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Abstract

We discuss the set of bounded orbits for the map ha,b and show that
for a certain open set of parameters this set has null Lebesgue measure.

Introduction

A major program of Palis and his students was to study the zoo of dy-
namical behaviours that come up around the homoclinic orbit O(q)

for perturbations of the map f when the point p is hyperbolic and
W s(q) andW u(q) meet non transversally at q.
When we study higher codimention homoclinic orbits we can obtain

simple quadratic plane maps. For example, when studying a twisted
homoclinic (see [2]) orbit it appears the family of maps

(x, y) 7→ ha,b(x, y) = (y, a− x2 + by).

This simple family is a two to one map except at the critical line
l : x = 0. It has an attractor at infinity, meaning this that there exist a
squareC (depending on the parameters a and b which dependence on
these parameters we omit for easy writing) such that

ha,b(R2 \ C) ⊂ R2 \ C.

From here the set of bounded orbits K is a subset of C. For the one
dimensional quadratic family fa this set is pretty well understood with
a lot of tools developed to achieve this understanding, see for example
[1].
One of the main results for the family fa is thatK has Lebesgue mea-

sure zero when the orbit of the critical point goes to infinity. Here we
want to show that a similar result holds for the family ha,b for certain
open set of parameters (a, b).

Results

For the quadratic family fa, it is well known that K is a Cantor type
set for a ≥ 2. One way, to see that K has null Lebesque measure is
to use the following Schwarz Lemma for one-dimensional maps with
negative Schwarzian derivative, see [3]:
Proposition 1. Let g : (−k, k) −→ (−k, k) be a C3 map with
positive Schwarzian derivative. And let s the hyperbolic metric on
(−1, 1):

s(vx, wx) = 4k2
vxwx

(k2 − x2)2
.

Then h contracts s:

s(dh(vx), dh(wx)) < s(vx, wx).

With this proposition we can prove either the maps fa|K are expand-
ing or contract hyperbolic distance on the interval (−k, k). Both of
them imply thatK has null Lebesque measure.
For two dimensional maps it could happen either volume or distance

contraction. We found that volume is the appropiate concept to work
with.

0.1 Volume form on the square Ck

Let Ck be the unit square (−k, k)× (−k, k). On the square Ck we
endow it with the following Riemannian metric

g(v, w) = 4k2
(

v1w1

(k2 − x2)2
+

v2w2

(k2 − y2)2

)
for

v = (v1, v2) ∈ T(x,y)Ck.

Observe that G is the product of the hyperbolic metrics on each inter-
val (−k, k).
Associated with the metric g is the volume form given by σdxdy

where

σ(x, y) =
√

det(gij) =
4k2

(k2 − x2)(k2 − y2)
.

0.2 Area contraction for retarded maps

Now consider a C3 diffeomorphism F : Ck → Ck with

F (x, y) = (f(x, y), x).

Then the following proposition holds.

Proposition 2.ForF as above, if the Schwarzian derivative of the map
f(., y) is positive for each y, then F contracts the volume associated
with the volume element σdxdy.

1 K for the family ha,b

We are going to split the treatment into two cases. The first one show
the main ideas of the general case which is stated as the second case.

1.1 The critical line l escape at the first iterate

Whitley in [6] made a first study of the dynamics of the family ha,b.
In particular he proved the there exists a square Ck such that

ha,b(R2 \ Ck) ⊂ R2 \ Ck

so the infinity is an attractor. This square exists when the parameters
a and b satisfy the inequality

4a ≥ −
(1− b)2

4

and the value of k is given by

k =
1

2

(
(1 + |b|) +

√
(1 + |b|)2 + 4a

)
.

Also the set K is not empty for this set of parameters and K ⊂ Ck.
The picture ofK achieved with symbolic software can go from a sim-
ple one like a unique fixed point to invariant simple curves and Cantor
sets.
The following pictures show two others shapes.
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Figure 1: K is the shadow set: on the left for parameters b = .25 and a =
0.359375 and on the right for parameters b = −2 and a = 2(3 +

√
2) .

For the following set of parameters

E1 = {(a, b) : a ≥ 2(1 + |b|)2}.

the critical line escape to infinite at the first iterate: ha,b(l) ⊂ R2\Ck
and Whitley proved that K for parameters in this set has the shape
of a Cantor set. For certain set of parameters in E1 it holds that
m(Dha,b(x, y)) > 1, then ha,b|K is an expanding map. Here
m(.) is the co-norm operator associated with the norm ‖(x, y)‖ =

max{|x|, |y|} .In this case it is well know thatK is indeed a Cantor
set and has null Lebesgue measure.
Unhappily, it is not true that m(Dha,b(x, y)) > 1 for parameters

in E1 near its border. So we don’t know if the map ha,b is expanding
for the previously mentioned parameters. But what we can conclude
is the main result of this presentation:
Theorem 3. For parameters (a, b) ∈ E1 it holds that

m(K) = 0,

where m is the Lebesgue measure on the plane and K is the set of
bounded orbits of ha,b.
Proof. The map ha,b has two inverse branchesR0 andR1 given by

R0(x, y) =
(√

a− y + b x, x
)
= (l0(x, y), x), (1)

and R1(x, y) = R0(−x, y) defined on the domain D = Da,b =

{(x, y) ∈ R2 : y ≤ a+ x b}.

D

y = a+ bx

Ck Ck+ǫR0(Ck)R1(Ck)

1

Figure 2: Case b < 0

The Schwarzian derivative of the map l0(., y) is given by
3

8(a− t+ by)2
> 0.

Now we take a square Ck+ε with ε small enough such that Ck+ε ⊂
D, see figure above. Proposition 2 allows us to conclude that both
branches R0 and R1 contract the measure associated with the volume
σdxdy associated with the square Ck+ε. Let µ be the measure as-
sociated with the volume σdxdy, since Ck is far away from ∂Ck+ε
then there exists 0 < λ < 1 such that

µ(Ri(A)) < λµ(A)

for i = 0, 1 andA ⊂ Ck. As

K ⊂ R0(Ck) ∪R1(Ck),

and ha,b(K) ⊂ K we can conclude that µ(K) = 0. This implies
then thatK has null Lebesgue measure.

One question arise here about the metric g: Do the branches R0,1

contract the metric g? An affirmative answer would imply Theorem 3.
But the answer is negative: take v = (1, 0), then

g(DR0(p, p)v), g(DR0(p, p)v)

g(v, v)
= 1 +

b2

4(a+ p(b− 1))

which is strictly greater than one when b > 1. Here p is one of the
fixed points of ha,b.

1.2 l doesn’t escape at first iterate

In this case we have that line l1 = ha,b(l) meet Ck on two sides with
the same vertex or on two opposite sides. In both cases D ∩ Ck is a
convex set. LetH(x,y)(V(x,y)) be the horizontal (vertical) line passing
at (x, y). Then

H(x,y) =D ∩ Ck ∩H(x,y) and
V(x,y) = ∩ Ck ∩ V(x,y)

are segment of lines.
Let s(x,y) and r(x,y) be the hyperbolic metrics on the segmentsH(x,y)

and V(x,y) respectively. Then we define a metric g onD ∩Ck letting
it equals to

g(x,y)(v, w) = s(x,y)(v1, w1) + r(x,y)(v2, w2).

Observe that now this metric is not a Riemannian metric. It is a Finsler
metric and has associated its volume form like in the first case. A sim-
ilar statement like Proposition 2 holds. Observe that in the first case
K∩l = ∅ since the line escape at the first iterate. With a similar proof
of Theorem 3 we can conclude the following extension of Theorem 3.

Theorem 4. Let (a, b) be a parameter such that

K ∩ l = ∅

then
m(K) = 0,

where m is the Lebesgue measure on the plane and K is the set of
bounded orbits of ha,b.

From this Theorem we can conclude now

Corollary 5. IfK∩ l = ∅, then no periodic orbits of ha,b has an open
stable set.

In particular every attracting periodic orbit has its basin of attraction
touched by some point of an iterate of the critical line. This conclusion
was already obtained in [4].
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