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Introduction
Let Ω ⊆ Rn an open set and F : Ω→ Rm a continuously differentiable nonlinear function. Consider
the following constrained nonlinear least squares problem

min
x∈C

G(x) :=
1

2
‖F (x)‖2, (1)

where C ⊆ Ω is a nonempty convex closed set. In order to solve the problem, when F ′(x) is injective
for all x ∈ Ω, a proximal Gauss-Newton method for solving a more general class of constrained
nonlinear least squares problems was proposed in [3]. Under the assumption that F ′ is Lipschitz
continuous, local convergence results of the proximal Gauss-Newton method were established in [3].
Depending on the application, the exact projection used in [3] can be extremely difficult to obtain.
Consequently, the first goal of this paper is to propose an extension of the algorithm in [3] in which
inexact projections can be admitted. Hence, the first method to be proposed here basically consists
of computing the unconstrained Gauss-Newton step, and then an approximate projection of it, with
respect to the metric defined onto C. Our analysis is done by using a majorant condition. Another
issue in [3] is that no globalization strategy was considered. Therefore, the second goal of this pa-
per is to propose a global version of our first method. Our globalization technique is based on the
efficient nonmonotone line search in [1]. In order to illustrate the robustness and effectiveness of the
new schemes, we report some numerical experiments on a set of box- and polyhedral-constrained
nonlinear systems and compare their performances with the proximal Gauss-Newton method in [3].

Basic assumptions
We suppose that the following assumptions hold:

(A1) 〈F ′(x∗)∗F (x∗), x− x∗〉 ≥ 0, for all x ∈ C, and F ′(x∗) is injective;
(A2) The sequence {θk} satisfies θk ≤ θ̄ for all k ≥ 0, where θ̄ ∈ [0, 1).

For simplicity, let us consider the following constants: c := ‖F (x∗)‖, β := ‖F ′(x∗)†‖, κ :=
β
∥∥F ′(x∗)∥∥ and δ := sup {t ∈ [0, R) : B(x∗, t) ⊂ Ω}, where R > 0 is a given scalar.

The method and its local convergence
The GNM-AP method is formally described as follows.
GNM-AP

Step 0 (Initialization). Let x0 ∈ C, {θk} ⊂ [0,∞) be given, and set k = 0.
Step 1 (Gauss-Newton step). Compute sk ∈ Rn and yk ∈ Rn such that

F ′(xk)∗F ′(xk)sk = −F ′(xk)∗F (xk), yk = xk + sk.

Step 2 (Computation of new iterative). Define Hk = F ′(xk)∗F ′(xk). Compute xk+1 ∈ C such
that

〈yk − xk+1, x− xk+1〉Hk
≤ εk := θ2

k‖xk+1 − xk‖2Hk
, ∀ x ∈ C,

i.e. xk+1 is an εk–approximate projection of yk onto C.
Step 3 (Termination criterion and update). If xk+1 = xk, then stop; Otherwise, set k ← k+ 1 and

go to step 1.
end

In the following, we state our local convergence result satisfying a Lipschitz condition.
Theorem 1. Suppose that there exists a L > 0 such that

λ =
[(1 +

√
2)κ + 1] c βL + κθ̄

(1− θ̄)
< 1, β

∥∥F ′(x)− F ′(x∗ + τ (x− x∗))
∥∥ ≤ L(1− τ )σ(x),

where x ∈ B(x∗, δ), τ ∈ [0, 1] and σ(x) = ‖x− x∗‖. Let be given the positive constant

r := min

4 + κ− 2θ̄(1 + κ) + 2c(1 +
√

2)β −
√[

4 + κ− 2θ̄(1 + κ) + 2c(1 +
√

2)β
]2 − 8(1− λ)(1− θ̄)

2L
, δ

 .

Then the GNM-AP with starting point x0 ∈ C ∩ B(x∗, r)\{x∗} is well-defined, the generated {xk}
is contained in B(x∗, r) ∩ C, converges to x∗ and satisfies

‖xk+1 − x∗‖ < ‖xk − x∗‖
and

‖xk+1 − x∗‖ ≤
κL + L2σ(x0)

2(1− θk)[1− Lσ(x0)]2
‖xk − x∗‖2+

[(1 +
√

2)κ + 1]cβL + c(1 +
√

2)βL2σ(x0)

(1− θk)[1− Lσ(x0)]2
‖xk − x∗‖+

θk(Lσ(x0) + k)

(1− θk)(1− Lσ(x0))
‖xk − x∗‖, ∀k = 0, 1, . . . ,

Globalized method
We now present a globalized version of the GNM-AP.

Global GNM-AP (G-GNM-AP)

Step 0 (Initialization). Let x0 ∈ C, τ ∈ (0, 1), η1, η2 > 0, an integer M ≥ 1, and {θk} ⊂ [0,∞) be
given, and set k = 0.

Step 1 (Inexact projected Gauss-Newton direction). If F ′(xk)∗F ′(xk) is non-singular, then com-
pute yk ∈ Rn and P̃Hk

C (yk) ∈ C such that

yk = xk −H−1
k F ′(xk)∗F (xk), 〈yk − P̃

Hk

C (yk), x− P̃Hk

C (yk)〉Hk
≤ εk, ∀ x ∈ C, (2)

where Hk = F ′(xk)∗F ′(xk) and εk := θ2
k‖P̃

Hk

C (yk)− xk‖2Hk
. If

〈P̃Hk

C (yk)−xk, F ′(xk)∗F (xk)〉 ≤ −η1‖P̃Hk

C (yk)−xk‖2, ‖P̃Hk

C (yk)−xk‖ ≤ η2‖F ′(xk)∗F (xk)‖,
(3)

then set dk = P̃Hk

C (yk)− xk and go to Step 3.

Step 2 (Inexact projected gradient direction). Compute yk ∈ Rn and P̃C(yk) ∈ C such that

yk = xk − F ′(xk)∗F (xk), 〈yk − P̃C(yk), x− P̃C(yk)〉 ≤ εk := θ2
k‖P̃C(yk)− xk‖2, ∀ x ∈ C,

and set dk = P̃C(yk)− xk.
Step 3 (Backtracking). Define Gmax = max{G(xk−j); 0 ≤ j ≤ min{k,M − 1}}. Set α← 1.

Step 3.1 Set x+ = xk + αdk.
Step 3.2 If

G(x+) ≤ Gmax + τα〈F ′(xk)∗F (xk), dk〉,
then αk = α, xk+1 = x+, and go to step 4. Otherwise, set α← α/2 and go to step 3.2.

Step 4 (Termination criterion and update). If xk+1 = xk, then stop; otherwise, set k ← k + 1 and
go to step 1.

end

In the following, we state our main global convergence result for the G-GNM-AP method.
Theorem 2. Assume that the level set Ω0 := {x ∈ C : G(x) ≤ G(x0)} is bounded and the sequence
{θk} satisfies θk ≤ θ̄ for all k ≥ 0, where θ̄ ∈ [0, 1). Then, either the G-GNM-AP stops at some
stationary point xk, or every limit point of the generated sequence is stationary.

Numerical experiments
We took θk = 1/3, for every k, in both algorithms. The εk–approximate projection of point yk onto
C was computed by the conditional gradient method. In order to avoid an excessive number of inner
iterations, the input εk was replaced by max{θ2

k‖xk+1 − xk‖2Hk
, 10−2}. The other initialization pa-

rameters of the G-GNM-AP method were set τ = 10−4 and M = 10. For a comparison purpose, we
also run the proximal Gauss-Newton (Prox-GN) method in [3], which, applied to (1), corresponds to
our GNM-AP method with exact projections. In the latter method, the exact projections were com-
puted by the MATLAB command quadprog. For the GNM-AP, G-GNM-AP and Prox-GN methods,
we used the same termination condition ‖xk+1 − xk‖Hk

< 10−4. For all algorithms, a failure was
declared if the number of iterations was greater than 300 or no progress was detected.

Box-constrained nonlinear least squares problems
We consider a set of 23 problems of the form (1) with C = {x ∈ Rn; c ≤ x ≤ d}, where c, d ∈ Rn.
We firstly chose 10 initial points of the form x0(γ) = c + (γ/11)(d− c) for γ = 1, 2, . . . , 10.

Figure 1: Performance of the G-GNM-AP, GNM-AP and Prox-GN methods

Polyhedral-constrained nonlinear least squares problems
We consider a set of 23 test problems of the form (1) with C = {x ∈ Rn; c ≤ x ≤ d, Ax ≤ b},
where c, d ∈ Rn, b ∈ Rm and A ∈ Rm×n.

Figure 2: Performance of the G-GNM-AP, GNM-AP and Prox-GN methods
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