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Consider the following counting problem of selection. Suppose that
we have the set of balls such that every ball a 1s labeled by a pair of
numbers (a1, az). For every finite set IV of such balls and a € IN we
define the numbers

tn(a) = [{b € N|by = a:}|

a € Ni|tny(a) = 1
(N = 1 | z.v( ) = 1}
1
and a vector ®(IN) = (a1 (IN),a3(IN),...) € P =
{(ay,0y...)|; € Z1ym,Vnn > m : o, = 0}. We shall call
the vector a(IN) the type of the set N. Now consider n numerated
boxes with our balls such that the z—th box contains only 2 balls:

(1,2),(2,2)y...,(2,2).
Definition 1. Let o« € P and denote by K the number of ways to
choose a set of balls of the type o from the given n boxes such that

from one box we can take no more than one ball.

We note that if « = (n,0,...,0), then K" =
classical Stirling numbers of the second type.

In the present work we begin the study of the function K | as the func-
tion of 2 and . We shall find the recurrence relation for this function
and prove some properties of it as the function of n» and .

S(n, m) is the
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For a vector « = (a1, a9, . .., ;) € P we define the following

numbers:

m
|OL‘ — Z iy
1=1

and operators 9;, (¢ = 1,2, ..

m
lafl = Y ias,
1=1

.) such that

() = H ;! ((241)1)™

O:cx = + (al_ 1, as, . )7
Ho—

(1)

For every x and a positive integer k set:
(x —k+1).

Let p be a positive integer number, denote by Q) the ring of the
p-integers numbers, recall that a number a = n/m,n,m € 7 is
called p-integer if (n, p) = 1

z* = x(x —1)--.

Theorem 1. Function K | satisfies the following recurrence relation:

KW' =Kl + ) (aii+ 1)K}, + (n—|lal| +2)K;,, (2)
i=2
where o« € 277,
Moreover there exists a unitary polynomial fo(x) € Qx| of degree
|| — 1 such that

[|ex]|]+1
KZ _ (n+ 1) fa(n) (3)

(@)
and fo(x) € Qp)lx], if P is a prime number, p > ||| 1.
The crucial role 1n the proof of this theorem plays the following re-
sult.

if2 =1and o1y > O;
\(al,...,az_l—l—l ai—l,aiﬂ,..) ife2 > 1and o; > O.
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Theorem 2. Let R = Z,||x]] be a ring of power series of  over the

field of p elements for prime p. Then for every f € R we have

CoFHE) - £) == (P72, (4)
p—1

As corollary of this theorem we have the tollowing proposition.

Proposition 1.In the ring Z|x1,...,xp—1]| the following equality

holds:
(331_|_..._|_a;p_1)(a;1_|_..._|_agp_1_1) (w1_|_..._|_a;p_1_
p+2) =
Z To1(To1+To2—1) - (To1++ * *+To(p—1)—P+2) (mod p).
ocES)_1
&)

Definition 2. Let Z,,||x|]| be a ring of series over Z,. Then e(x) €
1+ xZ,||x]|] is called a Z,—exponent if the following equation holds

e'(x) = ®(xzP V)e(x), ®(x) € Z,y[[x]]- (6)
Denote by &, the set of Z,—exponents.
For example, the famous Artin-Hasse function

o0 :sz
AH,(x) = e:vp(z ?)
i=0

18 Z,,—exponent.
Definition 3. Let Z,,||x|]| be a ring of series over Z,. Then e(x) €
1+ xZ,||x]|] is called a Z,—exponent if the following equation holds

e'(x) = ®(xP H)e(x), ®(x) € Z,|[x]]. (7)
Denote by &, the set of Z,—exponents.
For example, the famous Artin-Hasse function

O :sz
AH,(x) = exp( E ;)
i=0

18 Z,—exponent.
It 1s interesting to find some algebraic solution of equation (7). We
try to construct a solution of the equation (7) in the form

e(x) = Zf:_ol x' /1! + Zi:pﬂ e;x’, (8)
€j(p—1)+1 — O,j — O,
In this case a function ® (x®~1)) may be expressed in terms of e(x).

Indeed, we can write uniquely e(x) = Ey+ Eq1+ ...+ E,_2, where
E; € x'Z,[[xzP~1]]. Then by (7) we have

e(x) =Ej+ ..+ E _,= &P )e(z) = )
(I)(Zl'}p 1)Ep 2 —|— (I)(a3p 1)E() —|— —I— (I)(Zl?p 1)Ep e
By construction of e(x) (see (8)) we have E; = x, hence by (9) we
get

x = EyE, = Ey(EoE.) = ... = (...(E.\E,) Eo)'Ey)’...Eo)'Ey,
(10)
where Eq appears (p — 1) times. If the equation (10) has a solution in
Z,[[xP~']] then we can construct a solution of (7) in the form (8) with
®(zP!) = By (2P 7).
We note that the first step to solve (10) over Z,[[xP~]] is to find a

solution of the equation reduced module p. It 1s the Theorem 2 above.
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