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Abstract

Following the ideas of Dias and Frid in [4] we adapt the calculations in [1] chapter II to show
global existence and uniqueness of solutions to the Cauchy problem for a coupling between
a Navier Stokes System and a Shrodinger equation, all of this in the one (space) dimensional
context. This coupling was proposed by Dias and Frid in [4] and therein, after proving local
solvability through a Faedo-Galerkin type method, they used a priori estimates to prove the
existence of global solutions. They did this for the case of a non heat conductive fluid. We

generalize these results to the heat conductive case.
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Introduction

The present work is meant as an introduction for the author on some techniques used to
study certain partial differential equations; in particular, the Navier Stokes Equations from
fluid dynamics.

For that purpose we studied the already called (by the experts on the subject) classic
theory contained in the book [1], focusing on chapter 2; as well as the paper [4] of Dias and
Frid.

In this paper, Dias and Frid propose a coupling between the Navier Stokes system for a
non heat conductive fluid with a Schrédinger equation, in the one dimensional case, proving
global solvability for the Cauchy problem. In this work we follow the outline presented
in [1], where the Cauchy problem for the Navier Stokes system is solved, and adapt the
calculations therein in order to generalize the results of Dias and Frid to the heat conductive
case (under certain assumptions on the pressure).

It is worth mentioning that these results have already been generalized to the 3 dimen-
sional case, when the initial data is a small perturbation of of an equilibrium state, in the
paper [5] by Frid, Pan and Zhang.

Related references and future work include the paper of Chen and Wang [3] where they
study nonlinear magneto-hydrodynamics which consists of a coupling between the Navier

Stokes system with Maxwell’s equation.






Chapter 1

Coupling

1.1 Coupling

Consider the one dimensional Navier Stokes System from fluid dynamics given in La-

grangian coordinates (see appendix A) by

P+ puy =0,
U+ px = W(puy)x + F,

1 1 [
0 —0 x— 5K exx - )
G, 0P = o (p >+Cﬁpux

where u,p and @ are the fluid’s velocity, density and temperature respectively, p is the
pressure, F is an external force and u, k and Cy are positive constants. In this model we

assume that the pressure p is given by.

p=p(p,0)=Rpo, (1.1)

where R > 0 is a constant and that Cy is a positive constant. This is the case of a perfect
polytropic gas (for a wide discussion on this model we refer the reader to [1] chapter I).

Also consider the nonlinear Schrodinger equation:
Wy + Wiy = |w|2w +wG,

where i is the imaginary unit and G is an external force. As in [4] we make the coupling by

taking F' and G in the above equations of the form

F=a(d(/p)h(wP), . G=—ag(l/p)K(w?),



4 Coupling

where & > 0 is a constant and g,/ : [0,00) — [0,0) are real smooth functions satisfying that
supp(g') is compact in (0,0), supp(h’) is compact in [0, ) and g(0) = h(0) = 0. We arrive
at the following system of PDE’s

pz‘f—le/lx =0, (1.2)

w+R(pO)x = p(pu)+a (g (1/p)h(Iw*)),, (1.3)
! _ b o2

0, + CﬂRpOux =& K(p6,)x+ Cﬂpux, (1.4)

iwr +wee = [wPw+ ag(1/p)H (Jw)*)w. (1.5)

In the present work we study this system, our main goal being to prove global existence

and uniqueness of solutions to the Cauchy problem.

1.2 Statement of the problem and outline of the proof

Consider the Cauchy problem for the system (1.2)-(1.5) subject to initial data
u(x,0) =up(x), px,0)=po(x), O(x,0)=06p(x), wx,0)=wpo(x). (1.6)

Suppose there exist P, 0,,m,M > 0 such that

lim po(x) = ps, lim 6y(x) = 0, (1.7)
|x|—>eo x| oo
and
m< po<M, m< 6y <M. (1.8)

Then we can state our main theorem as follows:

Theorem 1. Let the initial data (1.6) satisfy (1.7), (1.8) and
o, Po — P, B — 65 € H' (R), w(x,0) = wo(x) € H'(R,C). (1.9)

Then for every T > 0 there are constants M| and my and a unique solution of (1.2)-(1.5),(1.6)
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satisfying

u,0— 0, € C([0,T],H' (R))NL*([0,T],H*(R)),
U, 6 € LX(R x [0,T]),

p—p. €C([0,T],H'(R)), p€L*(Rx[0,T])
mp < p <M,

w e C([0,T],H' (R)).

The proof of the theorem is divided into the following two chapters for a better under-
standing. All calculations are carefully made with all the details included. The outline is as
follows.

We are going to approximate the initial data (pg,uo, 6y, wo) by suitable functions (pg ,
uo &, 60k, wo k) on the interval [—k, k|, where k is any natural number. We prove a general
existence theorem for the case of a (spatial) bounded interval Q = (a,b) and apply it taking
a = —k,b =k and (po,uox, 0ok wo) as initial data, thus finding a sequence of solution

functions (pg, uk, Ok, wy). Such a theorem can be stated as follows:

Theorem 2. Let wy € H' (Q,C) and po, ug, 6o € H' (Q) such that ug(a) = ug(b) = Oox(a) =
Box(P) = wo(a) = wo(b) = 0. Then there exists a unique (local) solution to the problem

pr+p%ux =0, (1.10)
w+R(pO). = (pux)x+a (g'(1/p)h(Iw?)) (1.11)
9t+ciﬁRp9ux: CLﬁK(pOX)x—I—(%pui, (1.12)
iws +we = |wPw+ag(1/p)H (|w]*)w, (1.13)
u=0,=w=0 atx=a,b, (1.14)
u=up,p=po,0=0,w=wy att=0, (1.15)

where the boundary values are taken in the sense of traces and (for a small enough tog > 0)

u,0 — 6, € C([0,10], H (Q))NL*([0,10), H*(Q)),
U, 6 € L*(Q x [0,10)),

p—p. €C([0,10, H'(Q)), pr € L*(Qx [0,10])
mp < p <My,

w € C([0,70), H (Q)).
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We will refer to this as the bounded domain problem. Let us point out that this theorem
can be stated in a more general way. In fact, the calculations in chapter three can be adapted
(or replaced by simpler ones) to show global existence in the bounded domain case. Here,
however, this theorem is an intermediate step in the proof of theorem 1.

For the proof of theorem 2, which is the purpose of chapter 2, we apply a Faedo-Galerkin
tipe method as in [4] which in turn follows the ideas in [1]. All of this is accomplished in
chapter 2.

In chapter 3 we prove estimates which allow us to take a convergent subsequence of
(Px, Uk, Ok, wr). Then we prove that the limit functions are in fact a local solution to our
original Cauchy problem. After proving uniqueness, we extend our solution to the time
interval [0, 7] where T > 0 is an arbitrarily large finite time. We achieve this by means of a
priori estimates.

As mentioned before, all calculations and ideas in this work are based on the analogues

contained in [4] and [1].



Chapter 2
The case of a bounded interval

As stated before, we first consider the case when our space domain is a bounded interval

Q = (a,b). The present chapter will be devoted to the proof of theorem 2.

2.1 Approximate Problem

Theorem 2 is stated as a general theorem so, throughout all of chapter 2, we are going to
forget that, for our purposes, it is a mere tool that will help us prove theorem 1. In other
words, for the time being, the functions p,u,0 and w are not related to their homonyms
considered previously. Keeping that in mind let us begin with the proof.

Note that up to a translation of the involved functions we can assume that our spatial
variable takes values in the domain Q = (0,L). Consider the subspace X,, of L?>(€, C) given
for each n € N by

Tjx Tjx
X, = span@{cos%,sin% :j=0,1,...,n}.

Note that dimX,, < o and that we can write
X, =X, +X;,
where _
T jx
X; = span(;{sin% cj=1,...,n}

and

Ti
X< = spanc{cos% :j=0,1,...,n}.

Let P : L>(Q,C) — X! and PS : L*(Q,C) — X¢ be the respective projections. We are
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going to construct a solution to the problem as a limit of functions (p,,uy, 6,,w,) where
u, € X;, 0, € X and w, € X;;. We are going to do so by posing the following approximated
problem in X,,. First, approximate the initial data ug, 68y, wq respectively by the projections
uo, = Plug, 6o, = P56y and wy,, = P;wg. From (1.10) we can find p, in terms of u, by the

formula

_ Po(x)
pn(x7t) - 1+p0(x) féunx(x,s)ds' (21)

By defining
t
Zn(x,t):/ un(x,s)ds
0

we arrive to the following system of ordinary differential equations in the finite dimensional

linear space Xj,:

uny = D (1, 0, Wiy 20), (2.2)
O = ¥(un, 64, Wn,2n), (2.3)
iwpe = T(tp, Oy Wiy 2n)s (2.4)
Znt = Up. (2.5)

where

D (up, 6y, Wn,zn) =P, (_R (Pnen —UpUpx — O‘g/(l/pn)h(‘wnlz»x) )
\P(um en,WmZn) = P;f (_Ci (anenunx - K(Pnenx)x — .Llpnu;%x)> )
Y

F(”n; enawnazn) = P,i (_ (anx - |Wn|2Wn - ag(l/pn)h/ﬂwﬂlz)wn)) )
and the initial data is given by

(u}’H 6n7wnazn>|t:() — ((uOn; 90n7W0n70>>~

We are going to refer to this problem as the approximate problem. Local existence and
uniqueness of solutions to the approximate problem is given by the well known result on

the theory of ordinary differential equations.
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2.2 Estimates for the approximate problem

In this section we prove some uniform (over n) estimates on the approximate problem which
will allow us to take convergent subsequences to a solution of the bounded domain problem.
Observe that the solution to the approximate problem is defined on a time interval [0,7,].
So, we not only have to bound properly the norms of the involved functions but have to
guarantee that they are all defined on a uniform small enough interval [0,#]. That is, we
have to guarantee that #,, is bounded from below by a uniform positive bound #.
As is to be seen below, the estimates proven in this section will depend on the length L

of the space interval. We will make this dependence explicit.

Proposition 1. The following equalities hold for all n € N
(i) %Hwn(tmé(g) =0.

(ii) % (%H”nHé(Q) +Cs Jo 9,,dx> = — Jo g (1/pu)h(|wn|* .

Proof. The first equality is easily obtained by multiplying (2.4) by w,, taking imaginary
part and integrating over . For the second equality, begin by multiplying (2.3) by Cy and

integrating over £ to obtain:

d
Cg—/ Gndx+/ anenunx—K(pnenx)x—upnu%xdxzo.
dt Jo Q

Since 6, € X we have
/ (PnBoe)edlx = 0.
Q
Thus, p
Co— / Opdx = — / (RPp Ol — P12, )dx. (2.6)
tJo Q

To evaluate the right side of this equality, multiply (2.2) by u,, and integrate over € to obtain

1d 2 / 2
EEH’/M”LZ(Q)+/Q(an9n_“pn”nx_ag (1/pn)h(|wn|”) ) xttndx.

Since u, € X} we can integrate by parts to get

1d
Adding this last equality to (2.6) we complete the proof. [

From this proposition we can derive two corollaries. Namely:



10 The case of a bounded interval

Corollary 1. There is a constant C > 0 independent of n (however, dependent on L) such
that

t
2 2
215}’{‘9” <C (1 + ||”nX||L2(Q) +/() Hunxx||L2(Q)ds+ HeanLZ(Q)) 2.7)

for all 0 <t < min{t,,1}. Here, and all through this work, ds denotes integration with

respect to the time variable.

Proof. Since 6, is continuous (with respect to the space variable), there exists a point a =
a(t) € Q such that

1
6,(a.1) = 1 /Q Bl
By equality (i1) in proposition 1, we have that

1 t
LCoBn )| < 5l Baiey + [ [ @l (1/puh(wianldds +C.

where C| depends on the initial data. Since u, € X, we have the inequality

1tn] 20 < L2 linal 2

which is obtained by writing u,, in the form

up(x,1) = /()xunx(§7t)d§.

Similarly, for u,,, since u,(0) = u,(L) = 0, then there exists a point b = b(t) € Q such that
unx(b) = 0. So writing upy(x,1) = [§ unex(&,2)d&, we have the inequality

||”nX||L2(Q) < L||”nxx||L2(Q)-

Using this and Young’s inequality we get

| el (1 /pai(lwn Pl < CoL' 21t 12
C2L3/2| |t |L2(Q)
% (C§L3 + HunxxHiZ(Q)) )

where C; = amaxep |¢'(s)| maxseg |A(s)|. Putting all of this together we conclude that for
all 0 <t < min{z,, 1}

IN

IN

t
|6n(a,1)| <C (1 + HunXH%}(Q) +/0 H”nXXHiZ(Q)dS) )
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for some constant C > 0 which depens on L but is uniform over n. In order to finish the

proof we write

16a(x,1)] =

/a O (E.1)dE + 6,(a,t)

t
< U@mwwm+c@+ww@@+AHwﬂ@@“>

]
Corollary 2. For all n € N we have
(Sl +Co [ Gudx+allg(1/pa)(lwnl®) s o
Wl oy 1 ol o) =0 @28)

Proof. From (2.1) we can write

—/Qo‘g/(l/Pn)h(’Wn‘z)”nxdx = —/Q(Xg(l/pn),h(]wnlz)dx

- %(_/Q“g(l/l?n)h(\wn\z)dx>
+/Qag(l/pn)h/(|Wn|2)2R€(an_m)dx_

Multiplying (2.4) by 2wy, taking real part and integrating over 2 we get

/Qag(l/pn)h’(\wn\z)ZRe(wnw_m)dx = 2Re (/anxxw_m—\wn|2wnw_mdx)

d 1

Note that in this last equality we used the fact that w, € X, in order to integrate by parts.

Putting all of this together with (ii) in proposition 1 we arrive at the desired result. 0

Proposition 2. There exists ty > 0 such that

To
2 2
X [l By + | s By < C. 29)
fo
2 2
max ([0, g + 18l s <. (2.10)
1
Emgpn(x,t)gzM, xeQ,0<t<1p (2.11)

for some constant C > 0 independent of n.
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The proof of this proposition is long and will rely on a series of lemmas. We begin
assuming that the estimates (2.11) hold. This is certainly true, for each n, on a suficiently
small interval which we can assume to be [0,7,]. We will later on prove that this interval can

be chosen to be uniform over n.

Define y, = y,(t) by
2 2 g 2 ! 2
yn(t) = ||”nX||L2(Q)+ ||9nx||L2(Q)+/O ||”nxx||L2(Q)dS+/0 ||9nxx||L2(Q)dS-
We are going to prove the following inequality:

v < Cr(1+yh (2.12)

for a constant C; > 0 independent of n. In this way, since all y,(0) are bounded by a constant

C, which depends only on (ug, 6p), if y = y(¢) is a solution to the ODE
Y =Ci(1+y"), ¥0) =0,
then we have the estimate

ya(t) < y(t)

on a sufficiently small interval [0,7y] on which y is defined. After that, by (2.1) we see that

to can be chosen in such a way that (2.11) is satisfied and the proof will be completed.

Let us begin proving (2.12). Multiply (2.2) by u,,, and integrate over £ to obtain

0= /Q UptUnxx + (anen — UPplUpyx — ag,(l/pn)h(|wn|2))xunxxdx-

This equality implies
1d
2dt

= /Q(anxen + RPn6px — UPnxltnx — O‘<g/(1/pn)h(ywn ’2))X)unxxdx-

sl )+ K | priad

Similarly, multiplying (2.3) by Cyp 6, and integrating gives

1d ) 2
CﬂEEHGHXHLZ(Q)+K/Qpn9nxxdx

— /Q(an enunx — KPnx enx - #Pnuﬁx) enxxdx~
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Adding these two equations we obtain

1d

2dt (HMHXHLZ +Cl9||6nx||L2 +/Qpn(.uu%xx+’<9r%xx)dx

= /Q (RPxOn + RO — 1Pusttns — (&' (1/pu) [ wal2)) el

+/ (an enunx - Kpnxenx - .upnu%x>9nxxdx- (213)
Q
The rest of this section will be devoted to bound appropriately each one of the terms in

the right side of this last equality. For this we need the following two lemmas, as well as the

corollaries proven before.

Lemma 1. There exists a constant C > 0 independent of n such that for all 0 <t < min{¢,, 1}

; 1/2
||pnx||L2(Q) <C (1 + [/0 ||”nxx||i2(g)} > . (2.14)

Proof. Direct calculation of %pn in (2.1) gives

Pox — Pg fé unxxds
2
(1 + po fé unxds)

t 2
= (pOx_p(%/ unxxds) (&) .
0 Po

By (2.11) and the triangle inequality we have

Pnx =

oM\ 2
||pnx\|L2<Q>§(7) [1Poxl22() +M?

/</ unxxds) dx]
Q 0

Using Jensen’s inequality we see that for < 1 we have

t 2 1/2 '
2
[/Q </0 unxxds> dx] S |:/0 HunxxHLZ(Q)de|

This, together with our assumptions on the initial data, implies the result. 0

1/2

Lemma 2. The following inequalities hold for all n

1/2
(@)’
1/2

max\unx] < \/_H”nXH H nxxH (2.15)

max 6] < V2 ||enx||“2 116147 (2.16)
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Proof. Since u,(0) = u,(L) (for u, € X;}) there exists a point b = b,(t) € Q such that

uny(b) = 0. Therefore, we can write
lnt) = [ (&0
= /[72unx(§,t)unxx(§,t)d§

< 2H“nXHL2(Q)H”nXXHLZ(Q)

from which inequality (2.15) follows. The proof of inequality (2.16) is identical once we
observe that 6,,(0) = 0, for 6, € X¢. O

We now have the necessary to bound the terms in (2.13). We begin by the term

I = / Rpy Ontyyrdx.
Q
Applying first Cauchy’s inequality, lemma 1 and corollary 1 we have

L] < RHPnX|’L2(Q)H”nxx||L2(Q)Teaé(|9n|

. 1/2

t
/0 ||”nxx||%2(g)ds+ ||9nx||L2(Q)) :

IN

We use Young’s inequality with € to show that for every € > 0 there exists C¢, such that

t 1/2
M\Sawm%@+%<H{Awm%@%]>O+WM@@+

t
Wl s 18l )

Applying Young’s inequality and redefining C¢,
t
|Il| < 81||unxx||i2(g) +C£1 (1 +/0 ||unxx||%2(g)ds+ ||unx||4LZ(Q)+

; 2
{/O HunxxHiZ(g)dS} + Heaniz(Q)) . (2.17)

We now pass to the term
L= /Qanenxunxxdx.
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Using (2.11), Cauchy-Schwarz inequality and Young’s inequality with € we have

L] < 2MR||9nx||L2(Q)||”nxx||L2(Q)
< 82||unxx||i2(g)+C82||9nx||22(g)- (2.18)

For
I ::/Q.upnxunxunxxdxy

we use, yet again, the Cauchy-Schwarz inequality, followed by lemma 1 and (2.15) to obtain

L] < .u|’anHLZ(Q)H”rLXXHLZ(Q)Te"g’“nx,

z 1/2
) 3/2 1/2
C <1+ [/0 ||”nxx||L2(Q)ds} > ||”nxx||L2(Q)||unx||L2(Q)'

Now, we apply Young’s inequality with € and Young inequality again resulting in the esti-

IN

mates

f 12\ 4
m|sawm@®+%<ui4mm@@4 )Hmﬁm)

¢ 4
sawm@@+%<uiéwm%@4-wmmmo. 2.19)

We write the fourth term in the form

o= [ als'(/ph(wif)tad
— [ ag"(1/p) 25l
Q p

-I-/ Otg'(l/pn)h/(|wn]2)2Re(wnwnx)unxxdx
Q

= 1+

(1)

To estimate I, © we use (2.11), Cauchy-Schwarz inequality and lemma 1, followed by

Young’s inequality with € obtaining

1 2
1] < Zomax]g”|max| Al | [P |2 gl 200

t
< ealfunxl[72(g) +Ce, <1+/0 HunxxHiz(Q)ds). (2.20)
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For If), we note that since supp(h') is compact in [0, o), there is a constant A > 0 such
that if |w,,| > A, h(Jw,|?) = 0. So, using this fact, Cauchy-Schwarz inequality and Young’s

inequality with €, we have

2
sl <<MmMMWMMMHWMU ttneel |20

=~ 84Hl'tnxx||L2 +Cg4|]wnx||L2

By (2.8) we know that ||wy| \%Q(Q) is uniformly bounded over n by a constant which depends

only on the initial data so we complete the estimate for / 52) as

1] < €l ttne] 22 ) +C 2.21)

We continue with
I5:= /QanQ,lunxenxxdx

By (2.11), corollary 1 and Cauchy-Schwarz inequality

t
UﬂSMMCO+Wme»HMMmm+AHwam@%>wmmmM%M@@-
Applying Young’s inequality wth € and Young’s inequality again

5] < esll6nal g +%O+WMM )+ 160al |20+

/||unxxHL2 > HuanLz (@)

85H9nxx||L2 +C€5 <1+||Mnx||L2 +||6"x||?,2(9)+
[Anwummﬁﬂ-HMM@@J,

possibly redefining the constant Ce,. Finally, applying Jensen inequality we see that for

IN

t < 1 we have

] < sl1OucelZ2 ) + Ces (14 llitme 12 ) + 11 Bnel Iz )+

|:/() HunxxHiZ(Q)dS:| + HuaniZ(Q)) ) (2.22)
(2.23)
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The second to last term 1is
I = /Q KPnx 0,11 Onxxdx

We use lemma 1, (2.16) and Cauchy-Schwarz inequality to obtain

o] < K||an||L2(Q)||9nxx||L2(Q)r;1€%(|6nX|

. 1/2
5 3/2 1/2
C (1 + [/0 HunxxHy(mdS} ) 16l 240 1Bl 2

Young’s inequality with € gives

IN

t 1/2\ 4
’16’ < 86|’9nxx|‘1%2(9) +C£6 (1 + [/0 ||unxx||[%2(g)d5:| ) |’9nx|’[%2(ﬂ)

And using Young’s inequality again

Is| < eﬁuenxxu,{z(g) + Ce, <1 + [/Ot ||unxxy|i2(g)dsr+ Henxujz(ﬂ)) . (2.24)
Finally the last term is given by
I = /Q/.Lpnu,zlx&,xxdx.
By (2.11), (2.15) and Cauchy-Schwarz inequality

Bl < 2Mpfune |20 1 nxel |2 ) Max futns]

3/2 1/2
CHenxxHLZ(Q)Hunx‘ |L£(Q) || txx| ’Lé(g)

IN

Using Young’s inequality with €
2 3
|| < 87H9nxx||L2(g) +C37||u7’lx|’LZ(Q)HMWCXHLZ(Q)‘

And Young’s inequality with € for the last time gives

’17‘ < 87(||9nxx’|i2(g) + ||unxx’ ’%Z(Q)) +C87 | |unx| ’[6}(9) (2.25)



18 The case of a bounded interval

Gathering all these estimates in (2.13) we arrive at

1d , , - ) 2
EE (HuanL2(Q) +Cﬁ||9nx||L2(Q)) + E (.qu/tnxxHLz(Q) + KHGWXXH]}(Q))

< 8(||”nxx||iz(g) + ||9nxx||iz(g)> +Ce {1 + ||Mnx||12(g) + ||”nx||22(g)

t 1 2
—+ ||6nx||22(g) +/O ||Mnxx”%2(g)ds+ {/0 ||unxx||[242(§2)ds}

l‘ 4
2
+ |:/0 ||Mnxx||L2(Q)ds:| }

Note that this inequality is valid for all 0 < ¢ < min{1,z,}, where #, is the largest time
of definition of the solution (u,(t),w,(t), pn(2),6,(2)) to the approximate problem such that
(2.11) is valid, and for arbitrary € > 0. Choosing € small enough and redefining the constant
Ce we may write this last inequality in the form

d
= (ol 2o )+ 160al 2y ) + (11tnael B2 ) + 118l ()

t
< C{l + H“nXHiZ(Q) + H”nXHEZ(Q) + HeﬂXH?}(Q) +/O ||”nxx,|i2(g)ds

! 2 t 4
+ |:/O |’unxx"1%2(g)d5:| + {/O Hunxx||1242(9)dsj| } (2.26)

Finally, observe that this last inequality implies the following one

d
= (el 2o )+ 160212 g ) + (11tnael B2 ) + 118l ()
t 4
S 6C {1 + ||unx||§2(g) + HeaniZ(Q) + {/0 HunxxH%lZ(Q)ds] } . (227)

(Itis easy to see it by considering cases when each one of the terms in the right side of (2.26)
is greater or lower than 1). This inequality implies directly (2.12) and, as was mentioned
before, this is enough to prove proposition 2.

2.3 Local existence and uniqueness

In this section we are going to show how the estimates from the previous section help us

prove theorem 2.



2.3 Local existence and uniqueness 19

As a corollary to proposition 2 we have the estimates

max ||6, <C 2.28
max (6] < .29
2
ma 20y + /0 a2y s < C. € [0,10] (2.29)
Io
/() ||Pnt||1%2(g)dS§C (2.30)
t
2
max 116} q) /0 6|2 s < €. t € [0, 10) 2.31)
max |[Wp|g-1(q) < C. (2.32)
t€[0,10)]

where C > 0 is independent of n. Let us show how (2.28) is obtained. Estimates (2.29)
trhu (2.32) will be similarly deduced. Multiplying (2.3) by 0, integrating over Q and using

Young’s inequality appropriately we arrive at the following inequality

\|9 1720y < CillBall2(q ) T 2MRmax|6| luxllZ2q ) T K max | 6| [1px]172 (0

Using corollary 1, proposition 2 and Gronwall’s inequality we deduce (2.28).

Let us take a moment to analyze some consequences of all the calculations we have done
so far. First, note that from (2.8) and (2.9), Morrey’s inequality tells us that not only are all
u, Holder continuous, but they are all equicontinuous (with respect to the space variable x).
So, from the Arzela-Ascoli theorem, for all fixed 7 € [0,1], there is a subsequence {uy,,, },
which depends on ¢, such that u,,, (-,1) converges uniformly to a function u®(-). In fact,
applying a diagonal argument, we can take a subsequence {uy, } that, for all # € [0,7)] N Q
fixed, converges uniformly to a function u"). We would like that this convergence held for
all # € [0,1] (or at least for almost all ¢) and for that we need some kind of continuity in ¢.

Fix t1,1, € [0,1]. Using Jensen’s inequality and (2.29) we have the following

[5)
ltn(est) = ta112) oy = /Q/ e (x,)ds

0 5
|t1—t2|// u; dsdx
QJo

o )
_ |t1—t2|/0 ] 22 s

< Clh—1nl.

2
dx

IN
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Thus the functions u,,, viewed as functions of t € [0,1] taking values in L?(Q), are equicon-
tinuous. This justifies that the sequence {u,,} converges a.e. and in L?(Q) to a function u,
for almost all 7 € [0,7]. Finally, observe that {||uy,,, (-,#) — M(‘,t)|’l%2(g)}m€N is a sequence
of measurable functions in ¢ which converges a.e. to zero. Since (2.8) holds, from the

dominated convergence theorem we have that

fo
/0 it (1) = (-, 1)] s = O, (2.33)

when m — oo. A similar argument shows that there is a subsequence (py,,,un,,,On, s Wn,,)
of (Pn,un, 6y, wy,) such that p, — p, up,x — Uy, 6, — 0, 6, , — 6, and w,,, — w in
L*(Q x [0,19]) and a.e.

We affirm that (p,u, 6, w) is a solution to the bounded domain problem. The approxima-
tions were made in such a way that the values at # = 0 and the boundary values are achieved.

Also, for all n € N, we have that p,, satisfies the equation
Pt + P21ty = 0. (2.34)
So, by the continuity of the inner product in L2, if ¢ € C5*(Q x (0,19)) we have that

f 1
O = /0/ _pl’lm(pl +p3munmx(PdXdS — /0/ —p(pt +p2ux(PdXdS. (235)
0 Q 0 o)

This shows that equation (1.10) is satisfied.

Concerning equation (1.11), we have that
T
/0 /S'2 Mnm(Pt+ (anm 6nm - upnmunm-x - agl(l/pnm)h(|wnm |2)) (pxd‘de
fo
— [ [ u+ (RpO — ppuc— g (1/p)h((wP) gudxds.  2.36)

On the other hand, given N € N, for all n,,, > N we have that Py,¢ = P; ¢ and therefore, from
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(2.2), we have

fo
‘/0 Lunmwf + (anmenm - .upnm”nmx - agl(l/pnm)h(|wnm|2)) (pdedS

To

0 [unmt + (anmenm - uupnmunmx - ag/(l/p”m)h(|wnm|2))x] (QD —Pj{[(p>dXdS

fo
S/() (HunthB +Rmax|9nm|HanX||L2 +2MRH9’1mxHL2 +Nmax|”n,;1X|||anx||L2

4A
‘|’2MNH”nmxxHL2(Q) sznmXHLZ +2AmaX’an‘HanxHL2 )H‘P_PJiI(PHLZ(Q)dS

(2.37)

The estimates found before, being uniform in n, allow us to take the limit when N — oo and,

by uniqueness of the limit, from (2.36) and (2.37), we conclude that

1
/OO/QM(pt—i—(Rp@—,upux—ocg'(l/p)h(|w|2))(pxdxds:O. (2.38)

Since this holds for all ¢ € C5(Q x (0,#)), equation (1.11) is satisfied. A similar argu-
ment can be made in order to show that equations (1.12) and (1.13) are satisfied as well.
Finally, the estimates continue to hold for the limit functions and they prove the smoothness
properties asserted in the theorem. Thus, the existence part of theorem 2 is proved.

The only thing left is the uniqueness part and it goes as follows. Suppose that (py,u;, 01, w;)
and (p2,uz,60,,w;) are solutions to the bounded domain problem. Then a straightforward
calculation shows that the difference (p,u,0,w) := (p1 — p2,u; — uz, 01 — 62,w; —wy) sat-

isfies the following system
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Pi+ piix+p(p1 + p2)uze =0, (2.39)
w = p(Pritx + Puze)x — R(P16 + p6s)x + axlg' (1/p1)C(|wi1 [*) (Wiw + woiw)

—h(w2P)D(1 /p1)——pl.. (2.40)

pP1p2

Co 6 = K(P16x+ P Oac)x+ HP1 (tnc + ez )ux + 1P, — RP1 Bty

—R(p10 +p62)uyy, (2.41)
iwe + wee = Wi (w1 +w2)w+wiw+ g(1/0) [(A(lwi |)wr + K (Jw1[*))w

T+ A(|wr )W) — ' ([wa JwaB(1 /pl)ﬁp. (2.42)
u=0,=w=0 atx=a,b, (2.43)
u=p=0=w=0 atr=0, (2.44)

where, according to the Taylor theorem, we can write /' (x) = /' (|w;|?) +A(x) (x — |w2|?),
g(x) = g(1/p2) + B(x)(x = 1/p2), h(x) = h(lwa|?) + C(x)(x — [w2[?), &'(x) = &'(1/p2) +

D(x)(x—1/py) for certain functions A(x), B(x), C(x) and D(x).
Multiplying (2.39) by p, (2.40) by u and (2.41) by 0, integrating by parts and using
Young’s inequality with € we get
t
2 2 2
IPRey < €[ (sl + 1ol ) ) s
t t
il + [ luslaqyds < € [ (1110 + 1181 Rxiqy + Wl ) ds
t t
2 2 2 2 2
101 R0+ [ 180y < € [ (1Pl + Nl Baiey + 1181 ) s

Finally, multiplying (2.42) by w, taking imaginary part and integrating by parts we get

t
2 2 2
Wiy < €[ (PR + v ds

From these last four inequalities we get

t
10162 0 1112 + 1101 B2+ w1y <€ [ (119120 + 11012 0 + Wl )
(2.45)
Therefore, using Gronwall’s inequality, we conclude that ||p | ]%2 @ = ||ul \iz = 0] |%2 Q=
||w] |%2 @ = 0 for r € [0,7p]. Thus proving the uniqueness of the solution, which completes

the proof of theorem 2.



Chapter 3
Extension to the whole R

In this chapter we are going to prove theorem 1 using the results from the previous chapter.

3.1 Local solutions

Let us assume the hypotheses of theorem 1. For k € N define Q; := (—k,k) and let n; €
Cy (R) be such that

(i) Mk(x)=1forallxe (—k+1,k—1),
(i) 0<m <1,
(iii) supp(ni) C [k, k|,
(iv) All the derivatives of 1y are uniformly bounded over k.

Define the functions pg x,uo x, 600 x : R — R and wo; : R — C by

Pok = MkPo + (1 —Mk) s (3.1)
up x = MkUo (3.2)
8o,k = MO0 + (1 — 1) Os (3.3)
Wok = TkWo (3.4)

Clearly po i — P+ — Po — P+» Uox — o, Opx — 6« — Oy — B in H'(R) and wox — wo in
H'(R,C). Moreover, m < po, 60, <M and ugi(—k) = ug (k) = 6} (—k) = 6}, (k) =
wo x(—k) = wo (k) = 0. Thus we can apply theorem 2 with inicial data (bo,k, Uo k- 90,k/, wok)| o,
to find a solution (py, uy, O, wy) to equations (1.10)-(1.13), defined on a time interval [0, 7;].
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In a similar way as in the previous chapter when dealing with the approximate problem,
for any fixed T > 0 we are going to prove uniform over k estimates which will serve two
purposes: extend all solutions (py, ug, Ok, wi) to the same time interval [0, 7] and guarantee
the existence of a subsequence that converges to a solution to the problem.

In order to take such convergent subsequence, we also have to guarantee that all solutions
are defined in a uniform (over k) time interval [0,7y]. The estimates proven below are not

only uniform in k, but also in #; so that we can assume that such #y actually exists.

3.2 [Estimates on the density

We first need to guarantee that the density p does not approach zero, for otherwise the
Lagrangian transformation becomes singular (see appendix A). Also, high positiveness and
boundedness of p are essential in the subsequent calculations.

With theorem 2 at hand we can assume that p; > 0 and 6, > 0. Let us drop the subscripts
k for simplicity and begin with the estimates.

Multiply (1.2) by Rll)( ‘:)*) and integrate over 2 to obtain

/ —Pr— pt +puy — Pittrdx = 0.

This implies
d

1 p _
RE/Q 5 (plnp—* +p. —p) dx+/QRpuxdx —0. (3.5)

Now, multiply (1.3) by ei*u and integrate over € to obtain

5 _E 2 1 / / 2 .
0. dl/ 2 /Q (G*I)Gux 9*pux) dx+ - 0, ag (1/p)h(|w|*)uxdx =0.

The proof of corollary 2 can be easily adapted to show
d
| a1/ usd = 2 (118(1/p) (W) Ly + sl gy + 11 1wl -
So,

U
G*dt/Z /Q( pBus 9’”‘)‘1

1

+ - (eI P sy + el +11 1fxia)) =0 B6)
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Finally, multiplying (1.4) by Cy (9% — %) and integrating over Q we get

d 0 0 [T
Co dr/(e —l—lne*)dx + /( PO, — epux>dx
Dol
/QRpuxdx—i—/ (k502 +ntul) dx=0. 37)

Adding (3.5), (3.6) and (3.7) yields

d 1 , 1 P 0 0
dt/g{ZB*u +p(plnp + s p)—l—(e* 1 ln6*>]dx

1o b+ ol [ (2024 B i) as =0

dt 0
(3.8)
Let E; be given by
E, — 1 2 1 i 2 2 4
= g 1104l B2y 1181/ Po (ol oy + o sel B2 + 1 ol o1 ey

1 L0k 600,k 0.k
e l . * =—1-1 : dx.
+/Q[p07k (po,knp* p po,k)+<9* 9)] ;

(3.9)

We assert that Ej is finite. In fact, there is a constant Ey > 0 independent of k such that
E < Ej. Because of our assumptions on the initial data, we only have to show that the last
integral is finite. Since 6y is given by (3.3) we have that 0ok |(—41k—1) = 00|(—k+1k-1)-

Moreover,

k(x)] <164 —6p(x)| for all x € R. Now, Taylor series expansion of the
function y — Iny about yo = 1 gives Iny = (y — 1) — (y — 1)?> +o(|y — 1|?). Thus, since
lim|y 00 60 () /0« = 1, we have that

2 6
/Q< Ok _ 1 _In Ov")dxgc(1+\|90—9*|’fzm>)’

9* 9*

where C > 0 is independent of k. Here we used (1.8). A similar argument applied to the

function v = 1/p can be made in order to show that

1 Po k /( )
: — dx = —1—l dx <C(1+ — Vs
/QPO ( P P07k> * Q\ V« Vi o ( o= ||L2 )

where v, = 1/p, and vox = 1/pg +. Note that the fact that py — p, € L*(Q) and (1.8) imply

that vo — v, € L?>(Q). This proves our assertion.
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Observe that the function y — y — 1 —[ny is non-negative (it attains its minimum at y=1).
Coming back to (3.8) we have that

1
ol By + 1181/ PRI 110y + 1wl oy + 1| Dol s

20,
1 p 0 0
— L — — —1=In— < .
+/Q {p (plnp* + px p) + (6* 1 lne*)} dx < Ey (3.10)

t

P 52 P -

— — < Ey. .
/O/Q<K929x—|—u9ux)dx_E0 3.11)

By Morrey’s inequality we have that p and 6 are continuous. So, for all N = —k,—k +
1,...,k— 1 there is a point a = ay(t) € [N,N + 1] such that

and

1 p 0 0
— | pln*—=+p, — ——1—-In— < Ep.
|:p <p np* +p p) " (9* n9*):| x:a_ °
In particular,
1 p 0 0
- =4 — <Ey, |=——1—-In— < Ey. A2
L(mﬁn+p pﬂxw_ ’ b* m&}%a o B

Since the function y — y—Iny—1is decreasing in (0, 1), increasing in (1,0) and lim,_,q+ (y —

Iny—1) =limy_e(y —Iny —1) = oo, if v;, v, are roots of the equation
y—Iny—1=Ey,

such that vi < 1and v, > 1, then v < 1/p(a,t) < vp and v < 0(a,t) < v,.

Let us cite a lemma found in [1] chapter 11, section 6:

Lemma 3. Let y(x,t) be a non-negative function in (N,N + 1) x (0,T) such that

N+1
/N [Y(x,t) — 1 —Iny(x,t)|dx < E, Vte[0,T].

Then there exist constants n(E) and M(E) such that
N+1
0<n(E)< [ ylx.0)dr < M(E).
N

In fact,

1 o5 E
n(E)ZEe 2E-1 M(E):2(1+1_ln2>.
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With the results above we can derive some information about p in the following way.

Note that we can write equation (1.2) as
pux = (Inp);.
Putting this together with equation (1.3) we get
t+R(pO)x + 1 (Inp)i = a(g'(1/p)A(Iw]*))x.
Integrate this equality with respect to ¢ and get
1 t , 2
u— ug +/0 R(pO)xds+ p(lnp)x— p(inpo)s = oc/o (&'(1/p)h(Iw]*)) . ds.

Now integrate with respect to the space variable from a (satisfying (3.12)) to an arbitrary
x € [N,N + 1] to obtain

—/ ) —uo(&))dE + Inp(x,t) — In(a,t) + — / (x,5)0(x,s) —p(a,s)0(a,s))ds
= ﬁ/o (&' (1/p(x,9))h(|w(x,s1?) — &' (1/p(a,5))h(Iw(a,s)|*))ds
+Inpg i (x) — Inpo i (a). (3.13)

Potentiate this last equality and after rearranging the terms involved we get

p(x,1)exp { /0 0 (x,5)0(x, s)ds} = po(0)Y (1)B(x.1), (3.14)

where Y = Yy(¢) and B = By/(x,t) are given by

1
Pox(a)

Y(t)=

exp{g/otp(a,s)G(a,s)ds—%/Ot(g'(l/p(a,s))h(]w(a,s)|2))ds} (3.15)
and

) = planenp { o [l ~u(@dg + & [ (1 /p o)) Pas
(3.16)
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Observe that if we multiply equality (3.14) by ﬁ@(x, t) we have

d R

S exp { /O "o, s)@(x,s)ds} = L POs(OY (OB 0)0(x.).

Thus,
exp {/Olp(x,s)e(x, s)ds} =1+ Spo,k(x) /(:Y(S)B<X, 5)0(x,s)ds.

Substitute in (3.14) and we arrive to the following expression for p

Po i (X)Y (t)B(x,1)

P B pok() Y (5)B(x.)0 v, 5)ds A7
and this holds for all x € [N,N + 1].
Lemma 4. There are positive constants Cy and C, independent of N such that
Ci <B(x,t) <G, C;<Y(t) <, (3.18)

forallxe Qandt €10,T].

The proof of this lemma is very similar to the one of an analogue lemma in [1].

Proof. From Cauchy-Schwarz inequality and (3.10) we have that

N+1
| uE0dE < lull < Eo

Thus,
VlAl_l < B(X,t) < WVAjq,

where A| = exp {%Eg + T% max |g’| max |A] } Now, let us write (3.17) in the form

Y () 1

p(6r) ~ Blus [pOk YO0

Integrate with respect to x from N to N + 1 and using upper and lower bounds for B as well

as lemma 3 applied to the functions [1—) and 6 we have the following inequalities

Y(t) < Ay (1 +/OtY(s)ds> (3.19)
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and

Y(t) > Az (1 +/OtY(s)/QG(x,t)dxds) , (3.20)

for some positive constants A, and A3. By using Gronwall’s inequality on (3.19) we con-
clude that Y (r) < Aexp(A,T). Finally, by the positiveness of 8, from (3.20) we see that
Y(t) > As. ]

For ¢ € [0,T] define

mP<t) = infoQp(x7t)a m@(t) = infxEQe(xat)v

Mp(t) :Supx69p<x7t)a M9<t) :SMPXEQG(xat)‘

In this notation from (3.17) we have that

C
My(t) < —————, 3.21
plt) = 1+ [ mg(s)ds (321
G
)y > ————. 3.22
mp(t) 2 1+ J§ Mg (s)ds (3-22)
From (3.21) and by positiveness of 6 we have that
Mp(t) <Ci. (3.23)

for all # € [0,7]. In order to estimate m, from below it suffices to show finiteness of
Jo Mg(s)ds.

Lemma 5. -
/ Mo(s)ds < C(T), (3.24)
0

where C : [0,00) — [0,0) is an increasing continuous function.

Yet again, we follow the proof of an analogue lemma in [1]

Proof. Let a = a;(t) € [0,1] as in (3.12). Let b = b(t) = 6(a,t)/6.. Then v;/6, < b <
v,/ 6,. Define

0/6. (; — Inz — 1)1/2
w(e) = | & = e

Note that w(6(a,t)) =0 and so

(W (8(-1)|= dx.

[ Swiormad < [ |2 wown)

<\
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Now,
9 o (g —Ing—1)"/2 g,
_ (g -tng —D p2
N pl/2 6

From the Cauchy-Schwarz inequality we have

i 0 0 1/2 1/2
\w(e)ygm(/g(e—*—zne—*—1 ) (/ 929dx) . (3.25)

Observe that, since lim,_,c (Z”TZ + - ) 0, there exists N > V2 such that forz > N, I”Z + - < 2
In this way if 1f - > N then

6/6. Inz+1 1/2
v(e) = / (—— )
b Z
> /9/9*( 1/2 1/2 _N2)
~ N 2z

Thus, if 9% >N

0'/2 < g, (L_q/ NW) (3.26)
Define
Ar) = / 5292dx

From (3.25), (3.10) and (3.22) we have that

1+ ["Mg(s)ds 1/2
lw(0)] < (%) Eé/zA(t)l/z.

Consequently,

Mg ()<C1A (1+/M9 dS)—f—Cz7

for two positive constants C; and C;. Using Gronwall’s inequality and estimate (3.11) we
see that there is a constant C > 0 such that

/OlMe(S)ds <C(1+T).
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As a direct corollary from this lemma we have the upper bound for density

8))

> — 3.27
o) 2 et Ty 62D
thus proving the main result of this section:
Proposition 3. There are positive constants my and M such that
my < p(x,t) <M, (3.28)

forallxe Qandallt €[0,T].

3.3 Estimates on the temperature

Note that in the calculations of the previous section we only used the finiteness of 7" and the
positiveness of 0. In this section we are going to show that 6 also does not approach zero

and therefore the estimates above are true for arbitrary 7 > 0.

Lemma 6. There is a constant C > 0 such that

e

t) >

(3.29)

forallt € ]0,T]

Proof. Consider equation (1.4) for temperature. By adding and subtracting %02 and

rearranging the resulting terms we get

1/2 2
_K N R ) R
% =Gy PO tP ((c@) " zc;/zul/ze) acoun’ P

Dividing this equation by 62 we get

1/2 2 2
6 _ k(O p (BT RN R
2 Cy 62 02 \ \ Cy * 2Cll9/2‘u1/2 4Cy 1

K 1 2K 1\? 1 u 12 R ’
TG (p (5)x)x+ap6 (5)x+p¥<(a) ux_zcg/zulﬂe)
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which is equivalent to

1/2 2 2

K u R R
=—(poy), — 0 — ———0 , (3.30
%= (PO, p oy +po’ ((Cﬂ) u 22 ) tacu? (3.30)

for the function ¢ = é. Multiply (3.30) by 67~!, where p > 1 is arbitrary, integrate over

Q and, since the expression in the square brackets is non-negative, we arrive to

2p ld

The left side of this inequality can be written as

2p—1
35210128 ) = 11515y 1o nco

while the right side of the inequality can be estimated using Holder’s inequality by

i [ oo ollol%,

L2(Q)

In this way we get
d R?
710l @) = 1Coll P20 ()

And so,
R
lo]]20@) < ||G('70)||L2P(Q)+m/0 1P| 20 (s

Letting p — o (remembering that 0 < m < 6y) we see that

1 R
limsup|[0]],2nia) <+ e /0 My (s)ds
1 R
m 4C19,LLM]I
This implies that
1 1 R
mo@) 1= = ™
thus proving the lemma. [

Let us prove one final lemma on the temperature before passing on to the a priori esti-

mates on the norms of the solution functions.
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Lemma 7. For all € > 0 there exists Cc > 0 such that

M2(1) < s/ pO2dx+Ce. (331)
Q

Proof. For x € [N,N+ 1] define

N+1

W= wn(x1) = 0(x,1) — /N 0 (x,1)dx.

N+1
/ y(x,t)dx =0,
N

there is a point b = by(t) € [N,N + 1] such that 6(b,7) = 0. So we can write
e
: 32— _ 3/2
W/(vt)‘ /b ax"l’(%fﬂ dx
— %/ |W(X,t)ll/%igl’l(l}/(x,t))v/x(x,t)dx
b

. 12
- %/b (p(i;)) (e, 0)[" 2sign(w(x,1))p "/ (x,1) yie(x, ) dx.

Since, y, = 6, by Cauchy-Schwarz inequality we have

wefR < (L o) ([ pettenar)

N+1 N+1
/ yr(x,1)|dx < 2 / 0 (x,1)dx.
N N

Also, as was shown before, this last quantity is bounded uniformly by the constant M(Ey)

1/2

Note that

given by lemma 3. So, for a constant C; > 0 large enough, we have

1/2
lw(x,n)2<c (/ pexz(x,t)dx) .
Q

0%(x,1) = (l//(x,t)+/NN+16(x,t)dx>2

2/3
< 2M(Ey)*+2C (/ pexz(x,t)dx) :
Q
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Finally, using Young’s inequality with € we have
6% (x,t) < Ce + e/ PO (x,1)dx
Q

and this holds for all x € Q. L]

3.4 First estimates on derivatives

Because of the coupling, the estimates on the derivatives become a little more complicated

than those contained in [1]. This section will be devoted to prove the following inequality
n'(t) <C(1+Mp(1))(141(1)), t€(0,T], (332)

where

(1) = Izl 720y +ullfaq) + ullfz i) + ellg (/)W) @)+ WL g

t 1
+waHLZ(Q)JrHﬁHiz(Q)Jr/O /Qpexzdxdsnt/o /quﬁdxds

and 7 = %uz +Cy(60—6,), B =u+pupy/p and C > 0 is a constant. Before proving this
inequality (which will take some time and effort) let us show some consequences of it.

By lemma 5 we have that Mg € L' ([0, T]) so, by Gronwall’s inequality there is a constant
L > 0, which depends only on the initial data, such that n1(z) < Lforall ¢t € [0,T].

From (3.8) we already had the estimates

2
max + max < E 3.33
t€]0,T] HMHLZ t€(0,7] ||W"HLZ(Q) =50 (3.33)

which are reaffirmed by (3.32). Now, from (3.32) we also have

t t L
2 2
trer[l(?x ||”||L4 +/0 HQXHLZ(Q)dS""/O H”xHLz(Q)dSSL‘f' m (3.34)

Moreover, writing p2 = p—z(ﬁ —u)? < <2 ([32 + u?) we have

=

2

4M
max ||px|[? @) S 3L (3.35)
t€[0,T] u
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Similarly, (6 — 6,)? = C—lﬁ(z —Ju?)? < %(zz +u*) and so,

4
0 — 0. < —L 3.36
0l < g o

Note that in these last estimates we made use of (3.28). Finally, multiplying (1.2) by p — p.

and taking (3.34) into account we obtain the estimate

, <c, 3.37
rr[Ig%HP pilli2(q) < (3.37)

for a constant C > 0 depending only on the initial data.

The proof of (3.32) will rely on a series of lemmas which we prove below. Estimate

(3.28) is of particular importance in the proof. Let us begin.

First, multiplying (1.3) by u, (1.4) by Cy and adding the resulting equations we see that
the function z = %uz +Cy (0 — 6,) satisfies the equation

2= p(Pze)x+ (K — 1Cys)(pOc)x — R(pOu)x — t(g' (1/p)h(|w|?))cu. (3.38)

Lemma 8. Given €1,& > 0 arbitrary, there exist positive constants Cg, ,Ce, such that

a2l + (T_gl> | po2ar <=2 [ poruldx+Collulit g,

+C (”Z”i2(9)+‘|u”i4(ﬂ)> +C0/QPM2M;2Cdx+82/QPu§dX-
(3.39)

Here, Cy > 0 is a constant.

Proof. Multiply equation (3.39) by z and integrate over £

el b [ pRdv (k= uCo) [ pod

:R/ pGuzxd)H—Oc/g'(l/p)h(|w]2)(uz)xdx. (3.40)
Q Q

dt2

By Young’s inequality, for any 6 > 0 we have

RZ
R/ pOuzdx < 5/ pz)%dx—l——/ p62utdx.
Q Q 46 Ja
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Concerning the last term in (3.40) we have

a/gg’(l/p)h(]w[z)(uz)xdx: a/gg'(l/p)h(]w]z)(3u2ux+C19(9xu+(9—9*)ux)dx.

Multiplying and dividing by p, using (3.28) and Young’s inequality with € we have

A AC 3A
"( 2 dx < ¥ 2 _/ 22
@ [ ¢/ s < S (3550 ) sy + o [ piit
2

2
4m 81H9 9*HL2 +£1/p9 dx+82/pu dx,

where A = oemax |g’| max |h|. Note that
Ch(z— ) <22+

and so,
16— 81220y < € (el g + 1l 40y ) -

Putting all of this together with (3.40) we get

dt2HZHL2 +/ (L—8)2+ (x— ,uC@)zex]dx<—/p92 de+cgz||uy|L2

—I—Cel <||Z||L2(Q)+HMHL4(Q) +81/Qp9xdx+82/gpu)2€dx.
(3.41)

Observe that
(L —8)2+ (k— UCy)Oyzy = (41 — 48)uPu? +2(UCp + K —28Cy )ur B, + (kK — 28Cy)Cy 67

,UC,3+K
By completing squares we see that for 6 < S50, we have

(U —8)z2 + (kK — uCy) B2y > (45-1— 6(,LLC19+K) )uzuﬁ-i—(K—ZSCﬂ)Cﬁze.

Choosing 6 = % and replacing in inequality (3.41) we get the result. O
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Corollary 3. By (possibly) redefining the constant Cg, we have that

d 1 C() KC@
& (Gl + oMl ) + (52 —er) [ poidv—es [ pidax
Cy 3RCy
< (— )/p92 2dX+C82||U||L2 +C81 <||Z||L2 +||”||L4 >

(3.42)

Proof. Multiply (1.3) by u> and integrate. Applying Young’s inequality with € we get
HuHL4 +3[.L/pu2u2dx = 3R/ peuzuxdx—?)a/g’(l/p)h(|w|2)u2uxdx
< 283/p92 2dx-|— /puzuzdx
2.2
—= d
+ 2 /qu = x+283m

where A = ovmax |g’| max ||, as in the proof of the previous lemma, and €3 > 0 si arbitrary.

dt4

2
IHMHLZ(Q)

Choosing & = 2u we have

3A

2.2 2,2 1 2

dt4|\uHL4 +u/pu wedx < —— / 0°u 4um1”””9<9>

Multiplying this last inequality by and adding the result to (3.39) we get (3.42). [

Lemma 9. Given & > 0 arbitrary we have

d

1
& (311 g1/ sy 11 sy + [l ) + 1 s

R>M;
__||px”L2 +—/P92 2dx—|—€4/p62dx—|— de, ||”||L2
(3.43)

Proof. Multiply (1.3) by u and integrate

MHMHLZ +,u/pu2dx—|—oc/ (l/p)h(\w\z)uxa’x:—R/Q(pxeu+p9xu)dx.

The proof of corollary 2 can be easily adapted to show that

d
2 _ 4 2
o [ /(1/p)n(wPdx = (Il Wl + sl ).



38 Extension to the whole R

Now,

R, R 2.2 2 R 2
R/Q(PxeuJFPex”)de §||Px‘|L2(Q)+2_ml/QP9 u dx+84/QP9xdx+ EMIHMHLZ(Q)

Thus, proving the lemma. ]

Lemma 10. (i) The function w satisfies

d
2wl =0 (3.44)

and
W) eo < 272 ]| o5 194l 2y (3.45)

In particular (3.33), (3.44) and (3.45) imply

-<C 3.46
max [w(o)ll- < (3.46)

for a constant C > 0 which depends only on the initial data.

(ii) Let B =u+ u(lnp)y = u+ pupy/p. Then given € > 0 arbitrary, there is a constant
Ce, > 0 such that

S IBI 0y < Coc(1+ Mol (1 + 1Bl +86 [ 02, G47)

where C > 0 is a constant.
Proof. Equality (3.44) is easily obtained by multiplying (1.5) by w, taking imaginary part
and integrating over Q. The proof of (3.45) is identical as of lemma 2. Observe that theorem

2 guarantees that w is zero on the boundary of Q. This proves (i).

Let us prove (if). Note that equation (1.2) can be written as

(Inp): = pu.

Replacing this equality in (1.3) we find that f satisfies the equation

B = —R(pO):+al(g(1/p)h(Iw]*))x

~ R (%ewx) —ag"(1/p)h(w )

Multiplying by B and applying Young’s inequality with € we see that there is a constant

Bt o ag (1o (wP) (P
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C¢s > 0 such that

GBS L (RMo0)-+) (B uBl) + 6606 +Ce 2 +A(2IRe(ww B

M, i 2 uw /32 2 2
< I(RMQ(Z‘)—FA) B +?+7 +&p 0~ +Ce

= 1 1
+2lo (3o + 36%)

where A = amax |¢”| max || and A = axmax |g’| max |//|. Integrating this inequality over Q,
using (3.33) and (3.46) and redefining C¢, we obtain (3.47). ]

2
Let us make two observations. First note that p? = %(ﬁ —u)? < =5L(B2+u?). So,

oul 210y < €1+ [1B1 )
Second, observe that
/Q POl dx < MM(1) |l 22 < CMB ().
From lemma 7 given & > 0O there exists C¢, > 0 such that

M2(1) < Ce, + €5 /Q p62. (3.48)

With these observations at hand, the proof of (3.32) follows directly form corollary 3 and
lemmas 9 and 10 by adding inequalities (3.42), (3.43) and (3.47) and choosing €1, ...,&

small enough.

3.5 Last estimates and global existence

The above estimates have been carefully proven so that they do not depend on the domain
Q = Q; as well as on T. In this section we discuss the final estimates which, through a
compactness argument, will allow us to prove local existence of solutions to the Cauchy
problem. The a priori estimates on the bounded domain problem will continue to hold on

the limit so that global (in time) existence is guaranteed.

With estimates (3.33) and (3.35) at hand, the proof of lemma 3.4 in [4] can be adapted
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to our needs, with no major difficulties, in order to prove the estimate

t
H”xul%z(g)‘f'/o ‘|uxx‘|1%2(g)ds < (1) (3.49)

where ¢ € ([0,%0)) is a positive function depending only on the initial data. After this,

directly from equations (1.2) and (1.3) the following estimates also hold

T
2 2
ma <c, / ds < C, 3.50
max 19 <C. [l P < (350
where C > 0 depends only on the data. This follows by multiplying (1.2) and (1.3) by p;
and u, respectively and bounding the resulting terms as we have been doing throughout this
work. Observe that estimates (3.35), (3.37) and (3.50) imply that p € C([0,T],H'(Q)).
Finally, the analogues for the temperature of the estimates (3.49) and (3.50) also hold, by a

similar argument. That is,

t
164/2(0)+ | 11612y + [161]%ds < ) (3.51)

Since all estimates found in this chapter are uniform in k, by applying an argument simi-
lar to the one explained in section 2.3, there exist p > 0 and a subsequence (py,, g, , Ok, , Wk, )
of (Pk; Uy, ek,Wk) such that Pk,, = P, Uk — Ux, Uf, x —> Uy, Okm — 0, kax — 0, and Wi, — W
in L?

loc

(R x [0,f0]) and a.e., where (p,u,0,w) is a solution to the Cauchy problem (1.2)-
(1.5), (1.6). Note that all estimates from this chapter continue to hold for the limit func-
tions. Since they do not depend on ¢, we can extend our solution to any time interval
[0,7T] in the following way: suppose that Ty < oo is the maximal time of existence of
the solution. Then we can apply the local existence result just proven, with initial data
(p(-,To),u(-,Ty),0(-,Ty),w(-, Tp)), thus extending our solution to an interval [0, Ty + fo).

This contradicts the maximality of 7 and the proof of theorem 1 is complete.



Appendix A

Eulerian coordinates vs Lagrangian

coordinates

The one dimensional Navier Stokes equations from gas dynamics are most commonly stated

in Eulerian coordinates as

pr+ (pu)x =0, (A.1)
p(”t + W/lx) + px = Hixx + pF, (A.2)
Cop (6, +ub,) + 0 pouy = KOy, + pu3, (A3)

where u,p and 0 are the fluid’s velocity, density and temperature respectively, p is the
pressure, F is an external force and p,k and Cy are positive constants. In this work we
considered the case where pressure p is given by p = p(p,0) = Rp6. Here our variables
(t,x) take values in a square [0,7] x Q where T > 0 and Q = (a, b) for certain values —oo <
a<b< oo

If we consider the vector field H(x,t,z) = (p(x,t),—p(x,t)u(x,t),0), being z a newly
introduced variable, then, as long as equation (A.1) is satisfied, we have that curlH = 0. As
a consequence there exists a function y = y(x,#,z) whose gradient is equal to H (this is a
particular case of the well known fact that every zero curl vector field defined on a simply
connected domain is conservative, i.e., is the gradient of some function). Let us forget about
the variable z (for the function y does not depend on it) and consider the function y(x,?)

defined as above, satisfying y, = p and y; = —pu. The Lagrangian transformation Y can be
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defined by Y (x,7) = (y(x,7),t). Applying the chain rule we arrive at the following system:

pl+p2uy:05
U+ py = W(puy)y+FoY,

1 1 [
0 + C—ﬁel?e”y = C_ﬂK(Pey)yﬂL C_‘&pu)m

which is precisely the system of consideration in chapter 1 where the variable x therein is
the Lagrangian variable.

In the literature, Lagrangian variables are the most common approach when studying
these equations and one difficulty when dealing with the three dimensional case is that the
Lagrangian transformation is not as simple as in the one dimensional case we are concerned
with.

After solving the problem in the Lagrangian variables it is necessary to recover the
original Eulerian system. For this it is sufficient to show that the Lagrangian transformation

is not singular. Now, the Jacobian matrix J of the Lagrangian transformation is given by

p pu
_ , A4
! (o 1 ) (A4

Thus, in order to show non-singularity of Y it suffices to show that the density p does
not approach to zero in finite time. Boundedness form above of p is also of essential in the

calculations. This justifies some of the statements in the beginning of chapter 1.
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