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Given a couple (X0, X1) of Banach spaces that are embedded in a
common space X and θ ∈ (0, 1), the complex interpolation method
defines the Banach space Xθ = (X0, X1)θ in the following way: let
S = {z : 0 < <z < 1} and F the space of holomorphic functions
F : S −→ X0 + X1 such that F has a continuous extension to
the closure S and the functions t → F (j + it) are continuous and
bounded in Xj for j = 0, 1. The space F is a Banach space if we
consider the norm:

‖F‖F = max
j=0,1

sup
−∞<t<∞

‖F (j + it)‖Xj .

We define Xθ = (X0, X1)θ as the interpolation space by the following
relation: x ∈ Xθ if, and only if, there exists F ∈ F such that
F (θ) = x. The norm in Xθ is given by

‖x‖Xθ = inf{‖F‖F : F (θ) = x}.
In the article [1], M. Daher defines the complex interpolation

space as the holomorphic functions over S however replacing the
continuity of the operators over S by a condition of integrability Lp.
This allows to find on certain hypotheses a minimal representation
Γ(x) for each point x of the interpolation domain in a uniformly
continuous way. In other words, the result presented by Daher is
the following: if (X0, X1)θ1 is an interpolation couple, θ1, θ2 ∈ (0, 1)
and X0 is uniformly convex, then Γ(x)(θ1) 7→ Γ(x)(θ2) is a uniform
homeomorphism between the unit sphere of the complex interpola-
tion space Xθ1 = (X0, X1)θ1 and the unit sphere of Xθ2 .

The minimal function Γ allow us to consider the horizontal maps
that arise at different levels of the scale: that is, taking θ1, θ2 ∈ (0, 1)
and fixed t ∈ R, we consider the horizontal map

Xθ1 −→ Xθ2

Γ(x)(θ1 + it) 7−→ Γ(x)(θ2 + it)



The goal is to show that in the case of Lp spaces (1 < p < ∞) the
horizontal maps are uniform homeomorphisms between the spheres
of the interpolation spaces.
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