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Introduction

It has been shown that algebraic lattices, 1.e., lattices constructed via
the canonical embedding of an algebraic number field, provide an et-
ficient tool for designing lattice codes [2].

Figure 1: Packing density of different lattices

In this work we propose an algebraic construction of lattices 1n di-
mension 47 via maximal orders of quaternion algebras. Based in [3],
we show that we can define algebraic lattices from quaternion alge-
bra in the same way that we define algebraic lattices from number
fields. By using the quaternion algebra A = (—1, —1)k, where
K = Q(¢2r + ¢5-') we characterize the associated maximal order and
construct a family of algebraic lattices in dimension 2", n > 0.

Algebraic Lattices via Quaternion Algebra

A quaternion algebra A = (a, b)k over a field K is a central simple
algebra of dimension 4 with basis {1, z, 7, k} satisfying

i2=a, j2=b andk = ij = —ji,

where a, b € K/{0}.

Let K be a totally real number field with degree n, ¢ a totally posi-
tive element of K and let .A be a definite quaternion algebra over K. If
r = x1+ a2t +x3] + 24k € A then we define a twisted embedding
O o4 from A to R*" by

Ton(T) = (\/20'1((1)0'1(:1:1), oo 20, ()0 (2,
s V201(@) 0 (24), v 20m(@) o () ) 5 (1)

where o4, - - -+ , 0, are the n-embedding of K in R.

Let K be a totally real number field with degree n, v a totally posi-
tive element of K and let A be a definite quaternion algebra over K.
If Z C M is aright ideal of a maximal quaternion order M of A
with Z-basis {wi, -+ , W4, }, then o,4(ZL) is a lattice with basis

{oaa(wy), -, oaa(ws,)} and volume

Vol(oaa(T)) = (Nig(a)dx) (NK/@ (det(Trd(vsst'))i,sﬂ)1/2

(2)
where Nk g(c) is the norm of «, dk is the discriminant of K and
{v1, g, V3, V4 } is a Ox-basis of Z.

Let A = (a, b)k be a definite quaternion algebra over a totally real
number field K of degree n. If & € A then

|Tan(x)|® = Trg o (Trd(azz)),

where 0,4 1s the embedding defined 1n (1).
Therefore, by Theorem and Proposition , the center density of the
algebraic lattice A = o,4(Z) is given by

5(UaA(I)) — (\/a)

2"(Ng /() di)?*(Nx /g (det(Trd(vsvy)); —1))
(3)
where t, = min{Trx @ (T'rd(axz)), * € Z, x # 0}.
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Now, we will consider a family of lattices in dimension 2", » > 1,
by using a maximal quaternion order in the quaternion algebra A, —
(—1, —1)g,, where K, = Q (Car + (5.

Let A, = (—1, —1)k. be the quaternion algebra over K, =
Q (¢ + Cz_rl) = Q(n,). Then, M, O (—1, —1)g, charac-
terized by the basis

(

B, =<1,

\\

— r . r— r . 1 ) ] k
p 1(77)(1_|_Z)’P 1(77)(1_|_j)’ +1+4+ 7+ },
2 2 2 A

is a maximal quaternion order in \A,., where p,._;(a) is the minimal

polynomial of 17,,_; and Qg = 7Z [n,] is the ring of integers of K, .
Let Ay = (—1, —1)x be a quaternion algebra, where Ky =

Q (n4), s = (@4 + C;l) — \/2 4+ v/2. A maximal order asso-

ciated with this algebra 1s characterized by the basis,

1 N ! 14+24+9+k
B=<1, —(1 , —(1 : > .
{ x/§( ) x/i( ) 2 )

Choosing @« = (2 — 14)° and Z = M, by Theorem , we obtain a
16-dimensional lattice A = o.4,(Z) with volume

Vol(A) = (2% - 2M)* V1 = 2%,

We have that
to = min{Trg, o (Trd(axx)), x € Z, x # 0} = 32.

Then, by (3) the center density of A is

16
(V32) gm0
0(A) = 6 o2 — ot — 1¢°
Therefore, A = o,.4,(Z) has the same center density of Ag lattice.
In Table 1, we compare the center density of the family of lattices

obtained with Z™ and BW-n lattices.

Table 1: Center Density

n " A, BW-n
4 0.06265 0.125 0.125
8 0.00390625 0.0625 0.0625
16 216 0.0625 0.0625
32 232 216 1
64 o —64 o —32 916

128 2—128 2—64 264
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