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1. Introduction

The Lotka-Volterra systems in R3

ẋi = xi

 3∑
j=1

aijxj + bi

 (i = 1, . . . , 3).

were introduce by Lotka and Volterra in the twenties, see

[4, 6]. Such differential systems have been intensively in-

vestigated due to the fact that they can be found in different

phenomena in biology, ecology and chemistry, for instance.

Due to its simplicity, special attention has attracted the so-

called classical May-Leonard system introduced by May

and Leonard in [5] which describes a competition between

three species using is a simple model with a rich dynamical

behavior. This system can be written as

ẋ =x(1− x− αy − βz),

ẏ =y(1− βx− y − αz),

ż =z(1− αx− βy − z),

(1)

where α and β are real parameters.

Dynamic aspects of system (1) was investigated by several

author, according to different values of the parameters:

• In [5] the authors shown that, whenever α + β 6= −1,

system (1) has four singular points in R3
+ = {(x, y, z) ∈

R3, x, y, z ≥ 0}. Three of them are on the boundary of R3
+,

E1 = (1, 0, 0), E2 = (0, 1, 0), E3 = (0, 0, 1), and the fourth one

is the interior point C = ((1 +α+β)−1, (1 +α+β)−1, (1 +α+

β)−1). If in addition, α + β > 2 and either α < 1, or β > 1,

then there is a separatrix cycle F formed by orbits connect-

ing E1, E2 and E3 on the boundary of R3
+, and every orbit in

R3
+, except of the equilibrium point C has F as the ω-limit.

• It was shown in [1] that in the degenerate case α + β = 2,

the cycle F becomes a triangle on the invariant plane

x + y + z = 1 and all orbits inside the triangle are closed

and every orbit in the interior of R3
+ has one of these closed

orbits as its ω-limit. In [1] the complete description of the

dynamics of the May-Leonard system whenever α + β = 2,

or α = β is presented.

In this poster we shall study the May-Leonard systems that

admit a Darboux invariant of the form estf (x, y, z), where

f (x, y, z) is given by the product of invariant planes. We will

see that the case in which there exists such an invariant in

the May-Leonard model is whenever α+β+ 1 = 0. We con-

sider this case and we describe the global dynamics in the

compactification of R3 in function of α.

2. Preliminaries and main results

• An invariant of system (1) on an open subset U of R3

is a nonconstant C1 function I in the variables x, y, z and

t such that I(x(t), y(t), z(t), t) is constant on all solution

curves (x(t), y(t), z(t)) of system (1) contained in U , i.e.

x(1− x− αy − βz)
∂I

∂x
+ y(1− βx− y − αz)

∂I

∂y

+ z(1− αx− βy − z)
∂I

∂z
+
∂I

∂t
= 0,

(2)

for all (x, y, z) ∈ U .

• On the other hand given f ∈ C[x, y, z] we say that the sur-

face f (x, y, z) = 0 is an invariant algebraic surface of system

(1) if there exists K ∈ C[x, y, z] such that

x(1− x− αy − βz)
∂f

∂x
+ y(1− βx− y − αz)

∂f

∂y

+ z(1− αx− βy − z)
∂f

∂z
= Kf.

(3)

• An invariant I is called a Darboux invariant if it can be

written in the form

I(x, y, z, t) = fλ11 · · · f
λp
p e

s t,

where, for i = 1, . . . p, fi = 0 are invariant algebraic surfaces

of system (1), λi ∈ C, and s ∈ R \ {0}.

Theorem 1. The following holds for system (1) with either

α + β 6= 2 or α 6= β

(a) It has a Darboux invariant of the form I(x, y, z, t) =

estf (x, y, z), where f (x, y, z) is given by the product of in-

variant planes if and only if α + β + 1 = 0.

(b) It is invariant under the symmetry (x, y, z)→ (y, z, x).

(c) The ω-limit of any of its orbits in R3 is contained in Ω union

with its boundary at infinity in the Poincaré compactifica-

tion in R3 (see [2] for details), where

Ω ={(x, y, z) ∈ R3 : x = 0}∪
{(x, y, z) ∈ R3 : y = 0} ∪ {(x, y, z) ∈ R3 : z = 0}.

From now on, we consider system (1) restricted to

β = −1− α with α ∈ R, that is

ẋ =x(1− x− αy + (1 + α)z),

ẏ =y(1 + (1 + α)x− y − αz),

ż =z(1− αx + (1 + α)y − z).

(4)

In order to describe de global dynamics of system (4) we

consider its dynamics in each one of the ith-octants, Oi, for

i = {1, 2, .., 8}.
The global dynamics of system (4) in O1 (the positive oc-

tant) is given in the following theorem. In that theorem, we

denote by O+
1 the interior of O1, i.e.,

O+
1 = {(x, y, z) : x > 0, y > 0, z > 0}.

Theorem 2. The following statements hold for system (4)

restricted to O1 for α ∈ (−∞, 1):

(a) The phase portraits in the Poincaré disc of system (4)

restricted to the invariant planes are topologically equiv-

alent to one of the phase portraits of Figure 1.

Figure 1: Phase portrait of system (4) on the Poincaré disc restricted to the in-

variant planes x = 0, y = 0 or z = 0 when: (i) α < −2, or α > 1; (ii) α = −2, or α = 1;

(iii) −2 < α < 1.

(b) The phase portraits of system (4) at the infinity of O1

are topologically equivalent to one of the phase portraits

given in Figure 2. More precisely,

(b.1) for α ≤ −2 the boundary of the infinity of O1 is a hetero-

clinic cycle formed by three equilibrium points coming

from the ones located at the end of the three positive

half-axes of coordinates, and three orbits connecting

these equilibria, each one coming from the orbit at the

end of every plane of coordinates. In the interior of the

infinity of O1 there is an attractor whose orbits fill com-

pletely this interior.

(b.2) For α ∈ (−2, 1) the boundary of the infinity of O1 is a

graph formed by six equilibrium points all of them lo-

cated at the positive half-axes of coordinates. Three of

them are at the end of the axes and the other three are

between them. Moreover, there are six orbits connect-

ing these equilibria. Each of them coming from the orbit

at the end of every plane of coordinates. In the interior

of the infinity of O1 there is an attractor of all the orbits

coming from the equilibria at the end of every plane of

coordinates.

Figure 2: Phase portrait of system (4) on the Poincaré sphere when: (i) α < −2,

or α > 1; (ii) α = −2, or α = 1; (iii) −2 < α < 1.

(c) The phase portrait of system (4) on O1 is giving in Fig-

ure 3 (i) when α ≤ 2 and Figure 3 (ii) when α ∈ (−2, 1).

Namely,

(c.1) for α ≤ −2, there exists a separatrix cycle F formed

by orbits connecting the finite singular points on the

boundary of O1 and every orbit on O1, except the ori-

gin, has F as its ω-limit. The α−limit set of the orbits

on O+
1 \ F is formed by four equilibrium points, the ori-

gin and the three equilibria located at the end of the

positive half-axes of coordinates.

(c.2) for α ∈ (−2, 1), there exists a graph G formed by orbits

connecting the finite singular points on the boundary of

O1, except the origin. The ω−limit set of every orbit on

O1, except the origin, is one of the vertices of G. The

α−limit set of the orbits on O+
1 \ G is formed by seven

equilibrium points, the origin and the equilibria located

at the end of the invariant planes.

Figure 3: Phase portrait of system (4) in the first octant O1: (i) for α ≤ −2 or

α ≥ 1 and (ii) for −2 < α < 1.

3. Remarks and conclusions

• Since Theorem 2 provides the ω-limit and the α-limit of all

orbits inside O1 (which is the octant where system (4) has

biological meaning), in that theorem we are determining all

the initial and final evolution of the three species considered

by system (4) according to the values of the parameter α.

• The statements in Theorem 2 also hold for α ≥ 1. Indeed,

the dynamics for α > 1 is the same as the one for α < −2

reversing the time and the dynamics for α = 1 is the same

of the one for α = −2 also reversing the time.

Using the same tools we get the global dynamics in each

Octant of sphere. It follows from Theorem 1 (b) that the

dynamics in O6 and O8 are the same as the one in O1.

• In order to reach information about the dynamics of sys-

tem (4) in each octante we apply the Poincaré compactifica-

tion to get the finite and infinite singular points in the sphere.

Then jointing the local behavior of the solutions near of the

singular points (finite and infinite) with the behavior of the

solutions in the invariant planes and the existence of a Dar-

boux invariant.

• The existence of a Darboux invariant of system (1) pro-

vides information about the ω– and α–limit sets of all orbits

of system (1).

Proposition 3 (see [3] for the 2-dimensional case). Let S2

be the infinity of the Poincaré sphere and I(x, y, z, t) =

f (x, y, z)est be a Darboux invariant of system (1). Let also

p ∈ R3 and φp(t) be the solution of system (1) with max-

imal interval (αp, ωp) such that φp(0) = p. If ωp = ∞
then ω(p)⊂ {f (x, y, z) = 0} ∪ S2 and if αp = −∞ then

α(p)⊂ {f (x, y, z) = 0} ∪ S2.

References
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Gauthier-Villars, Paris, 1931.

Joint work with Claudia Valls (IST-Universidade de Lisboa, Portugal), entitled Global dynamics of the May-Leonard system with a Darboux invariant. Preprint 2019.


