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ABSTRACT

Let p be a prime number and, for any t > 1, consider XGS the nonsingular model defined over Fq of the projective absolutely irreducible plane algebraic curve given in affine coordinates by

Y q − Y = Xq0(Xq −X),

where q0 = pt and q = p2t−1. For p even, XGS is the so-called Deligne-Lusztig curve associated with the Suzuki group, which has remarkable properties, for instance its large automorphism group and its property of being
Fq4-maximal. In this work, we address the study of the L-polynomial of XGS for p an odd prime number.

Context and notation

Algebraic curves over finite fields is a significant topic of research, in particular because
of its connection with other areas of mathematics such as finite geometry, coding theory,
cryptography, and number theory.

Let q be a power of the prime number p.

For a (projective, nonsingular, geometrically irreducible, algebraic) curve Y of genus g
defined over the finite field Fq, consider the problem of determining the number Nq(Y) of
Fq-rational points on Y.

Although in such a degree of generality this task is far from to be reached, some effec-
tive bounds for this number can be found in the literature. A remarkable example is the
Hasse-Weil bound

|Nq(Y)− (q + 1)| 6 2gq1/2.

Definition 1. Curves attaining the previous upper (resp. lower) bound are called Fq-
maximal (resp. Fq-minimal).

The Suzuki curve

For p = 2, an important example of a maximal curve is the Deligne-Lusztig curve associ-
ated to the Suzuki group Sz(q) (see [2], [6], [7]), here for simplicity called the Suzuki curve,
which is the nonsingular model YS defined over Fq of the plane curve

S : Y q − Y = Xq0(Xq −X), (1)

where q0 = 2t, q = 22t−1, and t > 2.

Indeed, in [6, Proposition 4.3], together with the expression for the Zeta function of YS, the
explicit formula for the number of rational points on YS shows that it is Fq4-maximal.

The Suzuki curve is optimal in the sense that its number of Fq-rational points coincides with
the maximum number of Fq-rational points that a curve of its genus can have (see [7,
Proposition 2.1]). Moreover, in [4, Theorem 5.1], it is shown that this curve can be charac-
terized by its genus and number of Fq-rational points.

In addition to its maximality and optimality properties, the Suzuki curve is also known for its
large automorphism group. Specifically, it is one of the four examples of curves of genus
g > 2 having an automorphism group of size greater than or equal to 8g3 (see [8], [9,
Theorem 11.127]).

The generalized Suzuki curve

Let p > 2, q0 = pt and q = pm, where m, t are positive integers satisfying the relation
m = 2t− 1.

If GS is the projective geometrically irreducible (see [3]) plane curve defined over Fq given
in affine coordinates by

GS : Y q − Y = Xq0(Xq −X), (2)

then let XGS
be its nonsingular model defined over Fq, which is called here the generalized

Suzuki curve.

Main results

The objective of this work is to investigate the number of Fqn-rational points on XGS
. As a

consequence, the L-polynomial over Fq of XGS
is recovered.

The L-polynomial of a curve Y defined over Fq encodes information on the order of the
group Pic0(Fq(Y)), the zero-degree Fq-divisor class group. Using this fact, some construc-
tions of curves with many rational points are presented in [13]. Moreover, considering the
Fq-Frobenius endomorphism Φ on the Jacobian variety of Y, then the characteristic poly-
nomial of Φ is described exactly by the reciprocal of the L-polynomial of Y over Fq, and
from its factorization the degree of the Frobenius linear series on Y is obtained. For further
details on this topic, see [9, Sections 9.7 and 9.8].

Our main results are the following.

Theorem 1. If g denotes the genus of XGS
, then the number Nqn(XGS

) of Fqn-rational points
on XGS

is described as follows.
1. If p | n, then

Nqn(XGS
) =


qn + 1, if n is odd
qn + 1− 2gqn/2, if n is even and p ≡ 1 (mod 4)

qn + 1− 2gqn/2, if n ≡ 0 (mod 4) and p ≡ 3 (mod 4)

qn + 1 + 2gqn/2, if n ≡ 2 (mod 4) and p ≡ 3 (mod 4).

2. If p - n, then

Nqn(XGS
) =


qn + 1, if n is even

qn + 1 + 2gqn/2p−1/2
(

(−1)(n−1)/2n

p

)
, if n is odd

,

where
(
∗
p

)
is the Legendre symbol.

We point out here that for n = 1, the number Nqn(XGS
) was already studied in [11] in con-

nection with geometric Goppa codes. Also, for p = 3 and considering [5, Proposition 4.2],
the curve XGS

is Fq-covered by the so-called Ree curve, and then the information on its
maximality given by Theorem 1 could be recovered by Serre’s result (see [1]).

Now, define

p̃1/2 :=

{
p1/2, if p ≡ 1 (mod 4)

ip1/2, if p ≡ 3 (mod 4)
. (3)

Theorem 2. If g denotes the genus of XGS
and Mp(T ) is the minimal polynomial of −ζp/p̃1/2

over Q, where ζp is the primitive p-th root of unity e
2πi
p , then the L-polynomial LXGS

(T ) of XGS

over Fq is given by

LXGS
(T ) =

(
pp−1((−1)

p+1
2 + qT 2) ·Mp(p

t−1T )2
)g

p

.

An application of Theorem 2

Based on [13], let LXGS
/Fqn(T ) be the L-polynomial of XGS

over Fqn, where LXGS
/Fq(T ) =

LXGS
(T ), let JXGS

be the Jacobian variety of XGS
, and consider JXGS

(Fqn) the group of Fqn-
rational points on JXGS

.

The following result relates the L-polynomial of XGS
over Fqn and the cardinality of JXGS

(Fqn).

Theorem 3 (9, Theorem 9.70). #JXGS
(Fqn) = LXGS

/Fqn(1).

As a consequence, we have the lemma below.

Lemma 4. The subgroup generated by the Fq2-rational points of XGS
is a proper subgroup

of JXGS
(Fq2).

Therefore, from the proof of the main result of [13], the following holds.

Proposition 5. For each divisor i of LXGS
/Fq2(1)/LXGS

(1) there exists an étale cover of XGS
of

degree i with at least i(q2 + 1) rational points over Fq2 and genus i(g − 1) + 1.
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