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Considering the radial nonlinear Schrodinger equation

—Au+V(z)u=g(z,u) in RY, N >3 (P,

we aim to find a radial nontrivial solution for it, where V' changes sign ensuring problem (Pr) IS In-
definite and g is an asymptotically linear nonlinearity. We work with variational methods associating
problem (PT) to an indefinite functional in order to apply our Abstract Linking Theorem for Cerami
sequences in [2] to get a non-trivial critical point for this functional. Our goal is to make use of spec-
tral properties of operator A := A + V( ) restricted to H 1@ d(RN ) the space of radially symmetric
functions in Hl(RN), for obtaining a linking geometry structure to the problem and by means of
special properties of radially symmetric functions get the necessary compactness.

Since problem (P,) is radially symmetric, to deal with the Spectral Theory of A it suffices to
request informations under an associated operator A on the half-line, which is more manageable.
Hence we assume that the potential |/ satisfies:

(V1), V € L>®(RY) is a radial sign-changing function, V' (z) = V (|z|) = V(r), r > 0;
- N —1)(N -3 _ 4z
(V2), Setting V(r) = V(r) - ( 4)7“(2 ) and A = - - V(r), an operator of

L*(0,00), 0 ¢ 0,s5(A) and

sup [0(A) N (=00,0)] =0~ <0< o™

— inf [o(A) N (0, +00)] .

Moreover, we take the nonlinearity g under the hypotheses below:

(g1) g(x,s) € C(RY x R, R) is a radial function such that h|mog(x8’ 5)
iR

= 0, uniformly in  and

t
forallt € R, G(z,t) = / g(x,s)ds > 0;
0
g\&,S
( ):h()

(g2) |1i>rftloo - ), uniformly in z, where h € L>®°(RY);

(g3) ap = xlenlgN h(z) > o =inf[o(A)N(0,+00)];

(g4) zerois not an eigenvalue of O := A — H, where H is the operator multiplication by h(x).
(g5) For Q(x,s) := %Q(CE,S)S — G(x,8) > Oforall (z,5) € RY x Rand 0y =

g(x, S) > o) — 5() e Q(QZ, S) > 50.
S

In order to get a nontrivial critical point for the indefinite functional associated to (PT), we apply
our following abstract result proved in [2].

t. —o ™}, there exists 0y > 0 such that

min{o

Theorem 2.1. Linking Theorem for Cerami Sequences: Let I be a real Hilbert space, with inner
product ( ) E a closed subspace of E and Ey = Ei-. LetI € C'(E,R) satisfying:

1
(L) I(u) = §(Lu, u)+B(u), forallu € E, whereu = ui+us € BE1® Es, Lu = Lyui+ Lous

and L; : F; — E,;, 1 = 1,2 is a bounded linear self adjoint mapping.

(I5) B is weakly continuous and uniformly differentiable on bounded subsets of E.

(I3) There exist Hilbert manifolds S, () C F, such that () is bounded and has boundary 0(), cons-
tants o« > w andv € FE» such that

(2) S Cv+FErandI > aonS; (i) I < wondQ;(i1i) .S and OQ) link.

(Iy) If for a sequence (uy,), I(u,) is bounded and (1 + ||u,l||) ||I"(uw,)|| — 0, asn — 400,
then (u,,) is bounded.

Then I possesses a critical value ¢ > «.

—A + V(x) as an operator of L2(RY), since V' € L*(RY), A as well
as A are self-adjoint operators. Due to Hardy’s Inequality, operator A is treated in H&(O, oo), which
can be written as Hj(0,00) = H- @ H @ H*, with H—, H", H" the subspaces of H (0, oo)
where A is respectively negative, null and positive definite. In view of (15),. each u € H™ satisfies

ot llu 22 < Au U)12(0.00)- Moreover, given u, € H1 0, 00) and setting w = rlzNu in view
L2(0,00 ) (0,00)-

= wy / (@) 2dr = wylulBag ey

and (Aw, w) gy = wy(Au, U)L2(O,oo)s where wy is the (N — 1)-dimensional surface mea-
sure of the sphere S~ C R". Hence, writing H' (RY) = E = E~ & E' ® E™, with
E~, E' ETthe subspaces where A is respectively negative, null and positive definite, if w € E™
it satisfies ot ||w] |7 ry) < (Aw, ) 2gry). Following the same idea, it yields

Considering A :=

of [4] it yields w € H' (R™).

A 2 N _A 2 N
ot = inf ( ww)L<R> and — o = Inf ( ww)L<R>

wek™ Hw‘ ]LQ (RN wek ™~

: (3.1)
HwHLz (RY)
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which allows us to define an equivalent norm in £ given by the expression

1 1
2 2 . 1,,0112 + —
HUH — HUHE L= HU HLZ(RN> =+ §(Au ,U)L2<RN) — §(Au ,U)L2<RN>.

From hypothesis (15),. either 0 & o(A) or it is an isolated eigenvalue of A. Since by as-
sumption 0 & o..5(A), if 0 € o(A) it is an eigenvalue of finite multiplicity, hence ker(A) is finite
dimensional. The same conclusions hold for A, since there exists a correspondence between the
eigenfunctions of A and the radial eigenfunctions of A. Furthermore, uj, us € Hol(O, oo) are

. ) . 1-N 1-N 9 N
orthogonal in L°(0, 0o) iff wy = 72 u; and wy = 12 uy are orthogonal in L*(R™). Therefore,
H' is infinite dimensional iff £ is infinite dimensional, for i = —., 0, +.

The functional 1 : H'(RY) — R associated to problem (P, ) is given by

1) = (1P =l IF) = | Glo)do 52

which is C''( E/, R) and whose critical points are weak solutions for () by the Principle of Symme-
tric Criticality.
Under all the previous assumptions and notations, it is possible to state our main result.

Theorem 3.1. Suppose (V7), — (V5), and (g1) —
nontrivial, weak solution in H'(R™).

(g5) hold. Then problem ( P,) possess a radial,

In order to prove Theorem 3.1, it is necessary to show that [ satisfies (/1) — (1) in Theorem

2.1 and then obtain a critical point of I, which is a weak solution for (P).
1
e () is obtained by writing §(Lu, w) = ||lut||* = ||u"||* and B(u) := — / G(x,u) d;
RN

e (/) is proved indirectly making use of hypotheses (g1) — (¢2) and the compact embeddings
E — L5(RY) for2 < s < 2* to get the necessary compactness for B(u);

e (I3) is for the linking geometry, we choose () := {re+wuy : 7 > 0,us € Ey, ||re +us|| < 11}
and S = 0B,N L, where 0 < p < rj are constantsand e € F, ||e|| = 1, must be a suitable

vector. In fact, since ag in (g3) is such that ay > o™, then for £ > 0 small enough, in view of (3.1)
there exists some unitary ¢ € E such that

a 1 1
?HQH%Q(RN) > §(U+ + 5)H€H2L2(RN) > §(A€> €)12(RV) = le||* =1, (3.3)

which is chosen for the structure of (). Since such S and d() "link", the following lemma shows
that [ satisfies (I3) (¢) — (4¢) in Theorem 2.1 for some a > 0, w = 0, and arbitrary v € Fb.

Lemma 3.2. Under the hypotheses (V1), — (V5), and (g1) — (g3) on I, for () and S as above
and for sufficiently large vy > 0, I satisfies I|¢ > o > 0 and Iy < 0, for some o > 0.

This lemma is the core of our work and the choice of ¢ satisfying (3.3) is essential for the
indirect argument used to prove it. For more details confers [3];

® ([4) consists of bounding the Cerami sequences of /, which is given by the following lemma also
proved indirectly.

Lemma 3.3. Suppose V satisfies (V1) — (V5), and g satisfies (g1) — (g5), then I satisfies (1).

Remark 3.4. It is worth to highlight the special decay of radial functions in H'(R™), which plays
a fundamental role in the proofs of Lemmas 3.2 and 3.3, as well as, the fact that 0 & 0.4(A),
which ensures that ker( A) is finite dimensional enabling us to arrive at necessary contradictions.

Furthermore, note that hypotheses (g4) — (gs) were assumed only for proving Lemma 3.3, then

they can be replaced by any assumption which ensures the boundedness of Cerami sequences.

Finally, it is possible to prove our main result.
Proof of Theorem 3.1. Provided that [ satisfies all assumptions (/1) — (1) in Theorem 2.1, it en-
sures a critical point u € FE of I, with I(u) = ¢ > a > 0, hence u is a non-trivial critical point
of I : E — R. Itimplies that I'(u)v = 0, forall v € H! (R"). Nevertheless, the Principle of
Symmetric Criticality implies that I'(u)v = 0 for all v € H(RY), namely, u is a critical point of
I as a functional defined on the whole H'(R"Y). Since I € C*(H'(RY),R), it yields that u is a
nontrivial weak solution of (P, ). In addition, since u € F, it is a radial weak solution. ]
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