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Abstract
MACEDO LAGE, C. Price signal quality in stochastic energy opti-

mization. 72 pp. Dissertation - joint PhD IMPA and Paris I, 2020

For long time, due to its complexity in terms of generation, distribution,

and variety of sources, the management of energy has been a rich source

of applied mathematical problems. In regions where hydro-generation is the

main source of energy, the random components of rain and snow that arrive

to the reservoirs in a given time period affect the interaction of a low-cost

technology with other ones in the power system. Stochastic Optimization

plays a central role in this context.

This work considers Energy Management problems from a Two-Stage

Stochastic perspective, introducing a dual regularization that provides the

minimal norm Lagrange Multiplier. This result is particularly useful, since

Lagrange Multipliers can be understood as opportunity costs that provide

price signals for the power system.

Several informative cases are presented to help understading the prob-

lem under consideration. An analytical example, combining optimization

and probability, illustrates the mathematics involved. Numerical results on

a large number of toy problems make it possible to test the impact of the

approach on the price histograms. The proposal is assessed on real data

comparing non-regularized and regularized problems in terms of its real

interpretation for the Northern European region, therefore connecting prac-

tical and theoretical areas of knowledge in the Energy Optimization area.

AMS Subject Classification: Primary 90C15, 65K05 ; Secondary 90C25,

65K10, 46N10.

Keywords: multiplier stability, dual regularization, price signals, two-stage

stochastic programming, energy optimization
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Chapter 1

Introduction

1.1 Motivation

Energy optimization is, by nature, an essentially interdisciplinary area, where
advanced mathematics, statistics and engineering cooperate. The hydro-
generation model is one example of the success of such collaboration [PP91],
[MMF17]. In fact, scientific articles in mathematics often use energy prob-
lems as illustrations of “real-life” applications; see, e.g., [Sha11], [DCW00],
[ZM13], as just a few (of the numerous) examples.

This work considers stochastic optimization problems related to hydro-
dominated electric systems. Such energy systems have some particularities
that need to be carefully addressed. Two issues are especially important:
first, hydro-energy has the particular capacity of being stored (held in re-
serve) in the form of water in the reservoirs. Second, hydro-power has low
cost of generation when compared to other sources, such as coal or gas. Re-
garding the former, if we were restricted to one isolated period, it would be
advantageous to use all the hydraulic potential to fulfill the demand, because
the generated energy is practically free. However, considering the possibility
of storage, this decision is far from optimal in long-time considerations. For
example, in Brazil and in Northern Europe long-time planning of hydro-
power management is absolutely essential for the proper functioning of the
whole energy system.

Another characteristic of managing hydro-power plants is the necessity of
considering different possibilities for the stream inflows, since their amount
can deeply affect decisions to be taken. In this context, two-stage stochastic
programs can be used to model uncertainty, always minimizing the expecta-
tion of the recourse cost at each time in the considered period. The uncertain
data is represented by a sample with a set of scenarios, to which some prob-
ability is attached.

Typically, in energy generation problems, the objective function includes
the cost of production for each power plant. An important constraint is

3



4 INTRODUCTION

demand satisfaction, that is, the agents have to generate enough energy
to attend the demand through the considered time horizon. The growth
rate of the overall cost with respect to the demand is the marginal cost,
used as a price signal. Having different scenarios for the streamflow results
in different generation schedules to attend the demand, and in different
price signals. A common practice in the energy sector is to average the
corresponding signals and use the resulting mean price to guide the given
company’s business strategies. Suppose the company has two managers, say
in two different locations. Each manager determines price signals using a
sample with the same number of scenarios, but not necessarily the same
scenarios. The (more-or-less) common belief is that, if the scenario sets are
sufficiently large, the multiplier empirical distributions obtained with both
samples will be alike and, hence, the two averaged prices will be similar;
in some sense, statistically the same. This is clearly desirable, as then our
two managers are likely to make similar/consistent business decisions, as
common sense dictates in this situation. The present study analyzes in detail
this issue, from the point of view of computational solution of the problem
and the resulting potential discrepancies. See Chapter 3 and Section 3.2.

When uncertainty is present in the problem, the price becomes a random
output that appears to be highly sensitive to changes in the probability of
scenarios. We propose a new regularization approach that stabilizes the price
signal, a dual regularization. We compute the dual recourse function and
add a regularizing term involving the square norm of the price signal. The
new recourse function has some mathematical advantages, as it is a smooth
function. As we see in chapter 4, its derivative is readily computable. We
can also come back to the primal problem and interpret the future cost in
terms of the original constraints, giving some intuitions about the meaning
of the dual regularization proposed in this work.

Dealing with uncertainty means also dealing with imperfect approxima-
tions of a distribution and instability. In stochastic optimization the stability
of primal variables with respect to distributions has already been studied
numerically and theoretically ([Roe03b], [HBT18], [HW01]). The theoretical
approaches usually establish the regularity of a function that links the distri-
bution and the first-stage decision. Given their important role of providing
price signals, in this work we rather perform a stability analysis of the dual
variables.

While literature on stability of the primal decisions is vast ([Kum84],
[KR92], [LXL11]), the only other study for dual solutions that we are aware
of is [ZM13]. Most of the literature analyzes how the optimal (primal) de-
cision behaves as a function of the probability distribution from which sce-
narios are sampled. The idea is to consider the different samples as being
a perturbation of a probability distribution. From this viewpoint, stabil-
ity amounts to showing some kind of weak Lipschitz property of the so-
lution mapping, as a function of the perturbation. In particular, [KR92]
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considers an abstract linear normed space and shows that the solution map-
ping is locally upper-Lipschitz, and also differentiable (Theorem 7.2 therein).
The work [LXL11] defines a special distance in the set of probabilities, and
proves a similar local Lipschitz property for the primal solution mapping.
In [Kum84], the local Lipschitz property is shown by means of generalized
equations and the Implicit Function Theorem.

The work [ZM13] deserves a special comment, as it also deals with the
issue of stabilizing price signals in energy problems, from a different per-
spective. The approach therein is employed to solve a short-term electricity
production management problem that has 106 variables and 106 constraints.
For a power system with 200 plants, the model covers 48 hours that are dis-
cretized in half-hour steps, see [Hec+10]. Because of the large scale and the
practical necessity of solving the problem in a couple of hours at most, cer-
tain subproblems that arise when applying Lagrangian relaxation cannot
be solved to optimality. The (inexact) oracle computing the problem data
returns an approximation that causes instability in the dual solution, when
considering consecutive time steps (electricity prices are not meant to jump
in a bang-bang from one half hour to the next one). This phenomenon occurs
even when the inaccuracy is small. The article [ZM13] proposes a regulariza-
tion with respect to total variation of price signals that yields satisfactory
results when a bundle method handles the inexactness.

In the context of this work, uncertainty is in perturbations of the right-
hand side of some equality constraints of the stochastic optimization prob-
lem. We are looking at instability with respect to samples, and not with
respect to time. Rather than controlling the accuracy of information used
to iteratively determine optimal Lagrange multipliers, our aim is to control
the variance of the perturbation induced by a sampling process.

1.2 Contributions

The PhD work reported in this manuscript was developed under CIFRE con-
tract number 2016-1416, between Université de Paris I Panthéon-Sorbonne
and ENGIE. Academically, this PhD is joint between IMPA and Université
de Paris I. This (rare) combination (IMPA–Paris 1–ENGIE) was then favor-
able to appreciate and promote the combination of theory and practice, con-
tributing to the interchange between Optimization and energy management
areas. This manuscript aims to share contributions in the area of Stochastic
Optimization and Energy Management.

The dual regularized future-cost function is analyzed using convex anal-
ysis and parametric optimization results. Theorem 4.1.2 describes the form
of future-cost function in the dual regularized problem. This result can be
useful for future works (numerically and theoretically) since it helps us to
analytically and intuitively understand the behavior of the dual regularized
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problem.
The asymptotic results of section 4.2 are already published in [LSS19b]

along with some numerical tests, here presented in section 5.1. These results
establish the link between the dual regularized problem and the original one,
and, most importantly, provide a way to find the minimal norm Price Signal
in the multipliers set.

Modeling and computational work in chapter 5 are also original. It is
different from [ZM13], where another dual regularization function is con-
sidered. The presented study reflects a comprehensive analysis of dual and
primal variables in a complex “real-life” optimization problem of ENGIE.

1.3 Organization of the Manuscript

This manuscript is organized in six chapters. In chapter 2, we present some
background material on results in convex and stochastic optimization theory
that are used in the sequel. Particularly, we introduce the recourse function
(see section 2.4) and the shadow prices from the point of view of a perturba-
tion function (see section 2.5). This is an interesting interpretation for our
proposal.

Chapter 3 presents the Energy Management problem and its notation.
As our application is the Northern Eastern model, we focus in this particular
energy system, even if the model is also used for other regions with important
participation of hydro-power plants, including the Brazilian case. We also
give some interesting examples of price signals. One of the examples, in
section 3.2, is a simplification of the Energy Management problem in a two-
stage linear program, and allows us to visualize the instability of price signals.

Chapter 4 contains the introduction to dual regularization and the main
properties of the regularized recourse function. These properties have to do
with asymptotic results for primal and dual solutions, that is, the description
of the behavior of dual regularized solution sets when the regularized prob-
lem approaches the original one. Section 4.3 also gives a numerical example
to illustrate the theory.

Finally, in chapter 5, we present numerical results for the dual regular-
ized problem. These results come from different types of problems under
consideration. In section 5.1, a set of “toy” problems is used to test the ef-
fect of regularization for different parameters. Section 5.2 describes results
for a simple but very illustrative example of a recourse function, There, we
show how the distribution of price signal changes with the regularization
parameter. Section 5.3 analyzes the behavior of the regularized price signals
on a simplification of the energy generation problem in Northern Europe,
presented section 3.2.3. Finally, results on a “real-world” problem in a part-
nership with ENGIE is presented, using the Northern Europe energy system
(see section 5.4).



Chapter 2

Background Material

Optimization under uncertainty is crucially important in many areas, such
as finance ([PR07], [DP09]), logistics [FHR13], energy ([MMF17], [GG04],
[Per+05]), petroleum industry [RHS10]; just to mention a few. All these
applications call for a rigorous mathematical theory about optimization un-
der uncertainty, ever evolving, and for stochastic algorithms to solve these
problems in practice.

The expected value is the most used estimator of the impact that dif-
ferent possible realizations have in the objective function of the stochastic
optimization problem. Possible reasons for that are the simple intuition of
expectation and its good mathematical properties. Let (ξ,Ξ) be a random
variable, and F : Ω × E → R be the objective function. A classical formu-
lation of an optimization problem under uncertainty is:

min
x∈X
{f(x) = E[F (x, ξ)]}, (2.1)

where X ⊂ Ω is the feasible set. Because of the Law of Large Numbers we
know that the expected value can be approximated by a discretization of
ξ's distribution. In real-life problems, this discretization in frequently a data
set that can be artificially generated or comes from a database.

Formulation (2.1) implies that the decision variable x will be optimized
without the knowledge of the value ξ. This framework characterizes here-
and-now decisions, in contrast to wait-and-see decisions, common in two-
stage stochastic problems (for a formal mathematical formulation; see sec-
tion 2.1). In applications, the random variable ξ usually represents an event
in the future, and x a decision made before the realization of this event.

Lagrange multipliers give useful information in the theory of optimiza-
tion and applications, in general. In the energy sector, it is probably even
more so, due to their interpretation as shadow prices. These multipliers as-
sociated with constraints in the feasible set X, estimate the rate of growth
of the function f with respect to changes in the constraint right-hand side
(when X is represented by equalities/inequalities, as is typical).

7
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Since uncertainty is an intrinsic part of the type of problems under con-
sideration, it brings up some questions about how the distribution of the
random variable ξ affects the decision variable and Lagrange multipliers. The
question is natural, and naturally important. Thus, there exist some publi-
cations in this direction: [DLR03], [Implicit], [GE07], particularly dealing
with the primal variable. Perturbations in the dual variable with respect to
changes in the right-hand side constraints are considered in [ZM13].

In this chapter, in section 2.1, we present the mathematical formulation
of two-stage stochastic programs. Sections 2.3 and 2.4 describe the essentials
of the Lagrange multiplier theory and how it applies to some properties
of the recourse function. Finally, in section 2.5 we discuss the concept of
shadow prices, which is important for understanding the theoretical and
applied aspects of the Energy problem in eventual consideration.

2.1 Two-stage Stochastic Linear Programs

For decision vectors x1 ∈ Rn1 and x2 ∈ Rn2 , a right-hand side vector h ∈ Rm,
matrices T and W of appropriate dimensions and linear costs Fi ∈ Rni ,
i = 1, 2, consider the following linear programming (LP) problem

min
x1,x2

〈F1, x1〉+ 〈F2, x2〉

s.t. x1 ≥ 0 , x2 ≥ 0
Tx1 +Wx2 = h .

(2.2)

If the decision in (2.2) is actually in two levels, the problem becomes{
min
x1

〈F1, x1〉+ Q(x1)

s.t. x1 ≥ 0

where

Q(x1) :=


min
x2

〈F2, x2〉
s.t. x2 ≥ 0

Wx2 = h− Tx1

=


max
π

〈π, h− Tx1〉

s.t. W>π ≤ F2 ,

where π denotes Lagrange multiplier (dual variable) for the equality con-
straint in (2.2). The matrices T and W are called, respectively, technology
and recourse. When h depends on ξ ∈ Ξ, a random variable, the problem
becomes: 

min
x1,x2(ξ)

〈F1, x1〉+ EP [ 〈F2, x2(ξ)〉 ]

s.t. x2(ξ) ≥ 0 x1 ≥ 0
Wx2(ξ) = h(ξ)− Tx1

(2.3)
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We are interested in dual formulations of stochastic two-stage programs,
[EO75]. Since our work includes computations, we work with a finite set of
scenarios to represent the uncertainty.

In the case where Ξ is a discrete set: Ξ = (ξ1, ξ2, . . . , ξS), and the distri-
bution of ξ is the probability vector p = (p1, p2, . . . , pS), such that ps > 0
for s ∈ {1, . . . ,S} and

∑S
s=1 p

s = 1, the problem can be written as:
min

x1,x2(ξs)
〈F1, x1〉+

S∑
s=1

〈F2, x2(ξs)〉

s.t. x2(ξs) ≥ 0 x1 ≥ 0 ∀s ∈ {1, . . . ,S}
Wx2(ξs) = h(ξs)− Tx1 ∀s ∈ {1, . . . ,S}.

(2.4)

Choosing a scenario ξs, the second-stage problem for this fixed scenario
has the form:

Q(x1; ξs) :=


min
x2

〈F2, x2〉
s.t. x2 ≥ 0

Wx2 = h(ξs)− Tx1

=

{
max
π

〈π, h(ξs)− Tx1〉

s.t. W>π ≤ F2.

(2.5)
A primal-dual solution to problem (2.4) is denoted by (x̄, π̄), where the

primal solution is the vector x̄ = (x̄1, x̄2(ξ1), . . . , x̄2(ξS)), and the dual so-
lution is the vector π̄ = (π̄(ξ1), . . . , π(ξS)). If we fix x̄1 the primal solution
of the first-stage problem, the second-stage primal solution x̄2(ξs) is also a
solution to Q(x̄1, ξ

s).

Notation 2.1.1. The second-stage solution to Q(·, ξs) is denoted by x̄2(ξs)
or x̄s2. The same for the right-hand side uncertainty and the dual solution,
respectively denoted h(ξs) or hs and π̄(ξs) or πs. When we want to clarify
the dependence on x1, the dual solution π̄ is written as π̄sx1 .

Other constraints can also be included, depending on application. For
matrices B1 and B2 with appropriate dimensions, we have that

min
x1,x2(ξs)

〈F1, x1〉+ EP [ 〈F2, x2(ξs)〉 ]

s.t. x2(ξs) ≥ 0 x1 ≥ 0 for s ∈ S
Wx2(ξs) = h(ξs)− Tx1 for s ∈ S
B2x2(ξs) ≤ b2 for s ∈ S
B1x1 ≤ b1.

(2.6)

Again, choosing a scenario ξs fixes the right-hand side term to hs and the
second-stage problem for this fixed scenario has the form:
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Q(x1; ξs) :=


min
x2

〈F2, x2〉
s.t. x2 ≥ 0

B2x2 ≤ b2
Wx2 = hs − Tx1

=


max
π,λ

〈π, hs − Tx1〉 − 〈λ, b2〉

s.t. −B>2 λ+W>π ≤ F2

λ ≥ 0.

(2.7)
The function Q is called recourse function or future-cost function, some-

times cost-to-go functions. To simplify notation, we denote A as follows:

A =


T W 0 . . . 0
T 0 W . . . 0
...

...
...

. . .
...

T 0 0 . . . W

 ,
and the uncertainty ξ = (ξ1, . . . , ξS), B = [B1|B2], and b = (b1, b2). If
ps, s ∈ {1, . . . ,S} represents the probabilities of scenarios ξs, s ∈ {1, . . . ,S},
x = (x1, x

1
2, ..., x

s
2), and h(ξ) = (h1, ..., hs) we can rewrite problem (2.6) as:


min
x

c>x

s.t. x ∈ X
Ax− h(ξ) = 0 ,

where
c := (F1, p

1F2, . . . , p
SF2)

X := {x ∈ Rn | x ≥ 0 Bx ≤ b}, and
h(ξ) ∈ {y | y = Ax, x ∈ X} .

2.2 Multi-stage Stochastic Programs

When uncertainty reveals progressively, decisions need to be made in stages
t ∈ {1, 2, . . . ,T}, for T > 2, and we have a Multi-stage Stochastic Program.

The random variables ξt represent the elements necessary to model what
happens between time t − 1 and t. We would like to estimate how this
random variable affects our perception of the future cost. The most common
estimator, that we have already seen in Two-Stage Stochastic Programs, is
the expected value.

In a Multi-stage Stochastic Program, ξ[t] = (ξ1, ξ2, . . . , ξt) is the history
of the process up to time t. It is usually assumed that the problem is Stage-
wise Independent, that is, that ξt+1 is independent from ξ[t].

For each stage, we make a decision considering Cost-to-go Function. This
function is given by:

Qt(xt−1; ξt) :=


min
xt

〈ct, xt〉+ E [Qt+1(xt)]

s.t. xt ≥ 0
Btxt−1 +Atxt = bt .

The set of functions x̄t = x̄t(ξ[t]), for t ∈ {1, . . . ,T}, is said to be an



DUALITY AND LAGRANGE MULTIPLIERS 11

implementable policy, if it is sequence of decisions made assuming knowledge
of past events only that satisfies the constraints.

Solving a Multi-stage Problem Computationally

When ξt is a discrete random variable ξt ∈ {ξ1, . . . , ξS}, the most natural
mathematical object used to model what happens in a multistage problem
is a graph in form of tree. This graph, called tree of scenarios, is a tree in
which each edge represents a scenario ξst , s ∈ {1, . . . ,S}, each stage is a tree
generation and for each node we associate a decision xt(ξ[t]) that is taken
based on past events and evaluating the cost-to-go function.

From this point of view, if we want to estimate the future, we need
to parse all possible paths in the future and compute the expected value.
This estimation, even if rigorous, is very expensive in time and computer
memory, which makes its execution impractical. Some algorithms, being the
most known SDDP [PP91], have clever forms to explore the tree of scenarios
without covering each possible path.

Rolling-Horizon Perspective: This is an alternative to covering the
tree of scenarios. In this model, we divide the problem in a set of two-
stage problems. For time one, we consider the first stage as time one and
other stages as a second stage. Each possible path of the tree is a scenario
ξs2, s ∈ {1, . . . ,SS}. We solve this two-stage problem and make a decision
x1(ξ[1]). In time t, for each ξt as initial condition, the first-stage problem
considers time t and the second stage includes t′ ∈ {t + 1, . . . ,T}. Again,
we make a decision xt(ξ[t]). This decision takes into account just the past
events, and so it is an implementable policy. Once again, parsing the whole
tree is not possible, because of the huge quantity of operations required.
Usually, the rolling-horizon algorithm [GS12] considers just a small amount
of paths per stage, as in the forward path of SDDP.

2.3 Duality and Lagrange Multipliers

As seen in the mathematical formulation above, one must look at primal
and dual problems to connect to the recourse function. In this section, the
basic theory of duality and Lagrange multipliers is briefly recalled, to set
the stage for further developments.

Consider the standard optimization problem:{
min
x

f(x)

s.t. h(x) = 0, g(x) ≤ 0,
(2.8)
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where x ∈ Rn, h : Rn → Rl and g : Rn → Rk. Denote

D = {x : h(x) = 0, g(x) ≤ 0}.

In this context, problem (2.8) is called primal problem. The Lagrangian of
problem (2.8) is defined as L : Rn × Rl × Rk+ → R :

L(x, π, µ) = f(x) + 〈π, h(x)〉+ 〈µ, g(x)〉 .

Problem (2.8) is formally equivalent to

min
x∈D

sup
(π,µ)∈Rl×Rk+

L(x, π, µ).

The dual to the original problem (2.8) is given by (formally interchanging
the min and sup operations):

max
(π,µ)∈Γ

inf
x
L(x, π, µ), (2.9)

where
Γ := {(π, µ) ∈ Rl × Rk+ : inf

x
L(x, π, µ) ≥ −∞}.

When problem (2.8) has certain properties, the dual (2.9) can be easier
to solve, and at the same time advance the understanding and solution of
the original (primal) problem (2.8). And when f, h and g are linear, problem
(2.9) is also linear, as in the case of the recourse function (2.5). In the linear
case, primal and dual problems are just equivalent.

Let x̄ be a solution of (2.8). The set of Lagrange multipliers associated
with x̄ is:

∆ = {(π, µ) ∈ Rl × Rk+ : L′x(x̄, π, µ) = 0, 〈µ, g(x̄)〉 = 0}. (2.10)

According to the KKT Theorem (see, e.g., [IS05, Theorem 4.2.2]), under
certain conditions, if x̄ is a solution of (2.8), the set ∆ is nonempty.

If (π, µ) ∈ ∆, we have that

−f ′(x) =
l∑

i=1

πih
′
i(x̄) +

k∑
i=1

µig
′
i(x̄).

Also, under certain conditions (convexity and an appropriate constraint
qualification), the dual (2.9) and primal (2.8) problems have the same opti-
mal values.

In the case of our eventual application, problem (2.9) is the linear prob-
lem:
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Q(x1; ξs) :=


min 〈F2, x2〉
s.t. x2 ≥ 0

Wx2 = h(ξs)− Tx1

=

{
max 〈π, h(ξs)− Tx1〉
s.t. W>π ≤ F2.

2.4 The Recourse Function

The recourse function Q in (2.5) is:

Q(x1; ξs) :=

{
max
π

〈π, h(ξs)− Tx1〉

s.t. W>π ≤ F2.

The function Q(x1, ξ
s) is well defined if the corresponding problem has non-

empty feasible set for all scenarios ξs, a condition called complete recourse.
One can also consider the function Q in the domain D1 of the variable

x1, defined in the first-stage problem. In (2.4), for example, this domain
is: D1 = {x1 : x1 ≥ 0}. When Q(x1, ξ

s) has non-empty feasible set for all
x1 ∈ D1 and for almost every ξs ∈ Ξ, the recourse is said to be relatively
complete.

The function Q can also be described by:

Q(x1; ξs) = max{π1,...,πK}
〈
πk, h(ξs)− Tx1

〉
, (2.11)

where {π1, . . . , πK} is the set of vertices of the feasible set Π = {W>π ≤ F2}.
Defining ψ(π, x1) :=

〈
πk, h(ξs)− Tx1

〉
, we can write

Q(x1; ξs) = max{π1,...,πK} ψ(πk, h(ξs)− Tx1). (2.12)

Since ψ is convex and, hence, continuous, Q is also convex (see, e.g.,
[IS05, Theorem 3.4.60]). Note that ψ(π, ·) is linear, implying that Q is also
piecewise affine. As a consequence, the recourse function is convex but not
everywhere differentiable.

Convex functions, at every point of the effective domain, have the asso-
ciated subdifferential (a set of certain generalized derivatives).

Definition 2.4.1. (Subdifferential) Let f : U ⊂ Rn → R be a convex real-
valued function. The subdifferential of f at a point x0 ∈ U , denoted by
∂f(x0), is given by

∂f(x0) = {π : f(x)− f(x0) ≥ 〈π, x− x0〉}.

Being Q the maximum of linear functions, for a fixed x1 we have that:

Q(x1, ξ
s) =

〈
π̄sx1 , h(ξs)− Tx1

〉
=
〈
π̄sx1 , h(ξs)

〉
−
〈
T>π̄sx1 , x1

〉
,
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where π̄sx1 achieves the maximum objective value in formulation (2.11) for
a fixed scenario ξs. For two feasible points x1 and x̂1, replacing π̄sx1 for π̄sx̂1 ,
we have that:

Q(x1, ξ
s) ≥

〈
π̄sx̂1 , h(ξs)− Tx1

〉
,

since Q(x1, ξ
s) is a maximum. Then:

Q(x1, ξ
s)−Q(x̂1, ξ

s) ≥
〈
−T>π̄sx̂1 , x1

〉
−
〈
−T>π̄sx̂1 , x̂1

〉
=
〈
−T>π̄sx̂1 , x1 − x̂1

〉
.

In particular,
−T>π̄sx1 ∈ ∂Q(x1, ξ

s).

Summarizing,

Proposition 2.4.2. For each scenario ξs, the recourse function Q(·, ξs) is
convex, and for the dual solution π̄sx1 it holds that −T>π̄sx1 ∈ ∂Q(x1).

Remark 2.4.3. The set where Q is not differentiable is a closed (not neces-
sarily compact) subset of Rn1 in which π is feasible and has the same objec-
tive value that the optimal vertex π̄s : 〈π̄s, h(ξs)− Tx1〉 = 〈π, h(ξs)− Tx1〉 .

For a fixed scenario ξs, and first-stage decision x1, consider the La-
grangian of the problem Q(x1, ξ

s), given by L : Rn2 × Rk × Rn2
+ → R:

L(x2, π, µ) = 〈F2, x2〉+ 〈−h(ξs) + Tx1 +Wx2, π〉 − 〈µ, x2〉 .

Since Q(x1, ξ
s) is a linear optimization problem, we can express its dual

problem as a linear problem in terms of π, the first component of the dual
variable. The other optimal component µ̄ can be expressed in terms of π̄
and the constraints of the problem. The dual problem is:

Q(x1; ξs) =

{
max
π

〈π, h(ξs)− Tx1〉

s.t. W>π ≤ F2.
(2.13)

The following is standard from duality theory.

Proposition 2.4.4. For a fixed x1 and scenario ξs, it holds that

{π̄ : 〈π̄, h(ξs)− Tx1〉 = Q(x1, ξ
s)} = {π̄ : ∃µ̄ such that (π̄, µ̄) ∈ ∆}.

2.5 Shadow Prices

Mathematically,the shadow price provides the rate of change of the objective
function with respect to infinitesimal perturbations in the right-hand side
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of a problem’s constraint. For our two-stage problem, the economical inter-
pretation assesses the impact in the recourse function of small variations in
the first stage or here-and-now decision. The i-th component of the shadow
price represents the price of the i-th constraint in the model, that is, the
value paid to keep satisfying it, also known as marginal utility.

Let ν : Rn → R̄ be the value-function of an optimization problem:

ν(u, v) :=


min
x

f(x)

s.t. 〈hj , x〉 − bj = vj j = {1, . . . ,K}, (or Hx = v),
gi(x) ≤ ui, i = {1, . . . , L}, (or g(x) ≤ u),

where f : Rn → R, gi : Rn → R, hj ∈ R. The function ν measures variations
of the objective function with respect to changes in the right-hand side
constrains. We assume that the functions f and gi are convex. Denote

D(u, v) := {x : Hx = v, g(x) ≤ u}.

Note that D(u, v) can be empty at some points in a neighborhood of
(0, 0). Thus, for ν to be finite, some assumption is needed. In any case,
ν is a decreasing function with respect to u, since ui < u′i implies that
D(u, v) ⊆ D(u′, v). Also, ν is a convex function, as shown in the following
proposition.

Proposition 2.5.1. Suppose f and gi, i ∈ {1, . . . , L}, are convex. Then ν
is convex.

Proof. See Theorem 3.3.3, chapter 3, [HL93].

Some properties of the value function ν are related to stability of the
associated optimization problem around (0, 0). The sensitivity to changes in
u can be measured by the behavior of ν(0, 0) − ν(u, 0) for small values of
‖u‖. Since ν is convex and it has finite value at (0, 0), it has a non-empty
subdifferential set ∂ν(0, 0). For any element π ∈ ∂ν(0, 0), by definition we
have that:

ν(u, v)− ν(0, 0) ≥ 〈π, (u, v)〉 .

If we think of the function as cost, subdifferentials provide lower bounds for
how much the cost would increase if some of the conditions in the model
change. On the other hand, regarding upper bounds, we have the following
definition:

Definition 2.5.2. The primal problem ν(O, 0) is said to be stable if there
is M > 0 such that for all u 6= 0 :

ν(0, 0)− ν(u, v)

‖(u, v)‖
≤M.
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It is desirable to be able to describe the whole subdifferential set of ν,
since it is an important indicator. The strong Slater condition is equivalent
to finite values of ν in a neighborhood of (0, 0).

Definition 2.5.3. (Strong Slater Condition) If H is linear and gi are con-
vex, the Strong Slater condition is satisfied if the elements hi are linearly
independent and ∃x ∈ D such that gi(x) < 0, i = 1, . . . , N.

Proposition 2.5.4. Under our standing assumptions, the strong Slater con-
dition is necessary and sufficient for ν to be finite in a neighborhood of the
origin.

Proof. See Theorem 3.3.3, chapter 3, [HL93].

Finally, we can describe the whole set ∂ν(0, 0) in terms of the Lagrange
multipliers of the associated problem.

Theorem 2.5.5. (Strong Duality) If the primal problem ν(0, 0) satisfies the
Strong Slater Condition, we have that:

1. The dual problem has an optimal solution, and the optimal values of
the dual and primal problems are the same.

2. π is an optimal solution for the dual problem if and only if −π is in
the subdifferential of the perturbation function ν at (u, v) = 0.

Proof. Since D(0, 0) is not empty and ν(0, 0) is finite, the dual set is non-
empty, see Theorem 5.2.19, [IS05], so the dual problem has an optimal solu-
tion, and the optimal values of the dual and primal problems are the same,
see Theorem 5.2.18, chapter 5, [IS05].

For item 2 see Theorem 3.3.2, chapter 3, [HL93].

As a consequence of Proposition 2.5.4 and Theorem 2.5.5, under Strong
Slater Condition, ν is differentiable if and only if the set of multipliers ∆ is
a singleton. In this case, we have that:

ν ′(0; ei) = πi,

where ei is the i-th component of the canonical vector, and ψ′(x; d) stands
for the usual directional derivate of the function ψ at the point x in the
direction d. So, informally speaking, the components of vector π say which
components of constraints are more important in the growth of the objective
function value.

In the case when f, g, and h are linear, πi can be directly expressed as a
solution of a linear problem, since the dual can be easily computed. Given
a vector F and matrices H,G, we have that:
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ν(u, v) :=


min
x
〈F, x〉

s.t. Hx = v,
Gx ≤ u

=

{
max 〈v, π〉 − 〈u, µ〉
s.t. H>π −G>µ = F,

(2.14)

and (π, µ) is the full price signal vector.
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Chapter 3

On Price Signals for Energy
Optimization

Modern energy markets involve a large number of technologies to generate
electricity. Finding the best policy with lower prices is a challenging problem.
We describe the main elements of the considered energy generation system.
Related material, with variations in the problem to be solved that depends
on a country and the type of the market, can be consulted in, for instance,
([Hec+10], [PP91], [SBV17]).

3.1 Energy Management Problems

Energy systems like the North European (Nordic) energy market, used in
the numerical experiments in Chapter 5, involve several balancing zones,
representing a country (say Finland) or a region in a country (say Norway 1
to Norway 5). Typically, intra-zone constraints are demand satisfaction and
water-balance equations, while the overall balance of the system is achieved
by exchanges between the zones, as represented by the diagram in Figure 3.1.

In our real-life application with ENGIE, we consider the problem of
managing in an optimal manner the generation of an energy system as in
Figure 3.1, over a time horizon of 12 months, with hourly discretization.

In Figure 3.1 not all zones are connected, as this is what happens in
some energy systems, as the North European, considered in our numerical
tests. Inside each zone, demand must be satisfied and reservoirs follow a dy-
namic represented by the water-balance equation. In order to write down the
corresponding optimization problem, we use the notation described below.

3.1.1 Nomenclature

The notation for the different elements defining the optimization problem is
given below.

19
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Figure 3.1: Energy system with balancing zones

Zone 1
Demand

Water Balance

Zone 2
Demand

Water Balance

Zone 3
Demand

Water Balance

Zone 4
Demand

Water Balance

• Sets:

– Scenarios s ∈ S each one with probability ps, representing uncer-
tainty ξs on water inflows, changing the hydro-power availability.

– Time steps in the set {t ∈ T}.
– Balancing zones {zl, l ∈ L}.
– A zone zl has thermal power plants {i ∈ Il} and hydro-plants
{j ∈ Jl}.

– For each l ∈ L, Fl is a set of zones connected with zl, to import
or export energy. When the zone has no connections, this set is
empty.

• Variables at time t:

– A hydro-plant j ∈ Jl has reservoir level vt
j

and spillage sptj .

– The generated energy of thermal and hydro-power plants gtti and
ghtj , respectively.

– For each l ∈ L having nonempty set Fl, and for all l1 ∈ Fl, the
energy exchanged between zones zl and zl1 is f tl↔l1 .

– A possible deficit in generation of zone zl is represented by an
artificial power plant in the set Il, with very high generating cost
and large capacity.

• Parameters:

– For the reservoir in hydro-plant j ∈ Jl, the water inflow It,sj =

Isj (ξs), noting that for t = 1 this is a deterministic value: I1,s
j =

I1
j , the same for all scenarios s. The reservoir initial volume is v0

j ,
its maximum and minimum levels are vj and vj , respectively.
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– For thermal power plant i ∈ Il at time t, its maximum generation
capacity gt

t
i and unit generation cost Cti .

– The hydro-cost of hydro-power plant j ∈ Jl is null, and its maxi-

mum capacity gh
t
j .

– For zone zl at time t, the deterministic demand Dtl .

3.1.2 Formulating the Problem

For a fixed scenario s, the deterministic formulation for the problem of
interest is the following:

min
gtti,v

t
j ,f

t
l↔l1

,sptj

∑
t∈T

∑
l∈L

∑
i∈Il

Ctigt
t
i

s.t. vtj ≤ vtj ≤ vtj and 0 ≤ sptj , j ∈ Jl , l ∈ L , t ∈ T
0 ≤ ghtj ≤ gh

t
j , 0 ≤ gtti ≤ gt

t
i, j ∈ Jl , i ∈ Il , l ∈ L , t ∈ T

0 ≤ f tl↔l1 , l ∈ L : l1 ∈ Fl 6= ∅ , t ∈ T

vtj − v
t−1
j + ghtj + sptj = It,sj , j ∈ Jl , l ∈ L , t ∈ T∑

j∈Jl

ghtj +
∑
i∈Il

gtti +
∑

l1∈Fl 6=∅

f tl↔l1 = Dtl , l ∈ L , t ∈ T .

(3.1)
Recall that the demand equation involves no variables f tl↔l1 for zones zl
without exchanges, as in this case El = ∅. Note also that feasibility is ensured
by the spillage and deficit (the artificial power plant generation), which act
as slack variables in the equality constraints.

For easier reading, the stochastic version of the linear program (3.1)
is given in an abstract format, more suitable for our developments. To this
end, we adopt a two-stage approach to handle uncertainty, splitting the time
steps into two sets, T1 := {t ∈ T : t ≤ t1} and T2 := {t ∈ T : t > t1}. Until
time t1 all data is considered known, with scenarios s corresponding to right
hand side uncertainty, relative to times in T2.

Variables with time index t ≤ t1 define the first-stage decision vector

x1 :=
⋃
t∈T1

{
(vtj , sp

t
j , gh

t
j)j∈Jl , (gt

t
i)i∈Il , (f

t
l↔l1)l1∈Fl 6=∅) : l ∈ L

}
, (3.2)

which is of the “here-and-now” type. Since we consider that uncertainty
reveals at time t1, all variables with index t > t1 are of the “wait-and-see”
type and, hence, denoted by xs2 for each scenario s:

xs2 :=
⋃
t∈T2

{
(vt,sj , sp

t,s
j , gh

t,s
j )j∈Jl , (gt

t,s
i )i∈Il , (f

t,s
l↔l1)l1∈Fl 6=∅) : l ∈ L

}
.

The objective function in (3.1) is likewise split, so that we have vectors
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F1 and F2 of appropriate dimensions satisfying∑
t∈T1

∑
l∈L

∑
i∈Il

Ctigt
t
i = 〈F1, x1〉 and

∑
t∈T2

∑
l∈L

∑
i∈Il

Ctigt
t,s
i = 〈F2, x

s
2〉 .

In a similar manner, the box constraints in (3.1), written for x1 and xs2,
are rewritten as

x1 ≤ b1 and xs2 ≤ b2 , s ∈ S ,

taking appropriate vectors b1 and b2. Although not present in (3.1), explicit
upper bounds for the spillage and exchanges (variables sptj and f tl↔l1) can
be obtained from the water-balance and demand equality constraints.

Finally, notice that in (3.1) only the water-balance equations couple time
steps. In particular, for t = t1 + 1, this gives

vt1+1,s
j − vt1j + gtt1+1,s

j + spt1+1,s
j = It1+1,s

j , j ∈ Jl , l ∈ L ,

an equality coupling components of xs2 with components of x1. As usual in
two-stage stochastic programming, this relation is expressed as

Tx1 +Wxs2 = hs ,

where the vector hs = h(ξs) has components given by the right-hand side
terms It,sj and Dtl1 , and the technology and recourse matrices T and W have
appropriate dimensions. Typically, these matrices are very sparse, as they
involve few variables at once. For instance, for identity matrices Id of proper
dimension, when T = 2 they are as follows:

T :=
[
−Id 0 0 0 0

]
∈ R5I , W :=

[
Id Id 0 0 0

]
∈ RI .

With the above notation, the two-stage stochastic programming formu-
lation for our energy management problem is:

min
x1,xs2

〈F1, x1〉+
∑
s∈S

ps 〈F2, x
s
2〉

s.t. 0 ≤ x1 ≤ b1
0 ≤ xs2 ≤ b2 for s ∈ S
Tx1 +Wxs2 = hs for s ∈ S .

(3.3)

3.2 Examining the Reliability of Price Signals

The price signals given by the demand constraint correspond to components
of the optimal multiplier associated with the last constraints in (3.3), with
right-hand side vector hs, for s ∈ S. A common practice in the energy sector
is to average those signals and use the resulting mean price to guide the
company business strategies.
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Suppose the company has two managers m = 1 and m = 2, say in
different locations. Each manager determines price signals using a set Sm
with the same number of scenarios, but not necessarily the same ones (S1 6=
S2 have the same cardinality). The usual belief is that, if the scenario sets
Sm are sufficiently large, the multiplier empirical distributions obtained with
S1 and with S2 will be similar and, hence, the two averaged prices will be
similar too. This is clearly desirable, as then our two managers are likely
to make similar/consistent business decisions. We next give some examples
showing that this may not be the case in general.

3.2.1 Analytical Solution

Suppose in (2.3) we consider realizations of some continuous random variable
ξ ∈ R, with cumulative distribution function denoted by P.

In the example, the right-hand side vector hs = ξs is a particular real-
ization of the continuous variable. The second-stage vectors xs2 have compo-
nents (x+

2 (ξ), x−2 (ξ)) ∈ R2, with respective scalar costs F+
2 and F−2 , satisfy-

ing F−2 ≥ F
+
2 > 0. We furthermore take b1 , b2 = +∞, x1 ∈ R and let T = 1,

W = [1− 1], so that the optimization problem is
min

x1,x
+
2 ,x
−
2

F1x1 + E[F+
2 x

+
2 (ξ) + F−2 x

−
2 (ξ)]

s.t. x1 ≥ 0
x+

2 (ξ) ≥ 0 , x−2 (ξ) ≥ 0 for a.e. ξ
x1 + x+

2 (ξ)− x−2 (ξ) = ξ for a.e. ξ ,

with F1 > 0 and the feasible set assumed non-empty for a.e. ξ. Rewriting
this problem in a two-level formulation,

{
min
x1

F1x1 + E[Q(x1, ξ)]

s.t. x1 ≥ 0
, Q(x1, ξ) :=


min
x+2 ,x

−
2

F+
2 x

+
2 + F−2 x

−
2

s.t. x+
2 , x

−
2 ≥ 0

x+
2 − x

−
2 = ξ − x1

(3.4)
gives, by Linear Programming duality, that

Q(x1, ξ) :=

{
max
π

π(ξ − x1)

s.t. −F−2 ≤ π ≤ F
+
2 .

Therefore, the optimal Lagrange multiplier associated with the affine con-
straint in (3.4) is

π(x1, ξ) :=


−F−2 if ξ − x1 < 0

any element in [−F−2 , F
+
2 ] if ξ − x1 = 0

F+
2 if ξ − x1 > 0 .

(3.5)
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The recourse function can be written as

Q(x1, ξ) = F−2 max(x1 − ξ, 0) + F+
2 max(ξ − x1, 0),

yielding an explicit form for the expected value:

E[Q(x1, ξ)] = F−2 P(ξ ≤ x1) + F+
2 P(ξ ≥ x1) = F+

2 + (F−2 − F
+
2 )P(ξ ≤ x1) .

Then problem (3.4) boils down to

min
x1≥0

F1x1 + E[Q(x1, ξ) = F+
2 + min

x1≥0
F1x1 + (F−2 − F

+
2 )P(ξ ≤ x1) ,

The cumulative distribution P(ξ ≤ ·) is a non-decreasing function. Since, in
addition, F1 > 0 and F−2 ≥ F+

2 by assumption, the minimizer is x̄1 = 0.
The corresponding optimal price distribution is

π̄(ξ) =


−F−2 if ξ < 0

any element in [−F−2 , F
+
2 ] if ξ = 0

F+
2 if ξ > 0 .

For simplicity, let F−2 = F+
2 = F2, and suppose that ξ has a symmetric

probability distribution P. Then the continuous price signal for (3.4) has the
following mean and variance:

E[π̄(ξ)] = 0 and Var[π̄(ξ)] = E[π̄(ξ)2] = F 2
2 . (3.6)

However, if in our example Manager 1 samples only negative numbers while
Manager 2 samples only positive numbers, then S1 ⊂ R− and S2 ⊂ R+ will
respectively result in the very different (and wrong) empirical signals

∀s ∈ S1 π̄1(ξs) = −F2 =⇒ E[π̄1] = −F2 and Var[π̄1] = 0
∀s ∈ S2 π̄2(ξs) = F2 =⇒ E[π̄2] = F2 and Var[π̄2] = 0 ,

(3.7)

no matter how large are the samples.
Of course, this example illustrates an extreme case and any intermediate

situation between the most wrong one (as above) and “right” ones (with
S1 and S2 containing the same number of positive and negative numbers)
are possible. In this sense, the sampling method certainly has an impact.
Nevertheless, the stochastic nature of the energy management problem (3.3)
still remains, making the issue of producing reliable price signals a real
concern.

The next examples show the high variability that the Lagrange multiplier
output can exhibit, depending on the method and algorithm used.
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3.2.2 Same Problem, Different Output from Different Solvers

Take 2 equiprobable scenarios and let x1 ∈ R2 and x2 ∈ R3. The first-stage
cost F1 = (2, 3)>, while second-stage cost is deterministic F2 = (1, 0, 0)>.
The technology and recourse matrices in (2.4) are

T :=

[
1 0
0 1

]
and W :=

[
1 −1 0
1 0 −1

]
.

The uncertain right-hand side terms are h1 := (1, 1)> and h2 := (2, 0)>.
For this small example, the feasible set of the dual problem can be com-

puted explicitly. It is the simplex in Figure 3.2, where the Lagrange multi-
plier set for both scenarios is the edge in blue (if in color; otherwise it is the
thicker line).

Figure 3.2: The feasible set of the dual problem (the triangle, red if in color),
and the set of Lagrange multipliers (the edge in blue if in color; otherwise
it is the thicker line)

In this simple case, we tested different algorithms: Simplex method for
the linear deterministic problem (LP), the L-Shaped method (LS), and the
Proximal Bundle method [LS97] (BM). The point is that they all compute
different Lagrange multipliers:

Algorithm (LP) (LS) (BM)

Lagrange multipliers (0,−1), (−1, 0) (−1, 0), (−1, 0) (1
2 ,

1
2), (1

2 ,
1
2)

This is already problematic, by itself. The next consideration is that having
as output a solution with the smallest norm is important when dealing with
prices, since they are unique and, depending on the application, can have a
special meaning. For this example, the minimal-norm Lagrange multiplier
is:

π̂ =
(1

2
,
1

2

)
.
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But out of the three options, only the Proximal Bundle Method provides
this multiplier. Moreover, there is no guarantee that this will still be so for
some other problem.

3.2.3 Same Problem, Different Price Distribution

We now consider some price signals obtained for two examples. The first
one is an academic case, taken from [SH98]. The second one is the energy
management problem from a real industrial application.

A simple two-stage linear program

The following tests were ran using Matlab 7.8.0 (R2009a), on an AMD
Athlon II X2 240 computer with 2800 MHz, 2 GB RAM, with Ubuntu OS,
using MOSEK optimization toolbox for Matlab; see http://www.mosek.com.

In this example we are going to observe how the Lagrange multiplier
changes depending on the distribution of the scenarios considered in each
sample. Scenarios are generated by a normal distribution N(µ, σ), where
the mean value of µ and σ is 2.35 and 1.2, respectively. For each sample Pi,
where i ∈ {1, 2, 3}, we generate 50 scenarios, and these scenarios define the
discrete distribution of the random variable (ξi,Ξ), i = {1, 2, 3}.

The dimensions of W and T are 40× 60. The Lagrange multiplier πs ∈
R40, s ∈ {1, . . . , 50}. E[πi] is expected value of the component i with respect
to the scenarios s. In the next table, we show the expected value for some
components:

Sample E[π33] E[π12]

S1 56.5784 4.2821
S2 62.6715 2.012
S3 60.6757 4.6553

Table 3.1: Expected price signals for 50 scenarios in each sample

Component 33 is the larger component of the price signal for this prob-
lem, which is an important indicator in applications since it indicates the
component in which variations have greater impact on the cost - or on the
objective function. We see in table 3.1 that the expected values vary between
samples. For component 33, the standard deviation with respect to samples
is 3.11, which represents 5.5% of the expected value of the first sample. For
component 12, which has the most important variation proportionally, the
standard deviation is 1.4, which represents 33% of the expected value for
the first component.

These values decrease slowly if we increase the quantity of scenarios in
each sample:

http://www.mosek.com
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Sample E[π33] E[π12]

S1 55.2371 4.2564
S2 52.8023 3.8833
S3 59.9722 4.3294

Table 3.2: Expected price signals for 100 scenarios in each sample

Considering the sparsity and low dimension of the problem, these results
show that even simple two-stage problems can be sensitive to changes with
respect to samples.

The Nordic Energy System

The industrial problem under consideration follows the schematic diagram
given in Figure 3.1 to represent the 12 bidding zones in northern Europe.
Zones are connected and can interchange energy. Each of these zones is a
component of the price signal, denoted by πsi .

In this formulation we summarize the energy generation problem of a
whole year in a two-stage problem with stages t ∈ {1, 2}. Stage 1 represents
winter/autumn and stage 2 represents summer/spring. To do that, we con-
sider the mean of the real data, originally organized by hour, for each part
of the year, that is, the mean of demand, inflow and capacity. The other
part of the data is maintained as before, as maximum level of reservoirs and
flow, that were not originally dependent on time. This modeling makes the
problem more tractable, and more directly comparable with the developed
theory, since it is a two-stage model.

For this hydro-dominated system, the uncertainty ξ comes from inflows,
the most important source of randomness (with a periodic nature, easier to
forecast than wind). In Northern Europe inflows tend to be much larger in
summer/spring than in winter/autumn, hence justifying our division of the
time horizon in two separate stages. The most important variation of inflows
occurs in Norway, even if other countries like Sweden have also a significant
difference in the inflows of their bidding zones.

As in the previous example, we consider different samples, each one with
50 inflow scenarios. We had available a set of 80 real scenarios that could be
used to solve the real problem, however, algorithms do not go through all
the three of scenarios. In the case of SDDP, for example, just some branches
of the tree are covered, because of the exporential nature of the graph. In
Table 3.3 we see the behavior of the expected value of the price and its
variance, computed with different samples for the bidding zones 1 and 4 in
Norway.

We confirm that significant differences may appear, when using different
samples. In the runs reported in Table 3.3, the most important differences
are observed for NO4. The fact that prices are computed by solving a lin-
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Sample E[πNO1] VAR[πNO1] E[πNO4] VAR[πNO4]

S1 28,16 51.43 27,34 40.67
S2 29,50 47.23 24,50 41.80
S3 27,98 51.70 27,20 43.76

Table 3.3: Expected price signals and variance for zones NO1 and NO4

ear programming problem has certainly an impact, because typical solvers
for linear programs return a solution which is a vertex of the (polyhedral)
feasible set.

In this experiment, prices tend to oscillate between three main values
between 25 and 35, as shown in Figure 3.3, with histograms for the three
samples.

Figure 3.3: Price distribution of three samples with β = 0

The same behavior was observed with 15 different samples; we only re-
port here three for brevity. If one needed to make a business decision based
on these histograms, it would be difficult (basically unclear how) to choose
which expected value or variance is the “right” one.

We could clearly increase the number of scenarios, however, beside the
fact that there is no guarantee that multipliers will stabilize, it is not always
possible in practice because of time and computational limitations.



Chapter 4

The Theory of Dual
Regularized Price Signals

Dealing with uncertainty means also dealing with imperfect approximations
of a distribution, and with the inherent instability. In stochastic optimiza-
tion, stability of primal variables with respect to distributions has already
been studied numerically and theoretically ([Roe03b], [HBT18], [HW01]).
Theoretical approaches usually establish certain regularity properties of a
function that links the distribution and the first-stage decision.

In this work, regularization is understood from the more computation-
ally oriented perspective. In some ways, it can be (loosely) related to the
recent developments in Machine Learning and Artificial Intelligence, with
applications in fields like computer science, statistics and deep learning. In
these applications, regularization usually aims at avoiding over-fitting (un-
desirable dependence on specific, possibly eventually not very representative,
data) by penalizing complex solutions. Along these lines, in our case we also
want the marginal cost to be less sensitive to the data input. Some previ-
ous works have successfully implemented primal regularization in stochastic
optimization problems, see ([AOS19], [HS94]). Our focus is dual.

As seen in Chapter 2, in two-stage stochastic problems the recourse func-
tion is affine by parts, which means that it is not differentiable. The Lagrange
multiplier gives elements in the subdifferential set of the recourse function:

−T>πx1(ξ) ∈ ∂xQ(x1, ξ),

for all x1 ∈ X and a fixed ξ ∈ E. If we could make the recourse function Q
differentiable, we would have a unique Lagrange multiplier πx1 , that would
then be a smoother function with respect to the first-stage decision x1.

We introduce a dual regularization that adds a quadratic term to the
recourse function, written in its dual formulation. Informally, the technique
can be seen as a way to gain regularity/stability, giving a better control of
the Lagrange multiplier computed. We show that considering a sequence of

29
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regularization parameters βk → 0, the corresponding sequence of regularized
Lagrange multipliers πβk converges to a multiplier in the original set (when
β = 0) and that it is the minimal-norm element in the set. The economic
interest of this result is clear, since the mechanism would systematically
yield the price with smallest possible norm. The theory passes through a
variational analysis and non-linear computational analysis perspectives.

In this chapter we present the dual regularized two-stage problem and
discuss its mains analytical properties. In section 4.1 we start with a simple
but very illustrative example of regularized recourse function. We discuss the
main properties of the regularized future-cost function. These properties are
used in section 4.2, where we talk about the asymptotic behavior for primal
and dual variables. Finally, in section 4.3 we give a numerical example to
illustrate our results.

Most of the material presented below was published in the article [LSS19b].

4.1 Dual Regularization of Two-Stage Problems

The stabilization device proposed in [LSS19b] aims at producing multipliers
with minimal norm. Like in the simple example above, consider the two-level
reformulation of (3.3), min

x1
〈F1, x1〉+

∑
s∈S

psQs(x1)

s.t. 0 ≤ x1 ≤ b1 ,
(4.1)

making use of the following recourse function:

Qs(x1) :=


min
x2

〈F2, x2〉
s.t. 0 ≤ x2 ≤ b2

Wx2 = hs − Tx1

=


max
π

〈π, hs − Tx1〉 − 〈λ, b2〉

s.t. −λ+W>π ≤ F2

λ ≥ 0 ,
(4.2)

where we use the short notation hs := h(ξs).
Stability of the dual variables is achieved by considering the following

regularized recourse functions, depending on a parameter β > 0,

Qβ,s(x1) :=


max
π,λ

〈π, hs − Tx1〉 − 〈λ, b2〉 −
β

2
‖π‖2

s.t. −λ+W>π ≤ F2

λ ≥ 0 .

(4.3)

By construction, the solution π̄β,s(x1) of (4.3) is unique. Using once again
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duality, we have that

Qβ,s(x1) =

 min
x2

〈F2, x2〉+
1

2β
‖hs −Wx2 − Tx1‖2

s.t. 0 ≤ x2 ≤ b2 ,
(4.4)

with solutions x̄β,s2 (x1) of (4.4) satisfying the relation

π̄β,s(x1) =
hs −Wxβ,s2 (x1)− Tx1

β
. (4.5)

Notice that neither the λ-components solving (4.3) nor the second-stage
primal minimizers x̄β,s2 (x1) are guaranteed to be unique.

Going back to the one-level formulation, instead of the linear program-
ming problem (3.3), we shall solve a quadratic programming problem of the
form

min
x1,xs2

〈F1, x1〉+
∑
s∈S

ps
(
〈F2, x

s
2〉+

1

2β

∥∥∥hs −Wxs2 − Tx1

∥∥∥2)
s.t. 0 ≤ x1 ≤ b1

0 ≤ xs2 ≤ b2 for s ∈ S .

(4.6)

Revisiting the Analytical Case

In our simple illustrative problem in Subsection 3.2.1, the probability dis-
tribution is symmetric and F−2 = F+

2 = F2. The stabilized version of (3.4)
is{

min
x1

F1x1 + E[Qβ(x1, ξ)]

s.t. x1 ≥ 0 ,
for Qβ(x1, ξ) =

 max
π

(ξ − x1)π − β

2
π2

−F2 ≤ π ≤ F2 ,
(4.7)

which yields the multiplier

πβ(x1, ξ) :=


−F2 if ξ − x1 < −βF2

ξ − x1

β
if ξ − x1 ∈ [−βF2, βF2]

F+
2 if ξ − x1 > βF2 ,

(4.8)

to be compared with the multipliers (3.5), computed for the initial problem.
Continuing with the actions of two managers, now solving the regularized

problems, suppose βk is sufficiently large for the inequality xk1−βkF2 < 0 to
hold. Even if Manager 1 still samples only negative numbers, now the set S1

may contain scenarios for which ξs − xk1 ∈ [−βkF2, 0], with prices possibly
larger than −F2. Similarly, now Manager 2 can sample ξs ∈ [0, xk1 +βkF2] for
some s ∈ S2, thus also considering prices smaller than F2 when computing
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the mean. It is therefore likely that the empirical expected prices will be
closer to the true mean.

The meaning of this example is not to suppose that one Manager will
test just positive or negative scenarios in a reality, but to illustrate that
in one sample negative or positive scenarios can predominate. We aim to
intuitively show that, regardless of how scenarios are distributed, Managers
1 and 2 should have results closer to the mean. Clearly, when we increase the
number of scenarios in each sample we approximate the real distribution,
but the fact is that, in real problems, we do not know how close we are from
the real distribution or the quantity of scenarios necessary to achieve a good
approximation.

The result below formalizes this assertion. Recall from (3.6) that the
moments for the price signal at the solution x̄1 = 0 are

E[π̄(ξ)] = 0 and Var[π̄(ξ)] = F 2
2 .

Proposition 4.1.1. Consider the simple problem (3.4) with minimizer x̄1 =
0, and let π̄(ξ) be an optimal multiplier associated with the affine con-
straint in the recourse function Q(x̄1, ξ). The following holds for a solu-

tion
(
xk1, π

k(ξ) = πβk(xk1, ξ)
)

of the regularized problem (4.7), written with

β = βk:

lim
βk→0

E[πk(ξ)] = E[π̄(ξ)] with Var[πk(ξ)] ≤ Var[π̄(ξ)] . (4.9)

Proof. It is convenient to introduce the short notation

Γk− := P(ξ − xk1 ≤ −βkF2) , and Γk+ := P(ξ − xk1 ≥ βkF2) ,

noting that, by the symmetry assumption and the fact that xk1 → x̄ = 0,

lim
βk→0

Γk+ = P(ξ ≥ 0) =
1

2
= P(ξ ≤ 0) = lim

βk→0
Γk− . (4.10)

The average of prices (4.8) is

E[πk(ξ)] = F2(Γk+ − Γk−) +

∫ xk1+βkF2

xk1−βkF2

ξ − xk1
βk

dξ .

To compute the limit, first bound the integral as follows:

−ΓkF2 ≤
∫ xk1+βkF2

xk1−βkF2

ξ − xk1
βk

dξ ≤ ΓkF2 ,

for
Γk := P(−βkF2 ≤ ξ − xk1 ≤ βkF2) .
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Then, using that limβk→0 Γk = 0 , passing to the limit as βk → 0 in the
inequalities below

F2(Γk+ − Γk− − Γk) ≤ E[πk] ≤ F2(Γk+ − Γk− + Γk) , (4.11)

yields, together with (4.10), that limβk→0 E[πk] = 0, as claimed.
To get the variance expression, since Var[π] = E[π2] − E[π]2, we first

compute the term

E[πk(ξ)2] = F 2
2 (Γk+ − Γk−) +

∫ xk1+βkF2

xk1−βkF2

(ξ − xk1)2

β2
k

dξ ,

and bound again the integral, as follows:

−ΓkF 2
2 ≤

∫ xk1+βkF2

xk1−βkF2

(ξ − xk1)2

β2
k

dξ ≤ ΓkF 2
2 .

Adding the negative of (4.11) gives

F2(Γk+ − Γk− − Γk) ≤ E[πk(ξ)2]− E[πk]F2(Γk+ − Γk− + Γk) .

Since Var[Z] = E[Z2]− E[Z]2 for any random variable Z, this means that

F2(Γk+ − Γk− − Γk) ≤ Var[πk] ≤ F2(Γk+ − Γk− + Γk) .

Then, passing to the limit as βk → 0, gives the desired result.

We next examine some properties of the regularized recourse function.
In particular, we show that it is piecewise quadratic.

Proposition 4.1.2 (The regularized recourse function is piecewise quadratic).
Given the regularized recourse function defined in (4.3), consider the func-
tion ps : Rn1 → Rn2 defined by

ps(x1) := F2 −
1

β
W>(ξs − Tx1) .

There exists a partition of Rn2 into polyhedral sets Ur, r = 1, . . . , R, and
a piecewise quadratic function

ϕ(p) :=
1

β
〈(Ar)>Arp, p〉 for p ∈ Ur ,

with Ar injective, such that Qβ,s(·, ξs) =
(
ϕ ◦ ps

)
(·).

Proof. We shall make use of the stability result [Ban+83, Theorem 5.5.2].
To this aim, consider Qβ,s in its formulation 4.4 as a parametric optimization
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problem

Qβ,s(x1) = min
0≤x2≤b2

〈F2, x2〉+
1

2β
‖hs −Wx2 − Tx1‖2

= min
0≤x2≤b2

〈
F2 −

1

β
W>(ξs − Tx1), x2

〉
+

1

2β
‖Wx2‖2

= min
0≤x2≤b2

〈ps, x2〉+
1

2β
‖Wx2‖2 .

Let x̄s2 be a solution, so that

Qβ,s(x1) = 〈ps, x̄s2〉+
1

2β
‖Wx̄s2‖2 .

Then, by [Ban+83, Theorem 5.5.2], the function ϕ(p) := 〈x̄s2, p〉− 1
2β‖Wx̄s2‖2

is a piecewise quadratic function, that is, we can divide the domain of ϕ in
polyhedral sets Ur, r ∈ {1, 2, . . . , R}, such that ϕ is quadratic on each one
of them. In addition, for each polyhedral set Ur, there exists a matrix Er

such that:

ϕ(p) =
1

β
‖WErp‖2+ 〈Erp, p〉 =

〈(
1

β
W>W + I

)
Erp, p

〉
.

It remains to exhibit an injective matrix Ar such that(
1

β
W>W + I

)
Erp =

1

β
(Ar)>Arp ,

and for this we show that the left hand side can not be the zero vector. To
prove the claim, we examine in [Ban+83, Theorem 5.5.2] the structure of
Erp for any p ∈ Rn2 . More specifically, the polygonal sets Ur are defined in
terms of the regions of positivity of the Lagrange multipliers, so that in the
following matrix:

Dr :=

 1
βW

>W I I 0

I 0 0 I
Ir1 Ir2 Jr1 Jr2

 ,
the matrices Ir1 , I

r
2 , J

r
1 and Jr2 are diagonal, with components depending on

such regions. As a result, Erp corresponds to the first n2 coordinates of the
vector Dr(p, 0, 0). Let Pn2 be the projection on Rn2 . We have that

Erp := Pn2D
r(p, 0, 0) =

1

β
W>Wp,

and (
1

β
W>W + I

)
Erp =

(
1

β
W>W + I

)
1

β
W>Wp .
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As the left-hand side cannot be zero for non-zero vector, as ((W>W would
then have negative eigenvalues), the function

ϕ(p) =

〈(
1

β
W>W + I

)
Erp, p

〉
has no constant directions, and it can be written in terms of an injective
matrix Ar, as stated.

4.2 Asymptotic Properties of the Dual Regular-
ization

In addition to smoothing the recourse function, an important conclusion of
the results described below in the context of price signals is that, when β →
0, the regularized dual variable (4.5) converges to the Lagrange Multiplier
(for the equality constraint) associated to a minimizer in (4.2) that has
minimal norm.

To cast (3.3) and (4.6) in the more general setting considered in [LSS19b],
suppose the scenario set is S := {1, . . . , S} and recall that n1 and n2 are the
respective dimensions of x1, xs2 defined in (3.2). We define the vectors

x := (x1, x
1
2, . . . , x

S
2) ∈ Rn , where n := n1 + n2S ,

g := (F1, p
1F2, . . . , p

SF2) ∈ Rn ,

a := (h1, . . . , hS) ∈ RmS , b := (b1, b2, . . . , b2) ∈ Rn ,

and the mS × n matrix

A :=


T W 0 . . . 0

T 0 W
. . .

...

T
...

. . .
. . . 0

T 0 . . . 0 W

 , (4.12)

where m is the dimension of hs.
With this notation, problem (3.3) becomes

min 〈g, x〉
s.t. Ax = a

0 ≤ x ≤ b .
(4.13)

The multiplier associated with the constraint Ax = a in (4.13) is denoted π,
while the box-constraint multipliers are denoted by µ0 and µb, respectively
for the lower and upper bounds.
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The penalization problem (4.6) writes down as follows: min
x
〈g, x〉+

1

2β
‖Ax− a‖2

s.t. 0 ≤ x ≤ b .
(4.14)

The theory in [LSS19b] considers more general (than (4.13)) quadratic
objective functions, including possibly nonconvex. On the other hand, [LSS19b]
deals with equality and nonnegativity (thus, lower bound) constraints, while
here we also have upper bounds. Nevertheless, as shown in Theorem 4.2.7
below, the results from [LSS19b] can be adapted to the setting of (4.13).

4.2.1 A Variational Analysis Perspective

We mostly follow the notation of [RW98]. Points in Rn are considered as
column vectors. The Euclidean inner product and norm are denoted by 〈·, ·〉
and ‖·‖, respectively. The indicator function of a set S is denoted by δS(·),
i.e., this function is 0 for points in S and is +∞ otherwise. If S is convex, then
NS(x) stands for the normal cone of S at the point x. The unit ball centered
at 0 is B and the identity matrix is I; in both cases the dimension is always
clear from the context. For a proper convex function f , its subdifferential at
x is denoted by ∂f(x) while its horizon subdifferential at the point x is the
normal cone of the function’s domain, i.e., ∂∞f(x) = Ndom f (x); see [RW98,
Proposition 8.12].

We are particularly interested in the Lagrange multiplier of the affine
equality constraint of the following (feasible) optimization problem:

min f(x)
s.t. x ∈ X

Ax− b = 0 ,
where

f(x) is finite valued, convex, and C1

X is a closed convex set, and
b ∈ {y : y = Ax, x ∈ X} .

(4.15)
While this is not essential for some of the subsequent considerations, we

shall assume that X is defined by smooth convex inequalities, as is certainly
the case in applications we have in mind. It is then well known that unique-
ness of Lagrange multipliers associated to a solution x̄ of problem (4.15) is
implied by the linear independence of gradients of the constraints active at
x̄. This is in turn equivalent to the so-called strict Mangasarian-Fromovitz
(MF) condition (see, e.g., [Sol10], [IS14, Sections 1.1, 1.2.4]). We emphasize
that in (4.15) either of these assumptions implies that the matrix A is of full
rank, a condition that does not hold in practice for many important appli-
cations. The less stringent MF constraint qualification (MFCQ), equivalent
to having a nonempty compact set of Lagrange multipliers, also subsumes
that A has full rank.

Thus, if A is not of full rank, the multipliers associated to the equality
constraint in (4.15) are necessarily not unique. In fact, since MFCQ is vi-
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olated in this case, the multiplier set is unbounded. This leads us to focus
on devising a mechanism to identify/compute the multiplier that has the
minimal norm. The idea is to consider a sequence of problems that penalize
the equality constraint in (4.15), depending on a parameter β > 0. Given
a (primal) solution to the penalized problem, we then construct an explicit
multiplier estimate, which we denote by πβ. Specifically, we solve min

x
f(x) +

1

2β
‖Ax− b‖2

s.t. x ∈ X ,

for β > 0 to obtain xβ, and define as multiplier proxy

πβ :=
Axβ − b

β
.

For the case when (4.15) is a linear or quadratic program, including the two-
stage stochastic linear programming problems considered in Section 2.1, we
then exhibit some natural conditions which ensure that as β → 0, the se-
quence of the constructed multiplier estimates πβ tends to the specific mul-
tiplier π̂ of minimal norm. The precise details will be given in Section 4.2.2.

Approximating Lagrange multipliers in the setting of quadratic penalty
methods is certainly not a new idea; see, e.g., [NW06, Chapter 17.1]. How-
ever, in the literature convergence results are established assuming linear
independence of active gradients (as well as subsequential convergence of
the primal sequence xβ), in which case the optimal multiplier is unique;
see [NW06, Theorem 17.2] and Theorem 4.2.4 below. In Section 4.2.2, we
give conditions under which xβ converges, and show convergence of πβ (to
minimal-norm multiplier) without assuming the linear independence condi-
tion, thus covering a much more general case.

In this section, we give a different motivation and insight for the multi-
plier proxies by specializing some results of Variational Analysis [RW98] to
our setting. We start with a fixed β ≥ 0 and relate the estimates πβ with a
particular instance of the generalized Lagrange multiplier rule [RW98, Exam-
ple 10.8, p.429]. More precisely, given a scalar β ≥ 0, consider the following
penalties:

Rm 3 v ←↩ θβ(v) := sup
y∈Rm

{
〈v, y〉 − 1

2
β‖y‖2

}
=


1

2β
‖v‖2 if β > 0

δ{0}(v) if β = 0 .

(4.16)
These (lsc, proper, convex) functions are a particular case of the piecewise
linear-quadratic penalties in [RW98, Example 11.18, p. 497] (therein, θβ

corresponds to θY,B, written for Y = Rm and the, possibly zero, matrix
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B = βI). The respective subdifferentials are:

if β > 0, for all v ∈ Rm = dom θβ ,

∂θβ(v) =
{

1
β v
}

and ∂∞θβ(v) = {0}, (4.17)

while

if β = 0, for v = 0 = dom θ0 , ∂θ0(v) = Rm and ∂∞θ0(v) = Rm .
(4.18)

The connection between penalties and dual variables (multipliers) is
made clear when considering, for perturbation parameters u ∈ Rm, the
(unconstrained) parametric minimization problems

min
x∈Rn

fβ(x, u) := f(x) + δX(x) + θβ(Ax− b+ u) , (4.19)

noting that writing (4.19) with β = 0 and u = 0 yields our original problem
(4.15).

When β > 0, some xβ is optimal in (4.19) if and only if

xβ ∈ X, µβ ∈ NX(xβ), ∇f(xβ) + µβ +A>πβ = 0 , (4.20)

where, for ū ∈ Rm given, the unique extended Lagrange multiplier in [RW98]
is

πβ :=
Axβ − b+ ū

β
.

To consider the case when β = 0, recall that, in its dual formulation (see,
e.g., [Sol10], [IS14, Sections 1.1, 1.2.4]), the MFCQ at a feasible point x̄ of
our (unperturbed) problem (4.15) means that

0 = A>π + µ, µ ∈ NX(x̄) ⇒ π = 0 ∈ Rm and µ = 0 ∈ Rn . (4.21)

If x̄ satisfies MFCQ (4.21), there exists a classical Lagrange multiplier π̄ ∈
Rm, not necessarily unique, satisfying (4.20) written with β = 0 and (xβ, πβ, µβ) =
(x̄, π̄, µ̄). Condition (4.20) is also sufficient for x̄ to be optimal for (4.19)
written with β = 0 and ū := b−Ax̄.

The proposition below follows from the parametric version of Fermat
rule in [RW98, Example 10.12], analyzing (4.19) from a Variational Analy-
sis perspective, condensing the key ingredients relating extended Lagrange
multipliers to the marginal rate of change of the optimal value in (4.15),
when considered as a function of the right-hand side perturbation of the
affine constraint.

Proposition 4.2.1 (Extended Lagrange multipliers). Associated to (4.15),
consider the parametric optimization problems (4.19) with penalties (4.16),
where u = ū ∈ Rm and β ≥ 0 are fixed. Let the corresponding optimal value
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and solution set be given by

pβ(u) := inf
x∈Rn

fβ(x, u) and P β(u) := arg min
x∈Rn

fβ(x, u) .

The following holds.

(i) When β > 0, the function pβ is convex, strictly differentiable at any
point ū ∈ dom pβ = Rm, with gradient ∇pβ(ū) = πβ.

(ii) When β = 0, the function p0 is convex, strictly continuous at the point
ū = Ax̄− b = dom p0, with subdifferential

∂p0(ū) = {π̄ ∈ Rm : (4.20) holds written with (xβ, πβ, µβ) = (x̄, π̄, µ̄)} .
(4.22)

Proof. The perturbed function fβ(x, u) is convex in (x, u) and the finite-
valued function f has full domain. In this situation, by [RW98, Example
10.8],

∂fβ(x̄, ū) = ∇f(x̄) +NX(x̄) + ∂θβ(Ax̄− ū), ∂∞fβ(x̄, ū) = ∂∞θβ(Ax̄− ū) .

Since fβ is convex (therefore regular) with our definitions, the Y -sets in
[RW98, Theorem 10.13] satisfy the relations

Y (ū) = {π : (0, π) ∈ ∂fβ(xβ, ū)} and Y∞(ū) = {π : (0, π) ∈ ∂∞fβ(xβ, ū)}

for any xβ ∈ P β(ū) and ū ∈ dom pβ = dom θβ. Together with (4.17) and
(4.18), this gives ∂∞pβ(ū) = Y∞(ū) = ∂∞θβ(Axβ − ū) and, as claimed,

∂pβ(ū) = Y (ū) = {πβ : (xβ, µβ, πβ) satisfies (4.20)} .

The above characterization, obtained from the penalty scheme as ex-
tended Lagrange multiplier, motivates from the Variational Analysis point
of view the choice of the multiplier estimates. In Section 4.2.2, we shall
show under which conditions such estimates converge to the minimal-norm
multipliers. Among other things, we shall need for this the following result,
which establishes boundedness of the set of Lagrange multipliers associated
to some part of the constraints of the problem, while allowing the other
multipliers to be unbounded. Apparently, this result is new.

Recall that the MFCQ condition (4.21) is equivalent to the set of multi-
pliers being nonempty and bounded. Consider the following condition at x̄
feasible in (4.15):

0 = A>π + µ, µ ∈ NX(x̄) ⇒ µ = 0. (4.23)
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Clearly, (4.23) is a weaker condition than (4.21). In particular, as we show in
Theorem 4.2.2 below, (4.23) implies boundedness only for the µ-part of the
multipliers, while the π-part can be unbounded. The condition in question
can be interpreted as a “partial” MFCQ condition. However, note that (4.23)
is not a constraint qualification, i.e., it does not imply (by itself) that for a
solution x̄ of problem (4.15) the multiplier set is nonempty. An alternative,
equivalent, formulation of condition (4.23) is

ImA> ∩NX(x̄) = {0}. (4.24)

Theorem 4.2.2 (On boundedness of multipliers). Let x̄ be any feasible point
in (4.15). Then the following statements are equivalent:

(i) Condition (4.23) holds at x̄.

(ii) For any ḡ ∈ Rn, the set

Sḡ := {µ̄ ∈ NX(x̄) : ∃ π̄ ∈ Rm s.t. ḡ +A>π̄ + µ̄ = 0}

is bounded.

Proof. We shall show the equivalent assertion

∃ µ̃ ∈ ImA> ∩NX(x̄), µ̃ 6= 0 ⇐⇒ ∃ ḡ ∈ Rn such that Sḡ is unbounded.

Assume first that for some ḡ the set Sḡ is unbounded, i.e., there exists a
sequence {(πk, µk)} such that

ḡ +A>πk + µk = 0, µk ∈ NX(x̄) , (4.25)

with ‖µk‖→ +∞. As NX(x̄) is a closed cone, we can assume, passing onto
a subsequence if necessary, that

µk/‖µk‖→ µ̄ ∈ NX(x̄), µ̄ 6= 0 .

Denote uk = −A>πk/‖µk‖∈ ImA>. Dividing the equality in (4.25) by ‖µk‖
and passing onto the limit, it follows that

uk = (ḡ + µk)/‖µk‖→ µ̄.

As uk ∈ ImA>, uk → µ̄, and ImA> is closed, we conclude that µ̄ ∈ ImA>.
As it also holds that µ̄ ∈ NX(x̄) and µ̄ 6= 0, this contradicts (4.23).

Suppose now that there exists 0 6= µ̃ ∈ NX(x̄) such that A>π̃ + µ̃ = 0
for some π̃. If for some ḡ there is a pair (π̄, µ̄) satisfying

ḡ +A>π̄ + µ̄ = 0, µ̄ ∈ NX(x̄),

then, for any t > 0, it holds that µ̄ + tµ̃ ∈ NX(x̄) + NX(x̄) = NX(x̄), since
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the cone in question is convex. Hence, for any t > 0,

ḡ +A>(π̄ + tπ̃) + (µ̄+ tµ̃) = 0 , µ̄+ tµ̃ ∈ NX(x̄).

Since µ̃ 6= 0, as t→ +∞ we have ‖µ̄+tµ̃‖→ +∞ and the set Sḡ is unbounded.

We emphasize that, being weaker than MFCQ, condition (4.23) is cer-
tainly not restrictive (assuming that the existence of Lagrange multipliers
is given or follows from some other considerations).

4.2.2 A Nonlinear Programming Computational Perspective

Consider now the following (linear or) quadratic programming problem:
min f(x)
s.t. x ∈ X

Ax− b = 0 ,
where

f(x) := 〈g, x〉+
1

2
〈x,Hx〉

X := {x ∈ Rn : x ≥ 0} , and
b ∈ {y : y = Ax, x ∈ X} ,

(4.26)

where g ∈ Rn and H is an n × n matrix (H = 0 corresponding to linear
programming). We note that in our developments below, H is not necessarily
positive semidefinite, although it also might be.

When H is positive semidefinite, the convex problem (4.26) is a partic-
ular instance of (4.15), and we can use the constructs in Section 4.2.1 for
some motivations. In that case, fixing ū = 0, for β > 0 from (4.16) and
(4.19) we have

fβ(x, 0) = f(x) + δX(x) +
1

2β
‖Ax− b‖2 ,

and Proposition 4.2.1 characterizes the extended Lagrange multiplier as fol-
lows:

πβ =
Axβ − b

β
, for xβ ∈ P β(0) .

As a result, finding xβ ∈ P β(0) is equivalent to finding xβ, a solution to the
following (partial) exterior penalization of problem (4.26): min f(x) +

1

2β
‖Ax− b‖2

s.t. x ∈ X .
(4.27)

Penalty methods (see, e.g., [FM68]) solve subproblems (4.27) for a se-
quence of decreasing penalty parameters 0 < βk+1 < βk, tending to zero.
We want to study how the multiplier estimates for the equality constraints
in (4.26) behave along the sequence of solving the penalized subproblems
(4.27). We shall show that, under reasonable assumptions, the generalized
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multipliers πβ converge to the minimal-norm multiplier π̂; see (4.37) below
for a formal definition.

We start with some standard facts on (primal) convergence of penalty
methods [FM68] that do not depend on the setting of (4.26), and can also
use other forms of exterior penalties (not necessarily quadratic). But we
shall keep this setting for the sake of not introducing extra notation. Define

Fk(x) := f(x) +
1

2βk
‖Ax− b‖2,

the objective function in (4.27).

Theorem 4.2.3 (Primal convergence of generic penalty methods). Let f
be convex and xk be a (global) solution of (4.27) for β = βk for each k, with
0 < βk+1 < βk. Then

Fk+1(xk+1) ≥ Fk(xk), ‖Axk+1 − b‖≤ ‖Axk − b‖, f(xk+1) ≥ f(xk).
(4.28)

If, in addition, βk → 0 as k → ∞ and the optimal value of problem
(4.26) is finite, then every accumulation point of {xk} is a (global) solution
of (4.26).

Note that this result refers to global solutions of subproblems. This is
standard, and also not an issue when the problem (4.26) is convex. Another
observation is that in the case of a quadratic program as ours, if f is bounded
below on the feasible region (i.e., the optimal value is finite) then problem
(4.26) has a solution, by the Frank–Wolfe Theorem [FW56].

However, it is important to emphasize that the general convergence result
in Theorem 4.2.3 asserts optimality of accumulation points but does not say
anything about their existence. It can thus be “vacuous” if the sequence
is unbounded. Our first task will be to prove when the generated sequence
{xk} is bounded. But before proceeding, we shall mention the following
classical result on convergence of the multiplier estimates obtained from the
quadratic penalty method. Let xk be a solution of (4.27) for β = βk. Define

πk :=
1

βk
(Axk − b). (4.29)

The assertion below is standard; see, e.g., [NW06, Theorem 17.2]. Like
Theorem 4.2.3 above, it does not depend on the setting of problem (4.26) and
can be easily extended to the case of general nonlinear objective function
f and general nonlinear constraints, including inequality constraints. As
this is not essential for our developments, we state the result for equality
constraints only.

Theorem 4.2.4 (Dual convergence of the quadratic penalty method). In
(4.26), let X = Rn. Let x̄ be any accumulation point of {xk}, where xk is a
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solution of (4.27) for β = βk for each k, {xkj} → x̄ as j →∞. Let the linear
independence constraints qualification hold at x̄ (in the setting of (4.26) this
means that A has full rank).

Then x̄ is a stationary point of (4.26) and the subsequence {πkj} defined
by (4.29) converges to the unique Lagrange multiplier π̄ associated to x̄.

Note, however, that Theorem 4.2.4 again implicitly assumes boundedness
of {xk} (as it refers to its accumulation points), and requires the linear
independence constraints qualification for convergence of the dual sequence.
The latter, in particular, is not assumed in our setting.

For establishing boundedness of the primal sequence, we shall need the
following conditions. Recall that the standard critical cone of (4.26) at a
given stationary point x̄ is defined by

K(x̄) := KerA ∩ {d ∈ Rn : 〈Hx̄+ g, d〉 ≤ 0, di ≥ 0 for i s.t. x̄i = 0} .
(4.30)

In the case at consideration, the Hessian of the Lagrangian (for any point
(x̄, π̄, µ̄)) is the matrix H. Thus, the usual second-order sufficient optimality
condition for x̄ states that

〈Hd, d〉 > 0 for all d ∈ K(x̄) \ {0}. (4.31)

When H is positive semidefinite, the solution set of problem (4.26) is convex.
Since (4.31) implies that x̄ is a strict (thus isolated) minimizer, the condi-
tion means that in the convex case the primal solution must be unique. In
particular, when f is linear, i.e., H = 0, condition (4.31) holds if and only
if K(x̄) = {0}. It can be further seen that this means that 〈g, d〉 > 0 for
all feasible directions d at x̄. This, in turn, is equivalent to saying that x̄
is the unique solution of the linear program (4.26). Thus, for linear pro-
gramming, including the two-stage stochastic linear programming setting
in Section 2.1, the assumption (4.31) amounts to stating that the primal
solution of the problem is unique.

Note also that since K(x̄) ⊂ KerA, the following is also a second-order
sufficient optimality condition (as it implies (4.31)):

〈Hd, d〉 > 0 for all d ∈ KerA \ {0}. (4.32)

However, unlike (4.31), condition (4.32) is an assumption on H and A which
does not depend on x̄. Note that (4.32) does not require H to be positive
semidefinite, and thus the objective function f in (4.26) can be non-convex.

Theorem 4.2.5 (Conditions for primal convergence). Suppose that one of
the following two items holds:

1. Condition (4.32) is satisfied.
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2. The matrix H is positive semidefinite and (4.31) holds for the solution
x̄ of (4.26) (if H = 0, this amounts to (4.26) having a unique primal
solution).

Then for any sequence of parameters βk → 0 (even not necessarily mono-
tone), any sequence {xk} generated by the penalty scheme (4.27) is bounded.

If also βk+1 < βk for all k, then each of the accumulation points of {xk}
is a solution of (4.26). In particular, in the second case above, the whole
sequence converges to the unique solution x̄.

Proof. We reason by contradiction: taking a subsequence if necessary, sup-
pose that ‖xk‖→ ∞.

Define zk = xk/‖xk‖. Again passing onto a subsequence if necessary, we
can assume that zk → z, z 6= 0.

By the KKT optimality conditions for the subproblems (4.27), it holds
that

Hxk + g+
1

βk
A>(Axk− b)−µk = 0, xk ≥ 0, µk ≥ 0, 〈µk, xk〉 = 0. (4.33)

Note that 〈µk, zk〉 = 0. Thus, multiplying the first relation above by zk

yields 〈
Hxk + g, zk

〉
=

1

βk

〈
A>(b−Axk), zk

〉
.

Next, multiplying both sides of the latter equality by βk/‖xk‖, we conclude
that

βk

〈
Hzk, zk

〉
+

βk
‖xk‖

〈
g, zk

〉
=

1

‖xk‖

〈
A>b, zk

〉
− ‖Azk‖2 .

As {zk} is bounded while ‖xk‖→ ∞ and βk → 0, passing onto the limit as
k →∞ yields that 0 = ‖Az‖2, i.e., z ∈ KerA.

Let x̃ be any feasible point in (4.26). Since x̃ ∈ X, Ax̃− b = 0, and xk is
a solution of (4.27), it holds that

f(x̃) ≥ f(xk) +
1

2βk
‖Axk − b‖2≥ f(xk). (4.34)

Dividing this inequality by ‖xk‖2, we obtain that

f(x̃)

‖xk‖2
≥ f(xk)

‖xk‖2
=

1

2
〈Hzk, zk〉+

1

‖xk‖
〈g, zk〉.

Passing onto the limit as k →∞ gives

0 ≥ 1

2
〈Hz, z〉. (4.35)
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Since 0 6= z ∈ KerA, this immediately gives a contradiction if the condition
(4.32) holds.

Suppose now H is positive semidefinite and (4.31) holds for the solution
x̄ of (4.26), which is unique in this case. Since x̄ is in particular feasible,
from (4.34) written with x̃ = x̄, using also the convexity of f , we conclude
that

f(x̄) ≥ f(xk) ≥ f(x̄) +
〈
∇f(x̄), xk − x̄

〉
,

and hence,

0 ≥
〈
∇f(x̄), xk − x̄

〉
.

Dividing both sides above by ‖xk‖ and passing onto the limit, we conclude
that 〈∇f(x̄), z〉 ≤ 0. Since z ≥ 0 is obvious (because xk ≥ 0), and recalling
that z ∈ KerA, we obtain that 0 6= z ∈ K(x̄); see (4.30). Now (4.35) again
gives a contradiction with (4.31). We conclude that {xk} is bounded. The
other assertions follow from the general results about penalty methods in
Theorem 4.2.3 (and other considerations stated above).

Having established when there is primal convergence of solutions of the
penalized subproblems (4.27), we now analyze the asymptotic behavior of
the dual sequence {πk} defined by (4.29).

Recall that for a solution x̄ of problem (4.26) the set of associated La-
grange multipliers (π, µ) is characterized by the following system:

Hx̄+ g +A>π − µ = 0, x̄ ≥ 0, µ ≥ 0, 〈µ, x̄〉 = 0. (4.36)

To exhibit the specific dual behavior (dual limit) of the sequence {πk},
denote by π̂ = π̂(x̄, µ̄) the minimal-norm element which solves (4.36) for the
given x̄ and µ̄, i.e., the (unique) solution of

min
1

2
‖π‖2 s.t. Hx̄+ g +A>π − µ̄ = 0. (4.37)

We have the following.

Theorem 4.2.6 (Convergence of the multipliers estimates). Let βk → 0
and βk+1 < βk for all k. Let the assumptions of Theorem 4.2.5 hold. Let
x̄ be any accumulation point of the sequence {xk} (which is bounded by
Theorem 4.2.5), xkj → x̄ as j →∞. Let condition (4.23) hold at x̄.

Then the sequence {µkj} is bounded. Moreover, for any of its accumu-
lation points µ̄, the subsequence {πkj} defined by (4.29) converges to π̂, the
minimal-norm solution of (4.37). The point (x̄, π̂, µ̄) is a primal-dual solu-
tion of (4.26).

Proof. Under the assumptions of Theorem 4.2.5, it follows that {xk} is
bounded. Recalling the subproblem KKT conditions (4.33) and using the
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definition (4.29) of πk, we have that

Hxk + g +A>πk − µk = 0, xk ≥ 0, µk ≥ 0, 〈µk, xk〉 = 0. (4.38)

Let {xkj} → x̄ as j →∞. We first prove that the sequence {µkj} is bounded.
Similarly to the first part of the proof of Theorem 4.2.2, suppose by con-
tradiction that (4.38) holds with ‖µkj‖→ +∞ (possibly passing onto a sub-
sequence). We can assume, passing onto a further subsequence if necessary,
that

µkj/‖µkj‖→ µ̄ ≥ 0, µ̄ 6= 0 . (4.39)

Denote ukj = A>πkj/‖µkj‖∈ ImA>. Dividing the equality in (4.38) by ‖µkj‖
and passing onto the limit as j →∞, it follows that

ukj = (µkj −Hxkj − g)/‖µkj‖→ µ̄,

where boundedness of {xkj} was taken into account. As ukj ∈ ImA>, ukj →
µ̄, and ImA> is closed, we conclude that µ̄ ∈ ImA>. Obviously x̄ ≥ 0 and,
dividing the last two relations in (4.38) by ‖µkj‖ and passing onto the limit,
µ̄ ≥ 0, 〈µ̄, x̄〉 = 0. This means that −µ̄ ∈ NX(x̄), where X = Rn+. As µ̄ 6= 0
and −µ̄ ∈ ImA>, we obtain a contradiction with (4.23).

Once {µkj} is bounded, the first equality in (4.38) implies that {A>πkj}
is bounded as well. Passing onto a further subsequence if necessary, we can
assume that {xkj} → x̄, {µkj} → µ̄, {A>πkj} → a as j →∞.

Taking any point x̃ such that Ax̃− b = 0, we observe that

πk =
1

βk
(Axk − b) =

1

βk
A(xk − x̃) ∈ ImA.

Thus,A>πk ∈ ImA>A. Because this subspace is closed, we have a ∈ ImA>A,
i.e., a = A>π̄ for some π̄ ∈ ImA.

Passing onto the limit in (4.38) as j →∞, we then have that

Hx̄+ g +A>π̄ − µ̄ = 0, π̄ ∈ ImA, x̄ ≥ 0, µ̄ ≥ 0, 〈µ̄, x̄〉 = 0. (4.40)

We next show that there exists only one π̄ ∈ ImA which satisfies the left
equality in (4.40) for the given x̄ and µ̄. Let π̃ be any other element in ImA
such that Hx̄ + g + A>π̃ − µ̄ = 0. Subtracting this equality from the first
one in (4.40), we conclude that

(π̄ − π̃) ∈ KerA>, (π̄ − π̃) ∈ ImA,

As KerA> = (ImA)⊥, it follows that π̄ = π̃, i.e., the element with the
properties under consideration is unique. Observe further that the solution π̂
of (4.37) satisfies those properties: it exists, is unique, andHx̄+g+A>π̂−µ̄ =
0. Further, by the optimality condition for (4.37) it holds that there exists
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some λ such that π̂ + Aλ = 0, i.e., π̂ ∈ ImA. As we have shown that such
an element is unique, it follows that π̄ = π̂.

In particular, {A>πkj} → a = A>π̄ now means that {A>(πkj − π̂)} → 0
as j → ∞. Finally, we show that this implies that πkj → π̂ (recall that
(πkj − π̂) ∈ ImA).

To that end, recall that for any matrix A there exists γ > 0 such that

‖A>Au‖≥ γ‖Au‖ for all u.

(To see this, assume the contrary, i.e., that there exists {uk} such that Auk 6=
0 and ‖A>Auk‖/‖Auk‖→ 0. Passing onto a further subsequence, if necessary,
Auk/‖Auk‖→ v ∈ ImA, v 6= 0, A>v = 0. This gives a contradiction, since
KerA> ∩ ImA = {0}.)

As (πkj − π̂) ∈ ImA, there exists some bj such that πkj − π̂ = Abj . Then,

‖A>(πkj − π̂)‖ = ‖A>Abj‖≥ γ‖Abj‖
= γ‖πkj − π̂‖,

implying the assertion, since the left-hand side tends to zero as j →∞.

The development above is for quadratic functions and nonnegativity con-
straints. We next adapt it to problem (4.13), which has upper bounds as
well.

The set X in (4.13) is given by

X = {x ∈ Rn : 0 ≤ x ≤ b}.

Then, the normal cone at x̄ ∈ X has the form

NX(x̄) = {µ ∈ Rn : µi ≤ 0, if xi = 0, µi ≥ 0 if xi = bi, µi = 0, if 0 < xi < bi}.

For a solution x̄ of problem (4.13), the set of associated Lagrange mul-
tipliers (π, µ0, µb) is characterized by the following system:

g +A>π − µ0 + µb = 0, x̄ ≥ 0, µ0 ≥ 0, 〈µ0, x̄〉 = 0,
x̄ ≤ b, µb ≥ 0, 〈µb, x̄− b〉 = 0.

(4.41)

Denote by π̂ = π̂(x̄, µ̄0, µ̄b) the minimal-norm element which solves (4.41)
for the given x̄ and (µ̄0, µ̄b), i.e., the (unique) solution of

min
1

2
‖π‖2 s.t. g +A>π − µ̄0 + µ̄b = 0. (4.42)

Theorem 4.2.7 (Primal and dual convergence in the setting of problem
(4.13)). Let the triplet (xk, µk0, µ

k
b ) denote the optimal primal and dual so-

lutions (Lagrange multipliers) to (4.14), written with β = βk, and let πk :=
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(Axk − b)/βk.
If βk+1 < βk for all k, and βk → 0, the following holds:

(i) The primal sequence {xk} is bounded and any of its accumulation
points is a solution to (4.13).

(ii) Let {xkj} → x̄ as j → ∞. If the condition (4.24) holds, then {µkj0 }
and {µkjb } are bounded. Moreover, for any accumulation point (µ̄0, µ̄b)

of the subsequence {(µkj0 , µ
kj
b )}, the corresponding subsequence {πkj}

converges to π̂, the solution of (4.42).

The point (x̄, π̂, µ̄0, µ̄b) is a primal-dual solution of (4.13).

Proof. Item (i) is immediate: Every sequence {xk} generated by the method
is automatically bounded (and thus has a convergent subsequence), because
the set X = {0 ≤ x ≤ b} is compact. Then, every accumulation point of
{xk} is a solution of (4.13), by Theorem 4.2.3.

We proceed to Item (ii). By KKT conditions for (4.14), we have that

g +
1

βk
A>(Axk − a)− µk0 + µkb = 0,

xk ≥ 0, µk0 ≥ 0, 〈µk0, xk〉 = 0, xk ≤ b, µkb ≥ 0, 〈µkb , xk − b〉 = 0.
(4.43)

Recalling the definition of πk and setting µk := µkb − µk0, we obtain that

g +A>πk + µk = 0. (4.44)

Let {xkj} → x̄ as j →∞. We next prove that the sequence {(µkj0 , µ
kj
b )}

is bounded. To that end, using the second line in (4.43), first observe the
following:

(µk0)i > 0 ⇒ xki = 0 ⇒ (µkb )i = 0, µki = −(µk0)i < 0,
(µkb )i > 0 ⇒ xki = b ⇒ (µk0)i = 0, µki = (µkb )i > 0.

(4.45)

From those relations, it is obvious that {(µkj0 , µ
kj
b )} is bounded if and only

if {µkj} is bounded.
Next, similarly to the proof of Theorem 4.2.6, suppose by contradiction

that (4.43) (and thus (4.44)) hold with ‖µkj‖→ +∞. Passing onto a subse-
quence, if necessary, let {µkj/‖µkj‖} → µ̄ 6= 0. Denote ukj = −A>πkj/‖µkj‖∈
ImA>. Dividing the equality in (4.44) by ‖µkj‖ and passing onto the limit
as j →∞, it follows that

ukj = (g + µkj )/‖µkj‖→ µ̄ 6= 0.

As ukj ∈ ImA>, ukj → µ̄, and ImA> is closed, we conclude that µ̄ ∈ ImA>.
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Observe now that from (4.45) it follows that

µ̄i < 0 ⇒ x̄i = 0 and µ̄i > 0 ⇒ x̄i = b.

This shows that µ̄ ∈ NX(x̄). As µ̄ 6= 0 and µ̄ ∈ ImA>, we obtain a contra-
diction with (4.24) (or (4.23)).

It follows that {µkj} is bounded. And as already observed from (4.45),

this means that {µkj0 } and {µkjb } are bounded.
The the proof that the corresponding subsequence {πkj} converges to π̂,

the solution of (4.42), is analogous to that in Theorem 4.2.6.

Some comments are in order about the relations between the statements
in Theorem 4.2.7 and [LSS19b]. The fact that all accumulation points of {xk}
are solutions to (4.13) is a standard property of exterior penalty methods,
see [LSS19b, Thm. 3.1] and accompanying comments. However, the exis-
tence of accumulation points (i.e., boundedness of {xk}) is not automatic.
In [LSS19b, Thm. 3.3], boundedness of the primal sequence was established
under certain assumptions. Note that in the setting of problem (4.13) we do
not need any assumptions, as (4.14) has box-constraints (and so its feasi-
ble set is compact). The role of the partial Mangasarian–Fromovitz condition
(4.23) or (4.24) is to ensure boundedness of the multipliers associated to box-
constraints, while allowing the set of multipliers associated to the equality
constraints to be unbounded (and in particular, allow for the matrix A to
be not of full rank).

The results presented so far provide a constructive answer to our initial
question, on how to devise a solution methodology yielding the minimal-
norm multiplier. The mechanism is applied in the next chapter to an impor-
tant class of stochastic optimization problems, with linear objective function
and affine constraints, and where uncertainty is dealt with by sample average
approximations in two stages.

4.3 Price Signal Analysis on an Illustrative Exam-
ple

The price signals given by the demand constraint correspond to components
of the optimal multiplier associated with the last constraints in (3.3), with
right-hand side vector hs, for s ∈ S. A common practice in the energy sector
is to average those signals and use the resulting mean price to guide the
company business strategies.

We now give a simple example that can be solved analytically for check-
ing, and which illustrate well our theoretical results (the satisfaction of con-
dition (4.23) and convergence to the minimal-norm price (4.37)). Take 2
equiprobable scenarios and let n1 = n2 = 2. The first-stage cost (F11, F12) ∈
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R2 and second-stage costs are deterministic F 1
2 = F 2

2 = F2 ∈ R2, with
components F21 and F22. The technology and recourse matrices are

T :=

 1 0
0 1
0 0

 and W :=

 2 0
1 −1
1 2

 ,
so m = 3. The uncertain right-hand side terms are given by h1 := (1, 1, 1)>

and h2 := (1, 0, 3)>.
Working out the algebra shows that the feasible set in (4.1)-(4.2) is

completely determined by the first component of x1, denoted by y ≥ 0
below. Specifically,

x is feasible if and only if, for some y ≥ 0 ,

x1 :=
(
y,

3

4
(1 + y)

)>
, x1

2 :=
(1

2
(1− y),

1

4
(1 + y)

)>
,

x2
2 :=

(1

2
(1− y),

1

4
(5 + y)

)>
,

and, therefore, the following one-dimensional problem is equivalent to (4.1)-
(4.2):

min
y≥0

(
F11 +

3

4
F12 −

1

2
F21 +

1

4
F22

)
y +

3

4
F12 +

1

2
F21 +

3

4
F22 .

Its optimal solution is ȳ = 0, as long as

F11 ≥ −
3

4
F12 +

1

2
F21 −

1

4
F22 . (4.46)

The optimal value for the primal variable is

x̄1 :=

(
0,

3

4

)>
, x̄1

2 :=

(
1

2
,
1

4

)>
, x̄2

2 :=

(
1

2
,
5

4

)>
.

To compute the optimal value for the multiplier, recall that any normal
element µ̄ ∈ NX(x̄) has all of its components null, except for the first one,
because 〈µ̄, x̄〉 = 0. Therefore,

µ̄ = −αe1 for some α ≥ 0 ,

where ej ∈ R6 is the j-th canonical vector (all components are zero except
the j-th, equal to 1). To check that (4.21) is satisfied, consider its equivalent
formulation (4.24). Suppose µ̄ = −αe1 ∈ ImA>. For condition (4.24) to hold,
for any ν ∈ KerA we must have that −α〈e1, ν〉 = 0, because the subspaces
ImA> and KerA are orthogonal. Since the latter (one-dimensional) subspace

is generated by the vector s :=
(

4, 3,−2, 1,−2, 1
)>

, we have that 〈µ̄, e1〉 =
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−4α, forcing α = 0. It is then seen that (4.24) and (4.23) hold, as claimed.

Figure 4.1: Unbounded set of optimal multipliers in mean (the line), the
element with minimal norm (the plus sign), the mean multiplier found for
β = 0 (the cross), the mean multiplier estimates for different values of β > 0
(the triangles), and origin (the dot).

Take F21 = F = −F22 for some F , F12 = 0, and any F11 ≥ F (so that
(4.46) is satisfied). Optimal Lagrange multipliers must solve the system

A>π = −g + µ̄ ,

with

g=

(
F11, 0,

F

2
,−F

2
,
F

2
,−F

2

)>
and µ̄ = −αe1 for α ≥ 0 .

After some algebraic manipulations, the unbounded optimal multiplier set
is:

L :=
{
π̄ = t

F11

2

(
1,−4, 2,−3, 4, 2

)>
| t ≥ 1

}
.

Hence, t = 1 gives the minimal-norm element, for which

E [π̂] =
F11

2

(
−1, 0, 2

)>
.

Applying our approach with several decreasing values of β gives the mul-
tiplier estimates πβ ∈ R6 with the mean E [πβ] ∈ R3. The line in Figure 4.1
shows a portion of the mean optimal multiplier set,{

t
c1

2

(
−1, 0, 2

)>
| t ≥ 1

}
.

The dot represents the origin in R3, the plus sign E [π̂], the minimal-norm
multiplier in mean value, to which the mean values E [πβ], represented with
triangles, converge as β → 0. The cross displays E [π̄], the mean multiplier
found when solving (3.3), whose norm is larger than the minimal one.
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Numerical results for a large group of academic two-stage linear pro-
grams, and for a real-life case of the Nordic power system, are given in the
next chapter.



Chapter 5

Computational Experience

Theorem 4.2.6 describes theoretically the behavior of the mean value of
regularized price signals in terms of the original optimization problem. The
numerical examples below illustrate the main features of our approach.

In this chapter we perform tests using a set of toy problems, in Section
5.1, measuring the trade-off between proximity to the original solution and
variability of the output. Section 5.2 continues with a numerical assessment
of the analytical example presented in Section 3.2.1. Results for the Nordic
Energy system, in a simplified form, and for the real-life instance of ENGIE,
are reported in Sections 5.3 and 5.4, respectively.

5.1 Results on a Battery of Academic Instances

Perturbing the dual second-stage problem with a term “−β‖π‖2” changes
the solutions, with respect to the original problem (4.1)-(4.2). Our goal is
to keep close the original marginal cost, and at the same time, decrease its
variance. The contents of this section is part of the article [LSS19b].

Theoretical results in terms of variance are not simple. It is not always
true that regularization reduces variance, but it happens for a large amount
of problems. To make sure we are going in the right direction, for our per-
formance profiles [DM02] we created an index that measures the joint dy-
namics of variance reduction and distance to the original dual solution set,
as β tends to zero.

For a battery of two-stage stochastic linear programming problems we
compare the expected value of the multipliers obtained as follows:

– when solving problem (3.3) in its two-level formulation (4.1) with re-
course function (4.2), by a proximal bundle method [LS97]; see also
[Bon+06, Ch. 10.3]; and

– with our proposal, i.e., solving, for decreasing values of β, several in-
stances of (4.1) with regularized recourse function (4.3).

53
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All the tests were run in Matlab R2016, on an Intel Core i5 computer
with 2.4 GHz, 4 cores and 4 GB RAM, running under Ubuntu 18.04.1 LTS
and using Gurobi 5.6 optimization toolbox for Matlab.

The battery comprises 50 problems, for which 10 independent instances,
each one with 50 scenarios, were created. The considered two-stage stochas-
tic problems are of the form (3.3) with b2 = +∞ and uncertainty only
on the right hand-side h ∈ Rm, independently and normally distributed.
The expectation and standard deviation of the considered distribution is
problem-dependent and proportional to c/2. The problem dimension ranges
are n1 ∈ {20, 40, 60}, n2 ∈ {30, 60, 90}, and m ∈ {20, 40, 60}. For full details
we refer to [Dea06]; see also [OSS11].

The test has a total of 500 runs, labeled P = 1, . . . , 500. With the purpose
of doing a performance profile, we compute∥∥∥E [πbest

P

]∥∥∥ := arg min
{
‖E
[
πβP
]
‖: β ∈ {0, 0.1, 0.2, . . . , 0.5}

}
,

and define, for problem p and parameter β ≥ 0, the following index:

cβP :=

∥∥Var
[
E
[
πβP
]]∥∥∥∥Var

[
πbest
P

]∥∥ +

(
1−

∥∥E [πβP ]∥∥∥∥E [πbest
P

]∥∥
)
. (5.1)

cβP is a compromise between a small variance and a small mean relative

to the πβP with smaller mean, that here is defined as the better one. For

πβP = πbest
P , cβP = 1 but other values of β can have a smaller value of cβP due

to a smaller variance.
Here, π0

P corresponds to π̄ in our previous notation, while πβP is the
Lagrange multiplier computed for problem P with regularization parameter
β ≥ 0. The corresponding performance profile is given in Figure 5.1.

Figure 5.1: Combined gains in expected value and variance for the dual
variable.

As expected, in terms of the combined index, the multiplier of the original
problem (β = 0) performs worse, confirming the empirical observation that
in general V ar[πβP ] ≤ V ar[π0

P ]. For this set of runs, the value β = 0.1 (dashed
line with circles) seems to give a good compromise between stability of the
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mean multiplier, and approximation of the minimal-norm multiplier.
For completeness, we present in Figure 5.2 a performance profile of the

first-stage variable, measured now with the index

c̃βP :=

(
1−

∥∥E [x1
β

P

]∥∥∥∥E [x1
0
P

]∥∥
)
,

defined for β > 0 (in our approach comparing variances is not sound, as
there is no “stabilization” of the primal variables). The graph shows that
the best value for β in the dual performance profile in Figure 5.1 (β = 0.1,
dashed line with circles), also behaves reasonably well in the primal variable.

Figure 5.2: Progression of expected value of first-stage variable

5.2 Revisiting the Analytical Case

For the simple problem (3.4), an explicit expression of the prices is available
in (3.5) and (4.8), respectively for β = 0 and β > 0.

ξ ∼ N (0, 10), the normal distribution

F2 = F1 = 5

Ξ = {ξ1, . . . , ξS} is a sample, and S = 200

Ξn, n ∈ {1, . . . , N} are different samples, n = 40

For the first test we fix β = 1, and compute the numerical value of the
multipliers π̄ and π̄β. The respective histograms are shown in Figure 5.3.
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Figure 5.3: Non-regularized (left) and regularized (right) price signal distri-
butions

The values observed in the histograms are consistent with the theory: on
the left, the values of π̄ oscillate between −5 and 5, (that is, −F2 and F2);
on the right, the distribution of π̄β is smoother.

To see the impact of regularization on the expected value and variance,
we repeated the same test with 40 different samples. Recall that the analyt-
ical result for the non-regularized moments in (3.6) is

E[π̄(ξ)] = 0 and Var[π̄(ξ)] = E[π̄(ξ)2] = F 2
2 .

The distribution of π̄β is computed using x̄β1, the regularized primal solution
for the one-level regularized problem (4.7). Clearly, results cannot match
exactly the theoretical ones because we are using a finite sample normally
distributed, instead of the continuous normal distribution. The expected
value and variance for the 40 samples are reported in Figure 5.4.

Figure 5.4: Expected value and variance for 40 samples

On the left plot in Figure 5.4 we confirm that the expected value is
around zero, with the non-regularized model exhibiting a higher variability.
On the right plot, we see that when β = 0 the variance turns around 25 =
52 = F 2

2 , but it is considerably smaller for the regularized model.
Our final graph in Figure 5.5 displays the variance of the expected value

for different values of the regularization parameter. The plot can help choos-
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ing the “best” value of β, taking into account the trade-off between lowering
variance and not getting too far from the true expected value (β = 0).

Figure 5.5: Variance of the expected value for different values of β

5.3 Simplified Nordic Energy System

In section 3.2.3 we presented a simplification of the energy generation prob-
lem in Northern Europe. For that example, we now verify the behavior of the
regularized problem. The multistage problem is represented by a two-stage
stochastic program. The first stage represents winter and autumn, and the
second stage represents the seasons of spring and summer that follow.

The results reported in Table 3.3 for β = 0, illustrate well the difficulties
in basing business decisions on the price signal distribution of one given
sample. We again consider three samples Ξi := {ξ1

i , . . . , ξ
S
i } for i = 1, 2, 3

and S = 80 scenarios, and compute the price signals with the regularized
approach, for three different values of β > 0.

Table 5.1 shows how the mean price signal got stabilized with the regu-
larization, where the values vary much less than in Table 3.3. On the other
hand, differences between the expected value of the regularized and non-
regularized prices represent just 5% of the original value.

Sample E[πβ], β = 8 E[πβ], β = 12 E[πβ], β = 25

S1 27,16 27,34 27,8
S2 27,2 27,33 27,76
S3 26,98 26,34 26,43

Table 5.1: Expected price signals for three values of β

The beneficial effect of the regularization is also clear in the the his-
tograms in Figure 5.6, to be compared with those in Figure 3.3, with prices
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ranging between 25 and 35. The colors of the histograms in Figure 5.6 is
meant for the different samples S1,S2 and S3. We observe that distributions
get progressively smoother as β increases.

β = 8 β = 12 β = 25

Figure 5.6: Price distribution of three samples for different values of β

5.4 Realistic System

The Nordic energy system in section 3.1 is composed of 12 bidding zones.
Norway, with 5 zones, has the largest percentage of hydro-energy generation,
which amounts to an equivalent of 95.2% of its demand. Other countries have
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several different sources of energy, Sweden has a large nuclear generation,
and Denmark wind generation amounted to half of its demand in 2014. As in
the diagram in Figure 3.1, some zones were incorporated to handle imports
and exports.

The benchmark uses real and estimated data for historical inflows, gen-
eration costs and capacity of each power plant in the system, importation
costs, minimum and maximum level of reservoirs and maximum flow between
zones.

Our goal is to compare the price signals obtained with the multistage
original problem and with the regularized approach running in a rolling-
horizon mode. We simulate different scenarios as input data and examine the
Wasserstein distance between the histograms of the respective price signals.
We expect to obtain similar expected values, but a smoother distribution.

A similar measure for the quality of optimal decisions is considered by
K. Hoyland and S.W. Wallace, who proposed in [HW01] a method to build
a scenario tree that preserves certain essential statistical properties. The
different trees generated with their approach maintain the optimal value of
the considered optimization problem. The rationale is that if the relevant
statistical information is captured by the method, the result should not vary
too much with the data input. Along these lines, J. Higle and S. Sen show in
[HS94] that primal regularization does not affect the statistical properties of
the solution and the number of iterations required by algorithms based on
cutting planes. In our tests, solving the regularized model required slightly
more iterations.

In the numerical assessment that follows, we analyze the price distri-
bution as well as the impact of regularization on the reservoirs levels, the
hydro-generation, and the exchanges between zones. We also compare the
output with the one provided by the well-known Stochastic Dual Dynamic
Programming (SDDP) method [PP91].

5.4.1 Rolling-horizon Methodology, Simulation, and Data

The time horizon of one year was discretized in t = 1, . . . , 8760 hours. At the
first hour of each week, the inflow uncertainty of the whole week becomes
known. Since the year has 54 weeks, this defines a multistage structure of
uncertainty, that we cast in our two-stage setting as follows.

We put in place a rolling-horizon mode, in which we solve w = 1, . . . , 53
two-stage problems derived from (3.1) in Section 3.1. In the w-th two-stage
problem, the decision variables of the w-th week are considered in the first
stage. The uncertainty of the remaining w + 1, . . . , 54 weeks is revealed
at once, at the end of the week w and, hence, the corresponding decision
variables are considered in the second stage. Since one week has 168 hours,
the time horizon of the w-th problem covers Tw := (54 − w + 1)168 hours.
The output of the w-th two-stage problem provides input for the problem
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w + 1, similarly to [GS12]; see also [Bis+17].
With this mechanism, the first-stage components of the decision vector

of problem w are in fact decision variables for the w-th week. Accordingly,
if x̄β;w

1 denotes the first-stage component of a solution obtained for the w-th
two-stage problem, then the policy{

x̄β;w
1 : w = 1, . . . , 52

}
is implementable, as defined in Section 2.2.

This is the primal policy assessed in out-of-sample simulations of the
system operation, after the optimization phase. There is also a dual im-
plementable policy, formed by the cuts of the successive expected recourse
functions at a solution, say{

the cuts for E
[
Qβ,s;w(x̄β;w

1 )
]

;w = 1, . . . , 53
}
.

More details on the data for the benchmark is given below.

– L := 30 balancing zones.

– J := 21 hydro-power plants.

– I := 224 power plants.

– Generation costs are from ENGIE’s data base. We assume in this work
that hydro-power plants have zero production cost.

– The inflow uncertainty was generated using a log normal distribution
calibrated with historical data.

The benchmark compares the performance of SDDP against RH and
RRH, respectively corresponding to the rolling-horizon non-regularized and
regularized two-stage models.

5.4.2 The Problem to be Solved

In this section we define mathematically the problem solved in a rolling
horizon. In the next sections we shall use this formulation as a reference to
explain our simulations.

Following the notation introduced in section 3.1 to formulate the energy
management problem, for the w-th week we let

Tw = {t : 7(w − 1) < t ≤ 7w}, and Aw = {t : 7w < t}.

We write the problem for the w-th week as follows:
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min
∑
t∈Tw

∑
l∈L

∑
i∈Il

Ctigt
t
i + E[Qβ

w(v7w
j , Isj )]

s.t. vtj ≤ vtj ≤ vtj and 0 ≤ sptj , j ∈ Jl , l ∈ L , t ∈ Tw
0 ≤ ghtj ≤ gh

t
j , 0 ≤ gtti ≤ gt

t
i, j ∈ Jl , i ∈ Il , l ∈ L , t ∈ Tw

0 ≤ f tl↔l1 , l ∈ L : l1 ∈ Fl 6= ∅ , t ∈ Tw
vtj − v

t−1
j + ghtj + sptj = Itj , j ∈ Jl , l ∈ L , t ∈ Tw∑

j∈Jl

ghtj +
∑
i∈Il

gtti +
∑

l1∈Fl 6=∅

f tl↔l1 = Dtl , l ∈ L , t ∈ Tw .

where v
7(w−1)
j is the reservoir level decision that had been made in the

(w− 1)-th week. Here, Itj is random, but it does not depend on the scenario
s. The sequence (Itj,w), where t ∈ Tw is a path in the tree of scenarios.

The regularized recourse functions defined in the second stage are

Qβ
w(v7w

j , Isj ) :=

min
∑
t∈Aw

∑
l∈L

∑
i∈Il

Ctigt
t
i + 1

2β‖v
7n+1
j − v7w

j + gh7w+1
j + sp7w+1

j − I7w+1,s
j ‖2

s.t. vtj ≤ vtj ≤ vtj and 0 ≤ sptj , j ∈ Jl , l ∈ L, t ∈ Aw
0 ≤ ghtj ≤ gh

t
j , 0 ≤ gtti ≤ gt

t
i, j ∈ Jl , i ∈ Il , l ∈ L, t ∈ Aw

0 ≤ f tl↔l1 , l ∈ L : l1 ∈ Fl 6= ∅, t ∈ Aw
vtj − v

t−1
j + ghtj + sptj = It,sj ↔ πt,sj , j ∈ Jl , l ∈ L, , t ∈ Aw∑

j∈Jl

ghtj +
∑
i∈Il

gtti +
∑

l1∈Fl 6=∅

f tl↔l1 = Dtl , l ∈ L , t ∈ Aw ,

where It,sj is random and depends on the scenario s. When β = 0, the
constraint in the objective function moves to the feasible set.

In this notation the sequence
{
x̄β;w

1 : w = 1, . . . , 52
}

corresponds to the
reservoir level x̄β;w = (v7w

j ), while the cuts for the function E
[
Qβ,s;w(x̄β;w

1 )
]

are expressed in terms of the couple (π̄7w+1
j,k , δwit), for each iteration k, where

π̄7n+1,k
k > 0, and:

π̄7w+1,k
j,it =

1

S

∑
s

π7w+1,k,s
j,it ,

δwk =
1

S

∑
s

Qw,k(v
7w
j , Is)−

∑
j

π̄7w+1,k
j,k v7w

j .
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5.4.3 Optimization Phase

The optimization part of the experiment uses an in-sample set with 30 inflow
scenarios and takes β := 7000 for RRH (below we explain that with this
value, the magnitude of the violation incurred by RRH is less then 1% for
the whole system). The SDDP method takes one scenario randomly in the
forward pass and all the 30 scenarios in the backward pass. The rolling-
horizon variants take the same forward scenario, for the different weeks
w = 1, 2, . . ., including the 30 scenarios from week w + 1 to week 48 in the
second stage of the w-th two-stage problem.

The aggregate reservoir management (adding all the hydro-plants), is
shown in Figure 5.7, where colors correspond to the different weeks. The
values are normalized with respect to the maximum system capacity.

Figure 5.7: Aggregate reservoir management - optimization phase

The levels of reservoirs with the rolling-horizon modes are lower, with the
RRH using the most of water. Since SDDP sees a larger portion of the sce-
nario tree in the backward pass (not only the tail of the weeks w+1, . . . , 54),
SDDP water management is more conservative. Regarding the comparison
between RRH and RH, note that the inequality Qβ,s(·) ≤ Qs(·) always holds
(the feasible set defining the former is included in the one defining the lat-
ter). Having an under-estimation of the future-cost function, RRH tends to
be less conservative than RH, keeping less water in the reservoirs.

Since RRH does not consider the water-balance equations, in Figure 5.8
we examine the gap

vtj − vt−1
j + ghtj + sptj − I

t,s
j

over the first 48 weeks for s = 1, . . . , 12 scenarios (different colors in the
figure), for two hydro-plants in Norway.

We note that the system exploits most the possibility of not satisfying
the water-balance equation in the beginning of the year, when inflows are
smaller. In order to determine the real extent of the violation, relative to
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Figure 5.8: Absolute violation of water balance - Hydro-plants 1 and 3 in
Norway (left and right)

the total hydro-capacity, we use the expression for the multiplier proxy

πβ(ξ) =
Tx1 +Wx2(ξ)− h(ξ)

β
,

to estimate the gap by βπβ(ξ). Since β = 7000 and the price signals are
about 102, the magnitude of the violation incurred by RRH is of order 105.
This is consistent with the graphs in Figure 5.8. The whole hydro-capacity
being about 107, the gap is less then 1% for the whole system. The mean
violation, in relative values, over the 30 scenarios and all the hydro-power
plants, is shown in Figure 5.9 for the first 48 weeks.

Figure 5.9: Relative mean violation of water balance in the whole system

5.4.4 Primal Simulation

The simulation over 200 out-of-sample scenarios compares the performance
of RH and RRH in terms of distribution of the price signals in Figure 5.10.
In this simulation we keep the fist stage decisions: (v7

j , v
14
j , . . . , v

7×52
j ) that

come from optimization part and simulate the cost-to-go function with new
scenarios (Itj), t ∈ Aw, in the w-th week.

It is not possible to benchmark the output with SDDP because this
(multistage) method lacks a primal policy. The comparison with SDDP is
done in the next section, when assessing the dual policies.
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RH RRH with β = 7000

Figure 5.10: Mean price signals of the first 25 weeks, simulated with primal
policy of RH and RRH

Once again, we observe that the regularized price signal has a smooth
distribution, and RRH is less susceptible than RH to variations of different
samples. The right graph in Figure 5.10 is repeated on the left in Figure 5.11,
to contrast the difference in RRH’s price distribution when increasing the
regularization parameter (on the right, β = 100000).

RRH with β = 7000 RRH with β = 100000

Figure 5.11: Mean price signals, simulated with RRH primal policy with two
different values for β

In the right histogram in Figure 5.11 the shift to the left indicates a
reduction in the price signals. This is in agreement with Table 5.1, reporting
results from the optimization phase: with the primal policy, the higher β, the
lower the reservoir levels. Table 5.2 shows the expected value and variance
of the rolling-horizon variants.

RH RRH (β = 7000) RRH (β = 100000)

Mean Value 61.22 54.93 13.8
Standard Deviation 16.2 14.31 11.34

Table 5.2: Price signal mean and deviation for one primal simulation

In order to evaluate the variability of the approaches under different 15
samples, in Table 5.3 we measure the variation of the distributions using
the Wasserstein distance. The figures in Table 5.3 show a clear drop in the
standard deviation for RRH, reflected also in the Wasserstein distance.
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RH RRH SDDP (β = 300)

Mean (Samples) 57.93 53.28 67.95
Standard Deviation (Samples) 38.48 16.38 16.40

Wasserstein Distance 28.16 5.64 15.78

Table 5.3: Price signal mean and deviation over different primal policies,
first 25 weeks

Our final Figure 5.12, with the level of reservoir NO2 in Norway shows
a typical behavior, observed for all the hydro-plants, with RH exhibiting
a more erratic management of the water and keeping lower levels, when
compared to RRH. The reason why we see apparently just one blue line is
that all paths have close first-stage decisions.

Figure 5.12: Water management of NO2 with primal simulation

5.4.5 Dual Simulation

As explained, by using the cuts for the future-cost functions obtained at the
optimization phase, we can include SDDP in the comparisons.

Repeating for the dual simulation the calculation of price signal distribu-
tions done with the primal simulation in Figure 5.10 we obtain the output in
Figure 5.13. We note that prices vary between 0 and 100 for all approaches,
with both SDDP and RH concentrating prices mostly in two extreme values
(about 15 and about 90).

RH RRH SDDP

Figure 5.13: Mean price signals of the first 25 weeks with dual simulation
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The variability of the approaches under different samples, as in Table 5.3,
but with the dual policy, is reported in Table 5.4 where we observe once again
more stability for RRH. Contrary to SDDP, the regularization approach
RRH was able to reduce the distance between histograms while keeping the
expected value close to the one with RH.

SDDP RH RRH (β = 7000)

Mean (Samples) 68.2 57.93 58.08
Standard Deviation (Samples) 34.5 38.48 30.1

Wasserstein Distance 6.11 5.64 3.46

Table 5.4: Price signal mean and deviation over different dual policies, first
25 weeks

We finish our analysis comparing in Figure 5.14 different paths of the
first-stage primal decision that is, the level of reservoirs. Each path consists
of a different sequence of scenarios. Each line represents a path and each
color a different algorithm.

Figure 5.14: Reservoir dynamics

We observe a similar behavior as with the primal simulation for RH and
RRH. For some paths, the curve of the reservoir level in SDDP is distant
from the mean curve, as with SDDP prices vary the most. This is a con-
sequence of the prudence of SDDP that, when confronted to a sequence of
more favorable scenarios, is forced to a change, with respect to the initial
conservative perspective.



Chapter 6

General Conclusions and
Future Work

In many applications dual variables are an important output of the solv-
ing process, due to their role as price signals. When dual solutions are not
unique, different solvers or different computers, even different runs in the
same computer if the problem is stochastic, end up with different price indi-
cators. Even though all of such values are correct, the fact that the obtained
dual variable can vary among many possibilities makes unreliable any eco-
nomic analysis based on marginal prices. We have presented an approach
that yields reliable indicators, by providing the minimal-norm multiplier.
Our computational experience, both proof-of-concept and on a real-life prob-
lem of ENGIE, shows the benefits of the methodology for two-stage stochas-
tic linear programs.

The best choice for the penalization/regularization parameter β is clearly
problem dependent. Somewhat similarly to the solution concept called com-
promise decision in [SL16], but adopting a dual point-of-view, the perfor-
mance index proposed in (5.1) aims at measuring bias and variance in mul-
tiple replications of sampling-based approximations of two-stage stochastic
programs. We observe empirically that our approach yields a significant re-
duction in the variance of the dual solutions (optimal Lagrange multipliers).

A topic of on-going research, not presented in this dissertation because
it is not yet finalized, refers to how smoothness properties of the piecewise
quadratic regularized recourse function translates into stability of the price
signal. This analysis of quantitative stability is close in spirit to the one in
[LRX14], but on the dual variables; see also [DR00], [Roe03b].
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