
Mass concentration and Lushnikov-like criteria
for blow-up for focusing INLS equation

Mykael Cardoso 1, Luccas Campos1

1 Universidade Federal de Minas Gerais - UFMG, Brazil

We consider the initial value problem for the focusing Inhomoge-
neous Nonlinear Scrhödinger (INLS) Equation{

i∂tu+4u+ |x|−b|u|2σu = 0, t > 0, x ∈ RN ,
u(·, 0) = u0 ∈ H1(RN),

(1)

where p > 0 and b > 0. Let sc = N
2
− 2−b

2σ
. Guzmán showed in [4]

that the problem (1) is well-posed in H1(RN) for 0 < σ < 2−b
N−2 and

0 < b < 2̃, where 2̃ = N
3

if N = 1, 2, 3 and 2̃ = 2 if N ≥ 4.
We show the following result of mass concentration

Theorem 1: Suppose sc = 0 and 0 < b < 2̃. Let u solution for (1)
which blows-up at time finite T > 0, and λ(t) > 0 any function such
that λ(t)‖∇u‖L2 → ∞ as t ↑ T . Then, there exists x(t) ∈ RN such
that

lim inf
t↑T

∫
|x−x(t)|≤λ(t)

|u(x, t)|2 dx ≥ ‖Q‖2L2
.

Let 0 < sc < 1 and b < min{2, N}, then the Gagliardo-Nirenberg
inequality∫

RN

|x|−b|u(x)|2σ+2 dx ≤ Cσ,N‖∇u‖Nσ+bL2(RN )
‖u‖2σ+2−(Nσ+b)

L2(RN )
(2)

holds, where Cσ,N > 0 is the sharp constant, see [2]. Also we obtain
Lushnikov’s criteria for PVI for
Theorem 2: Suppose that u0 ∈ H1(R) and V (0) <∞. The follow-
ing is a sufficient condition for blow-up in finite time for (1) with
sc > 0 and E[u] > 0:

Vt(0)

M
<
√

8Nscg

(
4

Nsc

EV (0)

M2

)
, (3)



where

g(x) =


√

1
kxk

+ x− (1 + 1
k
) if 0 < x ≤ 1

−
√

1
kxk

+ x− (1 + 1
k
) if x ≥ 1

with k =
(p− 1)sc

2
.

(4)
Theorem 3: Suppose that u0 ∈ H1 and V (0) <∞. The following

is a sufficient condition for blow-up in finite time for INLS (1) with
sc > 0 and E[u] > 0:

Vt(0)

M
<

4
√

2M
1
2
− p+1

N(p−1)+2bE
sc
N

C
g

(
C2E

4
N(p−1)+2bV (0)

M1+
2(p+1)

N(p−1)+2b

)
(5)

where g is defined in (4),

C =

(
2(p+ 1)

sc(p− 1)
(Cp,N)

N(p−1)+2b
2

+(p+1)

) 2
N(p−1)+2b

. (6)

and Cp,N is a sharp constant in the interpolation inequality (2).
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