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Abstract

This thesis addresses two independent problems of the theory of submanifolds

in space forms.

The first part is devoted to add flexibility to modern notions of rigidity.

It has been shown recently that singularities in isometric extensions must be

allowed in order to obtain global rigidity results of Euclidean submanifolds

outside the realm of hypersurfaces. Using this as motivation, we incorporate

singularities in the theory of genuine rigidity of submanifolds. In the process,

we found out that embracing singularities is quite natural and straightfor-

ward, even for local purposes, allowing us to deeply simplify the theory of

genuine rigidity.

In the second part we show that a complete Euclidean submanifold with

minimal index of relative nullity ν0 > 0 and Ricci curvature with a certain

controlled decay must be a ν0-cylinder. This is an extension of the classical

Hartman cylindricity theorem.
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CHAPTER 2

Singular genuine rigidity of submanifolds

2.1 Introduction

One of the fundamental questions in submanifold theory is the rigidity of

isometric immersions in space forms. Satisfactory answers to the local version

in low codimension were obtained under certain nondegeneracy hypothesis

on the second fundamental form, like the ones in [13], [1], [7], [3] and [8].

Recently the concept of isometric rigidity was extended in [4] to the one of

genuine rigidity in order to deal with isometric deformations that arise as

deformations of larger submanifolds. This fruitful idea allowed to generalize

the papers mentioned above, among others. The concept of genuine isometric

rigidity has been extended to the conformal realm in [12].

Global rigidity results are more difficult to obtain. One of the most

important and beautiful is the classical Sacksteder’s theorem [16], in which

it is proved that a compact Euclidean hypersurface is isometrically rigid

provided its set of totally geodesic points does not disconnect it. For higher

codimensions, it is shown in [6] that compact Euclidean submanifolds in

codimension 2 are, along each connected component of an open dense subset,

either genuinely rigid or a special kind of compositions. Although the authors

did not have the tools to justify it at the time, they had to allow singularities

in these compositions. The necessity to introduce singularities was justified

only recently in [11], and this is precisely what motivated this work: to
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incorporate singular extensions into the genuine rigidity theory, mainly to

apply this setting to get global results. In the process, we found out that

introducing singular extensions is quite natural and straightforward, even for

local purposes, allowing us to substantially simplify and unify the theory.

We say that a pair of isometric immersions f : Mn → Rn+p and

f̂ : Mn → Rn+q (possibly) singularly extends isometrically when there are an

embedding j : Mn ↪→ Nn+r into a manifold Nn+r with r > 0, and isometric

maps F : Nn+r → Rn+p and F̂ : Nn+r → Rn+q such that f = F ◦ j and

f̂ = F̂ ◦ j, with the set of points where F and F̂ fail to be immersions (that

may even be empty) contained in j(M). In other words, the isometric ex-

tensions F and F̂ in the following commutative diagram are allowed to be

singular, but only along j(M):

Mn Nn+r (1)

Rn+p

Rn+q

f

f̂

F

F̂

j �
��

@
@R

��
��

��1

PPPPPPq

-��

An isometric immersion f̂ : Mn → Rn+q is a strong genuine deformation

of a given isometric immersion f : Mn → Rn+p if there is no open subset

U ⊂Mn along which the restrictions f |U and f̂ |U singularly extend isomet-

rically. Accordingly, the isometric immersion f is said to be singularly gen-

uinely rigid in Rn+q for a fixed integer q if, for any given isometric immersion

f̂ : Mn → Rn+q, there is an open dense subset U ⊂ Mn such that f |U and

f̂ |U singularly extend isometrically.

More geometrically, an isometric deformation of a Euclidean submanifold

Mn is strongly genuine if no open subset of Mn is a submanifold of a higher

dimensional (possibly singular) isometrically deformable submanifold, in such

a way that the isometric deformation of the former is induced by an isometric

deformation of the latter, while (possibly) including singularities along Mn.

Since all our extensions are ruled, the singularities that eventually appear

are quite easy to understand, as it is classically done for ruled surfaces in R3.

To state our main results we first need a few definitions. Consider a pair

of isometric immersions f : Mn → Rn+p and f̂ : Mn → Rn+q. Let

τ : Ll ⊂ T⊥f M → L̂l ⊂ T⊥
f̂
M
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be a vector bundle isometry and suppose that it preserves the second fun-

damental forms and the normal connections restricted to the rank l vector

normal subbundles L and L̂. Let φτ : (TM ⊕ L) × TM → L⊥ × L̂⊥ be the

flat bilinear form given by

φτ (Y + η,X) = ((∇̃X(Y + η))L⊥ , (∇̃X(Y + τη))L̂⊥) ∀X, Y ∈ TM , η ∈ L,

where ∇̃ stands for the connection in Euclidean space and L⊥×L̂⊥ is endowed

with the semi-Riemannian metric 〈, 〉 = 〈, 〉|L⊥−〈, 〉|L̂⊥ . A subset S ⊂ L⊥⊕L̂⊥

is called null if 〈η, ξ〉 = 0 for all η, ξ ∈ S. Given a distribution D on Mn,

denote byO(D) the smallest totally geodesic distribution ofMn that contains

D.

We can now state our main local result, which applies even to l = 0 and

τ = 0.

Theorem 1. Let f̂ : Mn → Rn+q be a strongly genuine deformation of

f : Mn → Rn+p and τ : Ll ⊂ T⊥f M → L̂l ⊂ T⊥
f̂
M a parallel vector bundle

isometry that preserves second fundamental forms. Let D ⊂ TM ⊕ L be

a subbundle such that φτ (D,TM) is a null subset. Then D ⊂ TM and,

along each connected component of an open dense subset of Mn, f and f̂ are

mutually O(D)-ruled.

The key advantage of Theorem 1 is that it deals with easily to construct

null subsets instead of nullity distributions of flat bilinear forms. A good

example of this is the following singular version of Theorem 1 in [4] removing

the assumptions on the codimensions. Recall that X ∈ TM is a (right)

regular element of φτ if rank φXτ = i(τ), where φXτ = φτ (·, X) and i(τ) =

max{rank φXτ : X ∈ TM}. Denote by RE(φτ ) ⊂ TM the open dense subset

of regular elements of φτ .

Corollary 2. Along each connected component of an open dense subset of

Mn, f and f̂ are mutually O(Dd)-ruled, where Dd = ker(φYτ ) ⊂ TM for

any Y ∈ RE(φτ ) and d = n+ l − i(τ) ≥ n− p− q + 3l.

As it is clear from the statements, the rulings in the above are larger

and easier to compute than the ones in the main result in [4]. The bundles

obtained in this work are also better suited for certain global applications as

will be seen in Section 2.2.

The main idea in Sacksteder’s theorem was to use the local rigidity of

Beez-Killing’s theorem [13] in certain subset, and from there spread to the

Instituto Nacional de Matemática Pura e Aplicada 3 April, 2018
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whole manifold the information of the second fundamental form along the

relative nullity leaves. This idea was also used by Dajczer and Gromoll in [6]

to study global isometric rigidity in codimension 2. We will generalize these

techniques in order to obtain the following global application of Theorem 1.

Theorem 3. Let f : Mn → Rn+p and f̂ : Mn → Rn+q be isometric immer-

sions of a compact submanifold with min{p, q} ≤ 5 and p + q < n. Then,

along each connected component of an open dense subset of Mn, either f

and f̂ singularly extend isometrically, or f and f̂ are mutually Dd-ruled,

with d ≥ n− p− q + 3.

It turns out that, in low codimensions, when the pair {f, f̂} is mutually

(n − 1)-ruled we can also find singular extensions. Therefore, Theorem 3

unifies the main results in [6] and [16], provides a global version of the main

theorem in [5], and gives a new global result for {p, q} = {1, 3}. In fact, we

prove:

Corollary 4. Let f : Mn → Rn+p be an isometric immersion of a compact

Riemannian manifold Mn. Then, f is singularly genuinely rigid in Rn+q for

q < min{5, n} − p.

It is worth emphasizing that by allowing singular extensions we recover

all the corollaries in [4], yet without certain restrictions on the codimensions

required there. For example, applying Proposition 26 in [4] to Theorem 1 we

obtain the following extension of Theorem 7 in [4]:

Corollary 5. Let Mn be a compact manifold whose the k-th Pontrjagin class

satisfies that [pk] 6= 0 for some k > 3
4
(p+ q). Then, any analytic immersion

f : Mn → Rn+p (with the induced metric) is singularly genuinely rigid in

Rn+q in the C∞-category. The same conclusion holds for k > 3
4
(p+ q − 3) if

min{p, q} ≤ 5.

As we will see, the proof of our local Theorem 1 works for any simply con-

nected space form. Moreover, our global Theorem 3 and Corollary 4 still hold

for complete submanifolds, even if the ambient space is the hyperbolic space,

as long as one of the immersions is bounded. For complete submanifolds in

the sphere we show:

Theorem 6. Let f : Mn → Sn+p and f̂ : Mn → Sn+q be isometric im-

mersions of a complete submanifold with min{p, q} ≤ 5 and p+ q < n− νn.

Instituto Nacional de Matemática Pura e Aplicada 4 April, 2018
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Then, along each connected component of an open dense subset of Mn, either

f and f̂ singularly extend isometrically, or f and f̂ are mutually Dd-ruled,

with d ≥ n− p− q + 3.

In the above statement νn is defined as νn = max {k : ρ(n− k) ≥ k+ 1},
where ρ(n) is given by ρ((odd)24d+b) = 8d+ 2b, for any nonnegative integer d

and b ∈ {0, 1, 2, 3}. Some values of νn are: νn = n−(highest power of 2 ≤ n)

for n ≤ 24, νn ≤ 8d − 1 for n < 16d and ν2d = 0. By Theorem 6, the proof

of Corollary 4 gives us the analogous result for the sphere:

Corollary 7. Let f : Mn → Sn+p be an isometric immersion of a complete

submanifold Mn. Then, f is singularly genuinely rigid in Sn+q for q ≤ 3− p
if 4 ≤ n ≤ 7, or q ≤ 4− p if n ≥ 8.

2.2 The structure of singular extensions

In this section we first provide the tools needed to build our extensions,

and then we present the main result involving them. We finish the section

with the proofs of our main local results.

Consider isometric immersions f : Mn → Rn+p and f̂ : Mn → Rn+q with

second fundamental forms α and α̂, respectively. Endow T⊥f M × T⊥f̂ M with

its natural semi-Riemannian metric of type (p, q) given by

〈(ξ, ξ̂), (η, η̂)〉 = 〈ξ, η〉T⊥f M − 〈ξ̂, η̂〉T⊥f̂ M .

Define the symmetric bilinear form β : TM × TM → T⊥f M × T⊥f̂ M by

β = α⊕ α̂. (2.1)

Gauss equation tells us that β is flat, that is,

〈β(X, Y ), β(Z, T )〉 = 〈β(X,T ), β(Z, Y )〉, ∀X, Y, Z, T ∈ TM.

The concept of flat bilinear forms was introduced by Moore in [15] to study

isometric immersions of the round sphere in Euclidean space in low codi-

mension, and was used afterwards in several papers about isometric rigidity,

even implicitly, following a remark also in [15]. For example, it can be used

in the classical Beez-Killing’s theorem in [13], in which case the objective is

to show that Im(β) is everywhere a null set. These definitions make sense

Instituto Nacional de Matemática Pura e Aplicada 5 April, 2018
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even for nonsymmetric bilinear forms. For higher codimensions we also need

to obtain information about the normal connections, so we need a different

nonsymmetric flat bilinear form initially introduced in [4]. Yet, surprisingly,

we will not make use of Theorem 3 in [3]. In particular, this will allow us to

get rid of the usual constraints on the codimensions.

Throughout this work,

τ : Ll ⊂ T⊥f M → L̂l ⊂ T⊥
f̂
M

will denote a vector bundle isometry that preserves the induced normal con-

nections and the second fundamental forms in the rank l subbundles L

and L̂. That is, τ(∇⊥Xξ)L = (∇̂⊥Xτξ)L̂ for every X ∈ TM , ξ ∈ L, and

τ ◦ αL = α̂L̂, where we represent the orthogonal projection on L and L̂

with the corresponding subindex. Equivalently, its natural extension τ =

Id ⊕ τ : TM ⊕ L → TM ⊕ L̂, is a parallel vector bundle isometry. Let

φτ : (TM ⊕L)×TM → L⊥× L̂⊥ ⊂ T⊥f M ×T⊥f̂ M be the bilinear form given

by

φτ (v,X) = ((∇̃Xv)L⊥ , (∇̃Xτv)L̂⊥), (2.2)

where ∇̃ denotes the connection of the Euclidean ambient spaces. Notice

that, if l = 0, then τ = Id is trivially parallel and φτ = β, that is, the

bilinear forms φτ are natural extensions of β in (2.1). Since some algebraic

tools used in this work apply to flat bilinear forms, we need to ensure first

that φτ is flat. Indeed, for X, Y ∈ TM and v, w ∈ TM ⊕ L we have that

〈φτ (v,X), φτ (w, Y )〉 = 〈(∇̃Xv)L⊥ , (∇̃Yw)L⊥〉 − 〈(∇̃Xτv)L̂⊥ , (∇̃Y τw)L̂⊥〉
= 〈∇̃Xv, ∇̃Yw〉 − 〈∇̃Xτv, ∇̃Y τw〉
= −〈v, ∇̃Y ∇̃Xw〉+ 〈τv, ∇̃Y ∇̃Xτw〉
= −〈v, ∇̃X∇̃Yw〉+ 〈τv, ∇̃X∇̃Y τw〉
= 〈φτ (v, Y ), φτ (w,X)〉.

We now see how φτ allows to extend the pair {f, f̂} isometrically. For

any smooth rank r subbundle Dr ⊂ TM ⊕L such that φτ (D
r, TM) is a null

set, the maps F = FD,f : Dr → Rn+p and F̂ = F̂D,f̂ : Dr → Rn+q defined as

F (v(p)) = f(p) + v(p), F̂ (v(p)) = f̂(p) + τv(p), ∀v ∈ Γ(Dr), (2.3)

are isometric. To see this, observe that for every v ∈ Γ(Dr) and Z ∈ TM ,

‖(F ◦ v)∗Z‖2 = ‖Z + (∇̃Zv)‖2 = ‖Z + (∇̃Zv)TM⊕L‖2 + ‖(∇̃Zv)L⊥‖2

= ‖Z + (∇̃Zτv)TM⊕L̂‖
2 + ‖(∇̃Zτv)L̂⊥‖

2

= ‖Z + (∇̃Zτv)‖2 = ‖(F̂ ◦ v)∗Z‖2,

Instituto Nacional de Matemática Pura e Aplicada 6 April, 2018
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since τ is parallel. In particular, if Dr ∩ TM = 0, both maps are immer-

sions in a neighborhood Nn+r of the 0-section of Dr, and thus induce the

same Riemannian metric on Nn+r. Therefore F and F̂ are regular isometric

extensions of f and f̂ .

We proceed to characterize singular ruled extensions, that occurs above

when D ⊂ TM . Let D be a distribution in Mn considered as a subbundle

of TM . We say that F = FD,f as above is a singular extension of f if it

is an immersion in some open neighborhood of the 0-section of D, except of

course along the 0-section itself. We say that F nowhere induces a singular

extension of f if, for every open subset U ⊂Mn and every subbundle D′ 6= 0

of D|U , the restriction of F to D′ is not a singular extension of f |U . We show

next that F nowhere induces a singular extension of f only when the latter

is O(D)-ruled, where O(D) is the smallest totally geodesic distribution of

Mn that contains D.

Lemma 8. Let f : Mn → Rn+p be an isometric immersion and D ⊂ TM

a distribution in TM . Then, FD,f nowhere induces a singular extension of

f if and only if f is O(D)-ruled along each connected component of an open

dense subset of Mn.

Proof. Clearly, it is enough to give a proof for the direct statement and for

a rank one distribution, i.e., D = span{X} for some nonvanishing vector

field X on Mn. Consider the map F : D ∼= Mn × R → Rn+p given by

(2.3) for D = span{X}, that is, F (p, t) = f(p) + tX(p). This map will be a

singular extension in some open neighborhood of p ∈ Mn if and only if it is

an immersion in a neighborhood of (p, 0), except at the points in Mn × {0}.
Therefore, for all p ∈ Mn there exists a sequence (pm, tm) → (p, 0), with

tm 6= 0, such that rank(F∗(pm,tm)) = n. Define the tensors K(Z) = ∇ZX and

Ht(Z) = Z + tK(Z) for Z ∈ TM . Thus, there is Ym ∈ TpmM such that

F∗(pm,tm)Ym = X(pm), since Ht → Id as t→ 0 and

F∗∂t = X,

F∗Z = Ht(Z) + tα(X,Z) ∀Z ∈ TM.

Let SX be the K-invariant subspace generated by X,

SX = span{X,K(X), K2(X), K3(X), ...}.

Observe that F∗(pm,tm)Ym = X(pm) is equivalent to HtmYm = X(pm) and

α(X(pm), Ym) = 0. In particular, if tm is sufficiently small,

α(X(pm), H−1tm (X(pm))) = 0 (2.4)

Instituto Nacional de Matemática Pura e Aplicada 7 April, 2018
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and limm→∞H
−1
tm (X(pm)) = X(p). Consider a precompact open neighbor-

hood U ⊂Mn of p, so ‖α‖ < c and ‖K‖ < c for some constant c > 1. Hence

for t ∈ I = (− 1
c2
, 1
c2

) we have that Ht is invertible on U , and

H−1t =
∑
i≥0

(−t)iKi,

since Ht(
∑N

i=0(−t)iKi) = Id− (−t)N+1KN+1.

We claim that α(X,SX) = 0 on Mn. Otherwise, let j = min{k ∈ N :

α(X,Kk(X)) 6= 0} and p ∈ Mn such that α(X(p), Kj(X(p))) 6= 0. By (2.4)

it follows that ∑
i≥j

(−tm)iα(X(pm), Ki(X(pm))) = 0.

Dividing all terms in the above by tjm and taking m → ∞ it follows that

α(X(p), Kj(X(p))) = 0, which is a contradiction.

Now, since α(X,SX) = 0 on Mn, for any t ∈ I and p ∈ U we have that

F∗(p,t)(H
−1
t (X)) = X since H−1t (X) ∈ SX . It follows that rank(F∗) = n in all

U×I, and therefore F (U×I) = f(U). Hence a segment of the line generated

by X is contained in f(U). In particular, f is O(span{X})-ruled along each

connected component of an open dense subset of Mn where O(span{X}) has

locally constant dimension.

We are now able to prove our main local results.

Proof of Theorem 1. Locally, if D 6⊂ TM along some open set U then we have

regular isometric extensions of f |U and f̂ |U by extending along any subbundle

Λ ⊂ D such that D = (D ∩ TM)⊕Λ. Hence, D ⊂ TM and by Lemma 8 we

conclude that f and f̂ are mutually O(D)-ruled almost everywhere. text �

Proof of Corollary 2. Since φτ is flat, by Lemma 5 in [3] we have that

φτ (ker φ
Y
τ , TM) ⊂ Im(φYτ ) ∩ Im(φYτ )⊥, ∀Y ∈ RE(φτ ). (2.5)

In particular, φτ (kerφYτ , TM) is null and we apply Theorem 1 to τ and D =

kerφYτ . text �

Remark 1. In most applications we have that D = N (αL⊥) ∩ N (α̂L̂⊥).

For example, this is the case if d = n − p − q + 3l in Corollary 2, or if l =

min{p, q}, or if one of the codimensions is low enough. In this situation, LD =

α(D,TM) ⊂ L, τ |LD is also parallel and preserves second fundamental forms,

Instituto Nacional de Matemática Pura e Aplicada 8 April, 2018
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and therefore we recover the structure of the normal bundles in Theorem 1

in [4].

Remark 2. We say that τ is maximal if there is no open subset U ⊂ Mn

where there exists a vector bundle isometry σ : El+1 → El+1 such that

σ is parallel and preserves the second fundamental forms, with Ll ⊂ El+1

and L̂l ⊂ Êl+1. It is straightforward to check that, if τ is maximal, then

Im(φτ )
⊥ ⊂ L⊥ ⊕ L̂⊥ is Riemannian almost everywhere. In particular, φτ is

nondegenerate.

All results obtained until now remain valid when the ambient space is the

simply connected space form Qm
c of constant sectional curvature c, just by

using the exponential map of Qm
c when constructing the extensions, e.g., as

in (2.3).

2.3 Global applications

The purpose of this section is to give the proofs of Theorem 3, Corollary

4 and Corollary 5 in the Introduction. First, we establish some well-known

properties of the splitting tensor adapted to our problem.

2.3.1 Intersection of relative nullities

Let Mn be a Riemannian manifold and D a smooth totally geodesic distri-

bution on Mn. The splitting tensor C of D is the tensor C : D ×D⊥ → D⊥

defined by

CYX := C(Y,X) = −(∇XY )D⊥ .

Let f : Mn → Qn+p
c be an isometric immersion of Mn with second funda-

mental form α and suppose now that D ⊂ ∆, where

∆ = N (α) = {Y ∈ TM |α(Y, Z) = 0 , ∀Z ∈ TM}

is the relative nullity of f . The shape operator of f in the direction ξ ∈ T⊥M ,

denoted by Aξ, is defined as 〈AξX, Y 〉 = 〈α(X, Y ), ξ〉 for X, Y ∈ TM . The

well-know equations below describe how they vary along D in terms of C.

For all Y ∈ D and ξ ∈ T⊥f M we have ∇YAξ = AξCY +A∇⊥Y ξ. This follows

directly from Codazzi equation, i.e., following exactly the same calculation

done in [10] for the relative nullity. Let γ : [0, b] → Mn be a geodesic such

Instituto Nacional de Matemática Pura e Aplicada 9 April, 2018
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that γ([0, b)) is contained in a leaf of D. If ξ is normal vector field parallel

along γ, the above reduces to

A′ξ = AξCγ′ , (2.6)

where we denote with a ′ the covariant derivative with respect to the param-

eter of γ. Using the curvature tensor of Qn+p
c we easily see that Cγ′ satisfies

the Riccati type ODE

C ′γ′ = C2
γ′ + cI. (2.7)

To prove Theorem 3, first we need to generalize the technique used in

[16] and [6], that is, to use compactness to drag information of the second

fundamental form throughout the whole manifold. In order to simplify the

argument, we work with the intersection ∆∗ of the relative nullities of the

two immersions. However, since we use its associated splitting tensor we

need the following three results for ∆∗ that are well-know for relative nullity.

Lemma 9. Let f : Mn → Qn+p
c and f̂ : Mn → Qn+q

c be isometric immersions

of a Riemannian manifold Mn, and set ∆∗ = N (β). Then, on each connected

component of an open dense subset of Mn, ν∗ = dim ∆∗ is constant and ∆∗

is a totally geodesic distribution. In particular, there is a splitting tensor

associated to ∆∗.

Proof. It is straightforward to check that β in (2.1) is a Codazzi tensor with

respect to the connection ∇̌⊥ = (∇⊥, ∇̂⊥), i.e.,

(∇̌⊥Xβ)(Y, Z) = (∇̌⊥Y β)(X,Z) for all X, Y, Z ∈ TM.

Then taking X,Z ∈ ∆∗ and Y ∈ TM we get (∇̌⊥Xβ)(Y, Z) = −β(Y,∇XZ) =

(∇̌⊥Y β)(X,Z) = 0, and the lemma follows.

Lemma 10. Let U ⊂Mn be an open subset where ν∗ is constant, γ : [0, b]→
Mn a geodesic with γ([0, b)) contained in a leaf of ∆∗ in U , and Pγ the

parallel transport along γ beginning at t = 0. We have that ∆∗(γ(b)) =

Pγ(∆∗(γ(0)))(b), and the splitting tensor Cγ′ of ∆∗ smoothly extends to t = b.

In particular, the ODE (2.6) holds at time t = b.

Proof. Let T : ∆⊥∗ (γ)→ ∆⊥∗ (γ) be the unique solution in [0, b) of the ODE

T ′ + Cγ′ ◦ T = 0 , T (0) = I. (2.8)
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From (2.7) it follows that T also satisfies the linear ODE with constant

coefficients T ′′ + cT = 0, and hence it extends smoothly to t = b, where it is

defined in Pγ(∆
⊥
∗ (γ(0)))(b).

For any Z ∈ TM and 0 6= V ∈ ∆⊥∗ parallel along γ in [0, b) we have that

∇̌⊥d
dt

(β(T (V ), Z)) = β((T ′ + Cγ′ ◦ T )(V ), Z) = 0.

Thus β(T (V ), Z) is parallel along γ. Since Z(0) is arbitrary, we have that

T (V ) /∈ ∆∗ in [0, b] and, in particular, T is invertible in [0, b]. Since

Pγ(∆∗(γ(0)))(b) ⊂ ∆∗(γ(b)) by continuity, it follows that Pγ(∆
⊥
∗ (γ(0)))(b) =

∆⊥∗ (γ(b)). Therefore, Cγ′ extends to [0, b] as Cγ′ = −T ′ ◦ T−1 by (2.8).

Corollary 11. On the open subset of Mn where ν∗ is minimal, the leaves of

∆∗ are complete and totally geodesic in Mn, Qn+p
c and Qn+q

c .

2.3.2 Proof of Theorem 3 and Corollary 4

Although our next result is a natural generalization of the key idea in [6],

the proof presented here is simpler and more conceptual.

Proposition 12. Let f : Mn → Rn+p and f̂ : Mn → Rn+q be isometric

immersions of a compact Riemannian manifold Mn with min{p, q} ≤ 5 and

p + q < n. Then, at any point of Mn, there are unit vectors ξ ∈ T⊥f M and

ξ̂ ∈ T⊥
f̂
M such that Âξ̂ = Aξ.

Proof. Let

M0 = {x ∈M : ν∗(x) ≤ n− p− q − 1}.

Observe first that there exists a point where ν∗ = 0, and in particular, M0 6=
∅. In fact, if there is no such a point then ν∗ ≥ 1 in all Mn, and since the

leaves of ∆∗ are complete and unbounded in the Euclidean space where ν∗

is minimal, then f(M) and f̂(M) cannot be bounded. Hence, by Theorem 3

in [3], along M0 6= ∅ the proposition follows by the existence of a nontrivial

null component of β. By continuity, the proposition stills holds on M0.

Let M1 = M\M0, r1 = min{ν∗(x) : x ∈M1} > 0 and

U1 = {x ∈M1 : ν∗(x) = r1}.

By the semi-continuity of ν∗ and its minimality in M1 it follows that U1

is open. Fix x0 ∈ U1 and consider the maximal leaf L 3 x0 of ∆∗ in U1.

Since, as seen above, f does not admit complete geodesics in ∆∗, there is
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a geodesic γ : [0, l] → Mn such that γ(0) = x0, γ([0, l)) ⊂ L ⊂ U1 and

γ(l) = x1 /∈ U1. Moreover, by Lemma 10, ∆∗(x1) is the parallel transport of

∆∗(x0) along γ, ν∗(x1) = r1 and x1 ∈M0. Let ξ, ξ̃ be the parallel transports

along γ of the normal directions given by the proposition at x1 and Cγ′

the splitting tensor associated to ∆∗ in U1. We know that Aξ and Âξ̂ are

solutions of the first order linear ODE (2.6) extended by Lemma 10 to [0, l].

Since Aξ(x1) = Âξ(x1), then Aξ = Âξ along γ. In particular the equality

holds at x0. Once x0 was taken arbitrarily, the proposition holds in U1.

Assume now that the proposition holds in Ui = {x ∈ M1 : ν∗ = ri},
where Mi = Mi−1\Ui−1 and ri = min{ν∗(x) : x ∈ Mi} > 0, for 0 ≤ i < k ≤
n for some k. With the same argument as for U1 by induction the proposition

holds in Uk.

Remark 3. Observe that in the proof above we only needed that there is no

complete half geodesic contained in ∆∗. In particular, Proposition 12, and

thus Theorem 3 and Corollary 4, holds for complete manifolds if we require

that either f(M) or f̂(M) contains no complete half straight line.

We need to ensure that we can make a smooth choice of the sections in

Proposition 12:

Lemma 13. Let f̂ : Mn → Rn+q and f : Mn → Rn+p be isometric immer-

sions of a Riemannian manifold Mn. Assume that at each point of Mn there

are unit vectors ξ ∈ T⊥f M and ξ̃ ∈ T⊥
f̂
M such that Aξ = Âξ̃. Then, there

is an open dense subset of Mn where the vector fields ξ and ξ̃ can be taken

smooth and parallel along the leaves of ∆∗.

Proof. Let V ⊂Mn be an open dense subset where ∆∗, S(β) := span Im(β),

S(β)⊥ and S(β) ∩ S(β)⊥ have locally constant dimensions. Set

W1 = {x ∈ V : 〈, 〉|S(β)×S(β) is nondegenerate}.

Let x ∈ W1 and Ux be an open neighborhood of x where the index of

〈, 〉|S(β)×S(β) is constant. At each point of Ux we have the nontrivial light-cone

Λy ⊂ S(β), and hence Λ = ∪y∈UxΛy is a smooth bundle over Ux. Then any

smooth non-vanishing section of Λ satisfies the first claim, and so there is a

open dense subset U1 in W1 which still satisfies it.

Set W2 = V \U1. Thus dim(S(β) ∩ S(β)⊥) ≥ 1 along W2, and hence any

local non-vanishing smooth section of this vector subbundle satisfies our first

claim.
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It remains to show that we can replace the vector fields, if necessary, in

order to obtain their parallelism along ∆∗. Locally, let Nn−ν∗ be a submani-

fold of Mn transversal to ∆∗. If ξ0 and ξ̂0 are smooth vector fields such that

Aξ0 = Âξ̂0 , then we can redefine ξ and ξ̂ on a small tubular neighborhood

W of Nn−ν∗ as the parallel transport of ξ0|N and ξ̂0|N along the leaves of

∆∗. Using the same arguments as in Proposition 12 we obtain that Aξ = Âξ̂
on W , and we can choose an open dense subset which is a union of such

neighborhoods W .

Proof of Theorem 3. By Proposition 12 and Lemma 13 there is a trivially

parallel isometry of line bundles τ : span{ξ} → span{ξ̂} defined in a dense

open subset U ⊂ Mn that preserves second fundamental forms. The result

now follows from Corollary 2 applied to each connected component of U . �

Proof of Corollary 4. By Theorem 3 and Corollary 2 the only case to deal

with is the (n− 1)-ruled one, that is, when the pair {f, f̂} is mutually ruled

by Dn−1 ⊂ TM , l = 1, p + q = 4 and i(τ) = 2. By Remark 1 and (2.5),

D = N (φτ ), i.e., D = N (αL⊥) ∩N (α̂L̂⊥).

We claim that L and L̂ are parallel along D. It follows immediately if

D ⊂ ∆∗. If D 6⊂ ∆∗, for every X, Y ∈ D and Z ∈ TM we have ∇̌⊥Xβ(Z, Y ) ∈
L⊕ L̂ by Codazzi equation, and the claim follows.

Since D = N (αL⊥) ∩ N (α̂L̂⊥), for one of the immersions, say f , there is

a unit vector field η ∈ L⊥ ⊂ T⊥f M parallel along D such that Aη 6= 0. Then,

locally f is a composition by Proposition 8 in [3], i.e., there is g : Mn →
W ⊂ Rn+p−1 and h : W ⊂ Rn+p−1 → Rn+p isometric immersions such that

f = h ◦ g, with L ⊂ T⊥g M . Indeed, it is easy to check that α〈η〉⊥ together

with the induced connection ∇⊥|〈η〉⊥ satisfy the fundamental equations of

submanifolds in Rn+p−1. Therefore, we apply Corollary 2 to the pair {g, f̂},
and the corollary follows easily. blablabla �

Remark 4. Corollary 4 for p = q = 2 reduces to the main result in [6],

except for the fact that singular flat extensions can occur in the former. This

is a consequence of a gap in [6], whose long and involved case by case proof

did not cover all possibilities.

Proof of Corollary 5. By Proposition 26 in [4] and Corollary 2, if an isometric

immersion f̂ : Mn → Rn+q is a strong genuine deformation of f : Mn →
Rn+p, then the k-th Pontrjagin form pk of Mn vanishes for any k such that

4k > 3(p + q). When min{p, q} ≤ 5 we use Theorem 3 instead of Corollary

2. �
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2.4 The space forms case

As we pointed out, Theorem 3 and Corollary 4 hold for compact man-

ifolds when the ambient space is the hyperbolic space following the same

proofs. In this section we show that they also hold for complete submani-

folds in the sphere.

In the following we use the fact that ρ(k)− 1 is the maximum number of

continuous linearly-independent vector fields on Sk−1.

Lemma 14. Let f : Mn → Sn+p be an isometric immersion and Dd ⊂ ∆ a

nontrivial totally geodesic distribution. If there exists a nonconstant geodesic

σ : [0,∞)→Mn in Dd, then the splitting tensor Cσ′ associated to Dd has no

real eigenvalues. In particular, such a geodesic cannot exist if ρ(n−d) < d+1.

Proof. By (2.7) Cσ′ is given by

(P−1σ ◦ Cσ′ ◦ Pσ)(t) = (sin(t)I + cos(t)Cσ′(0))(cos(t)I − sin(t)Cσ′(0))−1,

where Pσ is the parallel transport along σ. Since Cσ′ is defined for all t ≥ 0,

we easily conclude that Cσ′(0) has no real eigenvalues.

For the last assertion, if T1, ..., Td is a basis of D(x), then by the first

assertion, for any unit vector Z ∈ D⊥(x) and a, a1, ..., ad ∈ R, the equation

0 = aZ +
d∑
i=1

aiCTiZ = aZ + C∑d
i=1 aiTi

Z

implies a = ai = 0. Hence Z,CT1Z, ..., CTdZ are linearly independent in

D⊥(x). Since this holds for any unit vector Z ∈ D⊥(x), considering Z as

the position vector of the unit sphere Sn−d−1 ⊂ D⊥(x) we get d nonvanishing

linearly independent vector fields in Sn−d−1. Hence, d ≤ ρ(n− d)− 1.

Proof of Theorem 6. By Lemma 14, geodesics in ∆∗ cannot be defined for

arbitrary large time if νn ≥ n− p− q when the ambient space is the sphere.

Thus, by Remark 3, Proposition 12 holds for complete manifolds when the

ambient spaces are spheres with p + q < n − νn, and the theorem follows

using Corollary 2. �

Proof of Corollary 7. It is analogous to the one for Corollary 4 using Theorem

6 instead of Theorem 3, just observing that for small codimensions we can

simplify the assumptions on νn. �
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The above Corollary generalizes the unpublished work [9] since if n > 2p+2q,

then k > ρ(n− k)− 1 for all k ≥ n− p− q.
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CHAPTER 3

A Hartman’s like Theorem

3.1 Introduction

The simplest examples of isometric immersions f : Mn → Rm such that

the index of relative nullity is positive everywhere are the s-cylinders. The

isometric immersion f is said to be an s-cylinder if there exists a Riemannian

manifold Nn−s such that Mn, Rm and f have factorizations

Mn = Rs ×Nn−s, Rm = Rs × Rm−s and f = I × h,

where h : Nn−s → Rm−s is an isometric immersion and I : Rs → Rs is the

identity map. Clearly, in this case the minimal index of relative nullity ν0 of

f is precisely s, as long as that of h is zero.

The classical Hartman theorem states that these are the only possible

complete examples with nonnegative Ricci curvature.

Theorem 15 (Maltz [14]). Let Mn be a complete manifold with nonnega-

tive Ricci curvature and let f : Mn → Rm be an isometric immersion with

minimal index of relative nullity ν0 > 0. Then f is a ν0-cylinder.

The main purpose of this part of the Thesis is to extend the above result

to submanifolds with Ricci curvature having a certain controlled decay.

Theorem 16. Let Mn be a complete manifold with

Ric ≥ −
(

Hessψ +
dψ ⊗ dψ
n− 1

)
(3.1)

16
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for some function ψ bounded from above on Mn and let f : Mn → Rm be an

isometric immersion with minimal index of relative nullity ν0 > 0. Then f

is a ν0-cylinder.

Note that we recover Theorem 15 from the above by simply taking ψ to

be constant. In Wylie [17], such a Riemannian manifold satisfying (3.1) was

said to be CD(0, 1) with respect to the potential function ψ.

We actually prove a version of Theorem 16 that is more general in two

ways. The first is that we can weaken the upper bound on ψ assumption to an

integral condition along geodesics, the so-called bounded energy distortion.

Secondly the function ψ can be replaced with a vector field. We discuss this

result in Section 3.4.

3.2 Preliminaries

The main step in the proof of Theorem 16 is Lemma 17 below (see Maltz

[14]).

Lemma 17. Suppose Mn = R×Nn−1 is the Riemannian product of R and

a connected Riemannian manifold Nn−1, and suppose f : Mn → Rm is an

isometric immersion mapping a geodesic of the form R×{q} onto a straight

line in Rm. Then f is a 1-cylinder.

Our result also relies on the fundamental fact that the leaves of the min-

imum relative nullity distribution of a complete submanifold of Rm are also

complete (cf. Dajczer [2]).

Lemma 18. Let f : Mn → Rm be an isometric immersion of a complete

Riemannian manifold Mn with ν > 0 everywhere. Then, the leaves of the

relative nullity distribution are complete on the open subset where ν = ν0 is

minimal.

Theorem 15 follows easily from Lemmas 17 and 18 above together with

the Cheeger-Gromoll splitting theorem. Indeed, under the assumptions of

Theorem 15, Lemma 18 yields that Mn contains ν0 linearly independent

lines through each point where the index of relative nullity is minimal. By

the splitting theorem of Cheeger-Gromoll, Mn is isometric to a Riemannian

product Rν0 ×Nn−ν0 , and Theorem 15 then follows inductively from Lemma

17.
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The proof of our Theorem 16 uses the same ideas above, taking advantage

of a recent warped product version of the splitting theorem by Wylie [17].

According to this latter result, estimate (3.1) is sufficient to split a complete

Riemannian manifold Mn that admits a line into a warped product R×ρNn−1

over R. But since this splitting comes from a line of relative nullity, our goal is

to show that the warping function ρ must be constant, and thus R×ρNn−1 is

actually a Riemannian product, so that Lemma 17 can be applied to conclude

the proof. To do this we need to collect geometric information on the behavior

of a warped product as above along the line R. For later use, we carry out this

study within the broader class of twisted products Mn = R×ρ Nn−1 over R,

where (N, h) is a Riemannian manifold, ρ : Mn → R+ the twisting function,

and Mn is endowed with the metric g = dr2 + ρ2h. If ρ is a function of r

only, then we have a warped product over R. The following lemma describes

how vector fields vary along R.

Lemma 19. Let Mn = R×ρ Nn−1 be a twisted product over R. Then

∇∂r∂r = 0 (3.2)

and

∇∂rX = ∇X∂r =
1

ρ

∂ρ

∂r
X (3.3)

for all X ∈ X(N).

Proof. Let us write ρr = ρ (r, ·) and denote by Nρr the Riemannian manifold

N endowed with the conformal metric rescaled by ρ2r. It is straightforward

to check that ∇ given by (3.2), (3.3) and

∇XY = ∇Nρr
X Y − 〈X, Y 〉 1

ρ

∂ρ

∂r
∂r

for all X, Y ∈ X(N) defines a compatible symmetric connection on TM ,

hence it coincides with the Levi-Civita connection of Mn.

Next, we use Lemma 19 to compute the sectional curvatures K along

planes containing ∂r.

Lemma 20. Let Mn = R×ρ Nn−1 be a twisted product over R. Then

K (∂r, X) = −1

ρ

∂2ρ

∂r2
(3.4)

for all unit vector X ∈ TxN and all x ∈ Nn−1.
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Proof. Differentiating 〈X,X〉 = ρ2 twice with respect to r gives

〈∇∂r∇∂rX,X〉+ ‖∇∂rX‖
2 = ρ

∂2ρ

∂r2
+

(
∂ρ

∂r

)2

.

Using (3.2) and (3.3), we conclude that

〈R (∂r, X) ∂r, X〉 = ρ
∂2ρ

∂r2
,

from which the result follows.

We are now in a position to state and prove our main lemma, in which by

a line of nullity of a Riemannian manifold Mn we mean a curve γ : R→Mn

such that γ′ (t) ∈ Γ (γ (t)) for all t ∈ R, where

Γ (x) = {X ∈ TxM : R (X, Y ) = 0 for all Y ∈ TxM}

is the nullity subspace at x ∈Mn.

Lemma 21. Let Mn = R ×ρ Nn−1 be a twisted product over R. If R × {q}
is a line of nullity of Mn for some q ∈ Nn−1, then ρr = ρ0 does not depend

on r, and hence Mn is actually the Riemannian product R×Nn−1
ρ0

.

Proof. It follows from (3.4) that ∂2ρ
∂r2
≡ 0, but since the twisting function ρ is

positive on the whole real line it must be constant.

3.3 Proof of Theorem 16

As previously discussed, Lemma 17 is at the core of the proof of Theorem

16, whereas Lemma 21 is the principle behind its use.

Proof of Theorem 16. We can assume that ν0 = 1, since the general case

follows easily by induction on ν0. Take a point p ∈ Mn where ν = 1. It

follows from Lemma 18 that Mn contains a line l through p. By the warped

product version of the splitting theorem of Cheeger-Gromoll due to Wylie

[17], the Riemannian manifoldMn is isometric to a warped product R×ρNn−1

over R, the line l corresponding to R × {q} for some q ∈ Nn−1. Since l is

a leaf of the relative nullity foliation, we have in particular that R × {q} is

a line of nullity of R ×ρ Nn−1, and thus, by Lemma 21, ρr = ρ0 does not

depend on r and R×ρ Nn−1 is actually the Riemannian product R×Nn−1
ρ0

.

Hence, we may consider f : R×Nn−1
ρ0
→ Rm, and as f maps R× {q} onto a

straight line in Rm, the result then follows from Lemma 17.
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3.4 A slight generalization

In this section we explain how the result above also has a version for non-

gradient potential fields. Curvature inequality (3.1) has a natural extension

to vector fields X and can be regarded as the special case where X = ∇ψ.

Our result in the gradient case assumes boundness of the potential func-

tion ψ. While there is no potential function for a non-gradient field X on a

Riemannian manifold Mn, we can still make sense of bounds by integrating

X along geodesics. Let γ : (a, b) → Mn be a geodesic that is parametrized

by arc-length. Define

ψγ (t) =

∫ t

a

〈γ′ (s) , X (γ (s))〉 ds,

which is a real valued function on the interval (a, b) with the property that

ψ′γ (t) = 〈γ′ (t) , X (γ (t))〉. When X = ∇ψ is a gradient field then ψγ (t) =

ψ (γ (t)) − ψ (γ (a)). In the non-gradient case, we can think of ψγ as being

the anti-derivative of X along the geodesic γ.

We now recall the notion of ‘bounded energy distortion’, introduced by

Wylie [17].

Definition 1. Let Mn be a non-compact complete Riemannian manifold

and X ∈ X (M) a vector field. Then we say X has bounded energy distortion

if, for every point x ∈Mn,

lim sup
r→∞

inf
l(γ)=r

{∫ r

0

e−
2ψγ (s)

n−1 ds

}
=∞,

where the infimum is taken over all minimizing unit speed geodesics γ with

γ (0) = x.

Note that if a vector field X has the property that ψγ is bounded for all unit

speed minimizing geodesics then it has bounded energy distortion. However,

even in the gradient case, bounded energy distortion is a weaker condition

than ψ bounded above.

Our most general cylindricity theorem is the following, where we replace

the Hessian of ψ by the Lie derivative LXg and the 1-form dψ by the dual of

X.

Theorem 22. Let (Mn, g) be a complete manifold with

Ric ≥ −
(

1

2
LXg +

X] ⊗X]

n− 1

)
(3.5)
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for some vector field X with bounded energy distortion and let f : Mn → Rm

be an isometric immersion with minimal index of relative nullity ν0 > 0.

Then f is a ν0-cylinder.

In particular, when X = ∇ψ, we conclude that Theorem 16 still holds

under the weaker condition that ψ has bounded energy distortion rather than

being bounded from above.

By Wylie [17], inequality (3.5) allows to split Mn as a twisted product

R ×ρ Nn−1 over R, provided there is a line. But since Lemma 21 actually

holds for twisted products, the proof of Theorem 22 then follows by the same

arguments as in Section 3.3.
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