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Abstract

By a p-variety )/, we mean a supervariety or a x-variety generated by an algebra over a field /' of
characteristic zero.

For V = var?(A) a @-variety of algebras, we define ¢/;(V) = ¢},(A) and we say that V is minimal of
polynomial growth n” if ¢/ (V) grows like n”, but ¢f; (f) grows like n’ with ¢ < k, for any proper o-subvariety
UofV

Motivated by the results in |1], in this work, we characterize the minimal ¢-varieties generated by unitary
algebras of growth n®. We prove that for £ < 2 there are only a finite number of algebras generating such
minimal -varieties. For £ > 3, we show that the number of minimal ¢-varieties can be infinity and give a
receipt for the construction of their 7'-ideals.

Characterization of minimal p-varieties

Now let’s consider the unitary x-algebras generating minimal varieties of polynomial growth given by

La Mattina and Martino in [4].
k—1
For any k£ > 2, consider the matrix F/ = € i+1+€2k—; ok—i+1 € Ulyy and the following subalgebras

1=2
of UTQk :

- k—2.
Py ,=spanp{lop, E, ..., E"77 €10 — €9p1 2k €13, - -  » €1k €12k Ch42.2k» - - - » E2k—2,2k | €

Qr.p = spanp{ly, E, . .., EF =2 e10 + €2k —12ks €135 - - » €1k> Cht1.2k> Ch+2.2ks - - - » €2k—2.2k |, endowed with
the reflection involution p, where I5;. denotes the identity matrix of order 2k.
The authors also considered the following commutative subalgebra of U7, () =

( k—1

L aly + Z oziE% o, € Fp, for kK > 2, where B/ = Zemﬂ and [;. denotes the identity ma-
\ 1<i<k i—1 |

trix of order k. We denote by Cj, . the algebra C), with involution given by (alj, + >, «o;FE])" =

| | 1<i<k
alp. + Z (—1)2042'E%.
1<i<k
Furthermore, in [3], La Mattina, presented some superalgebras generating minimal varieties. For k > 2,

let Cgr to be the algebra ). with elementary grading induced by g = (0,1,0,1,...) € Zlg.
For some k& > 2, let N, = spanp{[;, F, .. .,Ek_2;612,613, ..., €11} the subalgebra of UT}., where

k—1
E = Z ei i+1 € UT} and I}, denotes the k£ X k identity matrix.

1=1

Consider the superalgebra N gr to be the algebra N; with elementar Zo-grading induced by g =
(0,1,...,1) € Z&.

For k > 2, consider G}. to be the finite dimensional Grassmann algebra with 1 generated by the elements
€1, ..., € over I subject to the condition e;e; = —eje;, 1 < 4,5 < k. Finally consider szr to be the finite

dimensional Grassmann algebra GG;. endowed with the grading induced by the canonical grading of G9".
In what follows we will consider V) be a p-variety of polynomial growth generated by a unitary algebra.

Theorem 1. Let V be a @-variety of polynomial growth n® and let i/ (V) = 3 My, oX~,0 be its nth proper
(v,0)Fn
w-cocharacter. Then V is minimal if and only if the following hold

i) There exists a pair of partitions (X, 1) = k, such that my ,, = 1 and for all (v,0) = k with (v,0) # (A, 1) we
have m,, g = 0;

it) if (\, u) & k is a pair of partitions and f A IS a Y -proper highest weight vector such that fy , ¢ 1d?(V),
then for each h < k and for each (v,0) & h, if f, g is a Y -proper highest weight vector such that f, g & 1d*(V),

we must have f,, g ~ f ,, (mod 1d¥(V)), this is, fy , € (Id?(V), fy79>T¢.
By using our theorem we can give new examples of minimal o-varieties.

Theorem 2. Let T}, , be a x-variety generated by a unitary algebra and determined by T *-ideal

<[y17 yQ]a [ya Z]v <1 © 22,2122 ... Zk—|—1>T* .

Then 77@* is minimal of growth nk.

Denote by G/, , the algebra G, endowed with the involution * such that €] = —¢;, i =1,2,... k.
La Mattina and Misso (2006) proved that

1d*(Ga.«) = ([y1, 2l [y, 2], 21 0 22, 212023) 7 .
Notice that 75 ,, = var®(Go ), that is, G2  is a minimal x-algebra of quadratic growth. Furthermore

o [d*(G3.«) = (Y1, y2ls [, 2], |21, 2223], 212223 + 232021, 21202324) 1+ ;
ol =var'(G3y) = T3« CU;

—

e (=3 4 has cubic growth and it is not minimal.

Minimal p-varieties with at most quadratic growth

In order to start our classification, it 1s important to know the decomposition of the character of the space
[/ of multilinear Y -proper polynomials of degree n, for n = 2, 3.

Theorem 3. Z)X(Fg) = X(1),(1) + X(12),0 + X0,(12) + X(,(2);
i)x(T5) = X2.1).0 + X(2).(1) + 2X(12).(1) T 2X(1),(12) + 2X(1).(2) + X0.(13) T 2X0.(2.1) T X0,(3)-

Consider the multilinear Y -proper polynomials of degree 2: g; = |y, 2|, g2 = |y1, 49|, 93 = |21, 23], 94 =
z1 o z9 and the multilinear Y -proper polynomials of degree 3: f1 = [y1, y2, y3] + [y3, v2, 1], fo = [y1, 2, y2] +
v, 2,y1], f3 = z[y1, vl and f3 = [y1, 42, 2], f1 = 21[y, 22] and f] = [21,22,9], f5 = 21[y, 22| + 22[y, 21] and
fL =1y, 21,22 + [y, 22, 21], fo = St3(21, 22, 23), fr = 21(23, 22] + 23[21, 20] and f7 = [z, 29, 23] + [23, 22, 1),
f8 =22 Z5(1)%0(2)%0(3):

0ESs

Theorem 4. Let A be a unitary x-algebra such that c;,(A) < kn?, for some nonzero constant k. Then A gene-
rates a minimal x-variety if and only if either A ~p+ Cy  or A ~p« Py, or A ~p« Q3 or A ~ps Go , or

Theorem 5. Let A be a unitary superalgebra such that C%T(A) < kn?, for some nonzero constant k. Then A
generates a minimal supervariety if and only if either A ~, C’Qgr or A ~r, N?f] "or A ~1, Goor A ~r, Ggr
or A ~T, Cgr

Minimal -varieties of cubic growth

Let L, be a unitary x-algebra generating the x-variety 73 -

Theorem 6. Let A be a unitary x-algebra such that w35(A) = x , where m) , = 1 in the decomposition of

X(F?f). Then A generates a minimal x-variety of cubic growth if and only if either A ~p+ Q4 , or A ~p+ Py ,
or A ~px Cy g or A ~ps Ly

Theorem 7. Let A be a unitary superalgebra such that 7'('?‘()] 7A(A) = X\,u Where m) ,, = 1 inthe decomposition of
X(Fg). Then A generates a minimal supervariety of cubic growth if and only if either A ~1, Nyor A ~p, N f "
or A ~T Gg’r or A ~T, CET

In what follows we consider V to be a p-variety of cubic growth such that Wép (V) =x A, Where )y o, 1s
one of the four irreducible characters with m ) , = 2 in the decomposition of X(F?)-

Let & and h be Y-proper linearly independent highest weight vectors associated to (), z¢). Then h and
h are linearly dependent modulo Id¥()). We prove that V is uniquely determined, up to a scalar v in F, by a
linear combination h + vh.

In this case, we will denote the T*-ideal of V by I; h

Proposition 1. There is no x-variety V of cubic growth such that 75(V) = X(1),(2):

For the pair of partition (), 1) - 3 fixed as above, let QM = {f, - : (0,7) F 3,(0,7) # (A, 1)}.

Theorem 8. Let 73(V) = x g (2,1)- Then'V is a minimal *-variety of growth n3 if and only if Id*(V) coincides
with one of the following T*-ideals

) If op = <FZ'L Q22 g1, g2, g4, f7+ 2f§>T* ;

i1) Ifoinfr = <FZ, Q221 g f7r+ 7f§>T* , where ~v € F'is any scalar such that v +# 2.

Theorem 9. Let 7T39T<V> = X(1),(2)- Then V is a minimal supervariety of growth n’ if and only if 1d9" (V)
coincides with the T5-ideal ]fé = <Fir, QO)’(Q), fé>T2 :

Theorem 10. Let W%T(V) = X@,(2,1) Then V is a minimal supervariety of growth n> if and only if 1d9" (V)
coincides with one of the [>-ideals

Z) ]fé — <Fira Q ®7<2’1>7 92, f§>T2;

i) g op = <FZ7Z Q7Y g, gy, f7+ 2f§>T2;

i11) ]f7+7f§ = <Fir, Q) ®><2’1>, g2, f7+ 7f§>T2 , Where v € F' is any scalar such that v # 2.

In |2], we generalize the procedure above in order to classify the minimal (-varieties generated by unitary
algebras with growth nk, k > 4 and we provide a method to construct their 7'¥-ideals.

Minimal -varieties of growth n* k& > 4

Consider the decomposition of the Hj.-character of Ff

XTP) = > T
(A, )k

For each pair of partitions (X, u) - &, let

of )1\’”, fi)ﬂ, e f;:"li’” be Y -proper linearly independent highest weight vectors associated to (\, u);

m
® V)\”u — SpanF{f)l\“uy fiﬂ’ T fA’;\L’M}'
Proposition 2. Let V be a p-variety generated by a unitary algebra and consider

V)= D
(A )=k

the decomposition of its k-th proper p-cocharacter. Then m y = 1, for some pair of partitions (A, ) F Eif
and only if dim (VMM N IdP(V)) = my, — L.
For a fixed par of partitions (A, i) = k such that ) , # 0 in the decomposition of X(FZ), we define

QM ={for : (o,7) F K, (0,7) # (A )},
and consider
o WA a subspace de VM with dim WAH = my , — 1;
e BMH a basis of WAH:
o h € VM such that h & WA

We define the following 71'¥-ideals:
<F7§+1, QM. BAK Y1,y Y yk+2]> ,if k is even and ¢ is an automorphism

1y
P Al BAM '
<Fk+1’ QY B >T90 , otherwise

I} = )
Iy = (T jii S = (6.6)F (k—j) suchthat h & (f5e Ty ji1)p )

for 1 <93 <k—2
We have

T¢

,CI, {C - ClIy

Notice that the 7'¥-ideal /> depends on the choice of the subspace WA and on the Y -proper highest
weight vector h.

We introduce the notation /o = [ 2‘ # and we have proved the following result.

Theorem 11. Let V be a p-variety of growth nk, k > 4, generated by a unitary algebra. Then V is minimal if
and only if Id? (V) = ]g’u,for some pair of partitions (\, ) - k.
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