Elliptic Function Fields

Abraham Rojas
ICMC - USP

abraham.rojasQusp.br

Introduction

Let K be a perfect field. An elliptic function field (E.F.F.) is an
algebraic function field F'/ K, with field of constant K, such that

1.the genus of F/K is 1
2.there exists a divisor D € Div(F') with deg A = 1.

We assume some facts from the theory of algebraic function
fields, whose importance goes beyond the present topic:

e The Riemann-Roch Theorem is an essential equation that
relates divisors and the genus.

e Most of the theorems that appears in this poster are conse-
quence of the Hurwitz genus formula.

e Ramification of places is used In calculations, existence
proofs and in other situations.

E.F.F when char K # 2
There exist x,y € F' such that
F = K(z,y) and y* = f(x) (i)

where f € K|x] is square-free and has degree 3.

Proof. It's easy to show the existence of a place P of degree
1. By Riemann-Roch Theorem £(:P) = 2 for ¢« > 0, hence
2(P)=Kand 2((¢ 4+ 1)P) 2 2(:P).

Choose z; € ¢(2P) \ K and y; € 2(3P) \ #(2P). Then
(1)oo = 2P and (y1) = 3P, so [F : K(x;)] = j, hence
F = K(mla yl)' Since £(6P) = 6! 19 L1y Y1, m%a L1Y1, m?v y% -
2(6P) are L.D. over K. Replacing =, and y, by appropiate mul-
tiples, say x> and y, then F = K (x2, y2) and

Y + (Bz2 +7)y2 = @5 + €x; + Az + (i)

When char K # 2,we sety = y>+ (B2x2+2) /2 and x = x».
Then F = K(x,y) and y° = f(x) has degree 3. If f had a
zero of multiplicity 2, we can show that F'/ K is rational, which
IS Impossible.

Conversely, if (i) holds then F'/ K (x) is a Kummer extension of
degree 3. So we can use the following

Theorem 1. Let F’'/F be a Kummer extension of degree n, set
r, = gcd(n,v,(y")) > 0 for P € Pp. If there exists Q € Pr
with rqg = 1 then K is alg. closed in F' and

1
g =1+n(g—1)+- ) (n—rp)degP
2
In our case, F'is a Kummer extension of K (x). Let P; € Pr be
the place of p;(x), then vp(f(x)) = 1, also vp_(f(x)) = —3,
so rp = 1 for all P € Pr. Therefore the genus of F/K is 1.
Ramification of places can be used to prove the existence of a
divisor of degree 1.

Example. Let M(I') be set of elliptic functions with respect
to the lattice I' = Z~, & Z~-, i.e., meromorphic functions f s.t.
f(z+~v) = f(z), Vv € T'. The Weierstrass p- function is

1

P =2 2 ((z—l'Y)2 1>

2
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We have that M(T") = C(p, p’) and p’ = 4p° — ap — b € C[p]
IS square-free. Hence M(I')/Cis an E.F.F.

E.F.F when char K = 2

There exist x,y € F such that F = K (x,y) and one the fol-
lowing equations holds

vy’ 4+ y = f(x) € K|[zx] with deg f = 3 (i1}

ICMCe<

SAO CARLOS

vy +y =z . witha,b € K anda #0 (v

Proof. (ii) holds. To show Bsx2 + 5 # 0 we use

Proposition 1.Let F/K be a function field. Then FP" :=
{2P" |z € F} isthe unigue K C L C F s.t. F/L is purely
inseparable of degree p". Also FP" ~ F (Frobenius map).

Now, set y3 = ya(B2x2+2) ', then F = K(x3,y3). If 3 = 0,
equation (i) has the form (iii). If 3 #£ 0, equation (ii) has the form
3 (o T
Ys + ys = vaaxe + p | (V)
s ° o (B2x2 + 72)? Boxa + 72
with v # 0. As K is perfect, o = o7 for some of. Set
y = y3 + o1(B2x2 +v2) L. This makes equation (v) to have the

form (iv) (as before, one uses that F'/ K is not rational).

Conversely, if (ii) or (iv) holds then F/K(x) is an Artin-
Schreier extension of degree 2. So we can use the following

Theorem 2.Let F'/F be an Artin-Schreier extension with
char K = p > 0. For P € Py define

‘m ifdze Fstptvop(u—(2P—2)=-m<O0
-1 fdze€ Fstovp(u—(2P—2)) >0

If there is Q € Pr withmg > 0 then K is alg.closed in F' and

— 1
g,:p‘glp (—2+Z(mp—|—1)-degp)

2 PcPp

mp = <

We proceed as in the previous case to finish the proof.

The group law

Proposition 2. Let F = K (x,y) be an elliptic function field and
let Pg) be the set of places of degree 1, then:

e Foreach A € Div(F) s.t. deg A = 1 there exists a unique
place with A ~ P. In particular IP%) 2 (.

o [f we fix Py & 1@;}) then we have a bijection
®.) Py — CI'(F)
where CI1°(F) = {[A] € CI(F) | deg A = 0} (CI(F) is the
divisor class group of F/ K ).
Now, for P, Q € P\Y, we can define

PpQ=2"(2(P)+2(Q))

This operation turns 1@;}) into an abelian group, iIsomorphic to
C1°(F), with zero element P,
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