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Introduction

In the article [2], M. Daher defines the complex interpolation space as
the holomorphic functions over the strip S however replacing the con-
tinuity of the operators over S by a condition of integrability Lp. This
allows to find on certain hypotheses a minimal representation Γ(x)

for each point x of the interpolation domain in a uniformly continuous
way.
The minimal function Γ allow us to consider the horizontal maps that
arise at different levels of the scale: that is, taking θ1, θ2 ∈ (0, 1) and
fixed t ∈ R, we consider the horizontal map

Aθ1
−→ Aθ2

Γ(x)(θ1 + it) 7−→ Γ(x)(θ2 + it)

The goal is to show that in the case of Lp spaces (1 < p < ∞) the
horizontal maps are uniform homeomorphisms between the spheres of
the interpolation spaces.

Definitions and Notations

For all p ∈ [1,+∞] and let Fpθ (Ā) be the space of functions
F : S → A0+A1, F holomorphic overS, such that τ → F (j+it)

is (Bochner) measurable with values inAj (j = 0, 1) and

‖F‖pFpθ (Ā)
=

∫
R
‖F (it)‖pA0

dµθ,0(t) +

∫
R
‖F (1 + it)‖pA1

dµθ,1(t)

We define the spaceAp
θ = {F (θ);F ∈ Fpθ (Ā)}; if a ∈ Ap

θ put

‖a‖Ap
θ

= inf{‖F‖Fpθ (Ā); F (θ) = a},
Ap
θ is a Banach space and coincides with the Complex Interpolation

spaceAθ.

Uniform homeomorphism between unit spheres

Let (A0, A1) be an interpolation couple and θ ∈ (0, 1).
Proposition 1. Suppose that A0 ∩ A1 is dense in A0 and in A1 and
that the spacesA0 andA1 are reflexive, then we have
1. If A0 is strictly convex then for all a ∈ SAθ

and for all p ∈
(1,+∞) there exists a unique ga ∈ Fpθ (Ā) such that ga(θ) = a

and ‖ga‖Fpθ (Ā) = 1.
2. If A0 and A1 are uniformly convex then the mapping Γ : SAθ

→
Fpθ (Ā) defined by Γ(a) = ga is uniformly continuous (1 < p <

∞).
Theorem. Let (A0, A1) be an interpolation couple and θ1, θ2 ∈
(0, 1) with A0 ∩ A1 dense in A0 and in A1. If A0 and A1 are
uniformly convex, then the mapping U : SAθ1

→ SAθ2
given by

a 7→ Γ(a)(θ2) is a uniform homeomorphism.

Horizontal Maps

Looking at the minimal functions given by Proposition 1, we can con-
sider the horizontal maps that arise at different levels of the scale: that
is, taking θ1, θ2 ∈ (0, 1), and fixed t ∈ R, consider the map

Aθ1
−→ Aθ2

Γ(f)(θ1 + it) 7−→ Γ(f)(θ2 + it)

We will show that in the case of Lp spaces, the horizontal maps are a
uniform homeomorphism between the spheres of interpolation spaces.
Consider A0 = Lp0

(0, 1) and A1 = Lp1
(0, 1), with 1 < p0 <

p1 < +∞. Let θ1, θ2 ∈ (0, 1), and define 1 < pθ1
, pθ2

<∞ such
that

1

pθj
=

1− θj
p0

+
θj

p1

, j = 1, 2.

Denote byM the Mazur map

M : SLpθ1
−→ SLpθ2

f 7−→ sgn(f)|f |pθ1/pθ2

If Γ : Sθ1
→ Fpθ1

(Ā) is the mapping given by Proposition 1, we have
that,

Sθ1
= {Γ(g)(θ1 + it) : g ∈ Sθ1

}, ∀t ∈ R (1)

Sθ2
= {Γ(g)(θ2 + it) : g ∈ Sθ1

}, ∀t ∈ R (2)

Thus, for each t ∈ R, we can define the function,

Φ : Sθ1
−→ Sθ2

f = Γ(g)(θ1 + it) 7−→ Γ(g)(θ2 + it)

Let us show that that Φ(f) = M(f) for all f ∈ Sθ1
. Note that, if

f = Γ(g)(θ1 + it), then

sgn(f) = sgn(Γ(g)(θ1 + it)) = sgn(g)|g|pθ1
(
−it
p0

+ it
p1

)

and
|f | = |Γ(g)(θ1 + it)| = |g|

So we have

M(f) = M(Γ(g)(θ1 + it)) = sgn(f)|f |pθ1/pθ2

= sgn(g)|g|pθ1
(
−it
p0

+ it
p1

)
|g|pθ1/pθ2 = Γ(g)(θ2 + it) = Φ(f)

Therefore, Φ = M .
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