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Abstract

Overlapping generations models furnish a solid theoretical framework to study pay-as-you-go
social security systems. We build on these equilibrium models in order to describe sustainable
and optimal systems (notional accounts systems) subject to demographic and productivity
fluctuations. Intra and intergenerational transfers, and possible absence of incentive compat-
ibility are characterized. Also, we describe an equilibrium calculation method which yields
Pareto optimal allocations and the role of a social security fund, which can lead to Pareto
improvements over the system. Finally, we present a numerical analysis over the city and state
level public servants social security system in Rio de Janeiro, which was awarded the XXIV
National Treasury Prize.

Keywords: Overlapping Generations, Social Security, Notional Accounts
JEL: D15, D64, H55

Resumo

Modelos de geragoes sobrepostas fornecem uma sélida base tedrica para o estudo de sistemas
previdencidrios de reparticao simples. Nés partimos destes modelos de equilibrio para descrever
sistemas sustentaveis e 6timos (sistemas de contas nocionais) sujeitos a flutuagoes demograficas
e de produtividade. Transferéncias intra e intergeracionais, e possivel auséncia de compatibil-
idade de incentivos em tais sistemas sdo caracterizadas. Ainda, descrevemos um método para
o céalculo de equilibrios que implementam alocagoes Pareto-6timas e o papel de um fundo de
seguridade social, capaz de implementar melhorias de Pareto sobre o sistema. Por fim, nés
apresentamos uma analise numérica dos Regimes Préprios de Previdéncia Social do municipio
e do estado do Rio de Janeiro, a qual foi vencedora do XXIV Prémio Tesouro Nacional.

Palavras-chave: Geracoes Sobrepostas, Seguridade Social, Contas Nocionais
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1 Introduction

Pay-as-you-go social security systems have drawn a great deal of attention due to demographic
contraction and low GDP growth rates in several countries. Under these conditions, financial
and actuarial balance of the ongoing social security rules become compromised, leading to an
unsustainable system, and reform efforts by Government start to emerge due to fiscal pressure.
Then, two questions arise. How to define sustainable sets of social security rules? Which one,
among all sustainable sets of social security rules, is best suited for the insured population?

In order to answer these questions, we built over the well grounded theoretical framework
of general equilibrium overlapping generations models started by Paul Samuelson and Maurice
Allais. We focus on consumption-loan models without uncertainty which have a close con-
nection to social security rules applied to specific pay-as-you-go social security systems, the
notional accounts ones.

As a first step, we define sustainable and optimal sets of social security rules, and show how
equilibrium equations can be used to derive them. Next, we characterize the connection from
demographic and productivity growth to the level of per capita contributions and benefits that
can be implemented by a sustainable and optimal set of social security rules. One of our major
results provides an analytical formula to solve equilibrium equations and allow for comparative
statics analyses. Particularly, we show how future shocks on demographic and productivity
growth rates impact current social security benefits, a phenomena we call reverberation.

We then integrate to the model a game-theoretical approach in order to characterize house-
holds behavior when allowed some degree of discretion vis-a-vis the set of social security rules.
A real example of such discretion over retirement rules is given by systems in which households
have different benefit values according to their chosen contribution level and retirement age.
We show, particularly, that there are economies in which such degree of discretion will lead
households to undersave due to a lack of incentive compatibility on social security rules. Also,
we demonstrate that the existence of a social security fund is able to correct this undersaving
behavior and, therefore, provides a Pareto improvement.

When solving equilibrium equations for heterogeneous populations, we demonstrate how in-
tragenerational transfers are related to different groups demographic and productivity growth.
Particularly, we show these transfers are not related to the per capita endowment of each group
and, therefore, must be taken into account when defining the set of social security rules. Next,
we characterize the role of compulsory savings when comparing economies with different en-
dowment distributions between generations. We conclude that, for long run stable equilibria,
real allocations obtained through compulsory savings can always be attained by a suitable
endowment distribution.

Ending the first chapter, we provide an equilibrium calculation method for overlapping
generations models with any number of periods. It relies on a long run optimal set of social
security rules and uses a backward shift argument without imposing any restrictions on de-
mographic or productivity growth rates dynamics. We also demonstrate how the method can
be applied in order to define a selection criteria when one has multiple sustainable and Pareto
optimal sets of social security rules.

The second chapter makes a brief review of a numerical analysis from Brazilian subnational
entities social security systems that was awarded the XXIV National Treasury prize. There, we
describe a methodology developed for financial and actuarial projections and also the results
obtained when applying it to the city and state of Rio de Janeiro.



1.1 Literature review

Overlapping generations models have been the workhorse on general equilibrium theory for
several fields, ranging from optimal growth theory to social security systems. It was indepen-
dently developed by P. Samuelson (58) and M. Allais (48). Core results regarding equilibrium
existence, indeterminacy and optimality were obtained by Y. Balasko, D. Cass and K. Shell
(5; 6; 7; 8), L. Benveniste and D. Gale (10), M. Okuno and I. Zilcha (53), T. J. Kehoe and D.
K. Levine (41), J. Geanakoplos and H. M. Polemarchakis (32), among others. The reader is
invited to consult J. Geanakoplos (35) and M. Woodford (65) for a survey of these results.

Overlapping generations models' dealing explicitly with social security matters were devel-
oped by P. Samuelson (59), W. B. Arthur and G. McNicoll (12), J. B. Burbidge (13), F. Breyer
(14), A. Imrohoroglu, S. Imrohoroglu and D. H. Joines (38; 39), among others. Also, simula-
tion of overlapping generations models in order to describe transition paths after reforms and
intergenerational risk sharing were performed by E. R. McGrattan and E. C. Prescott (49), L.
J. Kotlikoff and J. Hasanhodzic (43).

Models dealing with uncertainty have formed a notorious research branch by S. R. Ayagari
and D. Peled (4), S. Chattopadhyay and P. Gottardi (18), E. Sheshinski and Y. Weiss (61), G.
Demange and G. Laroque (23; 24; 25; 26; 27), L. Forni (31), among others. Other important
theoretical branch is the one which tackles overlapping generations and social security models
with a game-theoretical approach, as in M. Kandori (40) and T. Cooley and J. Soares (19).
Political mechanisms are explicitly dealt with in A. Alesina and G. Tabellini (1), and M.
Boldrin and A. Rustichini (11).

Essays and discussions on demographic dynamics, social security reform, transition costs
and comparison of funded and pay-as-you-go systems were done by J. Geanakoplos, O. S.
Mitchell and S. Zeldes (33), P. R. Orszag and J. E. Stiglitz (55), P. Diamond (28) and the
World Bank (66). Notional accounts social security systems are described in J. B. Williamson
and M. Williams (64), R. F. Disney (30), M. Cichon (17) and World Bank (67).

Finally, the thesis builds upon and improves this literature mainly by providing a calculation
method for equilibrium equations that yields sustainable and Pareto optimal notional accounts
social security systems, by characterizing the intragenerational and intergenerational transfers
on such systems and the Pareto improvements obtained through a social security fund.

We may divide overlapping generations models in consumption-loan and production ones. The results of
the thesis are derived for consumption-loan models without uncertainty.



2 An Equilibrium Analysis of Social Security

This chapter develops an analysis of social security based on equilibrium theory. Our baseline
economy? is an overlapping generations one with an infinite number of periods starting at t = 1.
Households (whose set is denoted by H) live for two periods, except for the ones alive in the
inception of the economy at t = 1 (who live for a single period), and are indexed by the period
they are born. We denote the generation born in period t > 0 by

Gt ={heH | his born in period t}

and by Lt € N, t > 0, the total number of households in generation G¢. Also, all households from
generation G¢, t > 0, have a common endowment of E¢ € R, units of a perishable consumption
good during their first life period. Therefore, in period t > 1 there are Ly_; + Lt households
alive, with L{E¢ accounting for the total consumption good in the economy. The demographic
and productivity® dynamics are summarized by

r_ Lt
YL
E
E t
(0.6 =
YR

for t > 1. Also, o = oc%ocf, t > 1, is the compound rate of demographic and productivity
growth. Households from generation Gg, t > 0, beside the common first-period endowment,
also have a common utility function Uy : Ry xR, — R which satisfies the following assumption.

Assumption 1. For all t >0, Uy is differentiable, strictly concave, strictly increasing in each
coordinate and satisfies Inada’s condition.

For a given interperiod return rate R € R, the continuity and strict concavity of U imply
that the savings demand ¢+ (R, E¢), t > 0, is well-defined by the following optimization problem

R,E¢) = u
d+(R, Ey) argd)nen[%ﬁ] t(co,cC1)

s.it. co=(1-0)E¢
C1 = Rd)Et

The Maximum Theorem? and the stricty concavity of Uy imply ¢y : Ry x Ry, — [0,1] is a
continuous function. Also, ¢+ (0,E¢) =0 since Uy is strictly increasing in its first coordinate.
Government maintains a pay-as-you-go social security system under which it manages trans-
fers of the perishable consumption good from current young to old generations. The social
security system assigns to each generation G, t > 1, a set of retirement rules St = (C,R¢) €
[0,1] xR, specifying contribution and replacement rates. That is, households from generation
Gt, t > 1, are initially required to contribute Ct+E¢ of the consumption good when young at
period t and are entitled to receive R¢E¢ when old at period t+1. Generation Gy has assigned

2We follow the notation used by Okuno and Zilcha (53; 54) in their consumption-loan type models.

31f all generations G have a fixed per capita labour supply when young and each one has its own production
technology for the perishable good, the endowment E: can be seen as a productivity measure.

4 Also known as Berge’s Maximum Theorem, after Claude Berge (1959).



only a replacement rate®, i.e., So = Ro € R,. In period t > 1, the social security system budget
result is

Ay = LiCiEy - L1 Ri1Bi

where A¢ > 0 implies a budget surplus over the social security system, Ay <0 a budget deficit
and At = 0 a balanced system in period t. Finally, since Government does not consume or
produce any amount of the perishable good, it must define a proportion y¢ € [0,1], t > 1, in
which a budget surplus or deficit in period t is divided among the young and old generations.
That is, real contribution and replacement rates (C;,R;), after the budget result is divided
according to a proportion vy between the young and old in period t, are given by

Cf = Ct—vt

Ri
Xt

= (1-v)Ce+ve

for t > 1%, and

At+1
L+E¢
= Y1 Re + (1 —Yt+1)0€t+1ct+1

R: = Re+ (1 —Yt+1)

for t > 0. Also, final consumption of generation G¢, t > 1, is (¢, c}) = (1 -C;)E¢, R{Ey).

2.1 Sustainability and optimality of a social security system

In this section we describe how sustainable and optimal social security rules can be designed.
When managing the social security system, Government must choose, among all possible sets of
social security rules, one that is best suited for its households. In other words, given its economy
E = {(Uy, Ly, Et) 0, Government must choose, among all possible sets of social security rules
{St,Yt+1}ts0, one that is best for its households according to some choice criteria. We define
and motivate below three desirable characteristics for sets of social security rules which are
later used as such choice criteria. The first one is sustainability.

Definition 2.1. Given & = {(U¢,Lt, E¢) }is0, a set of social security rules {St,Yt+1}ts0 18
sustainable if all real contribution rates are affordable, i.e., if Cf €[0,1], Vt > 1.

A sustainable set of rules is one that can be truly implemented in all periods after accounting
for budget deficits of the social security system. An important feature is that sustainability
is independent of households preferences, but is directly attached to the demographic and
productivity dynamic, as can be seen from the next proposition.

Proposition 2.2. If for some t > 1, y¢ >0 and Ri-1 > 0, then there is a demographic or a
productivity dynamic that turns the set of social security rules unsustainable.

®Notice that the social security rules {St}t20 are not necessarily attached to the demographic or productivity
dynamics of the economy, neither to the households preferences.
SGeneration Go retirement rules do not define a contribution rate.

10



Proof. The real contribution rate from generation Gt can be written as

* R -1
Ci = (1-ve)Ce +Ytﬁ
Oy Xy

for t > 1. Then, since 1 — (1 -v¢)C¢ > 0 and ytR¢-1 > 0, we have C{ > 1 if, and only if,

YiRi-1 L_E
—_— Xy X
1- (1 — yt)Ct tt

We conclude that for ok or «F sufficiently small the set of social security rules is unsustainable.
O

We can read the previous proposition as a direct claim that social security rules should
not be thought or implemented independently of the fundamentals of the economy, specifically
of its demographic and productivity dynamic, if Government seeks for sustainable systems.
Another important conclusion is that demography should not be seen as the unique factor
defining the sustainability of a pay-as-you-go social security system. More accurate, indeed, is
the concern with the compound demographic and productivity growth rate.

If the set of social security rules is sustainable the real contribution and replacement rates
of generation G¢, t > 1, define an implicit real return rate Qf with

*
*_Rt
t 7 s

Ct

Q

for t > 1. One important property of social security rules is that, for a fixed {y}ts1, if {St}t0
is sustainable then {AS}is0 is also sustainable, VA € [0,1]. For A > 1, {AS{}¢>0 may also be
sustainable, as long as the affordability condition is satisfied, i.e., C{ € [0,1], Vt > 1. In any of
such transformations, the value of the real return rates {Qj }>1 is kept constant so that only
the absolute values of contribution and replacement rates are changed. The next definition
characterizes the sets of social security rules under which all generations would agree on the
absolute level of contributions and replacement rates.

Definition 2.3. Given & = {(Uy, Ly, Et) }s0, a sustainable set of social security rules {St,Vi+1 >0
is individually optimal if for all generations G, t > 1, Cf = ¢+(QF, E¢).

Individually optimal social security rules must take into account not only the demographic
and productivity dynamic, as sustainable ones do, but also households preferences. Individ-
ual optimality means that households have no incentives to call for transformations over the
absolute levels of contribution and replacement rates. The next example illustrates this point.

Example 2.4. Let the economy be stationary, i.e., Uy =U, Ex =E and Ly =L, t > 0. For all
Ae(0,1), So=A, St = (M A), t > 1, defines a sustainable set of social security rules, where A
defines the absolute level of contribution and replacement rates. Notice that Ay =0, t > 1, and,
therefore, {vt }t>1 is irrelevant in this case. Also, YA € (0,1), Qf =1, t > 1. Although all sets of
rules defined by A € (0,1) are sustainable, only the one with A = (1, E) is individually optimal.
That is, for any A # &(1,E), households would prefer a different absolute level of contribution
and replacement rates.

A third desirable characteristic of social security rules is Pareto optimality.

11



Definition 2.5. Given & = {(Uy,L¢, Et)}is0, a sustainable and individually optimal set of
social security rules {St,Yt+1}ts0 @8 Pareto optimal if there is no other set of social security
rules which yield a Pareto improvement, i.e., 3{S},Vi.1}s0 such that Ug(ct) < Ug(c)7,
vVt >0, with at least one strict inequality.

Pareto optimality can be stated as the lack of possibility for reorganizing the social security
system in a way that improves the condition of at least one generation, without imposing a
welfare loss to any other. After identifying three desirable characteristics of social security
rules (sustainability, individual optimality and Pareto optimality), it still remains the question
on how to actually calculate such rules, i.e., given an economy & = {(Uy, L, Et)}s0, how
Government defines a sustainable, individually optimal and Pareto optimal set of social security

rules {(St,Yt+1) 207
A natural way to start is looking at the following equilibrium equations over savings

LiEid1(Ri,E1) = LoRoEodo(Ro, Ep)
LoEada(R2,E2) = LiRiE1di(Ry, Eyp)
(]

where, in each period t > 1, savings demand from the young generation equate the return of
savings from the previous period for the old generation® according to a sequence of return
rates R = {R¢}x0 € RS, Assuming that such equilibrium return rates sequence R exists and
that Government can calculate it, one way of replicating the real allocations is by setting
contribution rates as

Ce = d(Re, Ey)
for t > 1 and replacement rates as
Ri =Redpe(Re, Er)
for t > 0. Under these social security rules the budget result of the system in period t > 1 is

At = LtCtEt - Lt—lRt—lEt—l
= LiEtde (R, E) — LeciRec1Beo1de—1(Rem1, E¢o1)
=0

where the last equality comes from the equilibrium equations. Therefore, when dealing with
social security rules that replicate real allocations obtained through equilibrium equations, the
system is balanced in every period, i.e., Ay = 0, t > 1. This makes the definition of {y¢}t>1
irrelevant and R} = R¢, t > 0, Cf = C¢ and Qf = R¢, t > 1. Also, Im(¢¢) < [0,1]° and
Ci = d+(Re, E¢), t > 1, imply that the set of rules is sustainable and individually optimal.

"When comparing welfare levels for generation Go, we adopt a constrained utility function, Uo(-) = Uo(c§, -),
where Ug : R,y x Ry — R is the original utility function and cJ € R,, is any fixed past consumption level.

8 Although generation Gg lives for a single period, it has a utility function defined over R, x R, in order to
have a well-defined savings demand ¢o(-,-). This formulation considers that in period t = 1, the inception of
the economy, old age individuals behave as if they were entitled to some predefined return Rg over their past
savings. Also, this way of writing equilibrium equations will become clear with the results of Section 2.8.

9Im(-) represents the image set of a function.

12



Although calculating social security rules through equilibrium equations yield sustainable and
individually optimal systems, they may not be Pareto optimal'’. There is still one last remark
to be made about calculating social security rules trough equilibrium equations. The budget
constraint on the utility maximization problem that defines ¢+(R, E¢) can be writen as
co+ C—Rl =E¢

for t > 0. The left side corresponds to the discounted value of the consumption bundle under
an interperiod return rate R, while the right side corresponds to the discounted value of the
households endowment. Since contribution and replacement rates derived from equilibrium
equations replicate such consumption bundle for every generation G¢, t > 1, we may interpret
such set of social security rules as one that mimics an “account behavior” according to a given
sequence of interperiod return rates {R¢}ts0, i.€., equating contributions and benefits present
value. Pay-as-you-go systems structured according to these sets of rules are conventionally
called notional accounts social security system.

2.2 The role of demography and productivity growth

The previous section has shown that the definition of sustainable, individually optimal and
Pareto optimal sets of social security rules is closely related to the problem of solving equilib-
rium equations. In this section, we characterize the relation between demography, productivity
and equilibrium return rates R = {R¢ }1+>0, while also providing a theorem on how to effectively
calculate such sequence. The economy is our baseline one. We start by rewriting equilibrium
equations using the definition of {a¢ }¢>1 as

(xtd)t(Rtv Et) =Ri-1Pi-1 (Rt—h Et—l)

for t > 1. In order to analyse the impact of changes in both demography {L; }+>o and produc-
tivity {E¢ }ts0 over equilibrium return rates, we make the following assumption.

Assumption 2. For all t >0, ¢y is strictly increasing on its first argument and constant on
its second, i.e., dp+(R,E) = d+(R,E'), VE,E e R,,.

Therefore, savings demand is strictly increasing over interperiod return rates and is not
affected by endowment levels'!, i.e., d¢(R,E) = ¢¢(R), Vt > 0. Assumption 2 is satisfied by
Constant Relative Risk Aversion (CRRA) utility functions where, for B¢ € Ry, 0 € (0,1),

16t SN
U (co,cq) = 2 + 1
wleoer) = 75+ ey,
and savings demand'? is given by
1
be(R) =1~ ————5-
1+B R

9This point was first highlighted by Paul Samuelson (58).

Y1f one does not assume that savings demand is constant over its second argument, all results from this
section remain valid but are no longer stated in terms of the compound demographic and productivity growth
rates {0 }1s1, but only in terms of the demographic growth rates {&f}is1.

2The logarithmic CRRA Uy (co,c1) = log(co) + Bt log(c1) implies a constant savings demand ¢ (R, E) = -2

1+B¢ °
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Equilibrium equations can then be shortly written as

ot (Re) = Re—1dpe-1(Re-1) (1)

for t > 1. Since ¢ () is injective, t > 0, the following relation holds for any equilibrium return
rates sequence {R¢}s0

Ry = (b{l(Rt_l ¢t—1(Rt—1))

Xt

t > 1. Iterating the previous equation yields

t-1

Ry = d>t1(nit:—0Rl¢o(Ro)) (2)
i=1 i

t > 1. The next propositions characterize the relation between the compound demographic and

productivity growth rate {a }>1 and the sequence of equilibrium return rates {R¢ }>o that is

used to define a sustainable and optimal set of social security rules {St}t>0. To ease notation

we use, when convenient, & for {a }>1 and R for {Ry }¢s0.

Proposition 2.6. Given {a }i>1 € R, there exists (o) € Ry such that {Ry}is0 is an equi-
librium sequence if, and only if, Ro € [0,n(x)]. Also, if oy > &t >0, t > 1, then

(i) n(e) 2 (%) )

(i) Ry 2 Ry, t 2 0, where {Ri}z0 and {Riteso are the equilibrium return rates sequences with
Ro =n(a) and Ry =n(&).

Proof. Given {o }i>1 € R, injectivity of ¢y, t >0, along with Equation 2, assures that every
equilibrium return rates sequence {R¢}¢>0 is uniquely defined by Rg. Also, ¢(0) =0, t > 0,
implies that Ry = 0, t > 0, is an equilibrium. Suppose {Ri}ts0 is also an equilibrium with
Ro € R, and let Ry € (0,Rg). Since ¢y is strictly increasing

R Ro o R
0< oc_?d)O(Ro) < oc_(l)qDO(RO) - (x_(l)djo(RO) € Im(¢1)

So R; = dDIl(%d)o(Ro)) is well-defined and 0 < Ry < Ry, since ¢ is strictly increasing. By

induction, the system of equations has a well-defined solution starting from Ry and R¢ < Ry,
Vt > 0. Next, let R} - Rp, where Ry defines an equilibrium sequence, n > 1. To show that
Ro also defines an equilibrium sequence, notice that R]* is well-defined and that the continuity
of ¢g and d)Il implies RT* = Ry, where R; satisfies the first equilibrium equation. In a similar
way, all other equations are satisfied by the limit points R* - R¢ and, therefore, (Rt )0 is an
equilibrium return rates sequence. If we define the following set

I() = {Rp € R | Ry defines an equilibrium sequence according to Equation 1}

then the first remark implies that every equilibrium return rates sequence is uniquely defined
by an element of I() and 0 € I(«), the second remark implies that I(«) is an interval and the
third that such interval is closed. Since ¢q is bounded, the first equilibrium equation imposes
an upper bound on all possible equilibrium values of the initial return rate. Then, since I(x)
is bounded, there exists n(«) € R, such that I(x) = [0,n(x)].

14



For item (i), let Ro € [0,m(&)] and notice that

- (R - (R -

Ry = d>11(~—0d>0(R0)) > ¢11(—0¢0(R0)) =R
x1 X1

so that Ry is well-defined for an initial return rate Ry = ﬁo. Also,

- (R - (R

Ro = ¢21(~—1¢1(R1)) > ¢21(—1¢1(R1)) =Ry
(0% X2

where the inequality comes from l~21 > R; and &9 < o. By induction, the sequence defined after
Ro is well-defined and we conclude that Ry <1(«). Since Rq is arbitrary, n(&) <n(e).

For item (ii), let Ry =n(«) and Ro = n(&), so that item (i) implies Ry > Ro. Suppose Ry < Ry
for some k > 0. Then o 1 > &x41 implies that

Ris1 = d)ilu( d)k(Rk)) < ¢k+1( d)k(Rk)) = Ry
and, by induction, we conclude that R; < ﬁi, i > k. Let, indeed, k > 0 be the smallest value
that satisfies this property. Then R; > Ry, 1 < k. Also, define an auxiliary sequence (Pt)t>0,

with Py = ﬁk and the remaining elements defined below. Since lik > Py > Ry, we have

- ~ R -
Rist = by &kk1 $r(Ry)
+
_ P
> i | o o(P)
+
_ Rk
> ¢k£1 et dr(Ri)
+
= Rxn
and the first inequality allows us to define
_ P
P = d)kil( x kl d)k(Pk))
+

Also, ﬁk+1 ZNPk+1 > Ry41. By induction, Py is well-defined and satisfies equilibrium equations,
VYt >k, and Ry > Py > R¢. To define Py for 0 <t < k we must solve

o1p1(P1) = Sodo(Po)
oada(P2) = Sidi(P1)

]
oo dr(Pr) = Sko1dr-1(Pr-1)

Since the function x — xd¢(x) has its image over [0,+00], 0 < t <k, it is always possible to
define Py, 0 < t < k, so that all previous equations hold true. Notice, however, that x - xd(x)
is an strictly increasing function and, therefore, Py > Ry implies that Py > Ry, 0 <t < k.
Particularly, Py > Rg. But this contradicts the definition of Ry, absurd. We conclude that

15



R¢ > Ry, t> 0. O

Proposition 2.6 states, initially, that, for a given demographic and productivity dynamic
{ott }is1, equilibrium return rates sequence {Ry }iso is uniquely determined by its initial value
Ro. Moreover, there is a continuum of possible initial values and, therefore, one may have an
infinite number of sustainable and individually optimal sets of social security rules. There is,
however, a Pareto dominant set of rules, namely the one obtained according to the maximum
possible value n(«) for the initial return rate Rg. When analysing the impact of changes over
{at }t>1, @ more favourable scenario in terms of the compound growth rates imply that the
set of social security rules becomes able to sustain larger return rates for all generations, even
if changes happen only at future periods. The next proposition imposes homogeneity over
preferences in order to derive further properties of equilibrium return rates sequences.

Proposition 2.7. Suppose preferences are homogeneous, i.e., Uy = U, t > 0, and {R¢}ts0 is
the equilibrium return rates sequence defined after Ry =n(e). The following implications hold
(i) If x¢ >85>0, t>1, then R¢ 28, t>0;

(1) If {ot }t>1 98 a non-increasing sequence, then Ry < o¢y1, t >0, and the returns are, itself,
a MON-INCreasing Sequence;

(111) If {at }i>1 s a non-decreasing sequence, then Ry > a1, t >0, and the returns are, itself,
a non-decreasing sequence;

(i) If x¢ =6>0, t>1, then R¢ =5, t>0.

Proof. Let ¢+ =, t>0. For (i), suppose 3ty > 0 such that Ry, <. Then, define the sequence
{Pt}t20 by PtO = 6 and

Py

Kt+1

Pit = qa‘l( cb(Pt))

for t > tg. Notice that Py, t > tg, is well-defined since Py, < 6 and if Py <8 < &4 the following
implication hold

1 P _
Peii = 1( - ¢(Pt)) <G od(Pt) = Pra<Pi<s
Xt+1
In order to define Py for 0 <t < tg we must solve the following system of equations
i dp(P1) = Pod(Po)
2p(P2) = Pid(P1)
(Xto(b(é) = Pto—ld)(Pto—l)

Since the function x — x$(x) has its image equal to R,, the above system of equations has a
solution and {P¢ }t>0 is a well-defined equilibrium return rates sequence. Notice, next, that the
function x - x$(x) is strictly increasing and, therefore, P, = 8 > Ry, implies Py > Rp. Absurd,
since Ry =1(). We conclude that Ry > 8, t > 0.

For (ii), let {a}t>1 be a non-increasing sequence and suppose Ry > . Since ¢(Ry) =

(X—?cl)(Ro) and ¢ is strictly increasing, we have Ry > Ry > o1 > ao. However, since ¢(R2) =

OR(—;d)(Rl), this implies that Ry > Ry > Ry > a1 > g > 3. But then, assuming {Ry}is0 is
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well-defined, we would have

(E—f) (Ro) < g L9(Ro) = d(Ry) = 500

i=1 &

absurd. Then Ry < oy and Ry < Ryg. Suppose now Ry > xo, so that Ry > Ry > oo > 3. Again,
this would imply R3 > Ry > Ry > a2 > a3 > 4. Assuming {Ry } 50 is well-defined, we would have

Ro(Ri\™ i) Ry ~
“—(“—2) (R0 < TEE(Ro) - 0(R0) = o9

absurd. So Ry < o and Rg < Ry. By induction, we conclude that Ry < a¢41 and that {Ry }iso is
also non-increasing.

For (iii), let {a¢}t>1 be a non-decreasing sequence and define the following auxiliary se-
quences o® = {51, k> 1, where o = oy, t <k, and of = o, t > k. Notice then that item
(ii) from Proposition 2.6 allows us to write that RF < RE*1 < Ry, t > 0, where {R}}1s0 is the
equilibrium return rates sequence with Rg = n(ock), k > 1. Also, for each sequence o, it is
possible to construct an equilibrium return rates sequence R* such that Rf =g, t>k-1. To
see this, notice that for t > k

R‘E—Rtl—oc‘t‘=ocwd>(ﬁ’§)—

1)

In order to find the values of ﬁ’t‘, for t < k, one must solve

FORY) = REG(RE)
“]12—149(?112—1) = Rt—zd?(ﬁlﬁg)

The last equation can be written as
k ok 5k
o1 P (o) = Rod (R )

Since the function x - x¢(x) has its image over [0, +00), it is always possible to find R, ..., Et_l,
that satisfy all previous equilibrium equations. Then

pk k
Xk = kal < kal < Rk,1

for k> 1. So oct < R¢-1, t 21, and the fact that R is a non-decreasing sequence follows directly
from B(Re) = RELG(Re_1), > 1.

Finally, for (1v), if Rg =8, then Ry =8, t > 1, follows directly from Equation 2. If Ry > 8,
then, if Ry is well-defined, R; > Ry. Assuming the equilibrium sequence exists, then R¢y1 > Ry,
t > 0. But then

( )¢(Ro)<g 0Ro) = B(R,) — +o0

i=1 &

absurd. We conclude that Ry =96, t > 0. O
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Proposition 2.7 states that if there is a positive lower bound & > 0 on compound growth rates
{a }ts1, then social security rules can sustain at least such return level. Also, in case of a non-
increasing sequence of compound growth rates, the Pareto dominant return rates sequence is
also non-increasing. Furthermore, such return rates sequence is bounded above by the sequence
of compound growth rates. This is a direct consequence of equilibrium effects, since a fall on
demographic and productivity growth does not only brings down the affordable return rates
by itself, but also reduces the absolute level of savings each generation is willing to hold,
depressing even more the returns. The same phenomena, but in the opposite direction, takes
place when one faces a non-decreasing sequence. Finally, when preferences are homogeneous
and there is a constant compound growth rate & > 0, the Pareto dominant equilibrium equates
all return rates to such value, i.e., Ry =, t > 0. A remarkable feature from this last result is
that it does not depend on the actual households preferences. Particularly, this implies that
Government may not need to know U in advance to structure the social security system. This
point will be further developed in Sections 2.3 and 2.4.

Before stating the main result of this section, we need some extra notation and assumptions.

Assumption 3. For allt>0, &t : R, — [0,1] is concave.

Assumption 3 is satisfied, for example, by CRRA utility functions. Since P;!(x) = xd(x)
is strictly increasing with {;1(0) = 0 and Im(;') = Ry, it has a well-defined inverse function
Pt : Ry > Ry, t>0. Define also fy = ot bt 0Py, t > 1. Assumptions 1 and 2 imply

, B 1
V0= S ) T )
oo abb(x) .

DG W) + d())

where the index t was omitted to ease notation. The sign of second derivative of f is given by

(x) "E" () (W(x)) + d(W(x)) 1" (W)Y’ (x)...
= O (W))W ()P (W (X)) + W ()" (W) (x) + b’ (b (x)b' (x)]
= W) WY () - 20 (%)’ (P(x))?
E d( ()" (W(x)) - 20" (V(x))?
< 0

where the last inequality derives from Assumption 3. One may conclude that f is concave and
strictly increasing. Since limy_oW(x) =1 (0) =0 and $(0) =0 with ¢ concave, we may write

o
lim f'(x) > lim —————— = +o00
x=0 x—0 B(x) + d>c(bll,)((1><)))

The next lemma proves the existence of a unique non-zero fixed-point of f.

Lemma 2.8. Suppose h: R, — R is a differentiable, concave and upper bounded function with
h(0) =0 and limy_oh'(x) = +oo. Then 3K >0 such that h(x) >x, x <K, and h(x) <x, x > K.

Proof. Let g(x) = h(x) —x. Since limy_oh'(x) = +00 and h(0) = 0, the Mean Value Theorem
implies Ixg > 0 such that g(xp), g’ (x0) € Ryy. Also, h bounded implies limy_ 100 g(x) = —0o0.
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By Bolzano’s Theorem (BT), 3K > xp > 0 with g(K) = 0. Let Q = {K e Ry, | g(K) = 0} and
K1 = inf QO, where the infimum is well-defined since Q) is bounded below and non-empty. The
continuity of g implies g(K;) = 0. The concavity of f implies that g is also concave, and so g’
is a non-increasing function. Then g'(x) > g’(xo) > 0, x < xg, and xg < K;. Suppose 3Ky > Ky,
Ko € Q. By Rolle’s Theorem, 3y; € (0,K1),y2 € (K1,Kso) with g'(y1) = ¢'(y2) = 0. Since ¢’
is non-increasing, we conclude that g'(y) = 0, Yy € [y1,y2] and by the Second Fundamental
Theorem of Calculus g is constant on [y1,yz2]. Since K; € [y1,y2] we have g(y) = g(Ky) =0,
Yy € [y1,y2]. But then g(y;) =0 with y; < Ky, absurd. We conclude that 3'K € R, satisfying
g(K) = 0. Suppose 30 < x < K with h(x) < x, so that g(x) < 0. Since g(xg) >0, the BT implies
3z € (x,%x0) (or (xp,x) if xg < x) such that g(z) = 0. Since z < K, absurd. Then h(x) > x,

€ [0,K]. Suppose, next, Ix > K with h(x) > x, so that g(x) > 0. Since limy_ 40 g(x) = —00,
the BT implies 3z > x such that g(z) = 0. Since z > K, absurd. Then h(x) <x, x € [K,+oco]. [

The fact that f satisfies all conditions from Lemma 2.8 allow us to define K(f) > 0 as its
fixed-point.

Assumption 4. For T'={KeR, | 3t > 1,K = K(ft)}, we have inf "> 0 and supT < +oo0. Also,
there exists >0, £ >0 such that fi(x) > (1+X), Vx€(0,0), t>1.

Assumption 4 rules out pathological preferences behavior in which savings demand curves
come arbitrarily close to the axis in R? and also unbounded declines over the derivatives of
ft, t > 1. It is satisfied, for example, if there is only a finite number of different preferences.
Finally, Assumption 5 below simply states that compound growth rates are upper bounded.

Assumption 5. There exists M >0 such that ot <M, t > 1.
The next theorem provides an analytical formula for the Pareto dominant equilibrium.
Theorem 2.9. Under the previous assumptions, VL >0, n(o) = limy 0o Pg o f1 0... 0 fie(L).

Proof. For L >0, define the sequence {x¢(L)}t>1 where

x1(L) = fi(D)
x2(L) = fi(f2(L))
x3(L) = fi(f2(f3(L)))

Suppose L > max{supl", M}. Then, since L > f{(L) and fy is strictly increasing, t > 1, we have
x1(L) > x2(L) >x3(L) > ...

Also for t > 1
fe(L) > fe(infT) > infT'> 0

and, therefore, x¢(L) > infT, t > 1. We conclude that the sequence {x{(L)}>1 has a well-
defined limit, since is non-increasing and bounded below. Let x(L) = lim¢_oo x¢(L) > infT" > 0
and Ly > L; > max{supl",M}. Suppose x(L;) < x(L3), so that Ik > 0 such that, Vj > 0,
xk(L1) < x(L2) < xk+j(L2). Since all the f; are increasing and bounded by M we have L <
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FHL(F2(L Y (1y)...)) < M, absurd. Then x(L;) > x(Ly). But since x¢(L1) < x¢(L2), t > 1,
we conclude that x(L;) = x(Lg).

Next, suppose 0 < L < min{inf ", 0}. Then, since M > f;(L) > L and fy is strictly increasing,
t > 1, we have

x1(L) <x2(L) <x3(L) <...<M

Let x(L) = limtsoeo Xt (L) < M and 0 < L; < Ly < min{inf ", 0}. Suppose x(L;) < x(Lz), so that
3k > 0 such that, Vj > 0, xy+j(L1) < x(L1) < xx(L2). But then, since all the f; are strictly
increasing, we have fi,1(fipo(...-fij(L1)...)) < L2, j > 1. Notice, however, that Assumption 4
implies

fe(x) > (1+X)x
for all x € (0,0), t > 1. Let jo be the smallest integer such that (1+X)°L; > o*3. For j > jo we
have
fk+1(fk+2(-~-fk+jf]’0((1 + Z)]OLl)))
fk+1(fk+2(-~-fk+j—j0(0)---))

fk+1(fk+2(...fk+j_]‘0(LQ)...))
Lo

fk+1(fk+2(...fk+]' (Ll)))

vV vV vV

v

absurd. Then, we must have x(L;) > x(Lz). But since x¢(L;) < x¢(L2), Vt, we conclude that
x(Ly) =x(Lg).

Next, if g is a concave and strictly increasing function, then, for Ly > L;, the following
inequality holds

9(L2) - g(L1) = g'(2)(L2 - L1) < ¢'(L1) (L2 - L)
with z e (Ly,L2). If g(L2) - g(L1) > p >0 then
p
—+
g'(L1)
Let 0 <Ly <min(infT, o) and Ly > max(supl', M), with L; < Ly. Then x(L;) < x(Lg2). Suppose

x(L1) + p = x(L2), p > 0. By definition xy (), k > 1, is an strictly increasing and concave
function with

pSg'(Ll)(Lg—Ll) — [y > L

lll—l;roloXk(L) = ]}i_g)loxk(l_l) =X

for 0 < L<L;. Also, Ye >0,3ko(L) such that k > ko(L) implies xx (L) > x —e. The Mean Value
Theorem states that, for any given k, 3¢y € (L,L1) such that

Xy (ck) = X—k(Lll_z ::k(]_)

135 > 0 ensures that such value exists.
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For k > ko(L), we have x > xi(L;) > xk (L) > x — e. The concavity of xi(-) the implies

[
XL(Ll) < XL(Ck) < Ll 1

and since xy(+) is strictly increasing, we conclude that limy . X} (L1) = 0. The fact that
{xk(L1) }x>1 is non-decreasing and {xy(Lz2)}k>1 is non-increasing implies that

XQ(Ll) < Xl(Ll) <...< X(Ll) < X(Ll) +p= X(I_Q) <...< X1(L2) < Xo(LQ)
We may use our previous result, with xy instead of g, to write

xk(L2) = xk(L1) >p = Lo 2

X (L1)

Taking the limit as k - +oco implies Ly > +o00, absurd. We conclude that x(L;) = x(Lz). Let
L > 0 be any value, and take 0 < L; < L < Ly, with L; < min(infT, o) and Ly > max(supT', M).
For all k > 1 we have

Xk (L1) <x1 (L) < xi(L2)

and our previous result implies limy _, o X} (L1) = limy_, o X1 (L2) = x. Taking the limit on both
sides of the previous inequalities allow us to conclude that limy_, . xx (L) = x.
Next, define the return rates sequence {Ry}ts0 as

Ro = o(x)
1

Ry = ¢11[“—1¢01(R0)]
1

Ry = ¢5l[a—2w11(R1)]

[.]

The sequence is well-defined since can also be written as

RO = klirn l|)00f10...0fk(1_)
R1 = klim l|)10f20...0fk(I_)
Ry = klim Pgofzo..ofi(L)

]

where all limits exist due to our previous result and the continuity of ¢, t > 0. In order to
show that {Ry}tso satisfies Equation 1, notice that for t > 1

ade(Re) =Ro1de1(Rec1) = o (Re) =ity (Reor)
A Oitd)t(khfilolbtofnlo---) =1b{}1(]}ir£101bt_lofto...)
= lim octcbtolptoftﬂo...:l}im Pl o jofio...
— klim frofie0...0fk(L) =klirn fro...of (L)
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It remains to show that Ry = n(«). Suppose there is an equilibrium {P}ts9 with Py > Rg.
Since {4 }t»>1 is bounded by M > 0, Equation 1 implies that there is TT > 0 so that Py < TT,
t > 0. Also, notice that for t > 1

Po=oofio...of oy (Py)

where P! (Py) = Pdi(Py) < Py <TI. But then, since all the fy are increasing, we have

Poofio...of(TT) 2Pgofio..of o (Pr)=Po
Taking the limit as t - co we find Ry > Py, absurd. We conclude that Ry =n(«). d

Theorem 2.9 is the central result of this section. It furnishes an analytical formula to find
an equilibrium return rates sequence that yields a sustainable and individually optimal set of
social security rules. Furthermore, the limit formula provides not only an equilibrium return
rates sequence, but the Pareto dominant one. This is a fundamental step on the study of
notional accounts systems, since in order to define the set of social security rules Government
must not only care for finding solutions for equilibrium equations (in order to have sustainable
and individually optimal systems), but also to adopt methods that furnish Pareto optimal sets
of rules. This point is further discussed in Section 2.8. The next proposition states a direct
consequence of the theorem.

Proposition 2.10. Under the previous assumptions, the tth-partial derivative of the function
n:R® - R, defined by Proposition 2.6 is

t-1
ag((:) [T (ceu(R)) i (Re) [ i (e (R de(Ro)

where o = {0ty }1s1 € RS, and {R¢ }s0 is the equilibrium return rates sequence with Ry =m(x).

Proof. Let {R}}tzo be the equilibrium return rates sequence defined after Ry = n(«), with
o = {ott fs1 € RS, Theorem 2.9 allows us to write

Ry = kh—{rolo 1Jf)t((xt+1 (O] (lbt+1 (O(t+2¢t+2 (ll’t+2--~“t+k¢t+k(¢t+k(l—))'--)

for t >0, L>0. Since Ry =n(«), we may write

n(a) = Po(or (Wi (Pa(ba...edt(Re)...)

for t > 1. Using the chain rule, we obtain

t-1
agc(:) [T (eadbe (RO (Re) [0y (e (R))de(Ro)

O]

Proposition 2.10 defines the marginal impact caused by changes on demographic and pro-
ductivity compound growth rates over equilibrium return rates. It allows one to study, as in
the example below, in which degree future changes affect present social security return rates.

14R++ is the set of bounded sequences in R$,.
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Example 2.11. Suppose a constant compound growth rate oy =8 >0, t > 1, and homogeneous
households Uy (cg,c1) = 2./Co + 2/C1, t >0. We drop index to ease notation. Savings demand
& and the auxiliary functions b are written, x >0, as

X
bx) = 1+x
X+ VX2 +4x
B(x) = —
and their derivative is
1
14
X) = ———
(%) (1 +x)2
W) - s

2 2Vx2+4x
From item (iv) of Proposition 2.7, n(«) = 0. Also, Ry =8, t > 1. Proposition 2.10 then implies
Fo) t-1
| T (s (R (Ro) [ (e (R (R
i=1
[V (56(8))5¢"(8)] W' (5(8))d(8)

for t > 1. Notice that the following relations hold

Loy 1
5 Hmw (36(9)0() = 5
0. lim /(56(6)b(3) - 1

lim ¥/ (5/(5))5¢/(5)
lim '(36(5))5/(3)

so that & ~ 0 tmplies

a(Xt 2t

fort>1. Also, 8 >> 1 implies

om(«x) . {1, t=1 @)

(Lo 0,t>2
Since n(a) = oy =06, t> 1, we can write

om(e)/m(x) _ In(x)/d _ on(a)

aO(t/O(t aO(t/é a(Xt

fort > 1, and such value is the elasticity of the initial social security return rate relative to the
compound growth rate from period t. Equation 3 implies that under a small growth scenario,
i.e., 8 0, a 1% change over the compound growth rate from period 1 increases the social
security initial return rate by 0.5%. If the change happens later on the future, i.e., t > 2, then
one has a 27*% increase on the initial return rate. Under a high growth scenario, i.e., § >> 1,
the situation is different. Equation 4 implies that a 1% change over the compound growth
rate from period 1 increases the social security initial return rate by the same 1%, so that the
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short-run increase is fully reverted to the initial return rate. However, if the change happens
later on the future, then none of it reverberates to the initial return rate.
There is yet a different interpretation of this result. Notice that one may read Equations 3

and 4 as if they furnished, for a fixed t > 1, the elasticity of past social security return rates,

i.e., the values of gig, gii} e a{];&;l’

defined by Ry =n(e). In this way, Equation 3 can be rewritten as

where {Ri }s0 is the equilibrium return rates sequence

R 1
aoct h t-k

for 0<k<t-1, and Equation 4 as

ORy N 1, k=t-1

doe  |0,0<k<t—2

Therefore, in a high growth scenario, a 1% increase over period t compound growth rate o
affects only Ry_1 by the same amount and has no effect over Ry, for 0 <k <t-2. In a low growth
scenario, however, 1% increase over period t compound growth rate & increases Ry_1 by 0.5%,
Ri_2 by 0.25% and so on'®. We conclude that the level of growth & in the economy influences
the degree in which future compound growth rates changes reverberate over the sequence of
Pareto dominant equilibrium return rates {Ry }is0-

Finally, we state a corollary from Proposition 2.10 that synthesizes the reverberation phe-
nomena highlighted in Example 2.11.

Corollary 2.12. Under the previous assumptions, let {R¢}so be the equilibrium return rates
sequence with Ryg =n(x). Then

t-1
R | TT Wiy (o (RO)) bl (Re) [ Wi (e (RO (Ro)

Ot | i1
for0<k<t-1. Also,

OR¢_1
a(Xt

= Py (ot de(Re))Pe(Re)

oR
aO(t

aRk+1
a(Xt

= P (o1 Prr1 (Rier)) dier1dless (Rian)
for0<k<t-2.

2.3 Intergenerational transfers on notional accounts systems

In this section we study incentive compatibility on sets of social security rules that allow for
discretion of the insured households. The economy is our baseline one. We assume there
are only two types of households preferences, A and B. Let ¢a,dp : Ry — [0,1] be the
savings demand of each type, which, along with the corresponding utility functions, satisfy

5Notice that for t large enough the sum of the percentage increases is nearly equivalent since P 27 x 1.
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all our previous assumptions. Assume, furthermore, that ¢ A (R) > ¢(R), VR € R,, so type
A households are high savers and type B ones are low savers. Assume that endowments are
constant over time, i.e., Et = E > 0, t > 0. Also, demographic growth rate is constant, i.e.,
oc]; =6>0,t>1, and so o = oc%odf =90, t > 1. Also, let generation Gy type be given by

At € {A,B}, t > 0. Equilibrium equations are then written as

dda, (Re) = Re—1da,_; (Re-1)
for t > 1. Before stating our first result, we will need the following assumption.
Assumption 6. The function hy : Ry - Ry, ha(x) = xda(x), is convex for A e {A,B}.

Assumption 6 is satisfied, for example, by CRRA utility functions with 0 € [1/2,1) and
€ R,;. The next proposition describes equilibrium return rates sequences under this low and
high savers dichotomy.

Proposition 2.13. Under the previous assumptions, if {R¢}is0 s an equilibrium return rates
sequence then Ry <0, for all t >0 such that Ay = A.

Proof. Define the following auxiliary functions

HAM (x,y) = 8da(Y) —xda(x)
HAB(x,y) = 8¢p(y) - xda(x)
HP A (x,y) = 8¢a(y) —xdp(x)
HPB(xy) = 8dp(y) -xdp(x)

Also, the following implicit ones

HA’A(X, fA,A (X))
HA’B (X, fA,B (X))
HB’A(X, fB’A(X))
HB’B (X, fB,B (X))

o O O o

Equilibrium equations can, therefore, be written as
Ry = f}\t—l»)\t(Rt_l)

for t > 1. The previous definitions allow us to write

fA’A(X) _ [d)A]_l(Xd)Aé(X))

for x > 0. Therefore, fA is an strictly increasing and convex function. Similar reasoning allow
us to state that fAB, fBA and BB are also strictly increasing and convex. The definitions
also directly imply f42(0) = 4B (0) = f8.2(0) = £8:B(0) = 0 and 42 (8) = f8:B(8) = 5. Next,
we will prove the following inequality holds

BA(x) < M (x) < 4B (x)
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for x >0, A e {A,B}. Since da(x) > dp(x), Vx>0, we may write

5 (FAA (%)) - xPpa (%)
S[ds(FH (%)) - da(FH(x))]
0

S (FH (%)) - xdp (x)
x[ba(x) - dB(x)]

0

5 (f>F (%)) = xdpa(x)
x[dB(x) = da(x)]

0

Sha(fPP(x)) - xdp(x)
S[PA(fPP(x)) - B (PP (x))]
> 0

HAP (x, £ (%))

IN

HB’A(X, FAA (%))

v

HA’B (X, fB,B (X))

IA

HPA (x, 2P (x))

for x > 0. The inequality is then obtained directly from the definition of f®* and f*B. Suppose
w.l.o.g. that Ag = A and that Ry > &. If there is no generation Gt of type B, t > 1, then the
equilibrium return rates sequence is defined by iterates of . Since f4A(8) = § and Ry > 8,
the following relation holds

ALA ALA
Ry = FAA(Ry) 2 1AA(5) + S p 5y 54 HT20) gy
X dx
More generally, Ry, t > 1, satisfies
AAG) T
Rt 2 6+|:dd—x():| (R() - 5)

Since A (0) = 0 and fA(8) = 8, the convexity of A implies

drA(3)
dx

>1

Therefore lim¢_, 400 Rt = +00, absurd. Then, suppose that generation Gy, k > 1, is the first one
of type B, so that Ry is given by

Ry = FAB(FA)(Ro)
Since fAB(x) > A (x) > x, ¥x > 8, then
Ric = FAP (A (Ry) > (FHA)(Ro) > Ro > 8

If there is no next generation Gi, t > k+ 1, of type A, we may then use the initial reasoning
for 2B to conclude that this hypothesis is absurd. Let, therefore, generation Gy, 1 > k+1, be
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the first of type A after generation Gy. Then we may write

Rl _ fB,A(fB,B)l—k—l(Rk)
> 2R (Ro))

BB FAA

where the inequalities derive from the fact that iterates of and are strictly increasing
when the initial point is larger then §. The definition of f®* applied to f*B(8) implies

SHA(FHA(F5(8))) — 7B (8)pn (7 (8)) =0

Also, the definition of 4B (8) implies

5B (" 5(8)) -84 (8) =0
so that we may write

B,A (¢A,B AP (3)
A(FR(FE(8))) = —5—da(8) > da(d)

where the last inequality comes from 4B (8) > fA*(5) = 5. Since ¢a is strictly increasing
we conclude that f&A(fAB(8)) > & and, therefore, Ry > 5. If there is no other type shift on
future generations, or only a finite number of shifts, then we may apply our initial reasoning
to conclude that our initial hypothesis, i.e., Rg > 8, leads to an absurd. If there is an infinite
number of shifts between generations of type A and B then, since f®? o fAB is increasing
and convex, we may still apply our initial reasoning on such function since f%*(fAB(8)) > &
implies that the derivative of fB o fAB on § is greater than 1. We conclude that Ry < & and,

by a suitable translation of coordinates, that Ry <6, Vt > 0 such that Ay = A. O

Before coming to the proposition itself, notice that in a constant demographic growth
economy with intergenerational homogeneity, i.e., Ay = A, t > 0, A € {A, B}, Proposition 2.7
states that the Pareto dominant return rates sequence is constant and given by Ry =8, t > 0.
Therefore, if the set of social security rules is derived from such sequence, final utility for all
generations in each case is given by

UM((1 - dA(8))E, 802 (5)E)

for A € {A,B}. Proposition 2.19 states that under intergenerational heterogeneity equilibrium
return rates for high savers generations are upper bounded by the return rates level under
intergenerational homogeneity 9, i.e., Ry <6, for all t > 0 such that A = A, and therefore

UM (1= da, (Re))E, 80, (Re)E) < UM (1~ b, (8))E, 5, (8)E)

for all t > 0 such that Ay = A. Since the set of social security rules is derived from the
Pareto dominant equilibrium return rates sequence, i.e., from {R{}t>o with Ry = () given
by Proposition 2.6, we conclude that under intergenerational heterogeneity social security
return rates can be smaller for high savers generations than they are under intergenerational
homogeneity. This is a direct consequence of the overlapping structure. Since high savers
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contributions finance retirement of past generations, these generations tend to have larger
return rates. However, when high savers retire, they need the current young generation to
sustain their higher level of benefits. If, however, the current young generation is a low savers
one, this will not happen under the expected return rate. This phenomena creates a transfer
from high savers generations to low savers ones under intergenerational heterogeneity when
return rates are compared with an intergenerational homogeneity scenario. The next example
discusses the consequences of these transfers in more detail.

Example 2.14. Let Aot = B, Agry1 = A, 120, so that equilibrium equations are given by

dpA(R1) = Rods(Ro)
dpp(R2) = Rida(Ry)
dpa(R3) = Radp(R2)

]

Let {R¢}s0 be the Pareto dominant equilibrium given by Proposition 2.7, i.e., Ro =n(e). The
symmetry of the overlapping structure allow us to state that Rotr = Rg, Roty1 = Ra, t 20, and
therefore equilibrium equations become

dpa(Ra) Redp(Rp)
RaRg = &2

Since A (d) > dp(d) applying the Intermediate Value Theorem on suitable transformation
of the first equation implies that 3r > 0 such that Ra = 8/(1 + 1) and Rg = (1 + 7). If
HA(d) = dB(d), then r=0 and Ra = Rp =08. Let, therefore, da(d) > dp(d) so that r > 0. If
RAGA(RA) 2 RpdB(RB) then

R_A> $B(Rg) _ /Ra s (147) 2 (1+7)2

Rg ~ da(Ra) V Rp
absurd. We conclude that if da(8) > dp(d) then Ra <8 <Rp and RAdA(RA) < Rgdp(Rp).
Also, we have

PA(RA) O
= — = 1 R R
$5(Rs) _ Ra (1+1) = da(RA) > dB(Rp)
Therefore every household of type A saves a higher amount than the ones of type B, i.e.,
dA(RA) > dB(Rp), although has a lower absolute retirement benefit, i.e., Rada(RA) <
Reds(Rp). A direct implication is that

uM((1- da(RA))E,RAdA(RA)E) <u™((1- dp(Rp))E,Redp(Rp)E)

for A e {A,B}. We conclude that the consumption bundle implemented by the set of social secu-
rity rules for low savers generations is unanimously strictly better than the bundle implemented
for high savers ones because of the intergenerational transfers described above.

Example 2.14 shows that intergenerational transfers, which can also be seen as subsidies,
may lead to social security rules under which high savers generations have an unequivocally
worse life-time consumption bundle than low savers ones. Particularly, this implies that high
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savers generations will always prefer the social security rules that Government offers to low
savers generations. The next example shows a first attempt under which high savers and
low savers generations own welfare evaluation of the set of social security rules are taken into
account when defining such rules.

Example 2.15. We build over the setting of Example 2.14. In this example, however, we
assume that before Government defines the set of social security rules high and low savers
generations make a single and unique claim about their own preference types. Such claims are
represented by 5\/\,5\3 € {A,B}. Furthermore, after high and low savers make their claims,
Government defines the set of social security rules based on them, i.e., assuming that Aat = AB,
Aots1 = 5\;\, t >0, and letting {R¢ }ts0 be the Pareto dominant return rates sequence defined by
equilibrium equations after Ro =n(x). We also assume G A () > dp(d). Therefore, final utility
levels for each generation given the vector of claims (7\/\,7\3) e {A,B}? is

UA((1-$A(8))E, 5bA(8)E) . if (Aa,AB) = (A, A)

UA (R, Ap) = UA((1- A (RA))E,RAGA(RAIE) , if (z\Aaz\B) =(A,B)
’ UM ((1- B (Re))E,RedB(RB)E) , if (Aa,AB) = (B,A)

UM ((1- dB(5))E, 5B (5)E) . if (Aa,AB) = (B, B)
UP((1-dA(8))E,5dA(S)E) . if (Aa,AB) = (A, A)

UB(Aa, Ap) = UP((1-¢B(Re))E,Rgdp(Re)E) , if (%A?\B) =(A,B)
’ UP((1-paA(RA)E,RAGA(RA)E) , if (Aa,AB) = (B,A)
UP((1- 5 (8))E,5¢5(8)E) . if (Aa.A) = (B, B)

where Ra, Rg are the return rates calculated in Example 2.14. The previous setting clearly
assembles the normal form of a well-defined simultaneous move game. Next, we look for its
Nash equilibrium. From Example 2.1 we have Ra <0 < Rg and

da(RA) > dB(Rp)
Rada(Ra) < Redps(Rp)

Notice that the following inequalities hold

UP((1-$a(8))E,8Pa(S)E) < UP((1-dp(5))E,5dp(5)E)
< UP((1-¢B(5))E,RedB(5)E)
< UB((1-¢B(Rp))E,Redp(Rp)E)

where the first inequality comes from the definition of G (d) and the fact that d(8) < da(8),
the second from Rg > & and the third from the definition of ¢p(Rp) and the fact that g is
strictly increasing. Also
UP((1- pA(RA)E,RAGA(RAIE) < UP((1-dB(RA)E,RAGE(RA)E)
< UP((1-¢B(RA))E, 545 (RA)E)
< UP((1- 9B (8))E, 8¢5 (8)E)

Therefore Ag =B is an strictly dominant strategy. Then, the Nash equilibrium of this game is
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given by (Aa,Ag) = (A,B) if

UM (1= dA(RA))E,RAGA(RA)E) > UM ((1- b (8))E, 5B (8)E)
and by (Aa,A) = (B,B) if

UA((1-dA(RA)E,RAGA(RA)E) < UM((1 - bB(8))E, 5dp(8)E)

The case of equality has both (Ax,Ag) = (A,B) and (Ax,Ag) = (B,B) as Nash equilibria. Let
UA and UB be logarithmic utility functions given by

0
UA(Co,Cl) = 10gC0 + A log C1
1-0a

0
UB(Co,Cl) =10gC0+ 1 5 log01
— VB

with Oa,0 € (0,1) and O > 0p. Savings demand is written as

$a(R) =
for ReR,, Ae {A,B}. Also, we have the values of Ra and Rg given by

50p

Ra = B

A N

o0

Rg = A

B eB

From our previous discussion, (Ax,Ap) = (A, B) is a Nash equilibrium if, and only if,
UM ((1-64)E,805E) > UM((1-63)E,865E)

Since (1-0a) < (1-0g), we conclude that (Aa,AB) = (A,B) is never a Nash equilibrium.
Therefore, (AA,AB) = (B,B) is the only possible outcome and, so, truth-telling is never an
optimal behavior for high savers generations.

Example 2.15 brings the description of a game theoretical approach to the definition of
the set of social security rules by Government. Existing notional accounts systems often allow
for its insured households a degree of discretion over contribution levels or retirement age.
Since optimal social security design must take into account the behavior of present and future
generations when facing such choices, Example 2.15 attempts to model this dynamic using the
optimality results derived in Section 2.2 and game theory. The results are somewhat surprising
even after a thoughtful reading of Example 2.14. Notice that Example 2.14 has shown that

UM ((1-$a(RA))E,Rada(RA)E) < UA((1- b5 (Rp))E,Rpdp(Rp)E)

and, therefore, at first sight it seems high savers generations, i.e., the ones of type A, would cer-
tainly prefer that social security rules were defined as if there were only low savers generations
and, so, no intergenerational heterogeneity. However, this conclusion ignores the equilibrium
return rates own dependence over preferences. Example 2.15 has shown then that truth-telling
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can be a Nash equilibrium for high savers generations as long as

UM ((1- A (RA))E,RAGA(RA)E) > UM ((1- e (3))E, 8¢5 (5)E)

The limiting case where savings demands are constant over return rates shows a scenario where
truth-telling is never a Nash equilibrium for the high savers generations. This happens because
high-savers retirement benefits in this case do not depend on its own savings level. So the only
effect of adopting a truth-telling behavior is to finance a larger retirement benefit to low savers
generations, what is shown by the following inequality

UM ((1-64)E,805E) < UM((1-05)E,508E)

Although the above results are significant they require strong assumptions. First, the simul-
taneous move game rely on the possibility of a joint decision of all generations (present and
future ones) of a given type being taken at a single moment and unanimously accepted. This
can only be reasonably assumed because of the recursive structure of the overlapping economy
under study. Second, if Government relies on each generation claim of its own type, how would
households know precisely the future structure of the overlapping economy in order to define
the outcomes of the equilibrium return rates?

In order to develop a definition of truth-telling behavior, or incentive compatibility, over
social security rules that is not subject to the comments above and, therefore, does not depend
on any specific structure for the overlapping economy as the previous simultaneous move game
approach did, we will need the definitions'® below.

Definition 2.16. The sequence (= {(t}ts2 is a preferences forecast if Cy € {A,B}, t>2. C is
a perfect preferences forecast if Cx = Ay, t > 2.

Definition 2.17. A function ¥ : (Ao, A1, 0) = ({St,Ves1tes0) € Ry x ([0,1] x Ry)™ x [0,1]%,
with Ao, A1 € {A,B} and C a preferences forecast, is called a social security design if its image
s contained on the set of sustainable social security rules.

_ Our standard social security design function is the one that assigns, for each sequence
(Ao, A1, ), the following set of social security rules {St,Yt+1}t0, with Sg = Ro = Rodo(Rg) and

St = (Ce, Re) = (Ge(Re), Rede(Re))

for t > 1, where {Ry}s0 is the Pareto dominant equilibrium return rates sequence obtained
according to the claimed preferences of current generations alive, i.e., Ao and Aq, and the
preferences forecast . Also, y¢ = 0, t > 1. We call this social security design function an
equilibrium design function.

Definition 2.18. A social security design function ¥ is incentive compatible if 17
UM (W1 A A i) 2 UM (W1, X, (A i)

forx Ay, x e {A,B}, t>1.

5Definitions 2.16, 2.17 and 2.18 assume a two periods overlapping generations economy with two types of
preferences, but can be directly extended to any finite number of periods and preferences.

" There is a slight notation abuse when we use U™ (W(At-1, A, {Mi}izt+1)) to denote an indirect utility function
for a given set of social security rules.
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Definition 2.18 states that a social security design function is incentive compatible if, under
a perfect preferences forecast, young generations in every period t > 1 have no incentives to
hide their true type. Therefore, if Government is able to make a perfect preferences forecast
and the social security design function is incentive compatible, then if young generations are
able to claim their own preferences according to this commonly known design function and
preferences forecast, they will always adopt a truth-telling behavior and will never deviate
throughout time from the initial setting of social security rules.

Proposition 2.19. Under the previous assumptions, the equilibrium design function is not
incentive compatible.

Proof. Suppose, w.l.o.g., Ay = A and notice that second period per capita consumption of
generation Gi is given by oap™?(Ry), where Ry is given by

Ry = ]}1_1:20 P, (0, Das (Was (0a, Pay (Wny -0 P (WA (D))

for L > 0, according to Theorem 2.9. Therefore, the second period per capita consumption of
generation G; does not depend on A;. Since U is strictly increasing on its first argument we
conclude that

UM (WMo, B, {Ai}is2)) > UM (W(ho, A, {Ai}is2)
and, therefore, the equilibrium design function is not incentive compatible. O

Proposition 2.19 states that on two periods overlapping generations economies households
have an incentive to undersave if Government follows an equilibrium design function to define
the set of social security rules after households claims. Furthermore, one can notice that if
there are more than two types of preferences, such design function always leads to the smallest
possible savings schedule'®.

2.4 Social security fund and Pareto improvements

In this section we describe how the existence of a social security fund can lead to Pareto
improvements over the social security system. The economy is the two periods overlapping
generations one of Section 2.3. Briefly, there are two types of households preferences A and
B, with savings demand satisfying ¢ A (R) > dp(R), VR € R,. Generation Gy type is given by
At € {A,B}, t > 0. Also, there is a constant compound demographic and productivity growth
rate given by ot = 81 0g =0, t > 1. Assume the following set of social security rules {S¢}>0,
with Sg=Rg = 5(1)7\0(6) and

St=(Ct, Re) = (02, (8), 52, (3))

for t > 1. Following Section 2.1, the budget result of the system in period t > 1 is given by

A¢ LiCiEy — Li-1Ri-1E¢—1

Lida (O)E¢ = Li-18da,, (8)E¢1

18The result, however, strongly relies on the assumption of two periods for the overlapping economy.
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Finally, let Q1 be the present value of all budget results Ay of the social security system up
to period T > 1 at a discount rate of 9, i.e.,

T

A¢

Qr = Z ot-1
t=1

for T > 1. Therefore, if Government is able to borrow and lend at a rate 6, Q1 can be seen as
the necessary value to be held in a social security fund at period t =1 in order to implement
the set of social security rules {St }ts0 up to period t =T,

Proposition 2.20. Under the previous assumptions, IM > 0 such that Qt+ M >0, VT > 1.

Proof. Let T > 1. The definitions of Q1 and A¢, 1 <t < T, imply

N
Ay
Qr = 2 <7
=1
o Leda (8)E - Li18n, , (8)Ei
- Z 6t_1
=1
T
= > dLoda, (8)Eo - Lodda,, (8)Eo
=1

= —L06¢7\0(6)E0 + L()é(l)AT(é)EO
= LoEod(da, (8) — day(8))

Let M = —infysq L()Eoé(d))\.r(&) - (|)7\0(5)), so that
Qr+M>0

for T > 1. We conclude that M has the claimed property, and that its value depends on Ag.
Also, if ¢, () = infrs1 da, (8) then M = 0. O

Proposition 2.20 states that the discounted value of all budget results of the social security
system that implements the constant growth allocation for all generations Gy, t > 1, no matter
their type ordering, is bounded when the discount rate is & > 0. Furthermore, such value may
be zero®® and can be seen as the initial amount to be held on a social security fund in order to
keep the social security system balanced in every period. The result can be directly extended
for the case with a finite number of preferences or for overlapping economies with more than
two periods. The next example shows that the adoption of a social security fund may lead to
Pareto improvements.

Example 2.21. We build over the setting of Ezample 2.15. In this case, however, Government
defines the set of social security rules {St }1s0 after claims Aa,Ag € {A,B} according to a direct
assignment of the constant growth allocations, i.e., So = 8¢5 _(8), Sat = (8¢5, (8),8¢5_(3))

1911 this section, the existence of a fund to cope with deficits of the social security system makes the definition
of {vt}t>1 irrelevant.

20The value of the fund depends on the initial setting of preferences for generations alive at the initial period
t = 1. It will be minimum if such setting is composed by low savers and early retirees, which implicate the lowest
possible total benefit level in t = 1.
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and Sot_1 = (6¢5\A(5), 6¢5\A(5)), t > 1. Therefore, final utility levels for each generation given
the vector of claims (A, A) € {A,B}? is

UA G dg) = | W= 0AB)EBOABIE) . if (Ar.As) = (A, A). (A.B)

IR UA (L - 0B (8))E.50B(8)E) ., if (Aa,AB) = (B,B), (B,A)
UB((1-da(8))E,8hA(S)E) , if (Aa,AB) = (A,A),(B,A)
UB((1-¢B(8))E, 8B (5)E) , if (Aa,AB) = (B,B), (A,B)

The definition of A (8) and o (8) imply that the unique Nash equilibrium is (Aa,Ag) = (A, B).
Notice that, under this set of rules, final utility levels after the Nash equilibrium are given by
UA((1-bA(8))E, 8P (8)E) and UB((1-bs(8))E,ddps(8)E). Example 2.15 shows that, under
the previous set of rules, final utility levels after the Nash equilibrium (Aa,Ag) = (B,B) are
given by UM ((1 - dp(8))E,ddps(8)E) and UB((1- dp(8))E,d5pp(5)E). Since

UM (1= dA(8))E, 50 (8)E) > UMN((1- dp(5))E, 55 (5)E)

UP (Aa,AB) ={

and the utility of type B generations is kept unchanged, the adoption of a social security fund
leads to a Pareto improvement.

The table below shows, for E = & = 1, the final transfers that the social security system
manages in Example 2.21 when adopting a social security fund (SSF) starting with M = 0.
Column SSF brings end of period balance of the fund, i.e., after transfers are done.

H Period SSF Go Gy Go Gs Gy H
1 da(l) -dp(1) -dp(1) +da(l) - - -
2 0 - -da(l) +dp(1) - -
3 da(1) - ds(1) - - -¢p(1) +Pa(1) -
4 0 - - - -ba(1) +¢p(1)
5 da(l) - dbs(1) - - - - -¢p(1)

Notice that the amount of money transfers to the old in each period ¢ A (1) or ¢g(1) can be
much larger than the value that actually is transferred from one period to the next via the
social security fund ¢ (1)—¢p(1). This remark is directly attached to the actual possibility of
guaranteeing a return level of § on these transfers trough the social security fund. Finally, using
the same reasoning from Example 2.21, we can state that the design function that implements
the constant growth allocations is incentive compatible.

2.5 Intragenerational transfers on notional accounts systems

In this section we drop our initial assumption of homogeneous households in generation Gy,
t > 0, and allow for intragenerational heterogeneity. We do so in order to better understand
the effects of heterogeneous households when calculating sets of social security rules according
to equilibrium equations. Therefore, we modify our baseline economy by assuming that each
generation G, t > 0, can be divided in two groups of households, X and Y. Each group has
a common utility function U : R, x R, — R that satisfies Assumption 1 and savings demand
¢; that satisfies Assumption 2, i € {X,Y}. Also, generation Gy is formed by L}L € N households
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from type i, with a first period endowment of Eit € R,, units of the perishable consumption
good, i€ {X,Y}. Equilibrium equations are written as

LEELOx(Re) + LEE bv(Re) = Rea(Le B dx(Rec) + L EC 4y (Rec))

for t > 1. Finally, we make a constant compound growth rate assumption for each group.

[ XEX YEY
Assumption 7. There exists xx, oty >0, such that —*—%— = ax and *=— =y, t> 1.
t-1C¢-1 t-15¢-1

Proposition 2.22. Under the previous assumptions, if oxx > oy then Pareto dominant equi-
librium return rates {R¢ }ts0 satisfy ooy < Ry < ax, t>0. Also, limy e Rt = x.

LFES LVEY
Proof. Since ax = —~xt—=%— and oy = +—=%—, t > 1, we may write equilibrium equations as
t-1E¢-1 t-1E¢-1

aX Ly Eg dx(Re) + oy Lo Eg by(Re) = Re1(ok 'Lg Egdx(Reo1) + oy ' Lo Eg by (Re-1))
for t > 1. If Ry > xx then
ox Ly Ey dx(Ro) + ayLy EJdv(Ro) < Ro(LYEXdx(Ro) + Ly Ey dv(Ro))

and so Ry > Ry > atx > ay. By induction, Ry > Ry_1 > aex > oy, t > 1. If limg_oo Rt = R < 00,
then making t - oo on the equation below

t XX YeY t-1
x LT E L ES [«
LOXE§¢X(Rt)+(—Y)LOYEochY(Rt) = Reo1| =L x(Reog) + 2 0(—Y) ch(Rt_l)]
[26% (06 xXx (06

allow us to write

R

—LYEXpx(R) = R = ax
xx

LYEX dx(R) =

absurd. If lim{_ . R¢ = o0, equilibrium equations are violated. We conclude that Ry < ax. If
Rop = ay we have

axLYEX dx (Ro) + oy LYEY dy(Ro) > Ro(LYER dx(Ro) + LY Eg dy (Ro))

so Ry < Rg = ay. By induction, the sequence of return rates is well-defined and so the Pareto
dominant equilibrium must satisfy oy < Ry € aex. Truncation of the economy in period t > 1
allow us to conclude that oy < Ry < oy, t > 0. To demonstrate that lim¢_. Rt = xx, first write

t t-1 p.
L§E§¢X(Rt)+(ﬂ) LYE dyv(Ry) = [1‘[&][LOXEMX(RO)+L§E0Y¢Y(Ro)]
(26 i=0 XX

Suppose there is a convergent subsequence {Rg(¢)}t>0 With lim¢co Rg(¢) = R < ctx. Then

o(t) o(t)-1
(06 Ri
L5<E3<¢X(Ro(t))+(—a;) LyEy dv(Ro(r)) = [ [ —ax][LgEéd)x(Ro) + LgEoYd)Y(Ro)]
i=0

AN

jont RO‘ i
[ [1 (X;) ][LS(E3<¢X(R0) + LgEc\)(CbY(Ro)]

i=0
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Taking the limit on both sides we obtain ¢x(R) =0. Since
dx(R)=0 = R=0
and Rg(¢) > oy, t >0, absurd. We conclude that lim¢-,e Rt = otx. ]

Proposition 2.22 characterizes the behavior of the Pareto dominant return rates sequence
{R¢}t>0, where all its elements are in the interval [y, ax] and tend to ax in the long run.
Also, it is straightforward that Ry can be arbitrarily close to oy as long as Lg Eg >> Lg)(E%(.
An important implication of this result emerges from the comparison with the one stated on
item (iv) of Proposition 2.7. According to such item, Government may define the following
sustainable and individually optimal set social security rules, with Ré = ai¢di(aq) and

$i(o)
o i)

Ct
Ri

for t > 1, i € {X,Y}. Notice there are two different values of return rates in each period.
Proposition 2.22, however, furnishes a different set of sustainable and individually optimal
rules, with R = Rodi(Rg) and

Ce
Ri

$i(Re)
Redi(Re)

fort>1,1€{X,Y}. In order to obtain a common return rate value in each period for the social
security system, households from group X end up with a smaller return than the one that would
be affordable given their specific compound growth rate, i.e., Ry < ax, t > 0, while households
from group Y end up with a higher one. In other words, when looking for a common return
rate, the social security system creates an implicit transfer, or subsidy, from group X, the one
with larger compound demographic and productivity growth rate, to group Y. Clearly, there
is a welfare loss for group X when adopting the second set of social security rules. Also, the
direction of such transfer is defined by ax > oty and, therefore, is not dependent on any relation
between E;‘( and E{(, t > 0. One could have, for example, E% >> E;, t >0, and a transfer from
group X to group Y. This implication has direct relation to notional accounts systems since their
social security rules are based on common return rates (as the ones obtained in Proposition
2.22) calculated after aggregate measures of demographic and productivity growth.

2.6 Compulsory savings

In this section we analyse the effects of compulsory savings over equilibrium outcomes. We
slightly change our baseline economy and notation. Let E¢ be the total endowment?! of per-
ishable good in period t > 1. Also, let w¢ € [0,1] be the fraction of E¢ that is hold by the old
generation in period t > 1. Since generations are indexed by their birth period, generation Gy
is entitled a bundle of (EY,EQ), where

E}C‘J (1—(Ut)Et

o
Et = wt+1Et+1

2In our baseline economy E: represents the first period endowment of generation G, t > 0.
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t > 1. Households from generation G¢ have their preferences represented by Uy : Ry xRy - R,
t > 0, which satisfies Assumption 1. Finally, let Ty € [0,1] represent a compulsory savings
restriction, i.e., a minimum value for generation Gt savings, t > 1. Therefore, savings demand
is obtained according to

b1 (R, Ty) = arg (bmax Uy (co,c1)

E[Tt,l]
s.t. ¢o= (1—(ID)E¥
c1 = ROEY + E?

for t > 122. To ease notation we omitted E}f and EP (or, equivalently, B¢, E¢y1, wi and wiyq)

from the arguments of ¢, t > 1. Let Ly e N, t > 0, and oc% = I-Etl’ t > 1, so that equilibrium

equations can be written as

o‘lt_q)t(Rt)F—}(J =Reo1de1 (Rec1)EY

for t > 1. Final consumption of generation Gt is given by

¢t = ((1- dpe(Re, 1)) EY, Rede (Re, Te)EY + EY) (5)

for t > 1. Finally, for a given pair of sequences w = {w;¢ }>1 € [0,1]% and T = {7 }t>1 € [0,1]%,
we call £(w,T) the economy described above. Clearly, £(0,0)?? is our baseline economy. For
a given equilibrium return rates sequence {R¢ }1>0, define the following set

Q(R) ={t>1]dt(Re,tt) = d+(Re,0)}

which identifies all generations G¢ that sustain a level of savings superior to the one they would
be naturally willing to because of the compulsory savings restriction represented by T¢. It is
immediate to see that ¢ (R, T¢) = T¢, Vt € Q(R). Next, we define a long run stable equilibrium
for an economy &(w, 7).

Definition 2.23. Let {Ri}s0 be an equilibrium return rates sequence of E(w,T), for a given
w,Te[0,1]%°. Then {Ry}iso is long run stable if #Q(R) < co.

Definition 2.23 states that an equilibrium return rates sequence {Ry }¢>o is long run stable
(or, shortly, LRSE) if only a finite number of generations sustain a level of savings superior
to the one they would be willing to sustain without the compulsory savings restriction. One
way to interpret such definition is to suppose that Government defines the compulsory savings
policy, i.e., defines {T{}t>1. Also, suppose that for any generation G with t € Q(R), there
is a small 6 > 0 probability of abandoning the compulsory savings policy due to households
dissatisfaction. Then, if #Q(R) = oo the policy will eventually be abandoned with probability
1 by Borel-Cantelli Lemma. The equilibrium is not, therefore, long run stable.

2216t Eg € Riy and 1o € [0,1) be any fixed value in order to derive ¢o.
23We denote, when convenient, the sequence of zeros in [0,1]% by 0.
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Let ¢ > 0 be any fixed value. The following sets will be needed for the statement of the
next proposition.

Yoo = {ce[e,+00)™ | IH{Ri}is0 LRSE of £(0,0) s.t. {c'}is0 satisfies Eq. 5}

Two = {cele,+00)™ |Fw €[0,1]%,{Ri}ts0 LRSE of £(w,0) s.t. {c'}is0 satisfies Eq. 5}
Tor = {ce[e,+00)® |31 [0,1]°,{Ri}tz0 LRSE of £(0,7) s.t. {c*}is0 satisfies Eq. 5}
Twr = {cefe,+00)* | Iw,t€[0,1]%,{R }1s0LRSE of E(w, ) s.t. {c'}is0 satisfies Eq. 5}

Notice that X describes all consumption schedules of £(0,0) that are consistent with some
equilibrium return rates sequence {Rt }t>0. Also, o describes all consumption schedules of
E(w,0), w e [0,1]%, i.e., after an endowment redistribution, that are consistent with some
equilibrium return rates sequence {R¢}s0. The descriptions of Lo and L, . are analogous.
It is immediate from the definitions that 200 € X0 € Zw,r and Lo € Lor € Lw,x. Finally,
we assume an uniform upper bound over the endowments.

Assumption 8. There is M >0 such that Ex <M, t > 1.
We may state now the result of this section.
Proposition 2.24. Under the previous assumptions, Lo .x S Zw -

Proof. Let {c'}ts0 € L x, where w, T € [0,1]* define the economy £(w,T) and {R¢ }ts0 is the
corresponding long run stable equilibrium (LRSE). Equilibrium equations allow us to write

L t+1 t
o1 (B —co™ ) = Re(EY —¢g)
for t > 1. Since cf™ >0, t> 1, we have

t Ri

Yy y o t+l y_ .1
BV >EL —epm =] T (E{ —¢p)
i=1 "M{+1
for t > 1. Also, E¢x <M, t > 1, implies
t .

1

sup [ [ —— < +o0

t21 j-1 &y

Next, for t € Q(R), notice that Lagrange conditions for the utility maximization problem of
generation Gy allow us to write

1 Uy (cg,ct)/ocy

— > >0
Rt aut(CB, C})/aco

where the last inequality comes from Assumption 1. Define the return rates sequence {P¢}1>0
by

U (cg,ct)/dco

Py =4 0Uq(ch, ch)/acy

R¢ , t¢ Q(R)

, te Q(R)

for t > 1. Py, at this point, remains undetermined. Next, we must show that 3@ € [0,1]*
such that {c¢}>0 is the consumption schedule supported by {P¢}>¢ on the economy £(w,0).
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Notice that if E}f and Ef, t > 1, satisfy the following equation

ro o
EY + B . EY + B
Py Py
then the definition of Py implies that
(cg,ci) =arg max U¢(co,c1)

(co,c1)eR?
1 _fY E?
st. co+5-=E{ + -
0" P "t TPy
Notice that (E§,E}) = (cf,ct) is a possible solution. However, it leads to an autarkic equilib-

rium. In order to make savings demand non-null in each period, we must look for solutions
with the following form

(EYED) = (co+8" ci ~8"Py)

with 8%, t > 1. Since the increases in endowment for the old generation must equate the
decrease for the young in each period t > 2, if generation G; has a per capita increase of 8 > 0,
i.e., 61 =6 >0, then

i=1 Xi+1

for t > 2. Since only a finite number of return rates have changed when passing from {Ry }ts0
to {P¢}10 the following implication holds

t ) t

i
supll <oo=>sup||
t>1 j=1 Ki+l t>1 j=1 Ki+l

< 00

We can then state that Ve > 0,35 such that & € (0,3) implies 8" € (0, 5), t> 1. Since (cfs e =0
have, by definition, a positive lower bound & > 0, 38 > 0 such that & € (0,5) implies
t-1

P; €
ci-J]—86>=>0
i=1 Xi+1

for t> 1. Let 8 € (0,8) and define

t t
_cp+d
Et

Wt = 1
for t > 1, so that all endowments are strictly positive. It is clear, by its definition, that {@¢ }t>1
implements the desired endowment distribution. It remains to define Py in order to satisfy the
equilibrium equation given by

o1 (EY - ¢f) = 018 = Podbo(Po)EY

Since the function x — x¢do(x) has an image set equal to R,, there is always a solution for such
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equation. We have defined then @ € [0,1]* and a long run stable equilibrium {P¢}>0 from
E(W,0) that implements {c'}1s0. Since {c'}s0 € Lo 0, we conclude that £y« € e 0- O

Proposition 2.24 states that on two periods overlapping generations economies every al-
location that is achieved trough a LRSE under compulsory savings restrictions, can also be
achieved without such restrictions by a suitable change on each generation endowment. The
result can also be read as a claim stating that compulsory savings restrictions only matter
if households endowment distribution do not request, under rational behavior, a minimum
savings level.

2.7 A result on Pareto optimality

In this section we drop our initial assumption of a two periods overlapping generations economy
and extend it to an (n + 1) periods one, n > 1. Households live for n + 1 periods, except the
ones alive in the inception of the economy at t = 1. Generations are indexed by the period they
are born and there is no intragenerational heterogeneity. Therefore, for every generation Gg,
t > —n+1, there is a common utility function Uy : Rf*l — R representing households preferences
over life-time consumption bundles. We assume Uy satisfies Assumption 1, t > -n + 1. Also,
generation Gy has Lt € N households with a life-time endowment given by Ey e R ¢t > —n+1.
Following Sections 2.1 and 2.2 define, for life-time return rates R € R}, savings demand by

t
R) = u
$*(R) arg max t(c)
s.t. ci20,0<i<n
co+ o =Eo

ci+di=E{+Ridpig, 1<i<n-1
cn=En +Rndpn_1
for t > —n+ 1. Notice that ¢} represents the absolute level of savings (and not relative level as

in Section 2.1) in the (i + 1)th-period of life of generation Gy, 0 <i<mn-1,t>-n+1. Also,
we allow for borrowing, i.e., ¢} € R. Equilibrium equations are written as

n-1
t 1 t+i—n+1
Z Lt-H. n+1¢ H e (Rt+i—n+17 --'>Rt+i) = Rt Z Lt+i—n+l¢n+_11_T}L+ (Rt+i—n+17 --'>Rt+i)
i=1 i=0

for t > 0. Before stating our main result of this section we make the following assumption.

Assumption 9. There is a constant demographic growth 6 > 0, a common endowment bundle

E e R and no intergenerational heterogeneity, i.e., d = Lﬁ” Et=EandU¢=U, t>-n+1.

Also, utility function U:R™M™! 5 R is time-separable, i.e., U(cg,...,cn) = N oui(ci) -
Under Assumption 9 equilibrium equations become

n o n-1
> 8 dn-i(Revionsts s Resi) Re D 8 bno1-i(Resionets - Rewi)
i-1 i=0

n

Z l 1¢n i Rt+1 n,- Rt+i—1)
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for t > 0. It is clear, therefore, that the constant growth sequence Ry = &, t > —n+ 1, is an
equilibrium return rates sequence. The next proposition states that it also implements a Pareto
optimal allocation??.

Proposition 2.25. Under the previous assumptions, the constant growth equilibrium Ry =8,
Vt>-n+1, is Pareto optimal.

Proof. First, notice that V3 € (0,1) the solution of the following maximization problem leads

to a Pareto optimal allocation®
max Y220 B Upner (e
s.t. ct > 0,vt >0

n t+i-n+1 t+i-n+1y _
Xi0 Lt+i—n+1(Cn,li R Sl )=0,Yt>0

Assume n = 2 to ease notation. Since U(cp,c1,c2) = ug(co) + ug(cq1) + uz(cz), Assumption 9
allow us to write the previous problem as

max Y52 Bt ua(csh) + pui(et) + BAuo(cf™)

s.t. ct1>0,vt>0

e+ et +8%ctt = By + 0F1 + 6%E(, YVt 2 0

Since the objective function is separable and the restrictions are independent we conclude that
the optimal solution is given by c§ =xo(B), Vt > 1, ¢t =x1(B), Vt >0, and c§ = x2(B), Vt > -1,
where x(B) = (xo(B),x1(B),x2(B)) is the solution of the following problem

max uQ(Xg) + [Sul (Xl) + f)QLL()(XQ)
s.t. X0, X1,X2 >0
Xg + 8%1 + 8%xg = Eo + 0F1 + 862

Next, notice that the constant growth equilibrium Ry = 6, t > —1, implies that each household
from generation G¢, t > 1, faces the following utility maximization problem

max  U(ch,ct,ch)
t oot oot

s.t. Cp,C1,C520
t, ht_

ch+ ¢t =E1 +8¢§
¢l =Eo + 0t

24This result was also derived under different assumptions by others, like Okuno and Zilcha (53).

25There is a slight notation abuse when we use Ut_n+1(ct7n+1) without mentioning that such utility functions
are actually truncated for generations G¢, t < 1, since the economy starts in t = 1 and past consumption at t < 1
do not enter on the welfare evaluation (although past periods are considered to solve equilibrium equations).
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which can also be written as

t t t
max uz(c3) +ui(cy) +up(cg)
s.t. cl,et,es >0

0,2[ + 6CJ1E + 52(38 = EQ + 6E1 + 52E0

We conclude that the optimal solution is given by ¢t = x(1) = (xo(1),%1(1),x2(1)), t > 1. Since
restrictions are independent of the value of 3 € (0,1) we have

U(x(1)) > U(x(B))
for all B € (0,1). Also,

[13113176((3) =x(1)

Suppose that ct = x(1), Vt > -1%%, is not a Pareto optimal allocation and let {y*}¢>_1 be a
feasible allocation that Pareto dominates it, i.e., U¢(x(1)) < Ug(y*), Vt > -1, with at least one
strict inequality. Therefore, the following inequality holds V3 € (0, 1)

iofstut_mf-l) > 3 Bt (x(1))

=0
Also 3¢ >0, p€(0,1) such that VB € (p,1)
> B Uy ) > Y B U (x(1)) + e
=0 =0

The feasibilty of {y*}¢>_1 and the definition of x(B), B € (0,1), imply that

Z) Btut,l(x(ﬁ)) > Z) Btut—l(yt_l)

Next, notice that

im > B (U (x(1)) — Upy (x(B))]

1
P-1-t=

Jim 3 BUG(1) - UG(B)))
t=2

lim BQU(X(l))—U(X(B))
B—1- 1-$

If we let f(f) = U(x(PB)) and extend the definition of x(f3) for B > 1 in the direct way, we
conclude that f(1) > f(f), VP € R;. Then the first order conditions for a local maximum allow

265 ease notation we write ¢ = x(1) instead of ¢! = ¢5* = x2(1) € Ry and ¢° = x(1) instead of c® = (c?,¢c3) =
(x1(1),%2(1)) € RZ. The same holds when writting U™ (x(1)) and U°(x(1)).
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us to conclude that f'(1) =0 and

lim ZB [Ue-1(x(1)) = U1 (x(B))] lim B 2 U(x(1)) - U(x(B))

B—-1- t=2 f?)—>1— 1—[5
_ (1 h)2f(1)_f(1_h)
h—>0+ h
- (1)
=0

However, for (3 € (p,1), our previous inequality implies

< Z B U1 (x(B)) - Z f5 U1 (x(1))
= [u2(x2(f3)) u2(7<2(1))]+f3[u2(x2(f5)) uz(x2(1)) +
-'+u1(X1(f5))—u1(X1(1))]+tz_:2f5t[ut—1(x(f3))—Ut—l(X(l))]

Since limg_1x(PB) = x(1) we have all terms on the right side converging to zero, absurd. We
conclude that the allocation defined by Ry = &, Vt > -1, is Pareto optimal. O

Proposition 2.25 gives conditions under which constant growth equilibrium is Pareto opti-
mal. The importance of such result will be clear in Section 2.8 since the characterization of
Pareto optimal return rates sequences is a central point for the equilibrium calculation method
described there. Another important implication is given by the next example.

Example 2.26. We use the framework of Proposition 2.25. Let n =2, =1, E¢ = (E,0,0),
with E >0, Yt > -1, and U(cg,c1,c2) = log(co) + (1 -0)log(cy) + 0log(ca), 0 € (0,1), so that
savings demand can be written, for a given sequence of return rates {Ryi}is-1, as

E
$o(Re,Res1) = 3
OR
$T(Re,Res1) = 2t

for t > -1. Equilibrium equations are
66" (Res1, Riv2) + &1 (ResRest) = Re[bg(Res Rest) + T (Reo1, Re)]
fort>0. Using the previous equations for savings demand we have
1+6Ry = R¢[1+06R¢q]

fort>0. Or, equivalently

1

Rg = —
t (1-0) +0R,

for t > 0. Then, for every R_y > 0 there is a well-defined equilibrium return rates sequence
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{R¢}ts-1 given by the iterates of the following function f: R, — R,

1

)= Aoy ox

i.e., Ry = f*1(R_y), for t >0. Let g=fof, so that

~ (1-06)+6x
90) = Ae)2ro+(1-0)ox
L[, 0
1-6] (1-0)2+0+(1-0)6x

Then g is strictly increasing and concave, with g(1) =1 and limy_ g(x) = ﬁ. IfR< 1, then

g®(R) = 1 is a monotonically increasing sequence, and if R > 1, then g*(R) = 1 monotonically
decreasing. We conclude that for every Ry € Ry, there is a well-defined equilibrium sequence
{R¢}ts-1, where each subsequence {Row_1}k>0, {Rok}xs0 converges monotonically, depending
on the value of R_1, and, therefore, R_1 = 1 implies the equilibrium return rates sequence will
cycle around its long-term equilibrium value of 1.

Example 2.26 shows that when the number of periods each generation lives increases there
is also an increase on the dimension of the set of possible equilibrium return rates sequences
that are not Pareto dominated. When n = 1, Proposition 2.6 states that there is a single Pareto
dominant equilibrium sequence. In the case of Example 2.26, however, the set of equilibrium
sequences R = {R¢}>-1 is given by

F={ReRY|R_;>0and R = " (R1)}

Let U(R¢,Ri41), t > =1, be the indirect utility function of generation G¢ when facing return
rates R¢, Rey1, t > —1. The cycling behavior for R_; # 1 described in the end of Example 2.26
implies that utility values also cycle and converge on the long term, i.e., lim¢_ o U(R¢,Ris1) =
U(1,1). This is a direct consequence of Proposition 2.25, stated formally in the next corollary.

Corollary 2.27. Under the previous assumptions, let {R¢}ts—m+1 be any equilibrium return
rates sequence. Then U(Ry,...,Riin-2) < U(9,...,d) for infinitely many t > -n+1.

Proof. Let U(R¢,...,Rtin-2) be the indirect utility function of generation Gt when facing
life-time return rates {R¢,...,Risn_2} € R t > —n+ 1. Since the constant growth return
rates sequence is Pareto optimal, there are two possibilities. Either 3tg > —n + 1 such that
U(Rty, vy Regen—2) < U(J,...,8) or U(R,...,Resn-2) = U(J,...,d), Vt > —n + 1. In both cases,
Jto > —n + 1 such that U(Ry,, ..., Regen-2) < U(J,...,d). Notice that Py = Rysx, t > —n+1, also
defines an equilibrium return rates sequence, k > 0. Let k = tg + n. Then it is possible to find,
according to our previous argument, 31 > -n+1 such that U(Py, ..., Piyn_2) < U(J,...,5). There-
fore, defining t; = 1+to+n allow us to state that t; > to+1 and U(R¢,, ..., Pt;4n-2) < U(J, ..., d).
We may proceed by induction in order to define a strictly increasing sequence {t; }io such that
U(R¢;, ..., Reyen—2) < U(S,...,8), 1 > 0. We conclude that U(Rg,...,Riin-2) < U(J,...,0) for in-
finitely many t > -n + 1. O

An important consequence from Corollary 2.27 is the following. Let

I'={ReR} | R is an equilibrium return rates sequence}
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as in our previous discussion. Since there is no intergenerational heterogeneity a reasonable
criteria for Government to choose among different possible equilibrium return rates sequences
that are not Pareto ranked is the following max min welfare problem

in U(R¢, ..., Rtsn-
maxminU(Ry, ..., Resn-2) (6)
that equates the utility of all generations born at or after the initial period t = 127. Corollary
2.27 allows us to state that the constant growth return rates sequence is the solution.

2.8 Backward shifts as an equilibrium calculation method

In this section we develop a method for calculating optimal equilibrium return rates sequence
for n+ 1 periods overlapping generations economies, n > 1, that later on will be used to derive
sets of social security rules. We adopt the framework of Section 2.7. Briefly, households live
for n + 1 periods, except the ones alive in the inception of the economy at t = 1. Generation
G, t > —n + 1, is characterized by the total number of households L € N, a time-separable
utility function Uy : R — R?8 and a life-time endowment E¢ € R, Savings demand ¢t are
derived according to the utility maximization problem described in Section 2.7 and equilibrium
equations are given by

n i n-1 i
Z I—t+i—n+1 dﬁ:—l{nﬂ (Rt+i—n+17 ceey Rt+i) = Rt Z I—t+i—n+1 d)ﬁ:_ll_j?l (Rt+i—n+17 ceey Rt+i) (7)
i=1 i=0

for t > 0. Let & = E({Uy, Ly, Et}ts-m+1) be the economy described above. We define the
chopped economy £t by

Er = 5({ut7 Ly, Et}tz—n+T)

for T > 2. To ease notation, the next results will be stated for n = 2.

Proposition 2.28. Let {x'}>-1 be a Pareto optimal allocation in £ . Then {x'}i>1-2 is a
Pareto optimal allocation in the chopped economy Et, VT > 2.

Proof. First, notice that x ™' = x5! € Ry, x¥ = (x§,x9) € R? and x' = (x§,x},x}) e R3, t > 1,
satisfy

xs b xt e xft = ES A ED 4 ESH

for t > 0, since {x*}>_1 is feasible in & . Let T = 2 and suppose {x*}50% is not Pareto optimal
in the chopped economy. Then 3{y'}{»o which Pareto dominates {x'}iso, i.e., Ut(y*)

2"Notice that all generations G¢ for t > 1 have the same utility functions. For t < 1, utility functions are
truncated due to shorter life time.

28 Although generations G, 1>t > —n + 1, do not live for n + 1 periods, their utility function is defined over
R™* in order to derive the savings demand functions that enter Equation 7. Since utilities are assumed to be
time-separable, i.e., U¢(c') = 211, ui(c}), we make a slight notation abuse when writing U(c*), 1 >t > -n+1, in
all results from this section where welfare comparisons between consumption bundles are made. This happens
because, for example, instead of writing U-n+1(c™™") the most precise form would be uz™*'(c;™*') since
generation G_n1 lives only for one period and, therefore, this brings the implicit assumption that consumption
bundles are properly dimensioned, i.e., ¢ ¢ R, and not ¢ ™*! e R}*. Notice that time separability allow us
to make these comparisons regardless of past consumption values.

2There is a slight notation abuse when writing x° for &, since its original definition for £ implies x° =
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U¢(x), t >0, with at least one strict inequality. Define the sequence {z'}>_1 on the original
economy &7 by z7l= Z51 = X51’ 20 = (Z(‘E’Zg) = (x?7y8)> z! = (Z(l),Z%,Z%) = (X(l)ay%ay%) and z* = Ut7
vVt > 2, so that

L_lzgl + I_ozgJ + le(l) = L_lxgl + Lox(l) + le(l)
= L Ey' +LoEY + L E}
t-1 t t+1 t-1 t t+1
Li—1z5  + Lz + Lisizg = Lio1ys  +Liyg + Ly

= LegES LB+ Lo ESTY
for t > 1. We conclude that {z'}{>_; is feasible on &£;. Also,

Ua(z ) 2Ua(x) u' (z") 2wy (x5 )
uy' (1) 25" (%)
Uo(z%) > Up(x°) uf(z) +uh(z9) > uf(x7) + un(x3)

uf(x) + ud(y9) 2 uf(x}) + ud(x9)

ud(y5) > us(x3)

Uo(y") > Uo(x")

ug(zg) +ui(zr) +ug(zh) 2 ug(xg) +up(xy) +us(xh)
ug(x) + up(y1) + us(ys) 2 ug(xg) +up(xq) +up(x;)
ui (Y1) + up(yh) 2 up(x)) + up(x3)

Uy (yh) > Uy (xh)

Ue(yh) > Ug(xY)

Ul(zl) > Ul(xl)

rrrrserrend

Ut (Zt) > Ut(xt)

for t > 2. Therefore, {y'}»0 Pareto dominates {x'}>o in & if, and only if, {z'}{>_1 Pareto
dominates {x'}¢>_1 in &. Since {x'}{>_1 is Pareto optimal on &;, absurd. We conclude that
{x'} >0 is Pareto optimal in the chopped economy &;. The general result for T > 2 is obtained
by induction. O

Proposition 2.28 implies that Pareto optimality is an invariant property when one deals
with chopped economies. The result is fairly intuitive since absence of Pareto optimality in
overlapping generations economies often comes from the possibility of rearranging consumption
bundles in a way that brings consumption from the “far future”. Therefore, an allocation does
not loses such property when the economy is chopped at any point in time. The next definition
brings a weaker notion of optimality, called short-run Pareto optimality.

Definition 2.29. Let {x'}{>_1 be a feasible allocation in £ . Then {x'}is_1 is short-run
Pareto optimal if there is no {y}is—1 feasible such that Ity > -1 with y* = x*, t > to, and
Ue(yh) 2 U (xY), t> -1, with at least one strict inequality.

Short-run Pareto optimality states that it is not possible to obtain a Pareto improvement
only rearranging a finite number of consumption bundles®’. The importance of this definition
is made clear on the proposition below.

(x9,x9) € R2. When reading x° as an allocation of Go in &2, therefore, one must consider x° = xJ € Ry. An
analogous shift happens with x.
30Proposition 2.28 also applies to short-run Pareto optimal allocations.
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Proposition 2.30. Let {R¢}>-1 € RS be an equilibrium return rates sequence, i.e.,

Lir1ds™ (Rest, Resa) + Lidi (Ri, Res1) = Re[Led§(Re, Resr) + L1 di H(Ri1, Re)]

fort>0. Then {Ry}is-1 € RS, is short-run Pareto optimal.

Proof. Let {x'}{>_1 be the equilibrium allocation and suppose {R¢}t>_1 € RS is not short-
run Pareto optimal. Then, 3{y*}(»_1 feasible and ty > -1 such that y* = x*, t > tg, and
U (yY) > Ug(xh), t > —1, with at least one strict inequality. We assume tg > 2, otherwise it is
straightforward that x* = y*, t > -1, absurd. Feasibility condition in period t = tg+1 is written

to+1 to to-1 _ to+1 to to-1
Ligr1Yp" + LegYy® + Leg-1Yp” = Legrixg” ™ + Ligxy® + Lg-1xy”
Since y' = x' and y'*! = x'*1 we conclude that y5°~ 1o = x50~ L. Therefore, the following

equivalence holds

uto_l(yto—l) Zuto—l(xto_l) — uto l(yto 1)+ut0 l(yto 1) Zuto l(Xto 1)+ut0 1(Xt0 1)

Let {ott }-1<t<to-1 € RtOH and define the following function H : R, x R2 X Rg(t 2) Rz - R
to—2
HM RO R, LR R = 3 U (hY) + oggor i (RGO + agoquo T (R0
t=—1

where h™! = hy' € Ry, h% = (h),h9) e R2, ht = (h§, hi h) e R3, 0 <t <ty—1, and hio~ hiol e
R,. The definition of {y'}»_1 implies

-1.0 1 to-1 _ to-1 130 X1 to-1 _to-1
%(y 79 71.4 9 7900 7y10 )>H(X 7X 7 X00 Xlo )
Next, define the following maximization problem
max H(h™ L, hO R hbe! Riot)
h>0
sit. Lyghd 4 Liht + L h™ = Lo+ Loxdt + Leaxd ™, to-2>t>0

to-2 to-1 to-2 to-1
Lt0_2h20 + Lto—lhlo = LtO_QXQO + Lto_lxlo

Inada’s condition imply that the optimum is an interior point. Also, the strict concavity of H
implies that first order conditions are necessary and sufficient. Notice, next,

to— to—17
VH = (OC_1VU_1, OCovuO, ceny octo_luo (Xto 1u1° )

where arguments were omitted to ease notation. Since x', t > -1, was derived according

to utility maximization under return rates Ry and Ri,1, we can assume wlo.g.31, that
_ _ -1 0 1

U (x) = uz"(x31) = 1, vU(x°) = (1,R—1), VU (x) = (1,4 Ro Rth l) 1<t<to-1,

to-1r _ to-1r

and (u,"" ", w ") = (1, ﬁ) The equilibrium allocation clearly satisfies the restrictions of
o

the maximization problem. First order conditions are satisfied if 3{A¢ }¢,-1>t>0 € R* so that

VH(x) =Ao(L-1,L0,0,L1,...) +A1(0,0,L0,0,01,0,L,...) +... + 7\t0_1(0, ...Lty-2,0, Lto—l)

3If necessary one can make an affine transformation over each utility function in order to satisfy the assump-
tion.
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Let Ag = Lll and

1
)\t: R_

H :H-

1
L4
for 1<t<tg. Also, let x1 =1, xg = LL_Ol’ o = {‘—1 and

« _L_ Pl
LR

n:l

for 2 <t <tg—1. Notice then that for such values the equilibrium allocation satisfies the first
order condition. For example, checking the last coordinate of the gradient yields

1 to—1 1 L to—2 1 1
to-17( to-17 — =TT =
Q-1 Xq Ato-1Lto-1 nLto-1=
o-14%1 ( ) = Mo-1Lto- L 111 Ry L1 21 RiRe

Therefore, the equilibrium allocation is the unique optimum and

to-1

Hy oyt oyl ) < HOC A X L xg T X

absurd. We conclude {x"}{>_; is short-run Pareto Optimal. O

Proposition 2.30 states that every allocation obtained from an equilibrium return rates
sequence is short-run Pareto optimal. Next, we state, under our current notation®?, a well es-
tablished result based on the theory of efficiency prices due to the work of Cass(15), Benveniste-
Gale(10), Balasko-Shell(6) and Okuno-Zilcha(53).

Theorem 2.31. (Cass, 1972, Benveniste-Gale, 1975, Balasko-Shell, 1980, Okuno-Zilcha,
1980) If households have uniformly strictly concave utilities and demographic growth rates
and per capita endowments are uniformly bounded, then an equilibrium return rates sequence
{R¢}t>-1 is Pareto optimal if, and only if,

) t
Z i-1 Ri N
=1 L

Theorem 2.31 provides a complete characterization of Pareto optimal equilibrium return
rates sequence®®. For example, if the two periods overlapping economies in Section 2.1 satisfy
the assumptions of Theorem 2.31 then every equilibrium return rates sequence {R¢}>0 with
lim¢_ e Rt = 0 is not Pareto optimal. Now we are able to state the main result of this section.

Proposition 2.32. Under the previous assumption, let {R¢}i>—1 € RS be a short-run Pareto
optimal (or Pareto optimal) equilibrium return rates sequence defined after equilibrium equa-

32The statement of the theorem in Geanakoplos (35) was based on present value prices and not on interperiod
return rates. Also, it assumed a uniformly bounded aggregate endowment.

330ne must pay close attention to the fact that values of R_; and Rg are not taken into account when
determining Pareto optimality, as long as they satisfy equilibrium equations. This happens because utility
functions used to define optimal consumption bundles are not the ones used to derive final utility for generations
alive in the first period t = 1.
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tions given by

Lidpg(R1,R2) + LodbP(Ro,R1) = Ro[Lodg(Ro,R1) + Loydbi' (R, Ro)]
Lydd(Ro,R3) + Lib1(R1,Ra) =  Ri[Lidg(R,Re) + Lol (Ro, Ry)]
L3dg(Rs,Ry) + LodT(R2,R3) = Ro[Ladg(Ra, Rg) + Lid1(Ry, Ry)]

[.]

Suppose that a backward shift through equilibrium equations is possible in order to define an
extended economy that starts in period t =0, i.e., there exists L o e N, U 5:R3 - R, E 5 e R?
and R_9 € R, such that

Lodo(Ro,R1) +Lo1dp7'(R,Ro) = Rog[Lo1dpg'(Ro1,Ro) + Load1?(Rog, R_1)]
Lidpg(Ri,Re) + LodT(Ro,R1) = Ro[Lodg(Ro,Ry) + L1y (Ro1,Ro)]
Lodg(Ro,R3) + Lidi(R1,Re) = Ri[Lidg(Ri,R2) + Lod] (Ro, R1)]
L3dpg(Rs, Ra) + LodT(R2,R3) = Ro[Ladg(Rz,R3) + Lid1(Ry,Ro)]

R
R

Then {Ri}ts—2 is short-run Pareto optimal (or Pareto optimal) in the extended economy.
Proof. Tt follows directly from Proposition 2.30 and Theorem 2.31. O

Proposition 2.32 describes a method for calculating short-run Pareto optimal (or Pareto
optimal) equilibrium return rates sequences. It is based on backward shifts under equilibrium
equations departing from a given short-run Pareto optimal (or Pareto optimal) sequence after
a future time period. Before providing an example to better illustrate this point, there is
an important connection between this result and Theorem 2.9. Let & = E({U, L, Et}Fis0)
be a two periods overlapping generations economy as the ones in Section 2.1 satisfying the
assumptions of Theorem 2.9 and Proposition 2.32. Then, equilibrium equations are written

ot d(Re) = Reide—1(Re-1)

for t > 1. For a given time-separable utility V : Ry x Ry - R and compound growth rate
6 =588 >0, define £F = £({Uy, L, B¢ }s0) where

(utaLta Et)a t<k

o fo )
(Ueo Lo, B {<v,<6L>tkLk,<6E>tkEk>,t>k

for k > 1. Notice that equilibrium equations for £F are written

Oétd)t(Rt)
S¢(Ry)

Ri-1$-1(Re-1), for t <k
Ri_1d(Re-1), for t >k

where ¢ is the savings demand associated with utility function V. Therefore, the constant
growth is clearly an equilibrium of the constrained economy at period T = k, £F, which is
Pareto optimal according to Proposition 2.25. According to Proposition 2.32, the following
value of Ry obtained through backward shifts defines a Pareto optimal equilibrium return rates
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sequence on &

RS = Wo(eadi (Wi (- bi-1(8(8)-.))))
Then, by calling L =8¢ (0), Theorem 2.9 allows us to state that

where Ry defines the Pareto optimal equilibrium in £. We may see this as a result stating
that economies 8}‘ (which have a simpler calculation of their optimal return rates sequence
due to the backward shift method described in Proposition 2.32) correctly “approximate” &;
when k — oo, and so can be used to calculate the Pareto optimal equilibrium return rates
sequence of this economy. Furthermore, this result does not depend on V or . Although the
convergence result of Theorem 2.9 was only proven for two periods overlapping economies, i.e.,
n = 1, the backward shift method implied by Proposition 2.32 can always be used when one is
able to calculate, after any future time period, a short-run Pareto optimal or Pareto optimal
equilibrium on overlapping economies with n > 1. The next example shows one of these cases
and illustrates how the method can be used to make comparative statics analysis over optimal
social security rules.

Example 2.33. We slightly change Example 2.26. Let n = 2, E¢ = (E,0,0), E > 0, and
U¢(c) = U(e) = log(co) + (1 —0)log(cy) + 0log(ca), 6 € (0,1), Vt > —1. Also, let 6s > 0 and
81 > 0 be the short-run and the long-run demographic growth rates, i.e.,

Lt B ds,t<1
I—t—l_ o1, t>1

FEquilibrium equations are written as
Lea1d'! (Rest, Reva) + Ledf (R, Rewn) = Re[Ledg(Re, Resr) + Leoi b (Reor, Re)]

fort>0. Savings demand are given by

O(Re, Rest) = do(Re,Rear) = &

®1(Re; Res1) = P1(Re, Revn) = eRQtE

fort > -1. Therefore, we have
5% + 539R0 = R0[65 + GR_l]
5[_55 + 559R1 = Rl[ég + eRo]
62 +516Ry = R¢[6. +OR_{]
for t > 2. Notice that the previous equations furnish a well-defined equilibrium return rates
sequence {Ri}is-1, for every Ry > 0. However, under the same reasoning applied on the

welfare evaluation of Problem 6, in order to have Pareto optimal allocation with minimum
possible volatility over utility values Uy, t > 1, we must have

Ri =dp
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fort > 1. Applying the backward shift method from Proposition 2.32 to calculate Ry and R_;
we obtain

R_1 =Rp =05

Then, we can make a comparative statics exercise in order to evaluate welfare impacts of
demographic changes. Generation Go utility is given by

(1-0)log(cY) +0log(c))
(1-6) log[%] +0 m[@]

Ug(cY, )

auO _ 1 auO _ i .
Therefore, s = g and L " b Particularly,
olUg B eauo
0L [5, -5 0ds 85=8

We conclude that if ds = 61 = 8 > 0 then a 1% increase on the long-term growth rate &1 increases
generation Gg welfare by a fraction © when compared to a 1% increase on the short-term growth
rate Og.

Example 2.33 illustrates how Proposition 2.32 can be used to define a selection criteria
among different possible equilibrium return rates sequences. In this case, the criteria was
the sequence that implied minimum volatility over final households utilities once population
growth rates reached an stable level long run value 6;. Also, the equilibrium calculation
method derived from Proposition 2.32 allows for comparative statics analysis to be performed
in order to realize welfare evaluations.

2.9 Concluding remarks

Sections 2.1 described the relation between equilibrium equations and the design of sustainable
and optimal pay-as-you-go social security systems called notional accounts ones. Theorem 2.9
in Section 2.2 provided an analytical formula for solving equilibrium equations on two periods
overlapping generations economies. The validity of such result for larger number of periods
remains an open question.

Sections 2.3 and 2.4 characterize intergenerational transfers and the role of a social security
fund for obtaining Pareto improvements on the social security system when compatibility of
incentives is considered. The effects of different possible retirement ages over these results re-
main an open question, although it seems reasonable to conjecture that the dichotomy between
high and low savers is also present when dealing with late and early retirees. Also, possible
Pareto improvements related to the social security fund when uncertainty enters the model
leave room for further research.

Finally, the equilibrium calculation method defined in Section 2.8 depends on the knowledge
of an equilibrium return rates sequence after a given future time period. If the economy
becomes stationary at any future time period, the answer is given by the result in Section 2.7.
If not, however, one must again look for extensions of Theorem 2.9.
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3 A Numerical Analysis of Social Security

This chapter makes a brief review of the numerical analysis from Brazilian subnational entities
social security systems that was awarded the XXIV National Treasury Prize. The analysis
is not based on the theoretical results derived in the previous chapter. Instead, it aimed on
establishing a methodology for financial and actuarial projections and managing of subnational
entities social security systems according to current Brazilian legislation. The reader is invited
to consult the original portuguese version of the monograph (47) for further details.

3.1 Brazil’s framework

Letting the private sector aside, Brazil’s social security is organized in two different systems.
First, the Regime Geral de Previdéncia Social (RGPS) inscribed in article 201 of the Consti-
tution, which is a pay-as-you-go system open for all Brazilian citizens. Second, the Regime
Préprio de Previdéncia Social (RPPS) inscribed in article 40, which is a two tier or purely
pay-as-you-go system for public servants. Every entity of the Federation can institute and
manage the RPPS of its own public servants, which is maintained with their contributions and
the ones from the entity Treasure®*.

After the promulgation of the 1988 Constitution, the number of RPPS in the country
skyrocketed: from 251 in 1988 to 2123 in 2018. In parallel, successive reform efforts®® were
made in order to approximate the set of social security rules of the RPPS to the ones of the
RGPS and reverse the scenario of financial and actuarial unsustainability.

An audit conducted by the Tribunal de Contas da Uniao® in 2015 aimed at detailing the
financial and actuarial situation of the RPPS from all subnational entities. On its conclusion,
it asserted that the RPPS were financially and actuarially unbalanced, having reserves to
face at most one year of their owed benefits. Also, the total actuarial deficit from the RPPS
summed R$ 4 trillions (corresponding to 66% of the 2015 Brazilian GDP?7), what highlighted
the systemic risk and the fiscal crisis that could unroll from the unbalance of the RPPS. The
National Treasury Secretariat emitted a report in 2018 stating that from 2012 to 2017 there
was an average increase of 25% on the number of retired public servants from all Brazilian
states. Therefore, it was pressing to tackle the RPPS reforms not only due to the financial and
actuarial unbalances but also because of current shortfalls on state level active public servants.
In 2019, Constitutional Amendment n® 103/2019 reformed the set of social security rules of
the RPPS in order to control the expansion of the financial and actuarial deficits. Although its
appliance for subnational entities was not immediate, several ones followed the reform effort
afterwards due to adverse fiscal scenario.

Under this framework, the first objective of our numerical analysis was to build a replicable
methodology for evaluating financial and actuarial balance of subnational entities RPPS. Lack
of such common methodology allows for a great degree of discretion when reporting financial
and actuarial results and, therefore, hinders comparisons and allows for data distortion. The
second objective was to evaluate the impact for the city and state of Rio de Janeiro of the
changes proposed by the Constitutional Amendment n® 103/2019. Also, it aimed at charac-
terizing the effects of adopting a two tier structure over a purely pay-as-you-go one.

341f the RPPS is unbalanced the entity Treasure is usually responsible for covering the deficit.
35Constitutional Amendments n® 20/1998 and 41/2003, and several other infraconstitutional laws.

36 An administrative court responsible for the oversight of public expenditure on federal level.

37Brazil’s 2015 GDP was R$ 5,996 trillions according to Instituto Brasileiro de Geografia e Estatistica (IBGE).
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3.2 Numerical analysis

The numerical analysis was based on commonly collected data for all RPPS and the current
social security legislation. The goal was to build a model that described the time evolution of
the number of active, inactive and pensioners of the RPPS in order to be able to forecast the
amount of contributions received and benefits payed in each subsequent year. It was shown how
to estimate mortality and invalidity curves, salary progression, permanence allowance>®, public
servants turnover and average entrance age on the job market. Estimates from the RPPS of
the state and the city of Rio de Janeiro were used as examples. Also, the assumptions that
supported the calculations were formally stated, e.g., perfect replacement®.

Next, forecasts of the total number of inactive and pensioners were done, together with
the evolution of the RPPS deficit and the transition costs related to the adoption of a two
tier structure for the social security system. The same forecasts were repeated assuming the
changes proposed by Constitutional Amendment n® 103/2019 were fulfilled by the state and
the city of Rio de Janeiro RPPS. Such changes were capable to reduce the upward trend over
the system deficit and also to conduct it over the long run to a level lower than the current
one for both state and city, although the RPPS contributions will still be insufficient to cover
all of the systems obligations.

Other than this, the results were fundamentally different for the state and for the city of
Rio de Janeiro. Although on the short run the city has a smaller unbalance than the state,
this scenario is reverted over the long run. The short run results derive mainly from the initial
composition of each RPPS, i.e., the number of active, inactive and pensioners when they were
created, and to different hiring schedules of new public servants. On the other hand, the
long-run result is mainly due to career and gender differences over the insured population, and
higher invalidity rates for the city public servants. Also, transition costs become larger under
Constitutional Amendment n® 103/2019 rules since in this case the original purely pay-as-you-
go system becomes less unbalanced.

It was also shown how to integrate to the projections an evolution on life expectancy that
is coherent with the phenomena of rectangularization. Another analytical refinement was the
evolution of the composition of the active public servants population according to forecasts of
public services demand. Then, it was described how one could apply the proposed methodology
to manage the hiring of new public servants and also to ensure compliance with legal provisions.
The need for risk measures when using volatile assets to build reserves was presented based
on an analytical example and the case of oil royalties used by the state of Rio de Janeiro to
underestimate the actuarial deficit of its RPPS.

Finally, it was argued for the need of a social security fund in order to isolate the RPPS
accounting from the entity one. The fund is necessary in order to correctly manage financial
fluctuations that the system may have even when actuarially balanced. Also, it was highlighted
the fact that poorly designed extraordinary contributions to finance the transition deficit after
the Constitutional Amendment n® 103/2019 could concentrate a disproportionate burden on
low income active public servants.

3¥When a public servant fulfills all legal requirements to retire but decides to continue working he receives a
permanence allowance.

39The assumption of perfect replacement states that every active public servant that, for any reason, moves out
of service is immediately replaced by another one with the same characteristics (sex, career, age of admission,
marital status etc).
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