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Motivation and Aim
A star product ? on a Poisson manifold M is a bilinear associative product on C∞(M)[[~]]
with

f ? g = f · g +

∞∑
r=1

~rCr(f, g)

for f, g ∈ C∞(M)[[~]], where C1(f, g)− C1(g, f ) = i{f, g} and where all Cr are bidiffer-
ential operators. We are interested in the following symmetries :

•Classical setting (Marsden-Weinstein reduction): Proper Hamiltonian ac-
tion of Lie group G with 0 as regular value of the momentum map. If induced action
on C = J−1({0}) is free, then (Mred = C/G, πred) is a Poisson manifold.

•Quantized setting: Equivariant star products (?,J) with quantum momentum
maps. These pairs are Maurer-Cartan elements in the curved DGLA of equivariant
polydifferential operators (D•g(M)[[~]], ~2λ, ∂g, [−,−]g), see [3].

There exists an L∞-quasi-isomorphism

F g : T •g (M)[[~]] D•g(M)[[~]],

whence equivariant star products are classified by equivalence classes of formal Maurer-
Cartan elements [π − J ] in

T •g (M)[[~]] = (Sg∗ ⊗ Tpoly(M))G[[~]]

with trivially extended Schouten bracket, zero differential and curvature ~2λ = ~2e i⊗(ei)M .

[Q,R] = 0 ?

BRST reduction [1] gives star products ?red on Mred out of equivariant ones, and from
[2] one knows that star products on Mred are classified by equivalence classes of formal
Maurer-Cartan elements [πred] in the minimal DGLA Tpoly(Mred)[[~]].
=⇒ Aim: Construct

Tg(M)[[~]] Dg(M)[[~]]

Tpoly(Mred)[[~]] Dpoly(Mred)[[~]]

F g

?? ??

F

(at least on the level of Maurer-Cartan elements) and investigate its commutativity.

Reduction of Equivariant Polyvector Fields
We assume M = C × g∗ and perform a Taylor series expansion in g∗-direction:

T •
Tay

(C × g∗) = (Sg∗ ⊗
∞∏
i=0

(Sig ⊗ Λg∗ ⊗ Tpoly(C)))G

degrees: [2] [0] [1] degpoly

The Poisson structure is of the form

π = πKKS −R + πC

with

• πKKS = 1
2f

k
ijek ⊗ ei ∧ ej ∈ (g⊗ Λ2g∗)G,

•R = ei ∧ (ei)C ∈ (g∗ ∧ T 0
poly

(C))G, and

• πC ∈ (
∏∞

i=0 Sig⊗ T 1
poly

(C))G.

Moreover, [π, π] = 0 gives

1

2
[πC, πC] + (ei)C ∧ is(e

i)πC =
1

2
[πC, πC] + ∂πC = 0,

where
∂ = id⊗ is(e

i)⊗ id⊗(ei)C ∧ .

Differential given by [J,−] = −ei ∨ ⊗ id⊗ ia(ei)⊗ id with the following cohomology:

Proposition The cohomology of the Taylor series expansion is given by

H(TTay(C × g∗), [J,−]) ∼=

( ∞∏
i=0

(Sig⊗ Tpoly(C))

)G

.

Here ∂ induces a DGLA structure with the desired cohomology: One has

H

( ∞∏
i=0

(Sig⊗ Tpoly(C))

)G

, ∂

 ∼= Tpoly(Mred).

Finally, we can extend ∂ to all of TTay(C × g∗):

Proposition The map [πKKS−R,−] is a well-defined differential on TTay(C×g∗) that
is explicitly given by

[πKKS −R, ξ ⊗ P ⊗ α⊗X ] = ξ ⊗ δCE(P ⊗ α⊗X) + ∂(ξ ⊗ P ⊗ α⊗X).

πKKS −R− J is curved Maurer-Cartan element in (TTay(C × g∗), λ, 0, [−,−]).
=⇒ Twisting this structure yields a Lie algebra differential [πKKS−R−J,−] on TTay(C×g∗)

with curvature zero.

Models for Equivariant Polyvector Fields
Summarizing, we have:(

(Sg∗ ⊗
∏∞

i=0(S
ig⊗ Λg∗ ⊗ Tpoly(C)))G, [πKKS −R− J,−], [−,−]

)
((∏∞

i=0(S
ig⊗ Tpoly(C))

)G
, ∂, [−,−]

)
“contrav. Cartan model”

(Tpoly(Mred), 0, [−,−])

ι

i∞

•All the straight arrows are DGLA morphisms given by projections resp. inclusions,

• the squiggly arrow is an L∞-quasi-isomorphism (given by the Homotopy Transfer Thm.).

Proposition The inclusion ι is a quasi-isomorphism of DGLAs which gives the
desired L∞-quasi-isomorphism

Tred : TTay(C × g∗) Tpoly(Mred),

resp. an L∞-morphism TTay(C × g∗)[[~]] → Tpoly(Mred)[[~]] in the formal setting with
rescaled differential [~(πKKS −R)− J,−].

=⇒ Formal MC elements ~(π − J ′) in TTay(C × g∗)[[~]] satisfy:

• πKKS −R + π is an invariant formal Poisson structure, and

• J + ~J ′ is formal momentum map w.r.t. πKKS −R + π.

Equivariant Polydifferential Operators and

Formality
From now on F g denotes formality depending on lift of invariant torsion-free connection
on C and canonical flat one on C × g∗. Twisting by ~(πKKS −R)− J gives

(TTay(C × g∗)[[~]], [~(πKKS −R)− J,−])
F ′−→ (DTay(C × g∗)[[~]], [?D − J,−]),

where

DTay(C × g∗)[[~]] =

(
Sg∗ ⊗

∞∏
i=0

(Sig⊗ T (Sg∗)⊗Dpoly(C))

)G

[[~]].

Here

?D = µ +

∞∑
k=1

~k

k!
FD
k (πKKS −R, . . . , πKKS −R)

is the strongly invariant star product induced by Dolgushev’s formality.

Proposition The product ?D is equivalent to the product on the universal enveloping
algebra U~(C × g) of the action Lie algebroid with rescaled bracket by −i~.

Next steps and ideas:

•Describe reduction of polydifferential operators similarly as for vector fields. Can one
use here the equivalence to the universal enveloping algebra?

•We have:

Def(TTay(C × g∗)[[~]]) Def(DTay(C × g∗)[[~]])

Def(Tpoly(Mred)[[~]]) Def(Dpoly(Mred)[[~]]),

F ′ , ∼=

Tred Dred

F red , ∼=

where

–Def denotes the set of equivalence classes of formal Maurer-Cartan elements,

–F red is the formality with respect to the restricted connection on Mred,

–Dred : (?,J) 7→ ?red denotes reduction of star products from [1] .

=⇒ Compare for [~(πKKS −R + πC)− J ] on C × g∗ the product ?red with

µ +

∞∑
k=1

~k

k!
F red
k (πred, . . . , πred)
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