
Matching strings in encoded sequences
Adriana Coutinho1 & Rodrigo Lambert2 & Jérôme Rousseau3
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Abstract

We investigate the length of the longest common substring for encoded sequences and its asymptotic

behaviour. The main result is a strong law of large numbers for a re-scaled version of this quantity,

which presents an explicit relation with the Rényi entropy of the source. We apply this result to the

zero-inflated contamination model and the stochastic scrabble. In the case of dynamical systems, this

problem is equivalent to the shortest distance between two observed orbits and its limiting relationship

with the correlation dimension of the pushforward measure.

Introduction

Let χ (respectively χ̃) be an alphabet, Ω = χN (respectively Ω̃ =

χ̃N) the space of all sequences with symbols in χ (respectively χ̃).
Definition 0.1. Let f : Ω → Ω̃ be a code. Given two sequences
x, y ∈ Ω, we define the n-length of the longest common substring for
the encoded pair (f(x), f(y)) by

Mf
n(x, y) = max

{
k : f(x)i+k−1

i = f(y)
j+k−1
j for some 0 ≤ i, j ≤ n− k

}
,

where f(x)i+k−1
i and f(y)j+k−1

j denote the substrings of length k
beginning in f(x)i and f(y)j respectively.
Definition 0.2. Consider the dynamical system (Ω,P, σ). We say that
it is α-mixing if there exists a function α : N → R where α(g)

converges to zero when g goes to infinity and such that

sup
A∈Fn0 ; B∈Fm0

∣∣P (A ∩ σ−g−nB)− P(A)P(B)
∣∣ ≤ α(g) ,

for allm,n ∈ N.
We say that the system isψ-mixing if there exists a functionψ : N→
R where ψ(g) converges to zero when g goes to infinity and such that

sup
A∈Fn0 ; B∈Fm0

∣∣∣∣∣P (A ∩ σ−g−nB)− P(A)P(B)

P(A)P(B)

∣∣∣∣∣ ≤ ψ(g),

for all m,n ∈ N. In the cases that α(g) or ψ(g) decreases expo-
nentially fast to zero, we say that the system has an exponential decay.
The Rényi entropy of the pushforward measure is defined by

H2(f∗P) = − lim
k→∞

1

k
log

∑
Ck

f∗P(Ck)
2,

where the sums are taken over all k-cylinders.

Principal Result

Theorem 0.3. Consider f : Ω→ Ω̃ a code such thatH2(f∗P) > 0.
For P⊗ P-almost every (x, y) ∈ Ω× Ω,

lim
n→∞

Mf
n(x, y)

logn
≤

2

H2(f∗P)
· (1)

Moreover, if
(i) the system (Ω,P, σ) is α-mixing with an exponential decay (or
ψ-mixing with ψ(g) = g−a for some a > 0);

(ii)Cn ∈ F̃n0 implies f−1Cn ∈ Fh(n)
0 , where h(n) = o(nγ), for

some γ > 0,
then, for P⊗ P-almost every (x, y) ∈ Ω× Ω,

lim
n→∞

Mf
n(x, y)

logn
≥

2

H2(f∗P)
· (2)

Therefore, if the Rényi entropy exists, we get for P ⊗ P-almost every
(x, y) ∈ Ω× Ω,

lim
n→∞

Mf
n(x, y)

logn
=

2

H2(f∗P)
· (3)

Aplication

Suppose that each letter a ∈ χ is associated to a weight v(a) ∈ N∗.
Denote the score of a string zm−1

0 by V (zm−1
0 ) =

∑m−1
j=0 v(zj). If x

and y are two realizations of the χ-valued stochastic processes (Xn)n
and (Yn)n,
Vn(x, y) = max

0≤i,j≤n−m

{
V (zm−1

0 ) : ∃ 1 ≤ m ≤ n s. t. zm−1
0 = xi+m−1

i = y
j+m−1
j

}
is the nth highest-scoring matching substring [1]. For two copies

independently generated by the same Markov source P with positive
transition probabilities [pij], the authors stated that:

lim
n→∞

Vn

logn
=

2

− log p
P⊗ P− a.s., (4)

where p ∈ (0, 1) is the largest eigenvalue of P =
[
p2
ij

]
.

One can observe that this result (4) can be obtained as particular case
of Theorem 0.3. Indeed, inspired by [1], we can construct a specific
code f such that

f : χN→ χN

x∞0 7→ x0x0 · · ·x0︸ ︷︷ ︸
v(x0)

x1x1 · · ·x1︸ ︷︷ ︸
v(x1)

· · ·xnxn · · ·xn︸ ︷︷ ︸
v(xn)

· · · (5)

With this particular code, we get that Mf
n(x, y) = Vn(x, y) and

thus to get (4) we need to compute H2(f∗P) and check that condi-
tions (i) and (ii) are satisfied. We recall that if (Xn) is a Markov chain
in χ = {1, 2, · · · , d}, we can see f(Xn) as a Markov Chain in χ̃,
which is a (

∑
i∈χ v(i))-sized alphabet, given by

χ̃ =
{

11, 12, · · · , 1v(1), 21, 22, · · · , 2v(2), · · · , d1, d2, · · · , dv(d)

}
.

In this context, we will consider that f : χN → χ̃N. Then, if
Q = [Qij], 1 ≤ i, j ≤ d is the transition matrix for (Xn) we get
that the transition matrixQ∗ for the chain (f(Xn)) on χ̃ is related to
Q. Notice that
• If vmin = mini∈χ{v(i)} is the minimum weight, we get for any

cylinder Cn, f−1Cn ∈ F
⌊

n
vmin

⌋
0 , and since n/vmin = o(n1+ε) for

all ε > 0, condition (ii) of Theorem 0.3 is then satisfied.
•An irreducible and aperiodic positive recurrent Markov chain is an
α-mixing process with exponential decay of correlation which im-
plies condition (i).

•The Rényi entropy of its stationary measure µ is given byH2(µ) =

− log p, where p is the largest positive eigenvalue of the matrix[
(Q∗)2

ij

]
, 1 ≤ i, j ≤ (

∑
i∈χ v(i)). In general, f∗P is not sta-

tionary. However, we prove thatH2(µ) = H2(f∗P).
Finally, we can combine it with equation (3) in Theorem 0.3 to con-

clude the same result as in (4).
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