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Abstract

The goal of this poster is establish sharp estimates to the mean curva-
ture and area of the boundary components of critical metrics of the vo-
lume functional on a compact manifold. In addition, localized version
estimates to the mean curvature and area of the boundary of critical
metrics are also obtained.

Introduction

Let (Mn, g) be a connected Riemannian manifold. We say that g is a
V -static metric if there is a smooth function f on Mn and a constant
κ satisfying the V -static equation

L∗g(f) = −(∆f)g +Hess f − fRic = κg, (1)

where L∗g is the formal L2-adjoint of the linearization of the scalar
curvature operator Lg. Such a function f is called V -static potential.
In the poster we consider V-static such that{

L∗g(f) = g, in M

f = 0 on ∂M.

It is proved in [4] that these metrics arise as critical points of the vo-
lume functional on Mn when restricted to the class of metrics g with
prescribed constant scalar curvature such that g|∂M = h for a prescri-
bed Riemannian metric h on the boundary.

Global version of the estimates

Recently, Borghini and Mazzieri [2] used clever methods to provide
a new unique- ness result for the de Sitter solution which is essenti-
ally based on a new notion of mass established in the realm of static
spacetimes with positive cosmological cons- tant that are bounded by
Killing horizons. Generically speaking, one of the main techniques
used by them to establish the result consists on the analysis via the
Maximum Principle of a successful divergence formula.
Firstly in the spirit of [2] and motivated by the historical development

on the study of critical metrics of the volume functional, we going
to provide a sharp estimate to the mean curvature Hi of the boundary
components ∂Mi of a critical metric of the volume functional on ann-
dimensional compact manifold. More precisely, we have established
the following result.
Theorem 1. Let (Mn, g, f) be an n-dimensional compact V-static
metric with boundary ∂M (possibly disconnected). Then we have:

minHi ≤

√
n(n− 1)

R(fmax)2 + 2nfmax

on ∂M,

where fmax is the maximum value of f. Moreover, the equality holds
if and only ifMn is isometric to a geodesic ball in a simply connected
space form Rn, Sn or Hn.

Local version of the estimates

In the sequel we going to establish a localized version of Theorem 1.
To this end, we considerMAX(f) to be the set where the maximum
of f is achieved, namely,

MAX(f) = {f(p) = M ; f(p) = fmax}

and letE be a single connected component ofM \MAX(f). With
these settings we have the following result.

Theorem 2. Let (Mn, g, f) be an n-dimensional compact V-static
metric with boundary ∂M (possibly disconnected), let E be a single
connected component of M \MAX(f), and let ∂E = ∂M ∩ E
be the non-empty and possibly disconnected. Then we have:

minH ≤

√
n(n− 1)

R(fmax)2 + 2nfmax

on ∂E.

Moreover, the equality holds if and only if Mn is isometric to a geo-
desic ball in a simply connected space form Rn, Sn or Hn.
Corollary 1. Let (M3, g, f) be a three-dimensional compact V-
static metric with boundary (possibly disconnected). Let E be a
single connected component of M \ MAX(f) and suppose that
∂E = ∪ki=1∂Ei. Then we have:

k∑
i=1

1

Hi

(R
6

+
H2
i

4

)
area(∂Ei) ≤ 2π

k∑
i=1

χ(∂Ei)

Hi

,

Moreover, if the equality holds, then M3 must be a geodesic ball in
R3, H3 or S3.

Finally, in considering that ∂E is connected we immediately obtain
the following result which can be compared with Theorem 2 in [1].

Corollary 2. Let (M3, g, f) be a three-dimensional compact V-
static metric with boundary. Let E be a single component of M \
MAX(f) and suppose that ∂E is connected. In addition, for the
case of negative scalar we assume that H2 > −2

3
R. Then ∂E is a

2-sphere and

area(∂E) ≤
4π(

R
6

+ H2

4

).
Moreover, the equality holds if and only if M3 is isometric to a geo-
desic ball in R3, H3 or S3.
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