structure, that is, I[a, b] = [T1(a), I1(b)].
Conveniently, sometimes we work thinking about the dynamics either on the
horseshoe A or on the space of symbols ¥5. Thus given a f : M — R, we
associate f = flyoIl: ¥ — R. In the whole text, by abuse of language, we
treat p € A and its kneading sequence (a,)nez = (+++ ,a_1;a0,a1,-+) € Xp
without distinction; we do the same with f and f too.

Next, we use the O™ -foliations in a neighborhood of A to define the
projections 7 : R, — I* x {i{} and 7 : R, — {i¥} x I? of the rectangles
into the connected components I x {i$} and {i“} x I? of the stable and
unstable boundaries of R,, where i € 0I? an i} € 0I; are fixed arbitrarily.

Using these projections, we have the stable and unstable Cantor sets

K*=|Jmi(ANR,) and K" = ] m(ANR,)
acA acA

associated with A.
The stable and unstable Cantor sets K* and K*® are C'™-dynamically
defined, i.e., the C'***-maps
95(ma, (1)) = ma, (™' ()

for y € Ry, Np(R,,) and

gu(may (2)) = ma, ((2))
for z € Ry, N ¢ ' (R,,) are expanding maps of type ¥z defining K* and K"

in the sense that

e the domains of g, and g, are disjoint unions

|_| I*(ay, aq) and |_| I"(ag,a1),

(ao,a1)eB (ap,a1)eB

where I°(ay, ao), resp. I"(ag, a;), are compact subintervals of I , resp.
Iu .

ag’
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We can extend 1, to a C? diffeomorphism on all of S?, which gives a maximal
invariant horseshoe Ag = Ks,, X Ko, associated with a full shift o : X5, — >»,
by the Markov partition {Ro, R, -+ , Ryn—2}, where

1 dn—2
Kon = 19 ([0 4n—1} oY [42—1’1]) and Y, = {0,2, -+, 4n—2}".

k>0

Now, we define n subhorseshoes of Ag:

Ay = Ao(i,i+2) = [|¢F(R U Riyp), foreachi=0,4,--- 4n—4.
keZ
Note that each subhorseshoe above is associated with a full shift of two
symbols o : X(i,i+2) — X(i,i+2), where X(i,i +2) := {i,i+ 2}%. For each
1=20,4,---,4n — 4, let

Co = (RiNhn(R:)) U (Riz2 Nhn(Rig2)) U (Ri Nn(Ris2)) U (Riso Nn(Ry)).

Note that A} C Cj, for every i = 0,4,---,4n — 4. Define f; : Q@ — R
satisfying:

o fo(z,y) =x+y+c, for every (x,y) € Ci, where ¢; is a constant to be
chosen latter;

o folz,y) > 2max{fo(z,y) : (z,y) € COUCFU--- U Cy"*}, for every
(m,y) € R, ﬁQ/}n(Rl), where Ry, ﬂl/)n(Rl) C Q\(Cg UC’al U--- U0§n74)_

We take neighborhoods U,, C Diff*(S?) neighbourhood of v, and V, C
C'(S?% R) of fy such that for the pair (¢, f) € U,, x V,,, we have:

i) By the proof of Proposition 2, for every i = 0,4, --- ,dn—4: L(f, Afo) =
M(f,AL) and {ri(f, )} = M(f, \L) 1 (~o0, inf M'(f, AL)), where AL
is the hyperbolic continuation of AJ;

i) f(z,y) > max{f(z,y) : (z,y) € CLUC U --- U C:z”_‘l}, for every
(z,y) € RyMy(RY) with Ry N(R}') € Q\(CIUCHU- - -pc;;n-‘*), where
{Rg, Ry, Ry, 5} is a Markov partition for A, and C}, is analogously
defined, given by the hyperbolic continuation of A.

Since ;(fo, ¥n) — inf M'(fo, A}) = we finally take

dn — 1’

s = oo t) = i for ) + o

— = fori=0,4,---4n — 4.
n(dn —1) 1T o h A

IMPA 35 2020
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By ii), we get that
Hence, possibly reducing U,, and V,,, we have:

M(f7 ALP) M (—OO,iIlf Ml(fv ASD)) = L(f7 A@) M <_007in Ll(f? A@)) =
= {To(f,d]) << r4n—4<f7 ¢)}7

for every (¢, f) € U, x V,. This concludes the proof of the proposition. [

3.3.2 Infinite beginning in Markov spectrum

In this subsection, we build an open set in the pair (dynamics, function)
such that the beginning of the dynamical Markov spectrum associate with
elements in this neighbourhood is an infinite countable set. Moreover, we also
answer negatively a question asked after the Theorem 3, ie., if
M'(f,A) = M"(f,A) in some generic context. More specifically, we have
the following;:

Proposition 4. There are open neighborhoods U C Diff2(S?) and V C
C*(S*R), such that M(f,A,) has an infinite beginning, for every (¢, f) €
(U, V). Moreover, M'(f, Ay) # M"(f,A,) and L(f,A,) has a finite begin-
ning, for every (o, f) € U, V).

Proof. As in the previous subsection, using g5 and hs; for j = 0,2,4, we
define a map ¢, € Diff?(S?) with an associated horseshoe Ay which has
the symbolic representation a full shift in 3 = {1,2,3}2. Now, take a
C%-neighborhood U of ¢, where we have hyperbolic continuation of Ay and
we have the same symbolic representation (gave by an associated Markov
partition).

Define fy using symbolic representation, as each rectangle RZ° Ny, 1(Rflo)
is associated in symbolic language to the cylinder (af,a1), := Ry, (ag, a1),
where * indicates the zero position in the kneading sequence. We put:

f0(3*73)‘,00 < f0(1*> 1)900 < f0(1*>2)900 < f0(2*>2)900 < f0(2*73)@0 <

for a fixed constant ¢, otherwise fo(ag,a1),, > ¢1 > c¢. Moreover, we can

%0
define fo in such a way that (Vfo(po),e,,) > a > 0, where py € Ao has

the kneading sequence (2;3),, and e, € T"W?*(po) is orientated from down

IMPA 36 2020
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/\

I 1(00)
\
1(010)
N
a) ® I*(0100) 1%(0101)
|
1(01010)
RN
b) ® I%(010101) 1*(010100)
PN
1(0101000) 1*(0101001)
N
¢) ® I*(01010001) 1(01010000)
7
d) ® I*(010100000) 1(010100001)

Figure 3.12: Symbolic representation of the cut by [f = ty] on the unstable
Cantor set (where a_; = 0).

In order to follow, we may introduce the next notations. Given a set
A C Xp we define the set S,(A) := {o"(z) : 2 € A,n € Z} of all orbits by o
of elements in A. We define [01010,00/00 - 00] as the set

{(...,w,l;wo,wl, ) € EB Tw; € {01010,00} and (wi,wiﬂ) # (O0,00),VZ € Z},

and [01010,00/00 - 00]T := [01010,00/00 - 00] N X}.
We check that Ay, is the subset of point in A associated to the set S,(A;),
where A; is the set

A, = {(1010; T010), (1010; 0), (00; 00)} U U(1010; 0,01010[01010, 00/00 — 00]*)

r=0

U (0; 0101001010, 00,/00 — 00]™) U [01010,00/00 - 00]}.
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Since the strings A,.; and B,,; have the common begin equal to
A A, 1...A1Ag.  Thus, there exists a string o € Xp such that
= (An; Ay), Bn = (A, Bp; A, B,) and B, := (B, A; B, A,) converge to a*
when n — oo. Since «a,, = a* and (o) = mpa(ay,) = fla,) = f(a*) =
mya(a*), by Theorem 1, we have that my(a*) € L(f, A). Moreover,

lf,A(ﬁO) <lf7A(O./0) < ... < lf’A(ﬁn) < lﬁA(Ozn) <
< lf7A(/3n+1) < lf7A<Oén+1) < ... < mfjA(oz*)

Therefore, my () is the first accumulation point of L(f, A) and

L(f,A) N (—oo,mya(a®)) = {lya(Bn)s lralan): n >0}

In the following we justify how the above renormalization process works
for every (1, h) in a neighborhood of (¢, f) in Diff*(S?) x C*(S?; R), by justi-
fying that for each of these pair is possible to take the required sequence ().

In the initial linear horseshoe A associated with ¢, we have that the
derivatives of the maps g™ are constant in each branch, i.e., |(g§"))’ 14| =
A, and |(g§"))’|13(3n)| = \.. Moreover, since Api1 = Ap,BnA,BnA, and
By = AyA,, we have Ay = A2X2 and A1 = A2. By the fact that the
constant of bounded distortion vary continuously with the Cantor set, we
can take an open neighborhood of hyperbolic continuation ¢ C Diff?(S?)
of ¢, such that for every ¢ € U, let gs,y and g, be the maps of defini-
tions of the stable and unstable Cantor set associated with A, then there
are constants A\, (1)), A, (1) such that d,\, () < ](giﬁ)’(x)] < epAn(¥) and
(1) < 1(g)) ()] < Enhn(¥), for every @ € I5(A,) and y € I3(B,),
where dF! X! dX' ' e (0.9999,1.0001), for every n > 1. Thus, we
have that A\i1(¥) = A3 ()A2(1) and M\ys1(¥) = EN2(W), for ¢, &, €
(0.999,1.001).

Fix ¢ € U, for simplicity let A, = X\, () and A, = A\,(). Now, we define
rn :=log A,/ log M. Thus,

log A\yi1 3log A\, + 2log Ao+ log e, ~ 3rp +2+loge,/log An

’]"n = — == = — =
i log A\pi1 2log A, + logc, 2r, +log ¢, /log A\,

Hence,

70 =2 +0(1) _ lra =2/ +o(1)

n —2| =
e =20 =00 2
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Note that )\6(22k12292122]12) > )\a (22k12202122k+2) = Ak + Bk, where

Ak = 25208, 1, 20849, 12, 20k, 19, 20842, 2, 1] and
By, = (0519, 20k, 19, 20842, 12, 20541, 12, 2941, 2]
Hence, our work is reduced to prove that Ay — Cy > Dy — By.
In order to prove this inequality, we observe that
[2;2,1] — [1;1,2,,2,1]
Borro([2:2,1) + Beryo) ([15 1, 22, 2, 1] + Boro)

A, —C) =

and o
[17 1722727 1] - [172 1]

Grs 11 ([15 1, 29,2,1] + BSk—f—ll)([l 2.1+ ng+11)

where gsp19 = ¢(221 122951212295 19205 11) and Gsx+11 = ¢(12225 12295 1219201119295 ).
Thus,

Dy — By, =

Ak - Cy, _ [2727_1] [1a17227ﬂ] Y q§k+11

Dp=Br  [1;1,2, 2,1 = [152,1] © Ggyg
where ~
(111,22, 2,0) + Bsgr11) (152, 1) + Bsprnr)
(12:2,1] + Barso) ([1;1, 22,2, 1] + Barro)
We have

oo (11,2, 27] +] O:2)[LZ T +[0:2) o0

—([2:2,1) + 0;2])([15 1,29, 2, 1] + 05 2])
Let av = 29519295 121529, and & = 1o, by Euler’s rule, Gsxi11 > q(&)q(21229;) =

(p(a)+2q())(p(1229%)+2q(1229x)) and gsr9 < 2¢(a)q(1222541) < 2q()3q(19294).
Thus,

q8k+11 1 2 1 1 _ 2 1
=T > (14 =]0: — 4+ —10; 152 > 1+ =]0;2 -+ =10;152 > 1.03
4sk+-9 _< +2[,a]> <3+3[7 2%])_( +2[7 ]) (3—‘_3[7 22])

Therefore,

A — Cy

“r F 5 1.925-0.64-(1.03)% > 1.
D, B, (1.03)

Corollary 4.4. Consider the parameter
)\,(3) = min{)\a(22k122*22k_21222), )\6(22k12292122k+2)}

Then, A2 > m(y}) and any (k, \?))-admissible word 6 containing 25,15260912,
extends as
0 = ..20115200129; 1 11925...
= .. 20519208 4119208 4219205 192720, 19208 4 215208 19204 411225
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4.4.5 Extension from 22k+11222k122‘92122k+11222k+1 to
2011119205 192001 205 1119295 121929

Lemma 4.18. One has Ay (us) > A (ug) > m(v}), where
us = 2954112208 1920811122081 2 12208 192720 19208 12 19208 192011 1220811 1222
and
U = 2051112208 19208 1119201019208 192" 201, 19208 121920 1929111 12208 4 3
Proof. Let Ay (ug) = Ag + By, where
A = [2; 201, 12, 22042, 12, 20k, 12, 20141, 12, 20143, 2, 1] and

Bk = [07 127 22k7 127 22k+27 127 22k‘+17 127 22k7 127 22k+127_1]'

Moreover, by definition, m(v}) < Cy + Dy, where

Ck = [2; 29k, 12, 20k+2, 12, 20k, 12, 20541, 1o, 22142, 12, 2] and

Dy, = [0; 19, 201, 1o, 29542, 1o, 20541, 1o, 208, 19, 201121929, 2, 1.

Let us show that A, + By > Cy + D,. For this sake, we observe that

e 220 (112
‘ ‘ Goers([2:2, 1] + Brok+13) (151, 2] + Broks1s)
and _
Dy — By — [2 1 2] [1 29,2, 1]

q%0k+16([1; 29,2,1] + 510k+16)([2 1,2] + 610k+16)’

where qiop116 = q(12225 122051219205 4119205 19295 121) and qiopr13 =
q(22119295 12192919295 1119295 42). Thus,

Ay = Cp [2;2,1] - [1;1,2] X, - Qiok416

Dy— By 2;1,2] = [1;2,2,1] q%0k+13,
where L L
X — ([1; 29,2, 1] + Brok+16)([25 1, 2] + Brok+16)
6= — — .
(12;2, 1] + Brow+13)([1; 1, 2] + Biokt13)
Note that
([1 227_1]+[0717247 ])([ ;1 ] [Oa1724>1])
ST R b2 (L D)
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4.4.6 Replication lemma

Lemma 4.19. One has Ay (u7) > Ay (ug) > m(v}), where

wr = 2919201 1112205 1920k 4112208121929k 122" 295 19208 1212201 1929111 1922k 212201
and

ug = 2954312201 12208 11192081 212208 1927 201 19208 1219208 19208 1 12208 12 12204
Proof. Let A\ (ug) = Ay + By, where

Ap = (23 201, 12, 20042, 12, 201, 12, 20641, Lo, 20542, 12, 205, 1, 2] and
Bk‘ = [Oa 12; 22k7 127 2214:-1—27 127 22k‘+17 ]-27 22k‘a 12; 22k+37 27 1]

Furthermore, by definition, m(v}) < Cy + Dy, where

Cr = [2; 20k, Lo, 20142, 1o, 201, 19, 20541, 12, 20549, 1275] and
Dy, = [0; 19, 20k, 12, 20542, 12, 2041, Lo, 20k, 12, 201421225, 2, 1].

Thus, our task is prove that By, — D, > C} — Ai. In order to establish this

estimative, we observe that

2;2] — [1;2,1]
Cr— Ay = — _
Ghopi15([22] 4 Browsas) ([1; 2, 1) + Brok1s)
and
By — Dy = [2:2,1] — [1;1,25,2,1]

Goprrs((2:2,1] + Broks1s)([1; 1,22, 2, 1) + Brokss)

where qrop15 = q(221 122054219205 192051119204 91929;) and Grop115 =
= Q(1222k1222k+21222k+11222k1222k+2)~ Thus,

Ce—Av _ [2 2,1 —[1;1,2] X Qiok415
By =Dy 220 - (11,220 Gy
where L L
Xy = ([2;2, 1]_+ Broks15) ([1; 1,2 2,1] + BlOk—HS)'
([2; 2] + Brors15)([15 2, 1] + Brart1s)
Note that

([2;2,1] + (0,24, 1])([1;1,2,2,2,1] + [0, 24, 1])
A (22 +0.2)([L2.1 + [0.2) < b

IMPA 80 2020









