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Abstract

We establish a result of existence of pullback attractors in H for the
Ladyzhenskaya model of incompressible viscous fluid in a domain Ω ⊂ Rn,
n ∈ {2, 3}. The motion of incompressible viscous fluid in Ω, characteri-
zed by the velocity field u = (u1, ..., un) and the pressure π, is governed
by a system of n+ 1 equations.

Mathematical Problem

(LM)



∂u
∂t
− divxS(Du) + divx(u⊗ u) +∇xπ = f(t)

in (τ,+∞)× Ω,

divxu = 0 in (τ,+∞)× Ω,

u(τ, x) = uτ(x), x ∈ Ω,

u = 0 on (τ,+∞)× ∂Ω,

We will assume that S is a potential, meaning there exists a function Φ :

Rn×n→ R of class C2 such that
∂DΦ(D) = S(D), ∂2

DΦ(D) : (B ⊗B) ≥ ν1(1 + µ|D|)p−2|B|2,
|∂2
DΦ(D)| ≤ c4ν1(1 + µ|D|)p−2.

Functional spaces:
V := {ϕ ∈ C∞c (Ω;Rn) | divxϕ = 0};
H = V(L2)n

and Vp = V(W 1,p)n

.
(1)

Definition 1: By a weak solution to (LM) we understand a function u,
belonging to the class

u ∈ Lp(τ, T ;Vp) ∩ L∞(τ, T ;H)

such that, for all v ∈ Vp, satisfies the identity
d

dt
(u(t), v) + 〈T (u(t)), v〉+ 〈B(u(t)), v〉 = 〈f(t), v〉,

with
u(τ ) = uτ .

Existence and Uniqueness

Theorem 1: (Existence) Let us consider τ , T (T > τ ), uτ ∈ H ,
f ∈ (Lp(τ, T ;Vp))

∗. If p ≥ 1 + 2n
n+2

, then there exists at least one
weak solution of the problem (LM).
Theorem 2: (Uniqueness)

1. If n = 2, the weak solutions are unique.
2. If n = 3, any weak solution that has additional regularity u ∈
L

2p
2p−3(τ, T ;Vp) is unique in the class of weak solutions.

Existence of Pullback Attractor inH

LetR be the set of all functions ρ : R→ [0,∞) such that

eη̄τρ2(τ )→ 0 as τ → −∞,
where η̄ = 2c2ν1λ1

c2
0

.
Definition 2:(Universe). We will denote by DH the class of all fami-

lies D̂ := {D(t) : t ∈ R, D(t) ⊂ H, D(t) 6= ∅}, such that
D(t) ⊂ {u ∈ H : |u|2 ≤ ρD̂(t)} for some ρD̂ ∈ R.
We assume that f ∈ Lp

′

loc(R;V ∗p ) and satisfies∫ 0

−∞
eη̄s‖f(s)‖p′∗ ds <∞. (2)

Lemma 1: Under the assumptions of Theorem 1. Then for any t ∈ R and
D̂ ∈ DH, there exists τ1(D̂, t) < t− 2, such that τ ≤ τ1(D̂, t) and for
any uτ ∈ D(τ ), it holds

|u(r; τ, uτ)|2 ≤ R1(t) for all r ∈ [t− 2, t],∫ r
r−1 |∇u(s; τ, uτ)|22ds ≤ R2(t) for all r ∈ [t− 1, t],∫ r
r−1 ‖∇u(s; τ, uτ)‖ppds ≤ R3(t) for all r ∈ [t− 1, t],

where

R2
1(t) = 1 + cν2,p,p′

∫ t

−∞
e−η̄(t−s)‖f(s)‖p′∗ ds,

R2(t) =
c2

0

2c2ν1

R2
1(t) +

c2
0

c2ν1p′εp
′

∫ t

t−2

‖f(s)‖p′∗ ds,

R3(t) =
c̃p0

c2ν2

R2
1(t) +

2c̃p0
c2ν2p′εp

′

∫ t

t−2

‖f(s)‖p′∗ ds.

Corollary 1: The family of sets

D̂0 = {{u ∈ H : |u|2 ≤ R1(t)} : t ∈ R},

is pullback DH-absorbing family for the solution process S(·, ·), that is,
for any D̂ = {D(τ ) : τ ∈ R} ∈ DH and any t ∈ R, there is a
τ1(t, D̂) < t− 2 satisfying

S(t, τ )D(τ ) ⊂ {u ∈ H : |u|2 ≤ R1(t)} for all τ ≤ τ1(t, D̂).

Moreover, D̂0 belongs toDH.
Lemma 2: The process S(·, ·) is pullbackDH-asymptotically compact.
Theorem 3: Under the assumptions of Theorems 1 and 2. Then the family
ADH = {ADH(t) : t ∈ R} defined by

ADH(t) = Λ(D̂0, t), t ∈ R,

where D̂0 is given by (), and for any D̂ ∈ DH,

Λ(D̂, t) :=
⋂
σ≤t

(⋃
τ≤σ

S(t, τ )D(τ )
H)

∀t ∈ R

is the unique pullbackDH-attractor for the processS(·, ·) belonging toDH.
in addition,ADH satisfies

ADH(t) =
⋃

D̂∈DH

Λ(D̂, t)
H

∀t ∈ R.

Furthermore,ADH is minimal.
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