
On the local structure of brackets

Hudson do Nascimento Lima

Instituto Nacional de Matemática Pura e Aplicada

IMPA

This dissertation is submitted for the degreee of
Doctor of Philosophy

August, 2017





Instituto Nacional de Matemática Pura e
Aplicada

Hudson do Nascimento Lima

ON THE LOCAL STRUCTURE OF BRACKETS

Thesis presented to the Post-graduate Program in Math-
ematics at Instituto Nacional de Matemática Pura e
Aplicada as partial fulfillment of the requirements for
the degree of Doctor of Philosophy in Mathematics.

Advisor: Henrique Bursztyn

Rio de Janeiro
2017





Agradecimentos

Gostaria de agradecer primeiramente ao meu orientador Henrique Bursztyn,
que sempre esteve disponível para discutir e ensinar matemática. Sem sua
guia levaria muito mais tempo para aprender a ser matemático.

Agradeço a Rui Loja Fernandes pelas conversas semanais no período em
que estive em Urbana, e muitas outras depois disso. Também agradeço à sua
família pela forma acolhedora que nos recebeu em Urbana.

Agradeço a Eckhard Meirenken pela colaboração e disscusões inspirado-
ras, além de ser responsável direto por parte desta tese.

Gostaria de agradecer ao IMPA pelo excelente ambiente acadêmico que
disponibiliza aos seus alunos e ao Ensino pelo imensa eficiência em lidar com
todas as burocracias do meio acadêmico.

Agradeço ao grupo de geometria simplética no Rio de Janeiro, em especial
ao Seminário Simplético Conjunto e ao Seminário (secreto) de Poisson.

Gostaria de agradecer a todas as pessoas que discutiram problemas matemáti-
cos comigo e influenciaram de alguma forma minha formação. Entre eles to-
dos os membros da banca da defesa: Alejandro Cabrera, Pedro Frejlich, Ivan
Struchiner, Reimundo Heluani, Rui Fernandes e Henrique Bursztyn. Out-
ras dessas pessoas incluem Thiago Drummond, Nicolás Martinez, Vinícius
Ramos, Roberto Rubio, Maria Amélia, Deniele Sepe, Inocêncio Ortiz, Juan
José, Martina Negrin e Miquel Cueca, apenas para citar os mais freqüentes.

Agradeço aos muitos amigos que fiz durante minha estadia no Rio de
Janeiro, que ajudaram a passar por tempos difíceis. Agradeço, em partic-
ular, aos amigos do Castelo que sempre estiveram a disposição pra ajudar

v



Hudson Lima Normal Forms

quando precisei: Roberto Alvarenga, Edileno Almeida, Janaina, Gisele Teix-
eira, Roberto Ribeiro, Leo, Marilene, Fernando, Ricardo e tantos outros que
passaram. Agradeço ao pessoal que participa dos momentos de lazer, em
especial do futebol do IMPA e do grupo Só Lorota.

Todos esses anos de trabalho não seriam possíveis sem o apoio incondi-
cional de minha família: Mãezinha, Maria dos Santos, Tidinha, José Ed-
uardo, Vania, Junior, Maiara, Diego, Mayume, Carolina e muitos outros.

Gostaria de agradecer em especial à Neilha Pinheiro, minha esposa, pela
grande ajuda e paciência nestes anos que estamos juntos.

Finalmente, agradeço às agencias brasileiras de formento à pesquisa, sem
as quais nada disso seria possível: CAPES, CNPq e Instituto Lemann.

IMPA vi August, 2017





Abstract

This thesis is dedicated to the local structure of Leibniz brackets, in special
Courant brackets. We study three types of results: local splittings, lineariza-
tion around singularities, and normal forms around transversals.

For general Leibniz algebroids we prove a local decomposition theorem,
generalizing the splitting theorem for Lie algebroids, which is then refined to
a complete splitting theorem for Courant algebroids.

Towards normal forms around transversals we prove a restriction theorem
for tensorial Leibniz algebroids, which is a generalization of various known
restrictions theorems and which is the base step to the construction of a
pullback operation needed to prove normal form theorems. In the Courant
algebroid case we prove a normal form theorem around anchor-transverse
submanifols (this last result being a joint work with Henrique Bursztyn and
Eckhard Meinrenken).

Finally, we prove a linearization principle for Loday algebroids, which is
a generalization of classic linearization principles for vector fields, and can
be used to prove linearization of Loday algebroids under a simple condition
on the representation of the isotropy Lie algebra at the singular point.

Keywords: Courant algebroids, Lie algebroids, Poisson Geomety,
Linearization, Normal forms.
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Resumo

Esta tese é dedicada ao estudo local de colchetes de Leibniz, em especial
colchetes de Courant. Estudamos três tipos de resultados: “splittings” lo-
cais, linearização ao redor de singularidades e formas normais ao longo de
transversais.

Para algebroides de Leibniz em geral, provamos uma decomposição local
generalizando o teorema “splitting” para algebroides de Lie, que é refinada a
um “splitting” completo para algebroides de Courant.

Na direção de formas normais ao longo de transversais, provamos um teo-
rema de restrição para algebroides de Leibniz tensoriais, o qual é um passo
base para a construção de uma operação “pullback” para provar formas nor-
mais. No caso de algebroides de Courant demonstramos um teorema de
forma normal para subvariedades transversais à ancora (este último resul-
tado sendo fruto de um trabalho conjunto com Henrique Bursztyn e Eckhard
Meinrenken).

Finalmente, provamos um princípio de linearização para algebroides de
Loday, o qual é uma generalização de princípios clássicos para linearização de
campos de vetores. Usamos esse princípio para demonstrar a linearização sob
condições simples na representação da algebra de Lie de isotropia no ponto
singular.

Palavras-chave: algebroides de Courant, algebroides de Lie, geome-
tria de Poisson, formas normais.
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Introduction

Lie algebras and Poisson structures are central objects in various areas of
mathematics and physics; in differential geometry, a key role is played by
geometric versions of Lie algebras known as Lie algebroids [?], described by
certain Lie brackets defined on the space of sections of smooth vector bundles.
Lie algebroids arise in a wide array of contexts and have been the subject of
much study in recent years, see e.g. [?, ?, ?, ?, ?].

This thesis concerns the study of more general “brackets”, known as Leib-
niz (or Loday, after [?]) brackets, and their geometric incarnations. A promi-
nent class of examples is given by Courant algebroids [?], objects of central
importance in the theory of Dirac and generalized complex structures [?, ?, ?],
with various other connections with mathematical physics [?, ?, ?, ?]. In this
work, we present a general study of the local structure of Leibniz brackets,
with particular focus on Courant algebroids, inspired by the approach to the
local study of Poisson structures initiated by Weinstein in [?].

Let us be more specific about the types of brackets and geometric struc-
tures we will study in this thesis. The brackets we will consider are R-
bilinear operations on sections of a vector bundle E → M , denoted by
A : Γ(E)×Γ(E)→ Γ(E), satisfying the so-called Leibniz rule: for α, β ∈ Γ(E)

and f ∈ C∞(M),
A(α, fβ) = fA(α, β) + ρ(α)fβ,

where ρ : E → TM is a given bundle map covering the identity on M , called
the anchor.

When the base M is a single point, the Leibniz rule is an empty condi-
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tion, and the concept of bracket is equivalent to that of an algebra structure
on a vector space. In particular, finite dimensional Lie algebras and Leibniz
algebras are examples. When the bracket A is a Lie bracket on Γ(E), we
say that (E,A, ρ) is a Lie algebroid. Examples of Lie algebroids include foli-
ations, Poisson manifolds, generalized complex structures, Dirac structures,
to mention a few.

As previously mentioned, however, there are good reasons to go beyond
Lie brackets. One such reason arises in the theory of Dirac structures, ini-
tiated in [?, ?], where Poisson and pre-symplectic structures are viewed in
a unified way as lagrangian subbundles of the generalized tangent bundle
TM ⊕ T ∗M (equipped with its natural split-signature symmetric pairing),
satisfying an additional integrability condition with respect to the so-called
Courant-Dorfman bracket:

[[X + α, Y + β]] := [X, Y ] + LXβ − iY dα,

where X, Y ∈ Γ(TM) and α, β ∈ Ω1(M). This bracket, which can be used
to measure integrability properties of various geometric structures, was later
axiomatized in the notion of Courant algebroid by Liu, Xu, and Weinstein
in [?]. Here the key point is that the Courant-Dorfman bracket is not a
Lie bracket, since it fails to be skew-symmetric; it does however satisfy an
appropriate version of the Jacobi identity, which makes it into a particular
type of Leibniz bracket. Important examples of Courant algebroids are

• Quadratic Lie algebras: Lie algebras with an invariant nondegenerate
symmetric pairing;

• Actions of quadratic Lie algebras with coisotropic isotropies [?];

• TM ⊕ T ∗M with the Courant-Dorfman bracket (possibly twisted by a
closed 3-form [?, ?]);

• Drinfeld double of Lie bialgebroids ([?]).

Other Leibniz brackets, which are neither Lie nor Courant algebroids,
have been also studied recently. Examples include the higher Courant brack-
ets in TM ⊕ ∧kT ∗M (see e.g. [?, ?, ?]), the Leibniz algebroids underlying
“exceptional” generalized geometries (see [?, ?]), the AV-Courant algebroids
of [?], among others.
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Leibniz algebroids (see Def. ??) are flexible enough to include all ex-
amples above; we will see, however, that often this flexibility makes their
systematic study more difficult.

0.1 The local study of brackets

In order to describe the local theory of brackets, we schematically organize
our study in three types of results: splitting theorems, linearization theo-
rems, and normal forms around (special) submanifolds.

Normal Forms

Local Forms

Non Singular

(Splittings)

Singular

(Linearization)

Around Submanifolds

(Transversals)

• Local Splittings: these are results asserting that, locally, a given
geometric structure (described by a bracket) is the product of a “sim-
ple/nondegenerate” factor and a factor that encodes the singular be-
havior:

“non degenerate” × “singular”

• Linearization Theorems: Having a splitting theorem reduces our
problem to understanding the singular part of the geometric structure.
This step relies on the description of a linear model, and conditions
on the linear model which imply the local equivalence of the given
structure with its linear approximation.

• Normal forms around (special) submanifolds: If one has a good
notion of pullback of brackets (this may happen only on a restricted
class of brackets, for example Lie or Courant algebroids), then, under
transversality conditions, one can restrict the bracket to submanifolds
and “translate” it on the fibers of a small tubular neighborhood of the
submanifold. This gives a model for the given structure around the
submanifold. The issue is then proving that this model is isomorphic
to the original structure.
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These three types of results can be nicely illustrated for Poisson struc-
tures.

a) Weinstein’s Splitting Theorem [?] : Every Poisson manifold is lo-
cally a product of a symplectic manifold and a singular Poisson bracket.

b) Conn’s Linearization [?]: If the isotropy Lie algebra on a singular
point is semi-simple of compact type, then the Poisson structure is
linearizable around the point (see also [?] for a recent geometric proof).

c) Frejlich-Marcut [?]: Normal forms around Poisson transversals.

Similar results have been obtained for other geometric structures/brackets.
For example, splitting theorems are known for Lie algebroids [?, ?, ?], gener-
alized complex structures [?], and Dirac structures [?]. Normal forms around
(special) submanifolds have been treated for all previous examples in our
paper [?].

Linearization theorems are usually harder to obtain. Classically, the first
results in this direction were Sternberg-Chen’s linearization condition, which
include linearization of non-resonant hyperbolic vector fields (see [?, ?]). For
Lie algebroids, Monnier and Zung [?] showed that the analytical methods
used by Conn can be extended for the dual linear Poisson structure: then
proving linearization of Lie algebroid around singularities whose isotropy Lie
algebra is semi-simple of compact type. Smooth linearization for other types
of brackets are so far unknown.

0.2 Contributions

This thesis gives the following contributions to the study of the local structure
of brackets. The first is the description of the local structure of any local
Leibniz algebroid.

Theorem 0.2.1 (Local form theorem for Leibniz algebroids). Given a local
Leibniz algebroid (E,A, ρ) over M and any p ∈ M with rk(ρp) = r, we can
find an isomorphism

(E,A, ρ)|U Φ // (TL, id) 1 (E ′, A′, ρ′)

where U is a neighborhood of p on M , L is an r-dimensional manifold, and
(E ′, A′, ρ′) is a singular Leibniz algebroid.

IMPA 4 August, 2017
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Here “1” means a “matched product”, as explained in Definition ??: since
it is not a direct product, this result is not a local splitting in general. But,
in special cases, it can be used to prove complete splitting theorems. This
happens, e.g., for Lie algebroids. With some extra work, we can refine it to
prove the local splitting theorem for Courant algebroids:

Theorem 0.2.2 (Splitting for Courant Algebroids). Given a Courant al-
gebroid (E,A, ρ, 〈·, ·〉) over M and p ∈ M with rk(ρp) = r, we can find a
splitting

(E,A, ρ, 〈·, ·〉)|U Φ // TL× (E ′, A′, ρ′, 〈·, ·〉′)

where U is a neighborhood of p in M , L is an r-dimensional manifold, and
TL = (TL⊕T ∗L, [·, ·], prTL, 〈·, ·〉can) is the standard Courant algebroid struc-
ture.

So the standard Courant algebroid is the “non-degenerate” factor in this
case. This local splitting allows us to prove the leafwise invariance of the
tranverse degenerate factor (c.f. Theorem ??). To make a parallel relation:
in Poisson geometry we have a symplectic singular foliation and a transverse
germ of Poisson structures for each leaf, while for Courant algebroids we
have a singular foliation by transitive Courant algebroids and a well-defined
transverse germ of Courant algebroids for each leaf.

The transverse factor can be characterized as the transverse case of a more
general restriction theorem. This restriction theorem is an important step for
the construction of a pullback operation in the category of Leibniz algebroids,
which is essencial for the description of normal forms around submanifolds.
We prove the existence of a restricted structure on submanifolds satisfying
certain transversality conditions.

Theorem 0.2.3 (Restricted Structure). Let (E,A, ρ) be a Leibniz algebroid
over M , and let N ⊆ M be a clean submanifold. Then there is an induced
Leibniz algebroid structure on MN : = Γ(EN)/LN , for LN ⊆ Γ(EN) the
submodule given in (??). In particular, if N is regular and LN = Γ(LN),
then (EN/LN , AN , ρ|N) is naturally a Leibniz algebroid.

See Definition ?? and Definition ?? for the definitions of clean and regular
submanifolds. This result is a generalization of the pullback structure on a
submanifold N ⊆ M , which is known for Lie algebroids [?] and Courant
algebroids [?].

IMPA 5 August, 2017



Hudson Lima Normal Forms

The next result is based on techniques developed in our work with H.
Bursztyn and E. Meinrenken [?]. We prove a normal form theorem for
Courant algebroids around transversal submanifolds.

Theorem 0.2.4 ([?]). Let (E,A, ρ, 〈·, ·〉) be a Courant algebroid over M and
i : N ↪→ M a submanifold transverse to the anchor ρ, with normal bundle
p : ν(M,N)→ N . Then we can find an isomorphism of Courant algebroids

ψ̃ : p!i!(E,A, ρ, 〈·, ·〉)→ (E,A, ρ, 〈·, ·〉)|U ,

with base map a tubular neighborhood embedding ψ : νN → U ⊆M .

Here ! denotes the pullback operation for Courant algebroids (c.f. [?]). It
recovers the splitting Theorem ??, with a different proof, which can also be
used to obtain equivariant splittings.

Finally we study the linearization problem. We give a general principle
for linearization, and as an application we give a linearization criterion for
any Loday algebroid, which are a special case of Leibniz algebroids (c.f.
Definition ??).

Theorem 0.2.5 (Linearization Principle). A Loday algebroid (E,A, ρ, λ) is
linearizable around a singularity p if and only if there exists an Euler-like
derivation preserving A.

See Definition ?? for Euler-like derivation.

Corollary 0.2.6. Let (E,A, ρ, λ) be a Loday algebroid, and p a singularity.
If there exists v ∈ Ep such that

• v lies in the center of the Lie algebra (Ep, A
L) and

• ρL(v) = I, where I ∈ End(TpM) represents the identity,

then (E,A, ρ, λ) is linearizable in a neighborhood of p.

Note that in contrast with Conn’s linearization for Poisson structures, our
hypothesis imply that the isotropy Lie algebra at the sigularity is not semi-
simple. It is not clear if semisimplicity and compact type imply linearization
for general Loday algebroids. For Courant algebroids this is not the case:
we give examples of nonlinearizable Courant algebroids whose isotropy Lie
algebras are semisimple and of compact type (see examples of Section ??).
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0.3 Organization

• Chapter 1: We introduce our notation, basic definitions and discuss
some important general properties of brackets. We then prove our
local “matching” theorem, and the local splitting theorem for Courant
algebroids.

• Chapter 2: Here we prove the restriction theorem for Leibniz algebroids
and discuss the existence of good pullbacks.

• Chapter 3: Here we explain our work with H. Bursztyn and E. Mein-
renken on normal forms and splitting theorems [?], and prove the nor-
mal form theorem for Courant algebroids (joint work with the same
authors [?]).

• Chapter 4: We make some remarks on the linearization problem for
anchored vector bundles and how it relates to the simultaneous lin-
earization problem of vector fields.

• Chapter 5: We give a linearization principle for Loday algebroids, give
an application and discuss some examples and non-examples.

IMPA 7 August, 2017



CHAPTER 1

Local Splitting Theorems

In this chapter we investigate local forms for general brackets. In order
to do that we generalize the notion of splitting to what we call matched
products. The idea is to find a local decomposition for which at least one
of the factors is invariant under the bracket.

In the paper [?] in collaboration with Henrique Bursztyn and Eckhard
Meinrenken, we develop a general method to find normal forms around tran-
versals and we use this method to generalize various of the known normal
forms. In this chapter we are going to treat exclusively the local case, and
we hope to shed light on the difficulties hidden in the general case around
transversals.

The main result of this chapter is a local form theorem for local Leibniz
algebroids (c.f. Theorem ??), later refined to a complete splitting theorem for
Courant algebroids (c.f. Theorem ??). A matched product will be defined as
a bracket structure on the product of two vector bundles E0×E1 →M0×M1

that restricts to a bracket on at least one of its factors (see Definition ??
below). Local splitting theorems are a special case of ‘matching’ theorems,
where the direct product is replaced by a matched product. We will use the
symbol ‘1’ to denote a matched product, in analogy with the use of ‘×’ for
the direct product. For Lie algebroids we recover the splitting theorem for
Lie algebroids proved in [?, ?, ?], which is an extension of Frobenius theorem
for involutive distributions.

8
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1.1 Properties of brackets

Before defining brackets, we need anchor maps.

Definition 1.1.1. An anchored vector bundle is a pair (E, ρ) of a vector
bundle E →M and a bundle map ρ : E → TM over M , called the anchor.

Example 1.1.2. Some initial examples are:

1. An anchored vector bundle over a point M = {∗} is the same as a
vector space.

2. (TM, idTM) is an anchored vector bundle over M .

3. An anchored vector bundle with injective anchor is the same as a dis-
tribution D ⊆ TM (a not necessarily involutive vector subbundle).

A bracket A : Γ(E)×Γ(E)→ Γ(E) on an anchored vector bundle (E, ρ)

is an R-bilinear map satisfying

A(α, fβ) = fA(α, β) + ρ(α)fβ,

for all α, β ∈ Γ(E) and f ∈ C∞(M). An alternative definition is obtained
using derivations: given a vector bundle E → M , we will denote by Der(E)

the set of all derivations of Γ(E), which are R-linear maps D : Γ(E)→ Γ(E)

for which there exists a vector field X ∈ X(M), called symbol of D, such
that

D(fα) = fD(α) +X(f)α, ∀f ∈ C∞(M), α ∈ Γ(E). (1.1)

So we have a natural assignment Der(E)→ X(M) associating for each deriva-
tion D ∈ Der(E) its symbol X ∈ X(M).

Definition 1.1.3. A bracket on a anchored vector bundle (E, ρ) is a R-
linear map A : Γ(E)→ Der(E), such that the following diagram commutes:

Der(E)

symbol

��
Γ(E)

A
::

ρ
// X(M).

Note that for a general R-linear map A : Γ(E) → Der(E), the induced
R-linear map ρA := Symbol◦A : Γ(E)→ X(M) does not have to be C∞(M)-
linear. But if it is C∞(M)-linear, we obtain an anchored vector bundle
(E, ρA) for which A is a bracket.

IMPA 9 August, 2017



Hudson Lima Normal Forms

Example 1.1.4. In the Examples (??), we have

1. A bracket on (V → {∗}, 0) is the same as a bilinear map A : V × V →
V .

2. In (TM, idTM) we have the Lie bracket of vector fields.

3. The Lie bracket on TM induces a bracket on D ⊆ TM if and only if D
is the tangent distribution of a foliation on M (by Frobenius’ theorem).

Other natural examples coming from Poisson geometry will be discussed later.

Given an anchored vector bundle (E, ρ) over M , we say that a derivation
D ∈ Der(E), with symbol XD ∈ X(M), preserves the anchor ρ if

ρ(Dα) = [XD, ρ(α)], ∀α ∈ Γ(E), (1.2)

where we use the Lie bracket on X(M) on the right hand side. This is
equivalent to saying that the flow of D preserves ρ (see Example ??).

Definition 1.1.5. An anchored vector bundle (E, ρ) is called involutive if
it admits a bracket A : Γ(E) → Der(E) preserving the anchor ρ, that is, A
takes values in derivations preserving ρ. Equivalently,

ρ(A(α, β)) = [ρ(α), ρ(β)], ∀α, β ∈ Γ(E), (1.3)

if the bracket is viewed as a bilinear map A : Γ(E)× Γ(E)→ Γ(E).
In this case, we call (E,A, ρ) an almost Leibniz algebroid.

All examples in Example ?? are involutive anchored vector bundles. Other
examples we will discuss later are Lie and Courant algebroids.

Involutive anchored vector bundles are a generalization of involutive dis-
tribution.

Proposition 1.1.6. An anchored vector bundle (E, ρ) is involutive if and
only if the image of ρ : Γ(E) → X(M) is a subalgebra of X(M) considered
with the Lie bracket of vector fields. Furthermore, we can always find an
anchor-preserving bracket that is skew-symmetric.

Proof. By equation (??), involutivity implies that ρ(Γ(E)) ⊆ X(M) is a
subalgebra. The other direction follows from the local case using a partition
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of unity: Given a local frame {ej} ⊆ Γloc(E), and functions Γkij ∈ C∞loc(M)

satisfying Γkij = −Γkji and

[ρ(ei), ρ(ej)] = ρ(
∑
k

Γkijek),

we define A(ei, ej) :=
∑

k Γkijek and extend A to all sections using the Leibniz
rule.

A measure of how the bracket A fails to preserve itself is given by its
Jacobiator, defined as follows.

Definition 1.1.7. Given (E,A, ρ) an anchored vector bundle with bracket,
as in Definition ??, we define its Jacobiator as the R-trilinear map JA :

Γ(E)× Γ(E)× Γ(E)→ Γ(E), defined by

JA(α, β, γ) := A(A(α, β), γ) + A(β,A(α, γ))− A(α,A(β, γ)), (1.4)

for all α, β, γ ∈ Γ(E). Equivalently, we can define JA : Γ(E) × Γ(E) →
Der(E), by

JA(α, β) := A(A(α, β))− [A(α), A(β)], ∀α, β ∈ Γ(E). (1.5)

The so called Jacobi identity reads as JA ≡ 0.

With this definition we have the following characterization of almost Leib-
niz algebroids.

Proposition 1.1.8. Let A be a bracket on (E, ρ). The triple (E,A, ρ) is an
almost Leibniz algebroid if and only if JA(α, β) : Γ(E)→ Γ(E) is a tensorial
map for every α, β ∈ Γ(E).

Proof. In fact, JA(α, β) ∈ Der(E) has symbol ρ(A(α, β))−[ρ(α), ρ(β)], which
is zero if and only if the triple (E,A, ρ) is an almost Leibniz algebroid, by
Definition ??.

When presented to a bracket we wonder about two things.

1. Does the bracket satisfy the Jacobi identity? Equivalently: does the
bracket preserve itself? If this is the case we are dealing with an alge-
broid (Lie and Courant algebroids for example).
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2. If the bracket does not satisfy the Jacobi identity, does its anchor at
least induce a bracket preserving morphism (Γ(E), [·, ·])→ (X(M), [·, ·])?
Again this can be interpreted in terms of the bracket as: does the
bracket preserve its anchor? If this is the case we are dealing with an
almost algebroid.

Definition 1.1.9. A Leibniz algebroid is a triple (E,A, ρ) consisting of
an anchored vector bundle with bracket, for which the Jacobiator JA, in Def-
inition ??, vanishes, i.e. the bracket satisfies the Jacobi identity

JA ≡ 0. (1.6)

Remark 1.1.10. Note that, by Proposition ??, every Leibniz algebroid is
also an almost Leibniz algebroid. Structures which build on triples (E,A, ρ)

inherit this terminology. For example, Lie algebroids are Leibniz algebroids
with skew-symmetric bracket, therefore an almost Lie algebroid is an almost
Leibniz algebroid (E,A, ρ) with skew-symmetric bracket.

Given a derivation D ∈ Der(E), we say that D preserves a bracket A :

Γ(E)× Γ(E)→ Γ(E), if

D(A(α, β)) = A(Dα, β) + A(α,Dβ), ∀α, β ∈ Γ(E). (1.7)

This is equivalent to saying that the flow of D preserves A (see ??). In this
way, a Leibniz algebroid is just an anchored vector bundle with bracket for
which the derivation A(α) preserves A, for every α ∈ Γ(E).

Example 1.1.11. Some general examples are (see also [?, ?, ?, ?]):

1. A Leibniz algebroid over M = {∗} is the same as a Leibniz algebra
structure on a vector space (for Leibniz algebras see [?, ?]).

2. Lie algebroids.

3. Courant algebroids.

4. High Courant algebroids [?, ?, ?].

5. AV-Courant algebroids [?].

6. Leibniz algebroids underlying “exceptional” generalized geometries (see
[?, ?]).
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As we are interested in the local form of brackets, we will consider only
those which can be restricted to arbitrary open neighborhoods. These are
called local brackets. First let us set some notations. Given a vector bundle
E → M , we denote by JkE the space of k-jets on E. Recall that the fiber
(JkE)p over p ∈M is a quotient

(JkE)p := Γ(E)
/
∼k,p,

where two sections σ, σ′ are equivalent under ∼k,p if and only if

[∇X1 · · · ∇Xl(σ − σ′)]p = 0,

for a fixed connection ∇ in E, and X1, ..., Xl ∈ X(M), 0 ≤ l ≤ k. This
equivalence relation does not depend on the chosen connection on E and
JkE → M has a natural vector bundle structure. We also a natural map
jk : Γ(E)→ Γ(JkE), taking a section α to its kth-jet section jkα.

Definition 1.1.12. A bracket A on (E, ρ) is called local (of type k) if there
exists an integer k ≥ 0 and a C∞(M)-linear map Θ : Γ(JkE)→ Der(E), for
which A(α) = Θ(jkα) for all α ∈ Γ(E).

In general, k may vary on different connected components of M , but this
is not a problem if one is studying local problems. Also we might just assume
that M is connected, has a finite number of connected components, or even
k =∞, then we can pick the maximum k and use the projections JkE → J lE

for l ≤ k.

Remark 1.1.13. We can alternatively consider Θ as a map Θ : JkE⊗J1E →
E related to the bracket A : Γ(E)× Γ(E)→ Γ(E) by

A(α, β) = Θ(jkα, j1β). (1.8)

In this case, the Leibniz rule translates to

Θ(jkα, df ⊗ β) = ρ(α)fβ, ∀α, β ∈ Γ(E), f ∈ C∞(M), (1.9)

where we are using the natural inclusion T ∗M ⊗ E ↪→ J1E.

Definition 1.1.14. A local (almost) Leibniz algebroid is an (almost)
Leibniz algebroid (E,A, ρ), whose bracket A : Γ(E)× Γ(E)→ Γ(E) is local.
If A(α, β) = Θ(jkα, j1β), as in Remark ??, we say that the Leibniz algebroid
(E,A, ρ) is local of type k.
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The following is a special case:

Definition 1.1.15. An (almost) Loday algebroid is a local (almost) Leib-
niz algebroid of type 1 (see [?]). Any such bracket, (E,A, ρ) of type 1, comes
from a bundle map Θ : J1E ⊗ J1E → E, satisfying equation (??). The co-
anchor is defined to be the bundle map λ : T ∗M ⊗ E ⊗ E → E determined
by

A(fα, β) = fA(α, β)− ρ(β)fα + λ(df ⊗ α⊗ β). (1.10)

In terms of the map Θ, we have

λ(df ⊗ α⊗ β) := ρ(β)fα + Θ(df ⊗ α, j1β), (1.11)

which is tensorial in β because Θ(df ⊗ α, dg ⊗ β) = 0, for every α, β ∈ Γ(E)

and f, g ∈ C∞(M).

Remark 1.1.16. The natural way of understanding the co-anchor of (E,A, ρ),
a anchored vector bundle with local bracket of type 1, is to consider its sym-
metrization SA : Γ(E) × Γ(E) → Γ(E) defined by SA(α, β) := A(α, β) +

A(β, α). In this case we have

SA(fα, β) = fSA(α, β) + λ(df ⊗ α⊗ β). (1.12)

As we have seen in Proposition ??, the Jacobiator JA : Γ(E) × Γ(E) ×
Γ(E) → Γ(E) is tensorial in the last entry if and only if the bracket A :

Γ(E) → Der(E) preserves the anchor ρ : E → TM . Now we are going to
show that the Jacobiator is also related to the property that the bracket
preserves the co-anchor in almost Loday algebroids.

Given a derivation D on a vector bundle E over M and a bundle map
λ : T ∗M ⊗ E ⊗ E → E, we say that D preserves λ if

D(λ(ξ⊗α⊗β)) = λ(LXDξ⊗α⊗β)+λ(ξ⊗Dα⊗β)+λ(ξ⊗α⊗Dβ), (1.13)

for all ξ ∈ Ω1(M), and α, β ∈ Γ(E), where XD is the symbol of the derivation
D. Note that this is equivalent to saying that the flow of D preserves λ (see
??).

Proposition 1.1.17. An almost Loday algebroid (E,A, ρ, λ) preserves its
co-anchor if and only if its Jacobiator JA : Γ(E) × Γ(E) × Γ(E) → Γ(E) is
also tensorial in the second entry (we already know it is tensorial in the last
entry by involutivity).
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Proof. A direct calculation gives us the following formula:

JA(α, β, γ) + JA(α, γ, β) = SA(A(α, β), γ) + SA(β,A(α, γ))−A(α, SA(β, γ)),

(1.14)
for every α, β, γ ∈ Γ(E). Then calculating [f, JA](α, β, γ) := JA(α, fβ, γ) −
fJA(α, β, γ) and using that JA(α, β, fγ) = fJA(α, β, γ), we obtain

[f, JA](α, β, γ) = SA(A(α, fβ), γ) + SA(fβ,A(α, γ))− A(α, SA(fβ, γ))

−fSA(A(α, β), γ)− fSA(β,A(α, γ)) + fA(α, SA(β, γ))

= SA(fA(α, β) + ρ(α)fβ, γ) + λ(df ⊗ β ⊗ A(α, γ))− A(α, fSA(β, γ))

−A(α, λ(df ⊗ β ⊗ γ))− fSA(A(α, β), γ) + fA(α, SA(β, γ))

= λ(df ⊗ A(α, β)⊗ γ) + SA(ρ(α)fβ, γ) + λ(df ⊗ β ⊗ A(α, γ))

−ρ(α)fSA(β, γ)− A(α, λ(df ⊗ β ⊗ γ))

= λ(df ⊗ A(α, β)⊗ γ) + λ(df ⊗ β ⊗ A(α, γ)) + λ(d(ρ(α)f)⊗ β ⊗ γ)

−A(α, λ(df ⊗ β ⊗ γ))

= LA(α)λ.

We conclude that JA is tensorial in the middle, if and only if [f, JA] ≡ 0,
if and only if LA(α)λ ≡ 0, if and only if A(α) preserves λ (by Equation
(??)).

Definition 1.1.18. We say that an almost Leibniz algebroid (E,A, ρ) is ten-
sorial if its Jacobiator JA : Γ(E) × Γ(E) × Γ(E) → Γ(E) is C∞(M)-linear
in all of its entries.

Proposition 1.1.19. A local bracket A of type 1 on (E, ρ) is a tensorial
almost Loday algebroid if and only if

1. It preserves its anchor:

ρ(A(α, β)) = [ρ(α), ρ(β)];

2. It preserves its co-anchor λ (see Definition ??):

A(α, λ(ξ⊗β⊗γ)) = λ(Lρ(α)ξ⊗β⊗γ)+λ(ξ⊗A(α, β)⊗γ)+λ(ξ⊗β⊗A(α, γ));

3. It satisfy the following equation:

A(λ(df ⊗ α⊗ β), γ) = ρ(γ)fSA(α, β)− λ(df ⊗ SA(α, β)⊗ γ).
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Proof. Item (1) has to be satisfied by the definition of almost Leibniz al-
gebroid ??, and (2) is a consequence of Proposition ??. Item (3) follows
from

JA(α, β, γ) + JA(β, α, γ) = A(SA(α, β), γ),

for all α, β, γ ∈ Γ(E). Let [f, JA](α, β, γ) := JA(fα, β, γ) − fJA(α, β, γ).
Then

[f, JA](α, β, γ) = A(SA(fα, β), γ)− fA(SA(α, β), γ)

= A(λ(df ⊗ α⊗ β) + fSA(α, β), γ)− fA(SA(α, β), γ)

= A(λ(df ⊗ α⊗ β), γ)− ρ(γ)fSA(α, β) + λ(df ⊗ SA(α, β)⊗ γ).

We end this section with the main examples of Loday algebroids: Lie and
Courant algebroids. First let us recall the definition of Lie algebroids (see
also Remark ??).

Definition 1.1.20. A Lie algebroid is a Loday algebroid (E,A, ρ) with
skew-symmetric bracket, that is, its symmetrization SA vanishes:

A(α, β) = −A(β, α), ∀α, β ∈ Γ(E). (1.15)

In particular, its co-anchor λ : T ∗M ⊗ E ⊗ E → E also vanishes.

Example 1.1.21. There are lots of examples of Lie algebroids in the litera-
ture (see for example [?, ?]), they include:

1. A Lie algebra (g, [·, ·]) is a Lie algebroid over a point M = {∗}.

2. An involutive distribution D ⊆ TM with the Lie bracket.

3. The cotangent bundle of a Poisson manifold (M,π), with bracket

[α, β]π = Lπ](α)β − Lπ](β)α− dπ(α, β),

on Ω1(M) and anchor π] : TM → TM , α 7→ π(α, ·).

Given a metric bundle (E, 〈·, ·〉) over M , i.e., a bundle with a nonde-
generate symmetric pairing on fibers, and a derivation D ∈ Der(E), we say
that D preserves the pairing 〈·, ·〉 if

XD〈α, β〉 = 〈Dα, β〉+ 〈α,Dβ〉, ∀α, β ∈ Γ(E), (1.16)

where XD is the symbol of D. This is equivalent to saying that the flow of
D preserves the pairing 〈·, ·〉 (see ??).
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Definition 1.1.22 (Courant algebroid, [?]). A Courant algebroid is a met-
ric bundle (E, 〈·, ·〉) with a compatible Loday structure (E,A, ρ, 〈·, ·〉), mean-
ing that

1. the bracket A : Γ(E)→ Der(E) preserves the pairing 〈·, ·〉,

ρ(α)〈β, γ〉 = 〈A(α, β), γ〉+ 〈β,A(α, γ)〉, and

2. the symmetrization (Remark ??) of the bracket is given by

SA(α, β) = ρ∗d〈α, β〉,

where ρ∗ : T ∗M → E∗ (identified with E via 〈·, ·〉) is the transpose of
the anchor.

We also have the notion of almost Courant algebroids inherited from
the underlying Loday structure, as explained in Remark ??: (E,A, ρ, 〈·, ·〉)
is an almost Courant algebroid if (E,A, ρ) is an almost Loday algebroid
satisfying items (1) and (2) in Definition ??.

It follows from Remark ?? that the co-anchor λ : T ∗M ⊗ E ⊗ E → E of
a Courant algebroid (E,A, ρ, 〈·, ·〉) is given by

λ(df ⊗ α⊗ β) = 〈α, β〉ρ∗df. (1.17)

Example 1.1.23. A Courant algebroid over a point M = {∗} is the same as
a quadratic Lie algebra, that is a Lie algebra (g, [·, ·]) with an ad-invariant
nondegenerate bilinear form.

Example 1.1.24. Given a manifold M we have the standard Courant
algebroid on its generalized bundle TM := TM⊕T ∗M , with pairing defined
by 〈X + α, Y + β〉 := iXβ + iY α, and with bracket

[X + α, Y + β] := [X, Y ] + LXβ − iY dα, (1.18)

for every α, β ∈ Ω1(M) and X, Y ∈ X(M). Another related bracket is ob-
tained by adding a “twisting” term on the bracket above: given η ∈ Ω3(M),
we define

[X + α, Y + β]η := [X, Y ] + LXβ − iY dα + iXiY η. (1.19)

This bracket gives an almost Courant algebroid structure on TM and it sat-
isfies the Jacobi identity if and only if η is closed (see [?, ?]).

Example 1.1.25. Equation (??) can be extended to α, β ∈ Ωk(M). This
gives a natural Loday algebroid structure on TM ⊕ ∧kT ∗M , which is the
ground space for the so called higher Dirac structures (c.f. [?, ?, ?]).
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1.2 Matched Products and Splittings

Local splitting theorems are stated in terms of direct products of geometric
structures. The splitting theorem for Lie algebroids states, for a given Lie
algebroid (E,A, ρ), that we can find, around any point, a local Lie algebroid
isomorphism

(E,A, ρ)|U ∼= (TL, [·, ·], id)× (E ′, A′, ρ′),

where the right hand side is a direct product of Lie algebroids and the anchor
ρ′ vanishes at the point. Let us elaborate on the product of the right-hand
side.

In the literature this result is stated in terms of local frames {α1, ..., αl}
generating TL and {β1, ..., βr} generating E ′, for which the bracket acts like
the Lie bracket on α’s and as some bracket on E ′ in the β’s. Such frames
are related with the product as follows: given a trivial vector bundle E over
L × Σ, and a local frame {α1, ..., αl} ∪ {β1, ..., βr} ⊆ Γ(E), divided into α’s
and β’s, then we can find an isomorphism

E ∼= spani{αi}|L × spanj{βj}|Σ,

taking αi|L to αi and βj|Σ to βj.
In this section we propose two generalizations of the notion of splitting,

which are going to be important in our local form theorems in Section ??.
The first is a matched product of two anchored vector bundles with bracket,
denoted by (E0, A0, ρ0) 1 (E1, A1, ρ1) . The second is more related with the
existence of special induced brackets on a subbundle of an anchored vector
bundle with bracket. It is a matched product (E0, ρ0) 1 (E1, A1, ρ1), where
the first factor is just an anchored vector bundle.

Given two vector bundles E0 → M0 and E1 → M1, over different bases,
we consider their direct product E0 × E1 → M0 ×M1, as the vector bundle
over M0 ×M1, with (E0)p × (E1)q as fiber over (p, q). In this way, we have
natural inclusions Γ(E0),Γ(E1) ↪→ Γ(E0 × E1) which we can use to find an
isomorphism of C∞(M0 ×M1)-modules (at least for differentiable bundles):

Γ(E0 × E1) ∼= Γ(E0 ×M1)⊗C∞(M0×M1) Γ(M0 × E1). (1.20)

Definition 1.2.1. A matched product of an anchored vector bundle (E, ρ)

and an anchored vector bundle with bracket (E1, A1, ρ1) is a triple (E ×
E1, [·, ·], ρ0 × ρ1), whose bracket [·, ·] restricts to A1 on Γ(E1) ⊆ Γ(E × E1) ,
that is, [Γ(E1),Γ(E1)] ⊆ Γ(E1).
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Note that we are imposing that [Γ(E1),Γ(E1)] ⊆ Γ(E1) but the same need
not be true for Γ(E). If a matched product between (E, ρ) and (E1, A1, ρ1) is
chosen, we denote it by (E, ρ) 1 (E1, A1, ρ1).

We will also consider a more general notion of matched product between
two anchored vector bundles with brackets. In this case we ask for the
product bracket to restrict on both factors.

Definition 1.2.2. A matched product of two anchored vector bundles with
bracket (E0, A0, ρ0) and (E1, A1, ρ1) is a triple (E0×E1, [·, ·], ρ0× ρ1), whose
bracket [·, ·] restricts to Ai on Γ(Ei) ⊆ Γ(E0 × E1), i = 0, 1. That is
[Γ(Ei),Γ(Ei)] ⊆ Γ(Ei), and [α, β] = Ai(α, β), for α, β ∈ Γ(Ei), i = 0, 1.
If a matched product between (E0, A0, ρ0) and (E1, A1, ρ1) is chosen, we de-
note it by (E0, A0, ρ0) 1 (E1, A1, ρ1).

Finally, we have the notions of direct and semi-direct products.

Definition 1.2.3. We say that a matched product (E0, A0, ρ0) 1 (E1, A1, ρ1)

is a direct product if

[Γ(E0),Γ(E1)] = [Γ(E1),Γ(E0)] = 0, (1.21)

where [·, ·] denotes the matched bracket. In which case we denote it by
(E0, A0, ρ0)× (E1, A1, ρ1). We are also going to consider the case where only
one of these equations is satisfied, say [Γ(E0),Γ(E1)] = 0. In this case we call
the matched product a semi-direct product and denote it by (E0, A0, ρ0) n
(E1, A1, ρ1). We will also consider direct and semi-direct products for the
first type of matched product (E, ρ) 1 (E1, A1, ρ1): (E, ρ) × (E1, A1, ρ1) and
(E, ρ) n (E1, A1, ρ1).

Example 1.2.4 (Null products). Let (E,A, ρ) be an anchored vector bundle
with a local bracket over M , and let M1 be a manifold. We can consider the
zero triple over M1: (0M1 , 0, 0). In this case we have a natural product

(E ×M1, Ā, ρ) = (E,A, ρ)× (0M1 , 0, 0).

Note that E×M1 = E×0M1. Recalling that we have a canonical isomophism

Γ(E ×M1) ∼= C∞(M ×M1)⊗C∞(M) Γ(E),

any section σ ∈ Γ(E × M1) is the sum of terms of the form ‘fη’ where
f ∈ C∞(M ×M1) and η ∈ Γ(E). With this in mind we define

Ā(fη, f ′η′)(p,q) := A(f(·, q)η, f ′(·, q)η′)p, (1.22)

which is in Γ(E ×M1), since the bracket A is local.

IMPA 19 August, 2017



Hudson Lima Normal Forms

Example 1.2.5 (Lie direct products). In general, we can find lots of brack-
ets (E0 × E1, [·, ·], ρ0 × ρ1) inducing direct products. In fact, we can define
[·, ·]|Γ(E0×M1) := Ā0, [·, ·]|Γ(M0×E1) := Ā1, and choose any{

[·, ·] : Γ(E0 ×M1)× Γ(M0 × E1)→ Γ(E0 × E1)

[·, ·] : Γ(M0 × E1)× Γ(E0 ×M1)→ Γ(E0 × E1)
,

satisfying [Γ(E0),Γ(E1)] = [Γ(E1),Γ(E0)] = 0 and the corresponding Leibniz
rule.

The most important example comes from Lie algebroid theory and will be
referred as Lie’s condition:

[fα, gβ] := −[gβ, fα] := fρ0(α)gβ − gρ1(β)fα, (1.23)

for f, g ∈ C∞(M0×M1), α ∈ Γ(E0) and β ∈ Γ(E1). This direct product will
be called Lie direct product as it comes from Lie algebroids.

Example 1.2.6. If (E0, A0, ρ0) and (E1, A1, ρ1) are almost Loday algebroids,
then their Lie direct product is also an almost Loday algebroid with co-anchor
λ = λ0 × λ1, where λi is the co-anchor of (Ei, Ai, ρi), i = 0, 1. Furthermore,
this is the only direct product between (E0, A0, ρ0) and (E1, A1, ρ1) with co-
anchor λ0 × λ1. We will denote the Lie direct product of (E0, A0, ρ0) and
(E1, A1, ρ1) by

(E0, A0, ρ0, λ0)× (E1, A1, ρ1, λ1).

It is not hard to see that in the case where both (E0, A0, ρ0) and (E1, A1, ρ1)

are tensorial (cf. Proposition ??), the Jacobiator JA of their product will also
be tensorial, in fact it must be the product JA0×JA1. In particular, Lie direct
product of Loday algebroids is again a Loday algebroid.

As a direct consequence of the definition of direct product we have the
following proposition.

Proposition 1.2.7. If (Ei, Ai, ρi), for i = 0, 1, are almost Leibniz algebroids,
then so is their Lie direct product.

Proof. If they are both almost Leibniz algebroids we need to verify that
ρ0×ρ1([α, β]) = [ρ0×ρ1(α), ρ0×ρ1(β)], for all α, β ∈ Γ(E0×E1). This equality
is clear if both sections α and β are in Γ(M0×E1) or in Γ(E0×M1). So we just
need to verify it assuming that α ∈ Γ(M0×E1) and β ∈ Γ(E0×M1). Then we
can also assume that α = fγ and β = gδ for functions f, g ∈ C∞(M0×M1),
α ∈ Γ(E1), and β ∈ Γ(E0). But this case follows directly from Lie’s condition
(??).
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Proposition 1.2.8. If (Ei, Ai, ρi), with i = 0, 1, are (almost) Lie/Courant
algebroids, then there exists a unique direct product

(E0, A0, ρ0)× (E1, A1, ρ1),

which satisfies Lie’s condition in equation (??) and is a Lie/Courant alge-
broid.

Proof. Since in both cases the anchor and co-anchor of the product are deter-
mined, there exists at most one almost Loday bracket with these properties.
The local existence follows directly by choosing a local frame for each bundle
and using the determined anchor and co-anchor to extend the bracket to any
section. By the uniqueness described above, the bracket does not depend
these local of local choices. Now what is left to do is to prove that this
bracket is really a Lie/Courant algebroid. It is not hard to verify that the
bracket is an almost Lie/Courant bracket. So what is left to do is to verify
the Jacobi identity.

Note that J(α, β, γ) = 0 for every α, β, γ ∈ Γ(E0)∪Γ(E1). Then, in order
to prove that JA vanishes, we just need to verify its tensoriality. But in both
these cases JA is skew symmetric, so tensoriality follows from Proposition
??.

Definition 1.2.9. Let A be a bracket on (E, ρ). A splitting of a triple
(E,A, ρ) is an isomorphism

(E,A, ρ) ∼= (E0, A0, ρ0)× (E1, A1, ρ1),

with a direct product. An isomorphism with a matched product will be called
a matching. If the product is semi-direct, such an isomorphism will be called
a semi-splitting.

In the literature we have various splitting results which are in the form
explained here or imply splittings of this form.

Example 1.2.10. Weinstein’s Splitting theorem [?] states that every Pois-
son manifold is locally, around any given point, of the form (L, πω)×(Σ, πΣ),
where πω comes from the symplectic structure on the leaf through the point
and πΣ vanishes at the reference point. This, when translated to the cotan-
gent Lie algebroid (T ∗M, [·, ·]π, π) (see Example ??), says that it is locally
isomorphic to the direct product

(TL, [·, ·], idTL)× (T ∗Σ, [·, ·]πΣ
, πΣ),
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because (T ∗L, [·, ·]πω , πω) ∼= (TL, [·, ·], idTL) for πω coming from a symplectic
structure.

Example 1.2.11. For Lie algebroids we also have the Fernandes-Dufour-
Weinstein splitting theorem (see [?, ?, ?]), that states that locally every Lie
algebroid (E,A, ρ) is isomorphic to a direct product (which has to be Lie
direct product)

(TL, [·, ·], idTL)× (E ′, A′, ρ′),

where (E ′, A′, ρ′) is a Lie algebroid with anchor vanishing at the reference
point (we will give more details in the next section).

Example 1.2.12. In the next section we will prove a similar result for
Courant algebroids: locally any Courant algebroid (E,A, ρ, 〈·, ·〉) is isomor-
phic to a product

(TL, [·, ·], prTL, 〈·, ·〉)× (E ′, A′, ρ′, 〈·, ·〉′),

where (E ′, A′, ρ′, 〈·, ·〉′) is a Courant algebroid with anchor vanishing at the
reference point.

Example 1.2.13. There are several other splittings:

1. Generalized complex structures [?, ?];

2. Dirac structures [?];

In Chapter ?? we will discuss these examples. We refer to [?] for a more
detailed discussion.

1.3 Local Splittings

We start this section describing what would be an ideal local splitting theo-
rem for Leibniz algebroids. Let (E,A, ρ) be a local Leibniz algebroid over M
and Σ ↪→M an anchor-transverse submanifold that intersects a leaf L ⊆M

exactly on p ∈M . We will see in Chapter ?? that there exists a well-defined
subbundle LΣ ⊆ ρ−1(TΣ) =: EΣ, for which the quotient EΣ/LΣ → Σ inherits
a natural Leibniz algebroid structure.

The splitting problem asks if we can find a local isomorphism on a neigh-
borhood of p ∈M ,

(E,A, ρ) ∼=loc (TL⊕ (LΣ)p, A
′, id⊕ 0p)× (EΣ/LΣ, AΣ, ρΣ),
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where (LΣ)p × Σ corresponds to LΣ ⊆ EΣ. The difficulty here is that it is
not clear what Leibniz algebroid structure we would have in the first factor.

A first step to solve the splitting problem is to find an initial matched
product between (TL, id) and some Leibniz algebroid structure on EΣ (not
canonical)

(E,A, ρ) ∼= (TL, id) 1 (EΣ, A
′, ρ′).

Then we just need a bracket preserving splitting for the exact sequence

0 // LΣ
// EΣ

// EΣ/LΣ
//

σ
ww

0,

and we check if the induced isomorphism

TL× EΣ
∼= TL× (LΣ ⊕ EΣ/LΣ) ∼= (TL⊕ (LΣ)p)× (EΣ/LΣ)

gives our desired splitting.
In this section we succeed in finding the initial decomposition for any

Leibniz algebroid, and we use the aproach explained above to solve the split-
ting problem for Courant algebroids.

First we will need some enlightening lemmas.

Lemma 1.3.1. Let (E,A, ρ) be an anchored vector bundle over M with a
local bracket and fix p ∈M . If α ∈ Γloc(E) is a section with ρ(α)p 6= 0, then
given v ∈ Ep we can find a section β ∈ Γloc(E) such that{

A(α, β) = 0,

β(p) = v.
(1.24)

Futhermore, any other section satisfying these equations that agree with β in
some transversal to the flow of ρ(α) through p is equal to β in some small
neighborhood of p.

Proof. Since ρ(α)p 6= 0, we can find coordinates (t, x) centered at p ∈ M

such that ρ(α) = ∂
∂t
. Let {β1, ..., βr} ⊆ Γloc(E) be a local frame and let

Γkj ,∈ C∞loc(M), for 0 ≤ j, k ≤ r, be defined by

A(α, βj) =
r∑

k=1

Γkjβk. (1.25)

We can also find, for a given β ∈ Γloc(E), bk ∈ C∞loc(M), for 0 ≤ k ≤ r,
satisfying

β =
r∑

k=1

bkβk. (1.26)
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Then we have

A(α, β) =
∑
j

(bjA(α, βj) + ρ(α)bjβj)

=
∑
j,k

bjΓkjβk +
∑
k

∂bk

∂t
βk

=
∑
k

(∂bk
∂t

+
∑
j

bjΓkj
)
βk.

We conclude that equation (??) is equivalent to solving the following para-
metric ODE: 

∂bk

∂t
(t, x) +

∑
j

bj(t, x)Γkj (t, x) = 0

bk(0, 0) = vk
, (1.27)

where v =
∑

k v
kβk(p).

This ODE always has a solution, which is uniquely determined by bk(0, x).

Lemma 1.3.2. Let (E,A, ρ) be a local almost Leibniz algebroid and p ∈M .
If there exists a section α ∈ Γloc(E) such that

ρ(α)p 6= 0, and JA(α, ·, ·) ≡ 0,

we can find an isomophism

(E,A, ρ)|U ∼= (TI, id) 1 (E ′, A′, ρ′), (1.28)

taking α to ∂/∂t, with A( ∂
∂t
,Γ(E ′)) = 0, where I ⊆ R denotes an interval and

U is a neighborhood of p. The converse is true if JA is skew and tensorial.

Proof. The converse follows directly taking α = ∂/∂t. As in Lemma ??, we
can consider coordinates (t, x) centered at p ∈ M and satisfying ρ(α) = ∂

∂t
.

Choose a basis {v0, v1, ..., vr} ⊆ Ep, such that ρ(vi)t 6= 0 and v0 := α(p). By
Lemma ?? there exists a frame {β̃0, ..., β̃r} ⊆ Γloc(E) satisfying{

A(α, β̃i) = 0

β̃i(p) = vi.
(1.29)

Then in a small neighborhood U of p we have ρ(β̃i)qt 6= 0, for every q ∈ U .
Now consider the frame {β0, ..., βr} ⊆ Γloc(E) defined by

βi :=

{
β̃0/ρ(β̃0)t, i = 0

β̃i/ρ(β̃i)t− β̃0/ρ(β̃0)t, 1 ≤ i ≤ r
. (1.30)
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With this definition we have the following two claims.
Claim: {

A(α, βi) = 0

ρ(βi)t = δi0
(1.31)

Proof: In fact, we just need to prove that if A(α, β) = A(α, γ) = 0, then
A(α, h(ρ(γ)t)β) = 0, for any h ∈ C∞(R). This follows from Leibniz rule.

A(α, h(ρ(γ)t)β) = h(ρ(γ)t)A(α, β) + ρ(α)(h(ρ(γ)t))β

= h′(ρ(γ)t)ρ(α)ρ(γ)tβ

= ([ρ(α), ρ(γ)]t+ ρ(γ)ρ(α)t)h′(ρ(γ)t)β

= (ρ(A(α, γ))t+ ρ(γ)1)h′(ρ(γ)t)β

= 0.

�

Claim: 
A(βi, βj) =

r∑
k=1

Γkij(x)βk, 1 ≤ i, j ≤ r

ρ(βi) =
∑
l

θil(x)
∂

∂xl
, 1 ≤ i ≤ r

(1.32)

Proof: For i ≥ 1, write ρ(βi) =
∑

l θil(t, x) ∂
∂xl

+ b(t, x) ∂
∂t
. Since ρ(βi)t = 0,

we have b(t, x) = 0, and then ρ(βi) =
∑

l θil(t, x) ∂
∂xl

. By involutivity,

0 = ρ(A(α, βi))

= [
∂

∂t
, ρ(βi)]

=
∑
l

∂θil
∂t

(t, x)
∂

∂xl
,

then θil(t, x) = θil(x).
We can also write A(βi, βj) =

∑r
k=1 Γkij(t, x)βk + c(t, x)α, and then we

have
c(t, x) = ρ(A(βi, βj))t = [ρ(βi), ρ(βj)]t = 0,
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since ρ(βi)t = 0 for i ≥ 1. Finally,

0 = JA(α, βi, βj)

= A(A(α, βi), βj) + A(βi, A(α, βj))− A(α,A(βi, βj))

= −
∑
k≥1

(
Γkij(t, x)A(α, βk) + ρ(α)Γkijβk

)
= −

∑
k≥1

∂Γkij
∂t

(t, x)βk.

It follows that Γkij(t, x) = Γkij(x). �

We have a local almost Leibniz algebroid structure on E ′ := span{βi|Σ}i≥1,
where Σ := [t = 0], and identifying α with ∂

∂t
, we find an isomorphism

(E,A, ρ)|U ∼= (TI, id) 1 (E ′, A′, ρ′).

Lemma 1.3.3. If (E,A, ρ, λ) is an almost Loday algebroid over M and α ∈
Γloc(E) satisfies

ρ(α)p 6= 0, JA(α, ·, ·) ≡ 0, and λ(ξ ⊗ α⊗ ·) ≡ 0,

for some closed 1-form ξ ∈ Ω1
loc(M) satisfying ξ(ρ(α)) ≡ 1, then we can find

a semi-splitting
(E,A, ρ)|U ∼= (TI, id) n (E ′, A′, ρ′). (1.33)

Proof. Since dξ = 0 and ξ(ρ(α)) ≡ 1, we can choose coordinates (t, x) such
that ρ(α) = ∂

∂t
and ξ = dt. Using Lemma ??, we get an isomorphism

(E,A, ρ)|U ∼= (TI, id) 1 (E ′, A′, ρ′), satisfying A(α,Γ(E ′)) = 0. Then we
just need to verify that A(f(t)α, β) = 0 for every f ∈ C∞(I) and β ∈ Γ(E ′).
A direct calculation reveals that A(f(t)α, β) = f ′(t)λ(dt⊗ α⊗ β) = 0.

Lemma 1.3.4. If (E,A, ρ, λ) is an almost Loday algebroid over M and α ∈
Γloc(E) satisfies

ρ(α)p 6= 0, JA(α, ·, ·) ≡ 0, A(α, α) = 0 and λ(ξ ⊗ α⊗ α) ≡ 0,

for some closed 1-form ξ ∈ Ω1
loc(M) satisfying ξ(ρ(α)) ≡ 1, then we can find

an isomorphism

(E,A, ρ)|U ∼= (TI, [·, ·], id) 1 (E ′, A′, ρ′), (1.34)

with A(∂/∂t,Γ(E ′)) = 0. The converse is true if JA is tensorial and skew.
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Proof. As in Corollary ??, we can find coordinates (x, t) such that ρ(α) =
∂
∂t

and ξ = dt. Using Lemma ??, we get an isomorphism (E,A, ρ)|U ∼=
(TI, id) 1 (E ′, A′, ρ′), satisfying A(α,Γ(E ′)) = 0. Then we just need to
verify that the bracket restricts to Γ(TI) ⊆ Γ(TI × E ′) exactly on the Lie
bracket [·, ·] of Γ(TI) defined, in terms of α, by

[fα, gα] := (fg′ − gf ′)α, ∀f, g ∈ C∞(I).

A direct calculation shows that

A(fα, gα) = fgA(α, α) + gf ′λ(dt⊗ α⊗ α) + (fg′ − gf ′)α,

so A restricts to (X(I), [·, ·]) if and only if A(α, α) = 0 and λ(dt⊗α⊗α) = 0.
Conversely, we take α = ∂/∂t and we need only to verify that JA(α, ·, ·) ≡

0. Fix a local basis β1, ..., βs ∈ Γloc(E
′). By tensoriality and skewness we

only need to check that JA(α, βi, βj) = 0 for i, j ∈ {1, ..., s}, but this follows
directly from A(α, βj) = 0, for every j = 1, ..., s.

For Loday algebroids we would expect stronger matchting result such as
in the following lemma.

Lemma 1.3.5. An almost Loday algebroid (E,A, ρ, λ) is isomorphic to a
semi-direct product (TI, [·, ·], id) n (E ′, A′, ρ′), on a neighborhood of a point
p ∈M , provided there exists a section α ∈ Γloc(E) satisfying

ρ(α)p 6= 0, JA(α, ·, ·) ≡ 0, A(α, α) = 0 and λ(ξ ⊗ α⊗ ·) ≡ 0,

for some closed ξ ∈ Ω1
loc(M) satisfying ξ(ρ(α)) ≡ 1. The converse is true if

JA is tensorial and skew.

Proof. By Lemma ??, we already have an isomorphism (E,A, ρ, λ) ∼= (TI, id) 1

(E ′, A′, ρ′), where α is identified with ∂/∂t, and satisfies A(α,Γ(E ′)) = 0. So
we just need to verify this equation for other sections of TI, but this has
already been done in Lemma ??. In the converse direction, by Lemma ??,
we only need to verify λ(dt⊗α⊗β) ≡ 0 for β ∈ Γ(E ′), but this follows from
0 = A(tα, β) = λ(dt⊗ α⊗ β).

Now we give some consequences of these five lemmas.
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Theorem 1.3.6 (Splitting theorem for involutive AVB). Given (E, ρ) an
involutive anchored vector bundle over M , and any p ∈ M with rk(ρp) = r,
we can find an isomorphism

(E, ρ)|U

��

Φ // (TL, id)× (E ′, ρ′)

��
U

ϕ // L× Σ

(1.35)

where U is a neighborhood of p on M , L is a r-dimensional manifold, and
(E ′, ρ′) is an involutive anchored vector bundle over Σ with ρ′p′ ≡ 0, where
ϕ(p) = (l, p′).

Proof. This is actually a corollary of the proof of Lemma ??. In fact, given
any involutive anchored vector bundle (E, ρ) we can always find an almost
Lie algebroid structure (E,A, ρ), as proved in ?? . To use Lemma ?? we
would need a section α with JA(α, ·, ·) ≡ 0, but this is only used to guarantee
that the coefficients Γkij(t, x) do not depend on the parameter t. Since our
splitting is only for the anchor this is not really necessary. Therefore if ρp 6= 0

we can find a local isomorphism (E, ρ)|U ∼= (TI, id) × (E ′, ρ′), taking p to
(t′, p′) and rk(ρ′p′) = rk(ρp)− 1 = r− 1. The result follows by induction.

In the particular case where the anchor ρ is injective, involutive anchored
vector bundles are the same as involutive distributions, and the theorem
above becomes Frobenius theorem. In the general case, we can also conclude
the integrability of the singular distribution given by the image of ρ (see also
[?] for another proof).

Corollary 1.3.7. Given (E, ρ) an involutive anchored vector bundle overM ,
and any p ∈M , there is an immersed leaf L ↪→M of the singular distribution
Im(ρ) ⊆ TM through p.

Note that our involutivity condition is stronger than that of Stefan-
Sussmann’s integrability Theorem (c.f. [?, ?, ?]).

Corollary 1.3.8. An almost Lie algebroid (E,A, ρ) is locally isomorphic to
(TI, [·, ·], id) × (E ′, A′, ρ′) (Lie direct product) on a neighborhood of a point
p ∈M , if and only if there exists a section α ∈ Γloc(E) satisfying

ρ(α)p 6= 0, JA(α, ·, ·) ≡ 0.

In particular, for Lie algebroids this condition reduces to ρp 6= 0.
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Proof. This is a direct consequence of Lemma ?? because (E,A, ρ) is a Loday
algebroid with co-anchor λ ≡ 0, satisfying A(α, α) = 0 for every section α,
and since A(u, v) = −A(v, u) any semi-splitting is actually a splitting. For
the converse it is easy to check that JA is skew and therefore tensorial.

Another consequence of Lemma ?? is the following local form for general
Leibniz algebroids.

Theorem 1.3.9 (Local form theorem for Leibniz algebroids). Given a local
Leibniz algebroid (E,A, ρ) over M and any p ∈ M with rk(ρp) = r, we can
find an isomorphism

(E,A, ρ)|U

��

Φ // (TL, id) 1 (E ′, A′, ρ′)

��
U

ϕ // L× Σ

(1.36)

where U is a neighborhood of p on M , L is a r-dimensional manifold, and
(E ′, A′, ρ′) is a Leibniz algebroid over Σ with ρ′p′ ≡ 0, where ϕ(p) = (l, p′).
Moreover, we can choose a matched bracket [·, ·] on (TL, id) 1 (E ′, A′, ρ′)

and local coordinates (x1, ..., xr) on L satisfying

1. [ ∂
∂xi
, ∂
∂xj

] = 0, for i < j, and

2. [ ∂
∂xi
, β] = 0, for every β ∈ Γ(E ′).

Proof. Let us use induction on the rank r of ρp. If r = 0 there is really nothing
to be done. Assume r ≥ 1. Using Lemma ?? we can find an isomorphism

(E,A, ρ)|U ∼= (TI1, id1) 1 (E1, A1, ρ1),

taking p to (x0
1, p1) with rk((ρ1)p1) = r − 1, and A( ∂

∂x1
,Γ(E1)) = 0. By

induction we may find an isomorphism

(E1, A1, ρ1) ∼= (T (I2 × · · · × Ir), id) 1 (E ′, A′, ρ′),

with [∂/∂xi, ∂/∂xj] = [∂/∂xk,Γ(E ′)] = 0, for 2 ≤ i < j ≤ r, 1 ≤ k ≤ r. This
induces an isomorphism

(E,A, ρ)|U ∼= (TI1, id1) 1 ((T (I2 × · · · × Ir), id) 1 (E ′, A′, ρ′))

∼= (T (I1 × · · · × Ir), id) 1 (E ′, A′, ρ′),

satisfying [∂/∂xi, ∂/∂xj] = [∂/∂xk,Γ(E ′)] = 0, for 1 ≤ i < j ≤ r, 1 ≤ k ≤ r.
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With this result we can immediately recover the Fernandes-Dufour-Weinstein
splitting theorem for Lie algebroids.

Corollary 1.3.10 (Splitting theorem for Lie algebroids). Given a Lie al-
gebroid (E,A, ρ) over M and any p ∈ M with rk(ρp) = r, we can find an
isomorphism

(E,A, ρ)|U

��

Φ // (TL, [·, ·], id)× (E ′, A′, ρ′)

��
U

ϕ // L× Σ

(1.37)

where U is a neighborhood of p on M , L is a r-dimensional manifold, and
(E ′, A′, ρ′) is a Lie algebroid over Σ with ρ′p′ ≡ 0, where ϕ(p) = (l, p′).

Proof. By Theorem ?? we can find an isomophism

(E,A, ρ) = (TL, id) 1 (E ′, A′, ρ′),

such that [∂/∂xi, ∂/∂xj] = [∂/∂xk,Γ(E ′)] = 0, for 1 ≤ i < j ≤ r, 1 ≤ k ≤ r.
Using that A is skew and the following formula:

A(fα, gβ) = fgA(α, β)+fρ(α)gβ−gρ(β)fα, ∀α, β ∈ Γ(E), ∀f, g ∈ C∞(M),

it is easy to verify that A restricts to the Lie bracket of X(L), and that
A(X(L),Γ(E ′)) = −A(Γ(E ′),X(L)) = 0.

One last consequence of Theorem ?? is the local uniqueness of the transver-
sal structure near a fixed leaf.

Theorem 1.3.11. Let (E,A, ρ) be a local Leibniz algebroid over M and let
Σ0 and Σ1 be two submanifolds transverse to a leaf L with Σi ∩L = {pi}, for
i = 0, 1. Then there exists an isomorphism

(E,A, ρ)|U0
∼= (E,A, ρ)|U1 ,

taking Σ0 ∩U0 to Σ1 ∩U1. In particular, the transverse structures of Σ0 ∩U0

and Σ1 ∩ U1 are isomorphic, and we have a well defined germ of Leibniz
algebroids around L.

Proof. Since p0, p1 ∈ L, we can find a piecewise smooth curve between p0 and
p1 formed by local flows of vector fields ρ(α) ∈ X(M), for α ∈ Γ(E). Each of
these flows lift to a local flow of (E,A, ρ). Then we can find an isomorphism
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(E,A, ρ)|U0
∼= (E,A, ρ)|U1 taking p0 to p1. We may assume p := p0 = p1

and U := U0 = U1. By the Local form theorem ??, we have an isomorphism
(E,A, ρ)|U ∼= (TL̃, id) 1 (E ′, A′, ρ′), where U ∼= L̃×Σ has coordinates (x, y).

By transversality, Σi ∩ U is the graph of a map fi : Σ → L̃, i = 0, 1

(possibly taking U smaller). In this way, the flow of X :=
∑

j(f
j
1 (y) −

f j0 (y))∂/∂xj takes Σ0∩U to Σ1∩U in time 1. Since ∂/∂xj ∈ X(L̃), the local
form guarantees the existence of a section α with ρ(α) = X, so the flow of α
gives our desired isomorphism.

Finally we end this chapter with the analysis of the case of Courant
algebroids.

Proposition 1.3.12. Let (E,A, ρ, 〈·, ·〉) be an almost Courant algebroid.
Then (E,A, ρ) is not isomorphic to (TI, id)n(E ′, A′, ρ′) (as anchored vector
bundle with bracket), where I denotes an open interval containing the origin.

Proof. Let us assume that (TI, id) n (E ′, A′, ρ′) admits a Courant algebroid
structure (E,A, ρ, 〈·, ·〉). Let α = ∂/∂t andDt := ρ∗dt. SinceA(X(I),Γ(E ′)) =

0 we have that 0 = A(tα, β) = λ(dt⊗α⊗β) = 〈α, β〉Dt, for every β ∈ Γ(E ′).
But Dt 6= 0, because 〈α,Dt〉 ≡ 1, so

〈α, β〉 = 0, ∀β ∈ Γ(E ′).

If we choose a local basis β1, ..., βs ∈ Γloc(E
′), we can locally write Dt =

aα +
∑

i biβi, for a and bi’s functions on the base. Therefore 0 = ρ(Dt) =

a ∂
∂t

+
∑

i biρ(βi), which imply that a = 0, since ρ(βi) =
∑

j θ(x) ∂
∂xj

. This is
a contradiction, because 1 = 〈α,Dt〉 = a〈α, α〉.

This proposition says that we cannot improve Theorem ?? to a semi-
splitting (TL, id) n (E ′, A′, ρ′). It also proves that Courant algebroids are
not locally (TI, [·, ·], id) n (E ′, A′, ρ′), though the next lemma will guarantee
every Courant algebroid is locally of the form (TI, [·, ·], id) 1 (E ′, A′, ρ′) (see
Corollary ?? below).

Lemma 1.3.13. Let (E,A, ρ, 〈·, ·〉) be an almost Courant algebroid and p ∈
M with ρp 6= 0. Then there exists a section α ∈ Γloc(E) such that

ρ(α)p 6= 0, A(α, α) = 0, and 〈α, α〉 = 0.

IMPA 31 August, 2017



Hudson Lima Normal Forms

Proof. Since A(α, α) = (1/2)ρ∗d〈α, α〉, we just need to find α satisfying
ρ(α)p 6= 0 and 〈α, α〉 = 0.

First observe that there exists v ∈ Ep such that ρp(v) 6= 0 and 〈v, v〉p 6= 0.
Otherwise the quadratic function w 7→ 〈w,w〉 would vanish on the nonempty
open set {w ∈ Ep | ρp(v) 6= 0}, then it would vanish globally on Ep. Therefore
the pairing 〈·, ·〉p would be skew-symmetric and symmetric, then 〈·, ·〉p ≡ 0.
This is a contradiction with 〈·, ·〉p begin non degenerate.

Let ᾱ ∈ Γloc(E) be any local section satisfying ᾱp = v. Then in a small
neighborhood U of p we have

ρ(ᾱ)q 6= 0 and 〈ᾱ, ᾱ〉q 6= 0, ∀q ∈ U.

We can also assume that there exists a system of coordinates (t, x1, ..., xk)

on U such that
ρ
( ᾱ√
|〈ᾱ, ᾱ〉|

)
=

∂

∂t
.

Let Dt := ρ∗dt and define α by

α :=
ᾱ√
|〈ᾱ, ᾱ〉|

− 1

2
sgn(〈ᾱ, ᾱ〉)Dt,

where sgn : R \ {0} → {−1, 1} is the sign function.
Since ρ(Dt) = 0, we have ρ(α) = ∂/∂t, and also

〈α, α〉 =
〈ᾱ, ᾱ〉
|〈ᾱ, ᾱ〉|

+
1

4
〈Dt,Dt〉 − sgn(〈ᾱ, ᾱ〉)

〈
ᾱ√
|〈ᾱ, ᾱ〉|

, Dt

〉
= sgn(〈ᾱ, ᾱ〉) +

1

4
ρ(Dt)− sgn(〈ᾱ, ᾱ〉)ρ

( ᾱ√
|〈ᾱ, ᾱ〉|

)
t

= sgn(〈ᾱ, ᾱ〉) + 0− sgn(〈ᾱ, ᾱ〉) = 0.

Corollary 1.3.14. Let (E,A, ρ, 〈·, ·〉) be a Courant algebroid and p ∈ M

with ρp 6= 0. Then we can find a local isomophism

(E,A, ρ)|U ∼= (TI, [·, ·], id) 1 (E ′, A′, ρ′),

taking α to ∂/∂t, with A(α,Γ(E ′)) = 0 and 〈α, α〉 = 0.

Proof. We just verify that the section α given by Lemma ?? satisfies the
conditions on Lemma ??. We saw that ρ(α)p 6= 0 and A(α, α) = 0. Since
JA ≡ 0, we also have JA(α, ·, ·) ≡ 0. Finally, λ(ξ ⊗ α ⊗ α) = 〈α, α〉ρ∗ξ = 0,
since 〈α, α〉 = 0.
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We can say much more for Courant algebroids: there is a complete split-
ting.

Theorem 1.3.15 (Splitting for Courant Algebroids). Given a Courant al-
gebroid (E,A, ρ, 〈·, ·〉) over M and p ∈ M with rk(ρp) = r, we can find a
splitting

(E,A, ρ, 〈·, ·〉)|U

��

Φ // TL× (E ′, A′, ρ′, 〈·, ·〉′)

��
U

ϕ // L× Σ

(1.38)

where U is a neighborhood of p in M , L is a r-dimensional manifold, TL =

(TL ⊕ T ∗L, [·, ·], prTL, 〈·, ·〉can) is the standard Courant algebroid structure
(see Example ??), and (E ′, A′, ρ′, 〈·, ·〉′) is a Courant algebroid over Σ with
ρ′p′ ≡ 0, where ϕ(p) = (l, p′).

Proof. If ρp = 0 there is nothing to be done. Assume ρp 6= 0. By Corollary ??,
we can find an isomorphism (E,A, ρ)|U ∼= (TI, [·, ·], id) 1 (E ′, A′, ρ′), where
A(∂/∂t,Γ(E ′)) = 0 and 〈∂/∂t, ∂/∂t〉 = 0. Let α = ∂/∂t and Dt = ρ∗dt,
then Dtp 6= 0 and A(∂/∂t,Dt) = 0. In fact, 〈α,Dt〉 ≡ 1 and A(α,Dt) =

SA(α,Dt) = (1/2)ρ∗d(1) = 0.
Now we observe that Dt ∈ Γ(E ′). In fact, we can write Dt = a(t, x)α +∑
j bj(t, x)β′j, for some local basis β′0, ..., β′s ∈ Γloc(E

′). Since ρ(Dt) = 0 we
must have a ≡ 0 and since A(α,Dt) = 0 we must have ∂bj/∂t ≡ 0, that is
bj(t, x) = bj(x).

We can choose another local basis β̄0, ..., β̄s ∈ Γloc(E
′) such that β̄0 = Dt

and
〈
α, β̄j

〉
6= 0 for every 0 ≤ j ≤ s. This is possible because Dtp 6= 0. Then

we can assume that β′0 = Dt, so we take a basis Dtp = v0, v1, ..., vs ∈ E ′p such
that 〈αp, vj〉 6= 0, and consider β̄j as the R-linear combination of {β′0, ..., β′s}
for which β̄j(p) = vj. In particular, β̄0 = Dt. The existence of the v1, ..., vs ∈
E ′p satisfying 〈αp, vj〉 6= 0, follows from 〈αp, Dtp〉 = 1, we just choose v1, ..., vs

in a small neighborhood of Dtp in E ′p for which 〈αp, ·〉 6= 0.
Finally we define our last local basis α,Dt, β1, ..., βs ∈ Γloc(E) by

βj :=
β̄j −

〈
Dt, β̄j

〉
α〈

α, β̄j
〉 −Dt.

Now we prove that the isomorphism E|U ∼= TI×E ′ induced by identifying
α with ∂/∂t andDt with dt is actually a splitting of Courant algebroids. First
we have
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1. A(α, βj) = 0, because βj is the sum of terms of the form f(〈γ1, γ2〉)γ3,
where [[α, γi]] = 0 and f : J ⊆ R→ R, then

[[α, f(〈γ1, γ2〉)γ3]] =
∂f(〈γ1, γ2〉)

∂t
γ3

= f ′(〈γ1, γ2〉)
∂〈γ1, γ2〉

∂t
γ3

= f ′(〈γ1, γ2〉)(〈[[α, γ1]], γ2〉+ 〈γ1, [[α, γ2]]〉)γ3

= 0.

2. 〈α, βj〉 = 0, because 〈α, βj〉 =
〈α,β̄j〉
〈α,β̄j〉 − 〈α,Dt〉 = 1− 1 = 0.

3. 〈Dt, βj〉 = 0, because 〈Dt, βj〉 = ρ(βj)t =
ρ(β̄j)t−〈Dt,β̄j〉
〈α,β̄j〉 = 0.

4. A(βi, βj) =
∑

k g
k
ij(x)βk and ρ(βj) =

∑
j hij(x) ∂

∂xj
, since the same cal-

culation on the second claim of the proof of Lemma ?? guarantees that
ρ(βj) =

∑
j hij(x) ∂

∂xj
, and also that

A(βi, βj) =
∑
k

gkij(x)βk + a(x)Dt.

But a = 〈α,A(βi, βj)〉 = ρ(βi)〈α, βj〉 − 〈βj, A(α, βi)〉 = 0.

5. ∂
∂t
〈βi, βj〉 = 0, since ∂

∂t
〈βi, βj〉 = ρ(α)〈βi, βj〉 = 〈A(α, βi), βj〉+〈βi, A(α, βj)〉 =

0.

Items (2), (3), (4) and (5) imply that we have an isomorphism of anchored
vector bundle with pairing E|U ∼= (TI, prTI , 〈·, ·〉can)× (E ′, ρ′, 〈·, ·〉′). In fact,
this follows from 〈βi, βj〉 independ of the variable t, and from 〈α,Dt〉 ≡ 1

and 〈α, α〉 = 〈Dt,Dt〉 ≡ 0. The splitting for the anchor follows from (4).
Furthermore, since 〈·, ·〉 and 〈·, ·〉can are non degenerate, 〈·, ·〉′ is also non
degenerate.

Using the equation

A(fu, gv) = fgA(u, v) + fρ(u)gv − gρ(v)fu+ g〈u, v〉ρ∗df,

together with (4), we conclude that the bracket restricts to Γ(E ′). If we use
it together with: A(α, α) = A(α,Dt) = A(Dt, α) = A(Dt,Dt) = 0, we con-
clude that the bracket restricts to Γ(TI) exactly on [·, ·]can. If we use it with
(1), we obtain A(Γ(TI),Γ(E ′)) = 0, which together with 〈Γ(TI),Γ(E ′)〉 = 0

(by (2) and (3)), we get A(Γ(E ′),Γ(TI)) = 0.
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This proves that we are really able to find an isomorphism with a direct
product

(E,A, ρ, 〈·, ·〉)|U ∼= TI × (E ′, A′, ρ′, 〈·, ·〉′),

which has to be the Lie direct product by Example ??.
Finally, the theorem follows by induction, since if M = I1 × · · · × Ir

is the product of intervals of R, we have a Courant algebroid isomorphism
TM ∼= TI1 × · · · × TIr.

We will see generalizarions on Chapter ??, using different methods, which
allows us to prove equivariant versions of this splitting.
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CHAPTER 2

Restriction and Pullbacks of Brackets

In general given a submanifold N ↪→ M transverse to the anchor of a Lie
algebroid (E,A, ρ), the subbundle ρ−1(TN) ⊆ E naturally inherits a Lie
algebroid structure (see [?]), so Lie algebroids can be restricted to suitable
submanifolds. In the local splitting of Lie algebroids (c.f. Corollary ??), the
singular factor is a special case of this restriction to a local transversal.

For the Courant algebroid case, transversal structures are not so simple.
Given a Courant algebroid (E,A, ρ, 〈·, ·〉) over M and N ↪→ M an anchor-
transverse submanifold, the pairing 〈·, ·〉 does not restrict to a nondegenerate
pairing on the subbundle EN : = ρ−1(TN), thus EN does not have a natural
Courant algebroid structure. In fact, EN ⊆ E|N is a coisotropic subbundle:
E⊥N ⊆ EN ; one can also verify that there is not any naturally induced bracket
on EN . See e.g. [?].

The solution is to consider EN/E⊥N instead of EN , since it has a naturally
induced nondegenerate pairing. In fact, one can verify that EN/E⊥N has a
naturally induced bracket which endows it with a Courant algebroid struc-
ture. This is the transversal structure induced on the transversal submanifold
N (see [?]).

It is now natural to imagine a splitting theorem for Courant algebroids
with EΣ/E

⊥
Σ as one of the factors (here Σ ↪→ M is transverse to a leaf L at

exactly the base point).
In this section we give a unified description of these transversal structures
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for general Leibniz algebroids, which generalize the cases mentioned above.

2.1 Restriction and transversal structure

Definition 2.1.1. Given an anchored vector bundle (E, ρ) over M , we say
that a submanifold N ⊆ M is a clean submanifold if EN : = ρ−1(TN) ⊆
E|N is a subbundle.

Example 2.1.2. Let (E, ρ) be an anchored vector bundle over M . We have
the following natural examples.

1. If N = {p}, then EN = ρ−1(TN) = ker(ρp).

2. If N is transverse to the anchor ρ (i.e., TN + Imρ|N = TM |N), then
N is clean.

3. If ρ is surjective, every submanifold N ⊆M is clean.

Given a C∞(M)-moduleM, we define Der(M) to be its set of derivations,
formed by pairs (D,X), where D : M→M is an R-linear map and X is a
vector field on M called the symbol of the derivation, satisfying

D(fσ) = fD(σ) +X(f)σ,

for every σ ∈ M and f ∈ C∞(M). In the case whereM = Γ(E) we recover
the usual derivation on the vector bundle E → M . A bracket onM is an
R-linear map

A : M→ Der(M),

for which the composition with the symbol map Der(M) → X(M) is an
C∞(M)-linear map ρ : M → X(M) called the anchor. This is a general-
ization of the definition of bracket given in Chapter ?? and we can anal-
ogously extend the definition of the Jacobiator JA : M×M ×M → M.
Following Proposition ??, we say that a bracket A gives an almost Leib-
niz algebroid structure on M, if JA is C∞(M)-linear in the last entry:
JA(α, β, fγ) = fJA(α, β, γ), for every f ∈ C∞(M) and α, β, γ ∈M.

Definition 2.1.3. Let (E,A, ρ) be an almost Leibniz algebroid and N ⊆ M

a clean submanifold. We define the C∞(N)-module LN by

LN := spanC∞(N){A(α, β)|N s.t. α|N = 0, β|N ∈ Γ(EN), α, β ∈ Γ(E)}.
(2.1)
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Note that ρ(LN) = {0} (using involutivity), so LN ⊆ Γ(EN) where EN =

ρ−1(TN).

Given a Leibniz algebroid (E,A, ρ) we will prove the existence of a Leibniz
algebroid structure on a quotient module Γ(EN)/LN , for a clean submanifold
N ⊆M . But first, let us give a better description of LN for Loday algebroids.

Proposition 2.1.4. Let (E,A, ρ, λ) be an almost Loday algebroid and N ⊆
M a clean submanifold. Then the module LN defined above has the following
characterization:

LN = λ(Γ(TN0 ⊗ E|N ⊗ EN)),

where EN:= ρ−1(TN) and TN0 ⊆ T ∗M |N is the annihilator of TN ⊆ TM |N .

Proof. Note that every element in LN is a sum of terms A(α, β)|N , where
α|N = 0 and β|N ∈ Γ(EN), since fA(α, β)|N = A(α, fβ)|N (this follows
directly from the Leibniz rule). Every section α with α|N = 0 is the sum of
terms of the form fγ where f : M → R vanishes at N , and γ ∈ Γ(E). We
conclude that elements of LN are sum of terms of the form A(fγ, β)|N where
f |N = 0 and ρ(β)|N ∈ X(N). Since

A(fγ, β) = f |N(A(γ, β) + A(β, γ))|N − A(β, fγ)|N + λ(df ⊗ γ ⊗ β)|N
= −f |NA(β, γ)|N − ρ(β)f |Nγ|N + λ(df ⊗ γ ⊗ β)|N
= λ(df |N ⊗ γ|N ⊗ β|N),

then LN ⊆ λ(Γ(TN0 ⊗ E|N ⊗ EN)). The other inclusion follows from the
above formula and from fact that elements in Γ(TN0⊗E|N ⊗EN) are sums
of terms of the form df |N ⊗ γ|N ⊗ β|N , where f |N = 0 and ρ(β)|N ∈ X(N).

We distinguish the case where LN is the space of sections of a vector
bundle over N in the following definition.

Definition 2.1.5. Let (E,A, ρ) be an almost Leibniz algebroid over M and
N ⊆M a clean submanifold for with the module LN is the module of sections
of some vector bundle. Then we will say that N is a regular submanifold.
For an almost Loday algebroid (E,A, ρ, λ), this condition becomes:

LN := λ(TN0 ⊗ E|N ⊗ EN) ⊆ EN (2.2)

is a subbundle.
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Theorem 2.1.6 (Restricted Structure). Let (E,A, ρ) be an almost Leibniz
algebroid over M with tensorial Jacobiator, and let N ⊆ M be a clean sub-
manifold. Then there is an induced almost Leibniz algebroid structure with
tensorial Jacobiator onMN : = Γ(EN)/LN , where LN is defined by formula
(??). The bracket will be denoted by

AN : Γ(EN)/LN → Der(Γ(EN)/LN).

In particular, if N is regular (cf. Definition ??) and LN = Γ(LN), then
(EN/LN , AN , ρ|N) is naturally a tensorial Leibniz algebroid. Furthermore,
if (E,A, ρ) is a Leibniz algebroid, then (EN/LN , AN , ρ|N) is also a Leibniz
algebroid.

Proof. Given [α], [β] ∈ Γ(EN)/LN , choose α̃, β̃ ∈ Γ(E) such that α̃|N = α

and β̃|N = β. Then we define

AN([α], [β]) : = [A(α̃, β̃)|N ].

We just have to prove that this is well defined.
In order to clarify the use of the tensoriality of JA, let

ΓN(E) : = {α ∈ Γ(E) s.t. α|N ∈ Γ(EN)}, (2.3)

that is, the set of sections α ∈ Γ(E) satisfying ρ(α)|N ∈ X(N).

1. The equality ρ(A(α, β)) = [ρ(α), ρ(β)] implies that A1 : ΓN(E) →
Der(Γ(EN)), given by

A1(α̃, β) : = A(α̃, β̃)|N , for β̃|N = β,

is well defined. In fact,

(a) A(α̃, β̃)|N ∈ Γ(EN), because ρ(A(α̃, β̃))|N = [ρ(α̃)|N , ρ(β)] ∈
X(N), and

(b) If β̃|N = 0, then A(α̃, β̃)|N = 0. This follows because β̃ is the sum
of terms fiei, where ei ∈ Γ(E), fi ∈ C∞(M), with fi|N = 0. Then

A(α̃, fiei)|N = fi|NA(α̃, ei)|N + ρ(α̃)fi|Nei|N = 0,

because fi|N = 0 and ρ(α̃)fi|N = ρ(α̃|N)fi|N = 0.
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2. If we also have that JA is tensorial in the second entry, thenA2 : ΓN(E)→
Der(Γ(EN)/LN), defined by

A2(α̃, [β]) : = [A1(α̃, β)] = [A(α̃, β̃)|N ], for β̃|N = β,

is well defined. In fact, we just need to prove that if β ∈ LN , then
A1(α̃, β) ∈ LN . We know that β ∈ LN is the sum of terms of the form
A(fγ̃, η̃)|N , where γ̃, η̃ ∈ Γ(E) and f ∈ C∞(M) satisfying η̃|N ∈ Γ(EN)

and f |N = 0. Then we have

A1(α̃, A(fγ̃, η̃)|N) = fJA(α̃, γ̃, η̃)|N + A(A(α̃, f γ̃), η̃)|N + A(fγ̃, A(α̃, η̃))|N
= A(A(α̃, f γ̃), η̃)|N + A(fγ̃, A(α̃, η̃))|N .

Each term of this sum is in LN . In fact, A(A(α̃, f γ̃), η̃)|N ∈ LN , because
A(α̃, f γ̃)|N = fA(α̃, γ̃)|N + ρ(α̃)f |N γ̃|N = 0, and A(fγ̃, A(α̃, η̃))|N ∈
LN , because ρ(A(α̃, η̃))|N = [ρ(α̃)|N , ρ(η̃)|N ] ∈ X(N).

3. Now observe that we can induce a map A3 : Γ(EN)→ Der(Γ(EN)/LN),
defined by

A3(α, [β]) : = A2(α̃, [β]) = [A(α̃, β̃)|N ], for α̃|N = α and β̃|N = β.

In fact, we just need to prove that if α̃|N = 0, then A2(α̃, [β]) = 0.
As before, we know that α̃ is the sum of terms of the form fiei, where
ei ∈ Γ(E) and fi ∈ C∞(M) with fi|N = 0. Then A(α̃, β̃)|N ∈ LN , by
definition, and A3 is well defined.

4. Finally, if we also have that JA is tensorial in the first entry, then
AN : Γ(EN)/LN → Der(Γ(EN)/LN), defined by

AN([α], [β]) : = A3(α, [β]) = [A(α̃, β̃)|N ], for α̃|N = α and β̃|N = β,

is well defined. In fact, this is equivalent to proving that if α ∈ LN ,
then A3(α, [β]) = [0]. As before, we know that α is the sum of terms of
the form λ(df⊗ γ̃⊗ η̃)|N , where γ̃, η̃ ∈ Γ(E) and f ∈ C∞(M) satisfying
η̃|N ∈ Γ(EN) and f |N = 0, then

A(A(fγ̃, η̃)), β̃)|N = A(fγ̃, A(η̃, β̃))|N − A(η̃, A(fγ̃, β̃))|N + fJA(γ̃, η̃, β̃)|N
= A(fγ̃, A(η̃, β̃))|N − A(η̃, A(fγ̃, β̃))|N .

It is clear that A(fγ̃, A(η̃, β̃))|N ∈ LN . For the other term we have

A(η̃, A(fγ̃, β̃))|N = fJA(γ̃, η̃, β̃)|N + A(A(η̃, f γ̃), β̃)|N + A(fγ̃, A(η̃, β̃))|N
= A(A(η̃, f γ̃), β̃)|N + A(fγ̃, A(η̃, β̃))|N ,
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which is in LN . We conclude that if α ∈ LN , then A(α̃, β̃)|N ∈ LN ,
then A3(α, [β]) = [0].

For the tensorial almost Loday algebroid case, Proposition ?? gives us a
tensorial almost Loday algebroid structure on the module

MN : = Γ(EN)/λ(Γ(TN0 ⊗ E|N ⊗ EN)). (2.4)

In the regular case we have the bundle LN : = λ(TN0⊗E|N ⊗EN) ⊆ EN , for
which the quotient (EN/LN , AN , ρ|N) is a tensorial almost Loday algebroid.

Now let us give some consequences, using the examples in Example ??.

Corollary 2.1.7 (Punctual Case). Let (E,A, ρ) be a tensorial Leibniz al-
gebroid over M and p ∈ M . Then we have an induced bilinear operation
Ap : gp × gp → gp, where gp : = ker(ρp)/Lp, and Lp = {A(α, β)p s.t. α(p) =

0, ρp(β(p)) = 0}. Furthermore,

1. If A(α, α)p ∈ Lp for every α ∈ Γ(E), Ap is skew symmetric.

2. If (JA)p ≡ 0 we have a Leibniz algebra structure (gp, Ap).

3. For a tensorial Loday algebroid (E,A, ρ, λ) we have a

gp =
ker(ρp)

λ(T ∗pM ⊗ Ep ⊗ ker(ρp))
.

4. For Lie algebroids we have gp = ker(ρp), and (gp, Ap) is a Lie algebra.

5. For Courant algebroids we have gp = ker(ρp)/ ker(ρp)
⊥, and (gp, Ap, 〈·, ·〉p)

is a quadratic Lie algebra.

Corollary 2.1.8 (Almost Lie algebroids). Let (E,A, ρ) be an almost Lie
algebroid over M . Then

1. JA : Γ(E) × Γ(E) × Γ(E) → Γ(E) is skew symmetric, therefore JA is
tensorial.

2. Every clean submanifold N ⊆M is regular: LN = 0.

3. If N ⊆M is clean, then (EN , AN , ρ|N) is an almost Lie algebroid.

4. If (E,A, ρ) is a Lie algebroid, the same is true for (EN , AN , ρ|N).
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Corollary 2.1.9 (Almost Courant algebroids). Let (E,A, ρ, 〈·, ·〉) be an al-
most Courant algebroid over M . Then

1. JA : Γ(E) × Γ(E) × Γ(E) → Γ(E) is skew symmetric, therefore JA is
tensorial.

2. Every clean submanifold N ⊆M is regular: LN = E⊥N .

3. If N ⊆M is a clean, then (EN/E
⊥
N , AN , ρ|N , 〈·, ·〉) is an almost Courant

algebroid.

4. If (E,A, ρ) is a Courant algebroid, then (EN/E
⊥
N , AN , ρ|N , 〈·, ·〉) is also

a Courant algebroid (this is special case of the pullback of courant al-
gebroids defined in [?]).

2.2 Pullbacks

Theorem ?? gives a natural way of restricting a tensorial Leibniz bracket to
regular submanifolds. One can imagine this restricted structure as an ini-
tial step for the definition of a pullback operation. Given a tensorial Loday
bracket (E,A, ρ) over M and a smooth map Φ: N →M satisfying appropri-
ate regularity conditions, one would like to define a pullback Φ!(E,A, ρ) as a
tensorial Loday bracket over N . This definition should extend the restriction
in the sense that the pullback of a inclusion i : N ↪→M is isomorphic to the
restricted structure.

A good pullback would be completely determined by its restrictions
i!(E,A, ρ) and by its projections p!(E,A, ρ), where p : N ×M → M . This
would be the case if, for example, the pullback behaves well with respect to
compositions: (Ψ ◦Φ)! = Φ!Ψ!, for Ψ: M → P and Φ: N →M . In fact, any
map Φ: N →M can be decomposed as a projection of an embedding map,

N ��

idN×Φ
��

Φ //M

N ×M
prM

AA AA

then Φ!(E,A, ρ) ∼= (idN × Φ)!(prM)!(E,A, ρ).
Given a manifold M , we would have an associated tensorial bracket over

M defined by T̃M := p!(0{∗}, 0, 0), where p : M → {∗}. With this definition
we can interpret the pullback prM : N×M →M as a product T̃N×(E,A, ρ)

over N ×M .
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To use the reverse construction one needs to define a generalized tan-
gent bracket T̃M for every manifold of interest, a notion of direct product
T̃N × (E,A, ρ), and restriction RestN(E,A, ρ) for N ⊆M . Then one has to
check if the corresponding pullback is a good one.

Since Theorem ?? gives us a natural notion of restriction, we can ask
ourselves: Can we find a good pullback whose restriction coincides with this
given restriction? In this section we give some classical examples were it is
possible to find a good pullback.

2.2.1 Lie’s Pullback
Let us describe the pullback of Lie algebroids. The classical reference on the
topic is Mackenzie’s book [?]. The “tangent bracket” is defined as the Lie
bracket on the tangent space: T̃M := (TM, [·, ·], idTM) and the direct prod-
uct used is the Lie’s direct product: T̃N × (E,A, ρ) (described on Example
??). Using that the reduced structure on a transverse submanifold N ⊆ M

is modeled on ρ−1(TN) ⊆ E, one obtains the following description of this
direct product.

Definition 2.2.1 (Pullback of Lie algebroids). Let (E,A, ρ) be a Lie alge-
broid over M and Φ: N →M an anchor-transverse map. Then the pullback
Lie algebroid Φ!(E,A, ρ) is defined by the fibered product

Φ!(E,A, ρ)

Φ!ρ
��

// E

ρ

��
TN

TΦ // TM

with bracket inherited from Lie’s direct product on TN × E.

Now it is easy to verify that we get a good pullback.

Example 2.2.2 (Dirac Structure). Let L ⊆ TM⊕T ∗M be a Dirac structure
and Φ : N →M a map transverse to the anchor of L. Then the Lie algebroid
pullback Φ!L can also be seen as a Dirac structure on TN ⊕ T ∗N (c.f. [?]).
Note that Φ!L = {(v, w + η) ∈ TN × L | w = TΦ(v)}. The injective map
Φ!L→ TN⊕T ∗N , (v, w+η) 7→ (v+η◦TΦ), preserves bracket and its image
is the Dirac structure defined by

{(v + ξ) ∈ TN | ∃w + η ∈ TM : TΦ(v) = w, ξ = Φ∗η}.
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2.2.2 Courant’s pullback
Another example of good pullback comes from Courant algebroid theory. A
good reference is [?]. To define this pullback we consider the generalized
tangent bundle as “tangent bracket”: T̃M := (TM ⊕ T ∗M, [[·, ·]], prTM , 〈·, ·〉).
The direct product is the unique Courant algebroid direct product T̃M ×
(E,A, ρ, 〈·, ·〉) satisfying Lie’s property, as described in Proposition ??.

Using the description of the reduced structure for Courant algebroid one
gets in the following definition (c.f. Corollary ??).

Definition 2.2.3 (Pullback of Courant algebroid). Let (E,A, ρ, 〈·, ·〉) be a
Courant algebroid over M and Φ : N →M an anchor-transverse map. Then
consider the following fibered product

C //

��

E

ρ
��

TN TΦ◦prTN // TM.

Then we define the pullback Φ!(E,A, ρ, 〈·, ·〉) as the quotient C/C⊥, with
bracket inherited from Courant’s direct product TN × E.

It is to be noticed that in the case where Φ: N →M is a diffeomorphism,
Φ!(E,A, ρ, 〈·, ·〉) is canonically isomorphic to (E,A, ρ, 〈·, ·〉).

Proposition 2.2.4. If (E,A, ρ, 〈·, ·〉) is a Courant algebroid over M and
Φ: N → M is a diffeomorphism, then the canonical Courant algebroid iso-
morphism Φ!(E,A, ρ, 〈·, ·〉)→ (E,A, ρ, 〈·, ·〉) is given by

[v + ξ, e] 7→ e+ ρ∗(ξ ◦ TΦ−1),

where (v + ξ, e) ∈ C, i.e., satisfies v = ρ(e).

Proof. Pulling back (E,A, ρ, 〈·, ·〉) by Φ, we see that it is enough to prove the
case where Φ = idM . In this case we have C = {(ρ(e) + ξ; e) | ξ ∈ T ∗M, e ∈
E}. If [ρ(e) + ξ; e] represents the class of (ρ(e) + ξ; e) ∈ C, we get that the
bracket of [ρ(e) + ξ; e] and [ρ(e′) + ξ′; e′] is given by

[ρ(A(e, e′)) + Lρ(e)ξ
′ − iρ(e′)dξ;A(e, e′)],

where e, e′ ∈ Γ(E) and ξ, ξ′ ∈ Ω1(M), are being considered as sections to
avoid extra notation. So, to prove that we have a Courant algebroid isomor-
phism, we need to verify that

A(e, e′) + ρ∗
(
Lρ(e)ξ

′ − iρ(e′)dξ
)

= A(e+ ρ∗ξ, e′ + ρ∗ξ′).
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This equation breaks down in the following three:

1. A(e, ρ∗ξ) = ρ∗(Lρ(e)ξ),

2. A(ρ∗ξ, e) = −ρ∗(iρ(e)dξ), and

3. A(ρ∗ξ, ρ∗ξ′) = 0.

Equation (3) follows directly from equation (1), since ρ ◦ ρ∗ = 0. Also,
SA(e, ρ∗ξ) = ρ∗(diρ(e)ξ), so (2) is also a consequence of (1), by Cartan’s
magic formula. To prove (1), just note that the derivation A(e) preserves the
co-anchor ρ∗: 0 = LA(e)(ρ

∗)(ξ) = A(e, ρ∗ξ)− ρ∗(Lρ(e)ξ).
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CHAPTER 3

A method for normal forms around transversals

In this Chapter we discuss the method developed in the paper [?] together
with Henrique Bursztyn and Eckhard Meirenken. The initial idea is to extend
the local results given in Chapter 1 to normal forms around anchor-transverse
submanifolds. One of the advantages of our method is that it is constructed
in a canonical way, so we can also prove equivariant versions of our normal
forms. The first equivariant version of Weinstein’s splitting for Poisson man-
ifolds appear in the 2006 paper [?] assuming some tecnical condition. Only
recently this tecnical condition was completely removed in [?].

3.1 Tubular neighborhoods and Euler-like vec-
tor fields

The objective of this section is to recall the correspondence between normal
tubular neighborhood embeddings and Euler-like vector fields.

Let M be a manifold and consider an embedded submanifold N ↪→ M .
The normal bundle of N in M is the vector bundle ν(M,N)→ N defined by

ν(M,N) :=
TM |N
TN

. (3.1)

When there is no chance of confusion we will also denote the normal vector
bundle by νN , without mentioning M .
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The bundle ν(M,N) provides the local model around the submanifold
N ⊆ M . The Tubular Neighborhood Theorem states the existence of a
embedding ψ : ν(M,N)→ M fixing the elements of N . In this text we will
be considering a special class of tubular embeddings.

In general, if ψ : M →M ′ takes a submanifold N ⊆M to a submanifold
N ′ ⊆ M ′, we have a well defined bundle map ν(ψ) : ν(M,N) → ν(M ′, N ′),
called normal derivative, covering ψ|N : N → N ′, defined by quotienting
the restricted differential Tψ : TM |N → TM ′|N ′ . For a detailed discussion
see [?].

Definition 3.1.1. A normal tubular neighborhood embedding is an
embedding ψ : νN → M taking N ↪→ νN to N ↪→ M , and whose normal
derivative ν(ψ) : νN → νN is the identity. Note that we are using the canon-
ical identification ν(ν(M,N), N) ∼= ν(M,N).

In general, given a tubular neighborhood embedding ψ : νN →M we can
define its normalization simply by using that ν(ψ) : νN → νN is a bundle
isomorphism covering the identity. The embedding ψ ◦ ν(ψ)−1 : νN → M

is a normal tubular neighborhood embedding. It is clear that normalization
fixes tubular neighborhood embeddings that are already normal.

Now we pass to the description of the vector field counterpart. The idea of
Euler-like vector fields is that they are pushfowards of the Euler vector field on
ν(M,N), by normal tubular neighborhood embeddings. Recall that the Euler
vector field E ∈ X(ν(M,N)) is the one whose flow is φt : ν(M,N)→ ν(M,N),
v 7→ exp(t)v. It is possible to give a characterization of Euler-like vector fields
which is independent of tubular embeddings.

Given a vector field X ∈ X(M) which restricts to N ⊆ M , its normal
differential is a map ν(X) : ν(M,N)→ ν(TM, TN). It turns out that there
is a canonical isomorphism ν(TM, TN) ∼= Tν(M,N), which allows us to see
ν(X) as a vector field on ν(M,N) (this isomorphism is a map of double
vector bundles, see Appendix A in [?]).

For the case we are interested in, we will restrict our attention to vec-
tor fields that vanish on N . In this case we have an easier characteri-
zation of the normal derivative: Given p ∈ N , DXp : (TpM,TpN) →
(Tp(TM), Tp(TN)) ∼= ((TpM ⊕ TpM), (TpN ⊕ TpN)). Then we have an in-
duced map ν(X)p : ν(M,N)p → (ν(M,N)p ⊕ ν(M,N)p) ∼= Tp(ν(M,N)).

We say that a vector field X on M , tangent to N ⊆ M , is linearizable
if there exists a tubular neighborhood embedding ψ : νN → M for which
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ψ∗X = ν(X). Vector fields whose normal derivatives are the Euler vector
field on ν(M,N) are themselves linearizable.

Lemma 3.1.2. Suppose that X|N = 0, with normal derivative ν(X) = E the
Euler vector field on νN . Then X is linearizable.

Proof. See [?, Lemma 2.4].

Now let us make our precise definition of Euler-like vector fields.

Definition 3.1.3. Let N ⊆ M be a submanifold. A vector field X ∈ X(M)

is called Euler-like (along N) if it is complete, with X|N = 0, and its linear
approximation is the Euler vector field: ν(X) = E.

Given a normal tubular neighborhood embedding, the push-forward of
E under ψ is an Euler-like vector field X on the image U = ψ(νN). The
converse of this statement is guaranteed by the following equivalence between
Euler-like vector fields and normal tubular neighborhoods. We also add
an equivariant version, which will play an important role in the proof of
equivariant normal forms.

Proposition 3.1.4. Suppose that X ∈ X(M) is Euler-like along N ⊆ M .
Then there exists a unique tubular neighborhood embedding ψ : νN →M such
that

E ∼ψ X.

Given an action of a Lie group G on M , preserving the submanifold N

and the vector field X, then the tubular neighborhood embedding ψ is G-
equivariant.

Proof. See [?, Lemma 2.7].

3.2 Normal forms for involutive anchored vec-
tor bundles

Proposition ?? gives us an equivalence between Euler-like vector fields and
normal tubular neighborhood embeddings. It is natural to think about the
analogous result for vector bundles: What kind of vector field would be in
bijection with trivializations of a vector bundle? More generally, we are in-
terested in “trivializations” around a submanifold. The natural model for
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a vector bundle E around N ⊆ M is given by the composition of vector
bundle pullbacks p∗i∗E over νN , where i : N → M is the inclusion and
p : ν(M,N)→ N the bundle projection. This corresponds to first restricting
E to N and then translating it fiberwise on νN . The analog to a tubular
neighborhood embedding is a fiberwise isomorphism

p∗i∗E

��

ψ̃ // E

��
νN

ψ //M

(3.2)

where ψ : νN →M is a tubular neighborhood embedding.
In this section we are going to formalize this concept to the more general

class of anchored vector bundles and use this to establish normal form theo-
rems for involutive anchored vector bundles. Let us first take a look at the
main definitions concerning anchored vector bundles.

A morphism from an anchored vector bundle (F, ρF ) over N to an an-
chored vector bundle (E, ρE) over M is a bundle map ϕ̃ : F → E, with base
map ϕ : N →M , such that the following diagram commutes:

F
ϕ̃ //

ρF
��

E

ρE
��

TN
Tϕ
// TM

(3.3)

Recall the notion of pullback for anchored vector bundles: if (E, ρ) is an
anchored vector bundle over M , and ϕ : N →M is a smooth map transverse
to ρ, the fiber product

ϕ!E //

��

E

ρ

��
TN

Tϕ
// TM

defines an anchored vector bundle ϕ!E over N , such that the diagonal map
ϕ!E → E × TN is a morphism of anchored vector bundles.

The following proposition will be important in our normal form theorem.

Proposition 3.2.1. Let (E, ρ) be an anchored vector bundle over M , and
N ⊆ M a transversal. Then there exists a section ε ∈ Γ(E) with ε|N = 0,
such that X = ρ(ε) is Euler-like. Given an action of a Lie group G by
automorphisms of (E, ρ), such that the action on the base is proper, one can
take the section ε to be G-invariant.
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In [?], we give a proof of this proposition as a direct consequence of the
transversality condition. Here we will explore a more intuitive approach
that already uses the local splitting theorem (c.f. Theorem ??). Because of
that, we will assume the extra condition that the anchored vector bundle is
involutive, that is the case we are insterested in to prove splitting theorems.

Lemma 3.2.2. Let F be a regular foliation on a manifold M and N ⊆ M

a submanifold transverse to F . Then there exists a normal tubular neighbor-
hood embedding ψ : ν(M,N) → M mapping ν(M,N)p inside Fp, for every
p ∈ N .

Proof. The idea is that these types of tubular neighborhood embeddings
are exactly the ones for which the corresponding Euler-like vector field X ∈
X(M) happens to be tangent to the foliation distribution TF (see Proposition
??).

The property that a vector field X ∈ X(M) with X|N = 0 has normal
linearization ν(X) equal to the Euler vector field on ν(M,N) is closed under
convex combinations. So we just need to solve the problem locally and use
partition of unity to find a global vector field with this property. Then we can
multiply by a bump function equals 1 in a neighborhood of N and vanishing
outside of a small neighborhood, where we can linearize the vector field X

(see Lemma ??).
The local problem can be solved as follows. On a neighborhood U of a

fixed p ∈M we can find coordinates (x, y) ∈ Rn×Rk with p corresponding to
the point (0, 0), where the foliation is given by the condition x = constant.
The transversality condition tells us that

spanR

{ ∂

∂y1

(p), ...,
∂

∂yk
(p)
}

+ TpN = TpM,

so we can assume that spanR
{

∂
∂y1

(p), ..., ∂
∂ys

(p)
}
⊕ TpN = TpM , for some

s ≤ k. Finally, for δ > 0 sufficiently small, we obtain a tubular neighborhood
embedding

φ : (−δ, δ)s × (U ∪N)→M,

defined by φ(t1, ..., ts, q) := Φt1
1 ◦ · · · ◦Φts

s (q), where Φt
i represents the flow of

∂/∂yi, for i = 1, ..., s.

Proof of Proposition ?? (involutive case). As in Lemma ?? above, we just
need to prove the local existence of ε (then use partition of unity and a bump
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function). The local splitting theorem for involutive anchored vector bundles
(see Theorem ??), gives us an isomorphism (E, ρ)|U ∼= (TL, id)×(E ′, ρ′), on a
neighborhood of a point p ∈ N , where (E ′, ρ′) is another involutive anchored
vector bundle over Σ with ρ′p′ ≡ 0 if p conresponds to (l, p′) ∈ L×Σ. Since N
is transverse to L in p, we may assume that N is transverse to the foliation
generated by TL × Σ. By Lemma ?? we can find an Euler-like vector field
X taking values in Γ(TL × Σ). Finally we take ε to be the corresponding
section on (E, ρ)|U corresponding to X in TL× Σ ⊆ TL× E ′.

In the G-equivariant case, since the action is proper in the base we can
find an open invariant cover {Uα}, each Uα equivariantly diffeomorphic to a
“tube” G×Gp (νO)p. Then one can use that the isotropy group Gp is compact
to obtain an invariant section, out of a an initial sections ε, by averaging.
Finally one extends these local sections using an G-equivariant partition of
unity.

Now we can prove the following normal form theorem that generalizes
Theorem ??.

Theorem 3.2.3 (Transversals for anchored vector bundles). Let (E, ρ) be
an involutive anchored vector bundle over M , and N ⊆ M a submanifold
transverse to ρ. Then:

1. there exists a derivation D ∈ Der(E) preserving ρ, whose symbol XD

is Euler-like along N and whose corresponding vector field D̃ ∈ X(E)

vanishes along ρ−1(TN) ⊆ E.

2. Any derivation D as in (??) determines an isomorphism of anchored
vector bundles

ψ̃ : p!i!E → E|U ,

with base map a normal tubular neighborhood embedding ψ : νN → U ⊆
M .

Moreover, if a Lie group G acts on (E, ρ) by automorphisms, such that the
action on the base M is proper and preserves N , then D in (??) can be
chosen G-invariant, and for any such D the resulting map ψ̃ in (??) is G-
equivariant.

Proof. First let us prove the existence of a derivation as in (??). Since (E, ρ)

is involutive it admits a skew symmetric bracket A : Γ(E) → Der(E) (see
Proposition ??). Then consider the derivation D := A(ε), where ε ∈ Γ(E)
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is the section given by Proposition ??. The symbol XD = ρ(ε) is Euler-like
along N and D preserves ρ. We just need to verify that the corresponding
vector field D̃ vanishes along ρ−1(TN).

In terms ofD, this translates into the following condition: for all α ∈ Γ(E)

such that α|N ∈ Γ(ρ−1(TN)), we have D(α)|N = 0. Since ε|N = 0, we have
that ε is the sum of terms of the form fβ, where β ∈ Γ(E) and f ∈ C∞(M)

vanishes on N . Then

D(α) = A(ε)(α) =
∑

A(fβ)(α) =
∑

(fA(β)(α)− (ρ(α)f)β)

implies that D(α)|N vanishes when α|N ∈ Γ(ρ−1(TN)).
In the G-equivariant situation, assuming that the action on M is proper,

one may take the section ε to be G-equivariant (cf. Proposition ??), and
similarly for the bracket A. It then follows that D is G-invariant.

The idea for the second part is that the vector field D̃ comimg from the
derivation D as in (??) is Euler-like along ρ−1(TN) ⊆ E (for a proof, see
[?]). Let ψ : νN → U ⊆M , be the normal tubular neighborhood embedding
determined by the symbol XD, and let λt := Φlog(t), where Φs denotes the
flow of XD. If κt : νN → νN denotes the fiberwise multiplication by t, we will
have λt ◦ψ = ψ ◦κt. Let Φ̃s denote the flow of D. Then defining λ̃t := Φ̃log(t),
we obtain isomorphisms of anchored vector bundles (for 0 < t ≤ 1):

(E, ρ)|U

��

λ̃t // (E, ρ)|U

��
U

λt // U

Since Φ̃s is the flow of an Euler-like vector field over ρ−1(TN) = i!E, this
family extends to t = 0 giving rise to a projection

(E, ρ)|U

��

λ̃0 // i!(E, ρ)

��
U

λ0 // N

which is still an anchored vector bundle morphism. Using ψ : νN ∼= U , we
can rewrite this diagram with νN instead of U :

ψ∗(E, ρ)

��

λ̃0 // i!(E, ρ)

��
νN

p // N,
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where we are using that λ0 ◦ψ = p. The next diagram is obtained using that
the last diagram is an anchored vector bundle morphism:

ψ∗(E, ρ)

ρ◦Tψ
��

λ̃0 // i!(E, ρ)

i!ρ
��

TνN
Tp // TN

Now we use the definition of p!i!(E, ρ) and the universal property of the
fibered product to obtain a map ψ∗(E, ρ)→ p!i!(E, ρ),

ψ∗(E, ρ)

ρ◦Tψ

""

λ̃0

((&&
p!i!(E, ρ)

p!i!ρ
��

// i!(E, ρ)

i!ρ
��

TνN
Tp // TN.

Going back to (E, ρ)|U we have the following

E|U → p!i!E ⊆ i!E × TνN , ξ 7→
(
λ̃0(ξ), Tψ−1(ρ(ξ))

)
, (3.4)

which is an isomorphism and we take ψ̃ : p!i!E → E|U to be the inverse
map. In fact, by a dimension argument, we just need to verify that the map
is fiberwise injective. For that, it is enough to prove that in the following
diagram,

ker(λ̃0)
##

ρ
##

// Ep

ρ

��

λ̃0 // // ρ−1(Tλ0(p)N)

TpM

has λ̃0 surjective, and the restriction of ρ to ker(λ̃0) is injective. Since the
flow of D preserves this diagram, it is enough to verify the property for some
λt(p) instead of p. Since the property is an open condition, we can assume
p ∈ N . Then this follows from λ̃0 being a projection and N being transverse
to ρ.

In the G-equivariant case, if the vector field X̃ is G-invariant, then all
maps in this construction are G-equivariant, hence so is ψ̃.
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As a direct consequence, we reobtain the splitting theorem for anchored
vector bundles given in Theorem ??. In fact, if N is a small tranversal around
a leaf L, we have that νN ∼=loc N × L, in this case p!i!(E, ρ) = (TL, id) ×
(E ′, ρ′). The main difference is that now we also obtain the equivariant result
as well.

3.3 Applications

In this section we give the applications of the method described in the pre-
vious sections to various known geometric structures. All the missing proofs
can be found in [?].

3.3.1 Lie algebroids
The proofs of Section ?? extend naturally to Lie algebroids. So we get the
following normal form theorem.

Theorem 3.3.1. Let (E,A, ρ) be a Lie algebroid over M , and let N ⊆ M

be a transversal. Choose ε ∈ Γ(E) with ε|N = 0, such that X = ρ(ε) is
Euler-like. The choice of ε determines a tubular neighborhood embedding
ψ : νN →M with an isomorphism of Lie algebroids

ψ̃ : p!i!E → E|U .

Given a G-action by Lie algebroid automorphisms of E, and a G-equivariant
choice of ε, the isomorphism ψ̃ is G-equivariant.

Proof. We use the same construction as in the proof of Theorem ??, but now
we use the given bracket A to constructD = A(ε). We just need to verify that
the constructed isomorphism ψ̃ : p!i!E → E|U is a Lie algebroid isomorphims.
Recall that this isomorphism is the inverse of the map E|U → i!E × TνN ,
e 7→ (λ̃0(e), Tψ−1(ρ(e))). Using the identification ψ : νN → U ⊆M this map
becomes E|U → i!E×TM |U , e 7→ (λ̃0(e), ρ(e)). So the bracket of (λ̃0(e), ρ(e))

and (λ̃0(e′), ρ(e′)), is

[(λ̃0(e), ρ(e)), (λ̃0(e′), ρ(e′))] = (AN(λ̃0(e), λ̃0(e′)), [ρ(e), ρ(e′)])

= (λ̃0(A(e, e′)), ρ(A(e, e′))).

The last equality following from λ̃0 : E|U → i!E, being a morphism of Lie
algebroids (using continuity) and from the fact that the bracket A preserves
the anchor ρ.
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Applying this theorem for local transversals we reobtain the local split-
ting for Lie algebroids of Corollary ??. In fact, we can take N as a small
transverse where νN = N × L. In this case p!i!(E,A, ρ) ∼= (TL, [·, ·], id) ×
(ρ−1(TN), AN , ρN).

3.3.2 Dirac manifolds
A Dirac structure on M (relative to η) is a subbundle E ⊆ TM such that
E = E⊥, and such that the space of sections of E is closed under the bracket
[[·, ·]]η (see Definition ??). Dirac structures are Lie algebroids, with the anchor
ρE := prTM |E and bracket [·, ·] obtained by restriction from TM . In order to
state the splitting theorem for Dirac structures recall that for any 2-form B

we define the B-field transform TB : TM → TM ,

TB(v + ξ) = v + ξ + ιvB.

We will also denote EB := TB(E), which is a Dirac structure relative to the
3-form η + dB. We can define the pullback of a Dirac structure E ⊆ TM
relative to η by a map ϕ : N →M as

ϕ!E = {v′ + ξ′ ∈ TN | ∃v + ξ ∈ E : v = Tϕ(v′), ξ′ = ϕ∗ξ}.

If ϕ is transverse to ρE, then ϕ!E ⊆ TN is a Dirac structure relative to
ϕ∗η; as a Lie algebroid it coincides with the pullback Lie algebroid. Given a
2-form B on M , one finds that

(ϕ!E)ϕ
∗B = ϕ!(EB).

A submanifold i : N ↪→M is called a transversal for the Dirac structure
E if it is transverse to the anchor of E. In this case, we obtain Dirac structures
i!E ⊆ TN relative to i∗η and p!i!E ⊆ TνN relative to p∗i∗η.

Theorem 3.3.2 (Normal form for Dirac stuctures). Let E ⊆ TM be a Dirac
structure relative to η, and i : N ↪→ M a transversal. Choose ε = X + α ∈
Γ(E) with ε|N = 0, such that X is Euler-like along N , and let ψ : νN → U ⊆
M be the resulting tubular neighborhood embedding. Then Tψ : TνN → TM
restricts to an isomorphism of Dirac structures

(p!i!E)ω → E|U ,
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where ω ∈ Ω2(νN) is the 2-form

ω =

∫ 1

0

1

τ
κ∗τψ

∗(dα + ιXη) dτ. (3.5)

Given a proper G-action on M , preserving η and such that its lift to TM
preserves E, one can choose ε to be G-invariant. The resulting ω is then
G-invariant, and the isomorphism Tψ is G-equivariant.

The proof of this result can be found in [?, Section 7]. The local case was
firstly proved by Blohmann in [?].

3.3.3 Poisson manifolds

Let (M,π) be a Poisson manifold. We denote by π] : T ∗M → TM the bundle
map defined by π, and by E = Gr(π) ⊆ TM the Dirac structure given by its
graph.

Definition 3.3.3. A submanifold N ↪→M is called a cosymplectic transver-
sal if the restriction of the Poisson bivector π ∈ X2(M) to Ann(TN) ⊆
T ∗M |N is a nondegenerate bilinear form; these are discussed in work of We-
instein [?], Xu [?], Cattaneo-Zambon [?], and Frejlich-Mărcuţ [?] (under the
name of Poisson transversal).

When N is cosymplectic, the Poisson bivector naturally induces a sym-
plectic bundle structure on νN . This follows from the canonical bundle iso-
morphism νN ∼= Ann(TN). It also induces a natural Poisson structure on N ,
as showed by Weinstein [?, Proposition 1.4]. In fact, we have:

Lemma 3.3.4. A transversal i : N ↪→ M for a Poisson manifold (M,π) is
cosymplectic if and only if the Dirac structure i!E ⊆ TN has trivial intersec-
tion with TN . In this case, i!E = Gr(πN).

We can use the normal form for Dirac structure obtained in Subsection
?? to recover the following result.

Theorem 3.3.5 (Frejlich-Mărcuţ [?]). Let N ⊆M be a cosymplectic transver-
sal. Choose a closed 2-form ω ∈ Ω2(νN) on the normal bundle, such that ω|N
has kernel TN and restricts to the given symplectic form on νN ⊆ TνN |N ∼=
TN ⊕ νN . Then, near the zero section of νN ,

(p! Gr(πN))ω
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is the graph of a Poisson structure, and there exists a tubular neighborhood
embedding ψ : νN →M , which is a Poisson map on some neighborhood of N .

The idea is to use the normal form theorem for Dirac structures given
by Theorem ?? to find a canonical isomorphism beetween (p! Gr(πN))ω and
Gr(π)|U (depending on the choice of a section with Euler-like anchor). The
general case follows by using Moser path method. For the details see [?,
Section 6].

3.3.4 Generalized complex manifolds
A Generalized complex structure can be seen as a complex Dirac structure
E ⊆ TMC, which satisfies the extra condition E ∩ E = {0}. In terms of the
automorphism J ∈ Aut(TM) with J2 = − id, the bundle E corresponds to
the +

√
−1 eigenvectors.

The factor of J corresponding to a map πJ : T ∗M → TM is a Poisson
structure and we have the following property.

Lemma 3.3.6. Suppose that i : N ↪→ M is a cosymplectic transversal with
respect to πJ. Then i!E defines a generalized complex structure on N .

In contrast, the pullback p!i!E does not define a generalized complex
structure on νN . However, if ω is a closed 2-form on νN whose restriction to
TM |N = TN ⊕ νN has kernel TN and coincides with the given form ω0 on
the symplectic vector bundle νN , then the B-field transform (p!i!E)

√
−1ω is a

generalized complex structure on some open neighborhood of N .
Given a diffeomorphism ψ : M →M ′ we denote by Tψ : TM → TM ′ the

map (v, ξ) 7→ (Tψ(v), ξ ◦ Tψ−1).

Theorem 3.3.7. Let E ⊆ TMC be a generalized complex structure, and N ⊆
M a cosymplectic transversal for the underline Poisson structure πJ. Then
there exist a 2-form ω ∈ Ω2(νN), with ker(ω|N) = TN and (ω|N)|νN = πJ,
and a normal tubular neighborhood embedding ψ : νN → U ⊆ M , for which
the lift (Tψ)C : (TνN)C → TMC takes

(p!i!E)
√
−1ω ⊆ (TνN)C

to a real B-field transformation of E|U ⊆ TMC.

For the characterization of the 2-form ω as well as the B-field translation
in terms of Euler-like vector fields see [?, Section 7].

IMPA 57 August, 2017



Hudson Lima Normal Forms

3.4 Courant algebroids normal form

3.4.1 Preliminaries
Let (E,A, ρ, 〈·, ·〉) be a Courant algebroid over M and N ⊆ M an anchor-
transverse submanifold. Note that a vector field X ∈ X(M) is Euler-like
along N if it is complete and its normal derivative ν(X) : νN → TM |N
defines a splitting for the exact sequence

0→ TN → TM |N → νN → 0.

More generally, we have the following lemma.

Lemma 3.4.1. A section σ ∈ Γ(E) vanishing along N , with ρ(σ) complete,
defines a splitting for

0 // ρ−1(TN) // E|N
ρ̄ // νN //

ν(σ)

}}
0, (3.6)

if and only if ρ(σ) is Euler-like.

Proof. We have the following comutative diagram:

(M,N)

ρ(σ) &&

σ // (E,M)

ρ

��
(TM,M),

which implies that ρ̄(ν(σ)) = ν(ρ(σ)). So ν(σ) is a splitting for (??) if and
only if ν(ρ(σ)) is a splitting for

0→ TN → TM |N → νN → 0.

Given a splitting s : νN → E|N of the sequence (??) above, we can find a
section whose normal derivative is s.

Lemma 3.4.2. Let s : νN → E|N be a splitting for the exact sequence (??)
and K ⊆ E a subbundle over M such that K|N = Im(s). Then there exists
a section σ ∈ Γ(K) ⊆ Γ(E) such that ν(σ) = s and σ|N = 0. Multiplying by
an approprieted bump function we can also assume that ρ(σ) is Euler-like.
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Proof. More generally, let ∆: νN → K|N be any bundle map. Let us
prove that we can always find a section σ ∈ Γ(K) such that ν(σ) = ∆

and σ|N = 0. It is enough to prove this property locally since one can
use partition of unity to find a global section. Let (x, y) ∈ M be a lo-
cal coordinate system in which N is given by x = 0. Fixed a local frame
{ei}i ⊆ Γloc(K), any σ ∈ Γ(K) can be written as σ(x, y) =

∑
j σj(x, y)ej, for

σj ∈ C∞loc(M). In these coordinates the normal differential ν(σ) has repre-
sentative matrix (∂σi/∂xj(0, y)). If the bundle map ∆ is represented by the
matrix (∆ij(y)), the local problem becomes to find functions σj(x, y) satisfy-
ing ∂σi/∂xj(0, y) = ∆ij(y) and σj(0, y) = 0. To solve that, we can take the
linear solution σj(x, y) =

∑
i xi∆ij(y).

Although we have plenty of sections whose anchor is Euler-like, the method
used in the sections ?? and ?? cannot be applied to any of them. This hap-
pens because the flow of A(ε) preserves the pairing 〈·, ·〉, making it impossible
for it to be Euler-like along any proper subbundle F ( E (using that the
pairing is nondegenerate). Also the pullback i!(E,A, ρ, 〈·, ·〉) is modeled in a
different vector bundle than the anchored vector bundle pullback: EN/E⊥N
instead of EN = ρ−1(TN).

However, we can still describe sections ε ∈ Γ(E) which induce normal
forms.

Theorem 3.4.3 (Normal Form for Courant Algebroids). Let (E,A, ρ, 〈·, ·〉)
be a Courant algebroid over M and i : N ↪→ M a submanifold transverse to
the anchor ρ, with normal bundle p : ν(M,N)→ N .

1. There exists a section ε ∈ Γ(E) with ε|N = 0, such that ρ(ε) is Euler-
like, and ε is isotropic, that is, 〈ε, ε〉 = 0.

2. Any choice of such section ε determines an isomorphism of Courant
algebroids

ψ̃ : p!i!(E,A, ρ, 〈·, ·〉)→ (E,A, ρ, 〈·, ·〉)|U ,

with base map a tubular neighborhood embedding ψ : ν(M,N) → U ⊆
M .

Given a G-action on (E,A, ρ, 〈·, ·〉) proper on the base M and letting N

invariant, we can take ε in item ?? to be G-invariant, and the resulting ψ of
item ?? is then G-equivariant.
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In the particular case, where the transverse submanifold is taken to be a
small transversal at a point p ∈ M , this theorem recovers the local splitting
theorem for Courant algebroids proved in Theorem ??. This follow from the
properties of the pullback of Courant algebroids. Taking N a small transver-
sal we obtain νN ∼= N×L, and p!i!(E,A, ρ, 〈·, ·〉) = TL×RedN(E,A, ρ, 〈·, ·〉),
where RedN(E,A, ρ, 〈·, ·〉) is the restrict structure over N (c.f. Theorem ??).
The method used here is different and it has the advantage of allowing a
G-equivariant version.

We saw in Proposition ?? how easy it is to find an isotropic section
α ∈ Γloc(E) with non-vanishing anchor: 〈α, α〉 = 0 and ρ(α)p 6= 0. Using the
local splitting theorem (c.f. Theorem ??) one can easily find an isotropic local
section ε with anchor ρ(ε) Euler-like along a neighborhood of N . However it
is not so clear how to extend ε to a neighborhood of N without loosing the
isotropic condition: 〈ε, ε〉 = 0. Let us describe how this can be done.

Lemma 3.4.4. Let (V, 〈·, ·〉) be a vector space with a symmetric nondegen-
erate pairing, W ⊆ V a coisotropic subspace, that is, W⊥ ⊆ W , and
K ⊆ V a complement of W , V = W ⊕ K. Then the pairing restricts to
a nondegenerate pairing on W ∩K⊥, which is a complement to W⊥ in W ,
W = (W ∩ K⊥) ⊕W⊥. Furthermore, any such complement K canonically
determines an isotropic complement K0, that is, K0 ⊆ K⊥0 .

Proof. Since V = W ⊕K and the pairing is nondegenerate, we have W⊥ ∩
K⊥ = V ⊥ = {0}. So to prove that W = (W ∩K⊥) ⊕W⊥, we just need to
verify thatW ∩K⊥ has the correct dimension. Since (W ∩K⊥)⊥ = W⊥⊕K,
we have

dim(W ∩K⊥) = dim(V )− dim(W⊥)− dim(K)

= dim(W )− dim(W⊥).

Then we obtain a decomposition V = (W ∩ K⊥) ⊕ (W⊥ ⊕ K), with (W ∩
K⊥)⊥ = W⊥ ⊕K, which implies that the pairing is nondegenerate on both
these factors.

In the second part we prove that we can canonically find an isotropic com-
plement V = W ⊕K0 (depending on K). Since the pairing is nondegenerate
on W⊥ ⊕K and W⊥ is isotropic, we have an isomorphism

I : W⊥ → K∗

given by I(v) = 〈v, ·〉|K .
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We know that any complement of W is the graph of a linear map K →
W . Let us choose a map Θ: K → W⊥ ⊆ W with isotropic graph. The
isomorphism I allows us to see Θ as a bilinear map θ : W ×W → R defined
by θ(u, v) = 〈Θu, v〉. The condition that the graph of Θ is isotropic translates
to

θ(u, v) + θ(v, u) = −〈u, v〉.

So we take θ(u, v) = −1
2
〈u, v〉.

K∗

K
A

//

− 1
2
〈v,·〉

==

W⊥

I

bb

The same argument to construct isotropic complements of Lagrangian
subbundles in symplectic bundles is present in the book [?, Chapter 8].

Lemma 3.4.5. Let (E, 〈·, ·〉) be a vector bundle over M with a symmetric
nondegenerate pairing and KN ⊆ E an isotropic subbundle over a subman-
ifold N ⊆ M . Given a tubular neighborhood embedding ψ : νN → U ⊆ M ,
there exists an isotropic subbundle K ⊆ E|U over U extending KN , i.e.,
K|N = KN .

Proof. The idea is to choose a pairing-preserving vector bundle isomorphims
covering ψ, ψ̃ : p∗(E|N , 〈·, ·〉|N) → (E, 〈·, ·〉)|U fixing E|N , where p : νN → N

is the projection. Then KN is an isotropic subbundle of p∗(E|N) which
admits the natural isotropic extension p∗(KN), and we define K as being the
corresponding subbundle on E|U .

In order to prove the existence of the pairing preserving isomorphism ψ̃,
note first that we can always choose a pairing-preserving connetions ∇ on E.
Then we define, for a given v ∈ νN , the isomorphism ψ̃v : Ep(v) → Eψ(v) as
the parallel transport of ∇ over the curve t→ ψ(tv), for t ∈ [0, 1].

Now we can prove item (1) of Theorem ??.

Proposition 3.4.6. Let (E,A, ρ, 〈·, ·〉) be a Courant algebroid over M and
N ⊆ M a submanifold transverse to the anchor ρ. There exists an isotropic
section ε ∈ Γ(E) with ε|N = 0, such that ρ(ε) is Euler-like, and its normal
derivative ν(ε) : νN → E|N is an isotropic splitting for the exact sequence
(??).
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Proof. Since ρ−1(TN) ⊆ E|N is coisotropic, Lemma ?? guarantees the exis-
tence of an isotropic complement KN , which can be isotropically extended
to a tubular neighborhood U of N , by Lemma ??. Now by Lemma ??, we
can find a section ε ∈ Γ(K) with ν(ε) = (ρ̄|KN )−1, so ν(ε) is a splitting for
the sequence (??) and 〈ε, ε〉 = 0.

As we have already discussed there is no way we can make the flow of
A(ε) into the flow of an Euler-like vector field (ε as in part ?? of Theorem
??). Therefore we need to completely describe this flow if we want to extract
information from it. The idea is to first describe the flow on E|N and then
use a version of the stable manifold theorem to understand the flow on an
open neighborhood of E|N ⊆ E.

Let KN ⊆ E|N be the image of ν(ε) : νN → E|N . Then we obtain a
decomposition E|N = ρ−1(TN)⊕KN . Lemma ?? gives us a decomposition

E|N = (ρ−1(TN) ∩K⊥N)⊕ ρ−1(TN)⊥ ⊕KN , (3.7)

where the factors (ρ−1(TN)∩K⊥N) and (ρ−1(TN)⊥⊕KN) are orthogonal to
each other so they are both nondegenerate subspaces, that is, the pairing
restricts to a nondegenerate pairing on each of them.

Note that the projection ρ−1(TN)→ ρ−1(TN)/ρ−1(TN)⊥ restricts to an
isomorphism

(ρ−1(TN) ∩K⊥N) ∼= ρ−1(TN)/ρ−1(TN)⊥ = i!E,

and the pairing gives us a natural isomorphism ρ−1(TN)⊥ ∼= K∗N , so we have
a identification of metric bundles

E|N ∼= i!E ⊕ (KN ⊕K∗N).

Let ψ : νN → U ⊆M be the tubular neighborhood embedding induced by
ρ(ε), let Φ̃s be the flow of A(ε), and Φs the flow of ρ(ε). We will also consider
the reparametrizations λ̃t := Φ̃log(t) and λt := Φlog(t), for t > 0. Then we
obtain a collection of Courant algebroid isomorphisms

(E,A, ρ, 〈·, ·〉)|U

��

λ̃t // (E,A, ρ, 〈·, ·〉)|U

��
U

λt // U.

The decomposition of Equation (??) is invariant under λ̃t. In fact, λ̃t
preserves the anchor ρ, the pairing 〈·, ·〉, the submanifold N , and the section
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ε; so the same is true for ρ−1(TN) and ν(ε) : νN → E|N ; then ρ−1(TN)⊥,
KN = Im(ν(ε)), and ρ−1(TN) ∩ K⊥N are also preserved. Note that ε is
preserved since LA(ε)(ε) = A(ε)(ε) = (1/2)ρ∗d〈ε, ε〉 = 0.

Lemma 3.4.7. The isomorphism λ̃t acts by multiplication by 1, 1/t and t
on (ρ−1(TN) ∩K⊥N), ρ−1(TN)⊥, and KN , respectively.

Proof. To prove that λ̃t fixes (ρ−1(TN) ∩ K⊥N), it is enough to prove that
the vector field with flow Φ̃s vanishes at (ρ−1(TN) ∩ K⊥N). For that we
just need to prove that A(ε, σ)|N = 0 for every σ ∈ Γ(E) such that σ|N ∈
Γ(ρ−1(TN) ∩K⊥N) (see Appendix ??). Since

A(ε, σ)|N = ρ∗d〈ε, σ〉|N − A(σ, ε)|N ,

we just need to prove that both these factors vanish. Given p ∈ N and v ∈
TpM , a local calculation imediately shows that d〈ε, σ〉(v) = 〈ν(ε)v, σp〉 = 0,
since σp ∈ K⊥N and KN = Im(ν(ε)), so d〈ε, σ〉 vanishes on TM |N . The other
factor also follows from a local calculation. In fact, ε is the sum of terms
in the form fe, for e ∈ Γ(E) and f ∈ C∞(M) vanishing along N . Since
σ|N ∈ Γ(ρ−1(TN)), we have A(σ, fe)|N = f |NA(σ, e)|N + ρ(σ)f |Ne = 0.

Now let us prove that λ̃t acts by multiplication by t on KN . For that, we
use that the flow preserves ε, so we have the following comutative diagrams:

U

λt

��

ε // E|U

λ̃t

��

νN

ν(λt)

��

ν(ε) // E|N

λ̃t

��

+3

U ε // E|U νN
ν(ε) // E|N .

Since ψ ◦ κt = λt ◦ ψ, where κt : νN → νN is the multiplication by t, and
ν(κt) = κt, we obtain that ν(λt) is multiplication by t. It follows from ν(ε)

being injective with image KN that λ̃t acts by multiplication by t on KN .
Note that this implies that KN is an isotropic subspace, since λ̃t preserves
the pairing.

Finally, λ̃t acts by multiplication by 1/t on ρ−1(TN)⊥. In fact, given
v ∈ ρ−1(TN)⊥ and a⊕ b ∈ ρ−1(TN)⊥ ⊕KN over the same point p ∈ N , we
have 〈

λ̃t(v), a+ b
〉

=
〈
λ̃t(v), b

〉
=

〈
v, λ̃−1

t (b)
〉

= 〈v, (1/t)b〉
= 〈(1/t)v, a+ b〉,
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where we are using that ρ−1(TN)⊥ is isotropic invariant. Since 〈·, ·〉 is non
degenerate in ρ−1(TN)⊥ ⊕ KN , we must have λ̃t(v) = (1/t)v for every v ∈
ρ−1(TN)⊥.

The lemma above tells us that the flow Φ̃s is basically hyperbolic around
E|N except on a subbundle where the corresponding vector field vanishes.
This give us the intuition that this behaviour would hold on a sufficiently
small neighborhood of E|N ⊆ E|U . With that in mind we define

S :=
{
v ∈ E|U s.t. lim

t→0
λ̃t(v) exists

}
,

and
K :=

{
v ∈ E|U s.t. lim

t→0
λ̃t(v) = 0

}
.

In terms of the flow, S = {v ∈ E|U s.t. lims→−∞ Φ̃s(v) exists} is the set of
unstable points.

Using the linear version of the stable manifold theorem given in Appendix
?? we can find a small open neighborhood of N in U ⊆ M , for which the
restrictions of S and K are subbundles. But this already implies that S
and K are subbundles on U itself. This happens because both S and K are
invariant under λ̃t and for any bounded open subset B of U we can choose a
small t > 0 such that λt(B) lies in the open neighborhood given by the linear
stable manifold theorem.

In conclusion, the limit λ̃0 := limt→0 λ̃t gives us a bundle projection

S
λ̃0 //

��

i!E

��
U

λ0 // N

(3.8)

whose kernel is K → U , where we are already using the identification
ρ−1(TN) ∩K⊥N ∼= i!E.

Note that S = K⊥. In fact, this equality holds over N (since KN is
isotropic), so we just need to prove one of the inclusions. Given v ∈ Sq and
w ∈ Kq, for some q ∈ U , we have 〈v, w〉q =

〈
λ̃t(v), λ̃t(w)

〉
λt(q)

, which goes

to zero as t→ 0. Then S ⊆ K⊥.
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3.4.2 Proof of Theorem ??
To prove Theorem ??, we will adopt the point of view of U instead of νN .
This will be done using the isomorphism

p!i!(E,A, ρ, 〈·, ·〉) ∼= λ!
0i

!(E,A, ρ, 〈·, ·〉)

covering the tubular embedding ψ : νN → U (note that ψ ◦ p = λ0).
Recall that the pullback λ!

0!i!(E,A, ρ, 〈·, ·〉) is modeled in the quotient
C/C⊥, where

C := {(e; v, ξ) ∈ i!E × TM |U | Tλ0(v) = ρN(e)},

with the restricted structure induced from i!E × TM |U obtained with the
identification U ∼= graph(λ0) ⊆ N × U .

In analogy with the projection obtained in the proof of Theorem ??,
diagram (??) induces an isomorphism S → C̃,

S

ρ

��

λ̃0

&&""
C̃

��

// i!E

i!ρ

��
TM |U

Tλ0 // TN

where C̃ := {(e, v) ∈ i!E × TM | Tλ0(v) = ρ(e)}. To prove that the induced
map λ̃0 × ρ : S → C̃ is an isomorphism it is enough to prove its injectivity.
In fact, tranversality tells us that

rk(C̃) = rk(i!E × TM)− codimN×MM

= rk(i!E) + codimMN

= 2rk(ρ−1(TN))− rk(E) + codimMN

= 2(rk(E)− codimMN)− rk(E) + codimMN

= rk(E)− codimMN

= rk(E)− rk(K) = rk(S).

Now the injectivity follows from the diagram

K ""

ρ ""

// S

ρ

��

λ̃0 // // i!E

TM |U ,
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that is, λ̃0 surjective and the restriction of ρ to K is injective. Since this is
an open condition and the diagram above is invariant by the flow, we just
need to verify the condition over points of N , but this is obvious from our
construction of K and L. Note that the isomorphism S ∼= C̃ proves that
(S, ρ) is isomorphic to the pullback of i!(E, ρ) as anchored vector bundle.
Since ρ ◦ λ̃0 = Tλ0 ◦ ρ we get that ρ(K) ⊆ kerTλ0, so ρ(K) = kerTλ0 is the
distribution generated by the leaves of λ0 : U → N .

Since C = C̃ ⊕ T ∗M |U (if considered over U), we obtain an isomorphism

F : S ⊕ T ∗M |U → C ⊆ i!E × TM |U ,

(e, ξ) 7→ (λ̃0(e); ρ(e), ξ). The idea now is to prove that the subspace of
S ⊕ T ∗M |U corresponding to C⊥ ⊆ C is exactly the kernel of the map S ⊕
T ∗M |U → E|U , (e, ξ) 7→ e+ ρ∗ξ, so we have an induced bundle isomorphism
C/C⊥ → E|U .

Lemma 3.4.8. The bundle map

L : S ⊕ T ∗M |U → E|U , (e, ξ) 7→ e+ ρ∗ξ

is surjective with kernel

{(−ρ∗(η), η) ∈ S ⊕ T ∗M |U s.t. η ∈ ann(kerTλ0) ⊆ T ∗M |U}.

Proof. Note that Im(L) = S + Im(ρ∗), since S⊥ = K, we get that Im(L)⊥ ⊆
K ∩ Im(ρ∗)⊥ = K ∩ ker(ρ) = 0, where we are using that ρ|K is injective and
that ρ ◦ ρ∗ = 0. Therefore Im(L) = E|U .

For the characterization of the kernel, we just need to prove that for
every η ∈ ann(kerTλ0), we have that ρ∗η ∈ S. But this follows again
because S⊥ = K. In fact, given v ∈ K we have 〈v, ρ∗η〉 = η(ρ(v)) = 0, since
ρ(K) = kerTλ0, as observed before. So ρ∗η ∈ K⊥ = S.

Now it is easy to check that ker(L) is taken to C⊥ by the isomorphism
F . We are going to need a slightly more general version of this. Consider
the family Courant algebroids λ!

t(E,A, ρ, 〈·, ·〉), for t > 0. They are modeled
in the quotient Ct/C⊥t , where

Ct := {(e; v, ξ) ∈ E|U × TM |U | Tλt(v) = ρ(e)}.

Since λt : U → U is a diffeomorphism, all Courant algebroids of this fam-
ily are isomorphic to (E,A, ρ, 〈·, ·〉)|U . Proposition ?? give us Courant alge-
broid isomorphisms c̃ant : λ

!
t(E,A, ρ, 〈·, ·〉)→ (E,A, ρ, 〈·, ·〉)|U , obtained from

cant : Ct → E|U , (e; v, ξ) 7→ e+ ρ∗(ξ ◦ Tλ−1
t ).
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Analogously to the above discussion, where we define the isomorphism F ,
the bundle map λ̃t : S → E|U induces an isomorphism Ft : S⊕T ∗M |U → Ct,
(e, ξ) 7→ (λ̃t(e); ρ(e), ξ). We claim that Ft takes the kernel of L to C⊥t
for every t > 0. In fact, using the characterization of Lemma ??, given
η ∈ ann(kerTλ0) ⊆ T ∗M |U and (e; v, ξ) ∈ Ct, we have

〈Ft(−ρ∗(η), η), (e; v, ξ)〉 =
〈

(−λ̃t(ρ∗(η)); 0, η), (e; v, ξ)
〉

= −
〈
ρ∗(η ◦ Tλ−1

t ), e
〉

+ 〈η, v〉
=

〈
η,−Tλ−1

t (ρ(e)) + v)
〉

=
〈
η ◦ Tλ−1

t , (−ρ(e) + Tλt(v))
〉

= 0.

A dimension argument guarantees that Ft(ker(L)) = C⊥t . So we obtain
an induced bundle isomorphisms (S ⊕ T ∗M |U)/ ker(L) ∼= Ct/C

⊥
t = λ!

tE.
This gives a collection of (isomorphic) Courant algebroid structures on (S ⊕
T ∗M |U)/ ker(L). Let us prove that the bundle isomorphism induced by L,

L̃ : (S ⊕ T ∗M |U)/ ker(L)→ E|U

is a Courant algebroid isomorphism. Let cant : Ct → E|U be the map de-
scribed on Proposition ?? that decends to the canonical Courant algebroid
isomorphism λ!

tE → E|U . Then one just needs to verify that the following
diagram commutes:

S ⊕ T ∗M |U
L
��

Ft // Ct

cant
��

E|U
λ̃t // E|U .

In fact, if this diagram comutes we will induce the following comutative
diagram:

S ⊕ T ∗M |U/ ker(L)

L̃
��

F̃t // Ct/C
⊥
t

c̃ant
��

E|U
λ̃t // E|U .

Then L̃ = λ̃−1
t ◦ c̃ant ◦ F̃t is the composition of Courant algebroid isomor-

phisms, so it is itself a Courant algebroid isomorphism. Given (e, ξ) ∈
S ⊕ T ∗M |U , we have

(cant ◦Ft)(e, ξ) = cant(λ̃t(e); ρ(e), ξ)

= λ̃t(e) + ρ∗(ξ ◦ Tλ−1
t )

= λ̃t(e+ ρ∗ξ)

= (λ̃t ◦ L)(e, ξ),
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where we have used that λ̃t preserves ρ∗: λ̃t(ρ∗ξ) = ρ∗(ξ ◦ Tλ−1
t ).

Finally, since the collection of brackets on S ⊕ T ∗M |U/ ker(L) converges
to the Courant bracket given by the isomorphism F̃ : S ⊕ T ∗M |U/ ker(L)→
C/C⊥ (coming from F), and all these bracket are applied by L̃ into the
bracket of E|U , the same is true for the their limit. So the isomorphism
L̃ ◦ F̃−1 : λ!

0i
!E → E|U preserves the Courant algebroid bracket.

Note that, even though we only needed pointwise convergence, the con-
vergence of the brackets in S⊕T ∗M |U/ ker(L) are uniform in all derivatives.
This follows from λ̃t|S being the flow of an Euler-like vector field in S.
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CHAPTER 4

Anchored vector bundle and linearization

4.1 Introduction

This chapter is dedicated to linearization problems. One of the most famous
linearization problem is the Hartman-Grobman theorem (see [?]), that states
that any vector field is topologically linearizable in a neighborhood of a hy-
perbolic point. In general, the conjugation that linearizes the vector field
cannot be chosen smooth, not even Lipschitz. For this problem we have a
theorem by Sternberg that establishes resonance conditions with which we
can find a smooth conjugation.

Theorem 4.1.1 (Sternberg-Chen Linearization [?, ?]). Let X : Rn → Rn be
a vector field with singularity at 0, whose linear part DX0 has µ1, ..., µn as
complex eigenvalues. If

(P1) The singularity is hyperbolic: Re(µi) 6= 0, for all i = 1, ..., n;

(P2) DX0 is non ressonant:
∑

j ajµj 6= µi, for all a1, ..., an ∈ N≥0, with∑
j aj > 1;

then X is smoothly linearizable on a neighborhood of 0.

Other extra conditions have been made sometimes.

(P3) DX0 is diagonalizable, and
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(P4) The convex hull of µ1, ..., µn in C does not contains 0.

In fact, the initial proof of Sternberg [?] assumed (P3) (removed by Chen
[?]), while a classical linearization theorem of Poincaré [?] assumes (P4).

Many of the results in this chapter resembles the paper of Elliot and
Livingston [?], which treats the linearization of Lie algebras of real analytic
vector fields.

4.2 The linear model and linearization

This section is dedicated to the linearization problem of anchored vector
bundles. Recall that an anchored vector bundle is a pair (E, ρ) consisting of
a smooth vector bundle E → M and a smooth bundle map ρ : E → TM ,
called the anchor. A point p ∈ M is called a singular point of (E, ρ) if the
linear map ρp : Ep → TpM vanishes. The linearization problem asks if the
anchored vector bundle (E, ρ) is isomophic to its linear local model on a
small neighborhood of a singular point.

The linear model of (E, ρ) on a singular point is the linear map ρL :

Ep → End(TpM) defined as follows. First consider a local frame {ei}i ⊆
Γloc(E) in a neighborhood of the singularity p ∈ M , and local coordinates
(x1, ..., xm) around p inM . Then we can locally find functions θij ∈ C∞loc(M),
such that

ρ(ei) =
∑
j

θij
∂

∂xj
.

Finally, we use the linearization of the functions θij to define ρL : Ep →
End(TpM), in the local basis {ei(p)}i ⊆ Ep, by

ρL(ei(p))x :=
∑
j,k

∂θij
∂xk

(p)xk
∂

∂xj

∣∣∣
p
.

Proposition 4.2.1. Let (E, ρ) be an anchored vector bundle and p ∈ M a
singular point. Then its linearization at p, ρL : Ep → End(TpM), does not
depend on the chosen local frame nor on the local coordinate system.

Proof. Given e ∈ Ep and v ∈ TpM , let us prove that

ρL(e)v = [X, ρ(σ)](p),

for every σ ∈ Γloc(E) and X ∈ X(M) satifying σ(p) = e and X(p) = v.
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Firstly note that [X, ρ(σ)](p) independs of the chosen extending sections
σ and vector field X. In fact, fixed a local frame {ei} one gets

[X, ρ(σ)](p) =
∑
i,j

σi(p)Xj(p)[∂/∂xj, ρ(ei)](p),

if σ =
∑

i σiei and X =
∑

j Xj∂/∂xj. So the right-hand side does not depend
on the extensions. Finally, noting that

[∂/∂xj, ρ(ei)](p) =
∑
i,k

∂θik
∂xj

(p)
∂

∂xk
(p),

we obtain ρL(e)v = [X, ρ(σ)](p) for e = ei(p) and v = ∂/∂xj. Then the
equality follows.

The linearization ρL provides the linear model of the anchored vector
bundle (E, ρ). In fact, using the identification T (TpM) ∼= TpM × TpM , we
have the corresponding linear anchored vector bundle (TpM × Ep, ρL) over
TpM , where we are considering ρL as a map TpM × Ep → T (TpM).

4.3 Equivalences of the linearization

Now we interpret the linearization problem as a generalization of the classical
problem of linearization of vector fields. Given a vector field X ∈ X(M),
we can define a rank 1 anchored vector bundle (M × R, ρX), by imposing
ρX(1) := X. In this way, singular points of the anchored vector bundle
correspond to singular points of the vector field, and the linearization ρLX
corresponds to the anchored vector bundle of the linearized vector fieldXL :=

ρL(1) ∈ Xlin(TpM). More generally, consider the problem of simultaneously
linearizing a finite number of vector fields, say X1, ..., Xk. As before, we can
define an anchored vector bundle (M × Rk, ρ), by imposing that ρ(ei) =

Xi, where {ei}i represents the canonical frame of constant sections. If the
vector fields Xi can be simultaneously linearized, then this bundle will also
be linearizable. The converse is not true. For example, let us start with a
linear anchored vector bundle, coming from a linear map ρ : V → End(W ).
Given σ : W → V a differentiable function satisfying σ(0) ∈ ker(ρ), but
ρ(σ) 6= 0, we will have that ρ(σ) is not linearizable, since its linear part is
zero. On the other hand, we can find a complete frame {ei}, with e1 = σ,
for which {ρ(ei)} are not all simultaneously linearizable. In fact, e1 = σ is
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not linearizable. Of course if the linear map ρ is injective, the construction
above does not work.

There is an easy equivalence to this problem using the so-called Euler-like
vector fields.

Definition 4.3.1. Let X ∈ X(M) be a vector field and p ∈ M a critical
point of X. We say that X is Euler-like around p if its linearization on p is
the Euler vector field, corresponding to the identity map id : TpM → TpM .

Note that this definition is slightly different from the definition of Euler-
like vector field that was used in Chapter ??. The difference is that we are
not imposing that the vector field needs to be complete. It is a known fact
that Euler-like vector fields are linearizable (see [?, Lemma 2.4], for example).
With this result, we can state the following.

Proposition 4.3.2. A collection of vector fields {X1, ..., Xk} ⊆ X(M), with
a common singularity p ∈ M , is simultaneously linearizable in a neighbor-
hood of p if and only if there exists an Euler-like vector field E (around p),
commuting with them all, i.e. such that

[E , Xi] = 0, ∀i = 1, ..., k. (4.1)

Proof. If they are simultaneously linearizable, we just take E to be the Euler
vector field in the linearized coordinates. Then the Lie bracket becomes the
bracket of matrices and E becomes the identity.

For the converse, we choose the coordinates that linearize E , and we
observe that if a vector field X comutes with the Euler vector field it is
already linear on these coordinates. In fact, [E , X] = 0, means that X(tx) =

tX(x) for all t ∈ R, and being X differentible at x = 0, we must have that
X(x) = DX0(x) is linear.

Now we have the corresponding statement for anchored vector bundles.

Corollary 4.3.3. An anchored vector bundle (E, ρ) with singularity at p ∈
M is linearizable if and only if there exists a local frame {α1, ..., αk} ⊆ Γloc(E)

around p, and an Euler-like vector field E, such that [E , ρ(αi)] = 0 for all
i = 1, ..., k.

Proposition ?? is a smooth version of [?, Proposition 1.1], and as in [?] it
can be generalized to a bigger class of vector fields including Euler-like vector
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fields. As an easy generalization for the smooth case we have the following
proposition.

Proposition 4.3.4. A vector field X is linearizable if and only if it comutes
with a vector field satifying the properties (P1), (P2), (P3), and (P4).

Proof. Since linearization is a local problem, we can see vector fields as func-
tions X : Rn → Rn. By Sternberg-Chen theorem, we can find coordinates
where the vector field is a diagonal matrix: P = diag(µi) : Rn → Rn,
where the eigenvalues (µ1, ..., µn) are all nonzero with same sign. Let X =

(f1, , , , fn) be its coordinate functions. Since X is preserved by the flow of
P , the coordinate functions must satisfy

fj(e
µ1tx1, ..., e

µntxn) = eµjtfj(x1, ..., xn), ∀j = 1, ..., n.

Let us prove that each fj must necessarily be linear. For a fixed j, consider
the variable s := eµjt, the numbers κi := µi/µj > 0, and denote fj simply by
f . Then the equation above can be rewritten as

sf(x1, ..., xn) = f(sκ1x1, ..., s
κnxn), ∀s > 0. (4.2)

Given a sequence α = (α1, ..., αn), αi ∈ N≥0, we calcule the α-differential of
the Equation (??) to obtain

∂|α|f

∂xα
(x1, ..., xn) =

∂|α|f

∂xα
(sκ1x1, ..., s

κnxn)s(
∑
l αlκl)−1.

Since all κi are positive, there exists an integer b such that if |α| ≥ b then
(
∑

l αlκl) > 1. Making s → 0, we obtain that Dαf = 0 for all |α| ≥ b.
Then f must be a polinomial. Applying the nonresonance condition back in
Equation (??), we conclude that f must be linear.

Let us now make some remarks on the injectivity of the linearization
ρL : Ep → End(TpM). Let us consider a linear anchored vector bundle ρ : W×
V → TW coming from a linear map ρL : V → End(W ), where V and W

are vector spaces. If ρL is not injective we have a subbundle F := W ×
ker(ρL) ⊆ W × V , which has positive rank and and ρ|F ≡ 0. We conclude
that a necessary condition for the linearization of an anchored vector bundle
(E, ρ) is that there must exists a subbundle F ⊆ E such that ρ|F ≡ 0

and rk(F ) = dim(ker(ρ)). In general, we can analyze the properties of a
maximal subbundle F ⊆ E such that ρ|F ≡ 0. Since the linearization is a
local problem, it is better to consider F a representative of a maximal germ
of vector bundles on neighborhoods of the singular point p, for which ρ|F ≡ 0.
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Proposition 4.3.5. Let (E, ρ) be an anchored vector bundle, and F ⊆ E|U
be a subbundle on a neighborhood U of a singular point p with maximal rank
satisfying ρ|F ≡ 0. If ρL denotes the linearization of ρ with respect the
singularity p, then

rk(F ) ≤ dim(ker(ρL)). (4.3)

Futhermore, if the equality does not hold the anchored vector bundle (E, ρ) is
not linearizable.

Proof. We can take {f1, ..., fk, e1, ..., el} ⊆ Γloc(E) local frame around p, such
that {fj}j are sections of F . Being ρL(fj(p)) the linearization of ρ(fj) ≡ 0,
we conclude that ρL(fj(p)) = 0, thus Fp ⊆ ker(ρL), from where we get our
inequality (??).

Finally, as observed above, if (E, ρ) is linearizable we can find a subbundle
with maximal rank equals to dim(ker(ρL)).

The first thing to note about Proposition ?? is that there are examples
where equality (??) does not hold. For instance, the linearization of any
quadratic vector field X vanishes, hence so does the linearization of the
corresponding anchored vector bundle (M × R, ρX). So dim(ker(ρLX)) = 1,
while the maximal rank for which ρX vanishes is 0, if X 6= 0.

Proposition 4.3.6. Let (E, ρ) be an anchored vector bundle and p a singu-
larity. If F ⊆ E is a subbundle satisfying ρ|F ≡ 0, then (E, ρ) is linearizable
if and only if the induced anchored vector bundle (E/F, ρ̄) is linearizable.
Futhermore, the induced linearization map ρ̄L is the factor of the natural
projection of ρL:

Ep
ρL //

proj ""

End(TpM)

Ep/Fp

ρ̄L

88
.

In particular, if F has maximal rank satisfying ρ|F ≡ 0 (as in Proposition
??), we will have Fp = ker(ρL) and ρ̄L is injective.

Proof. If (E, ρ) is linearizable, then we can find a frame {ei} ⊆ Γloc(E), such
that {ρ(ei)} are simultaneously linearizable. Since a subset of {ēi} is a frame
for E/F and ρ̄(ēi) = ρ(ei), we get that (E/F, ρ̄) is linearizable. Conversely,
if {ēi} is a frame for E/F , then {ei} ∪ {fj} is a frame for E, where {fj} is a
frame for E. Then {ρ(ei)} ∪ {ρ(fj) = 0} are simultaneously linearizable.
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The equality ρL = proj ◦ ρ̄L is a direct consequence of the definition of
the linearization.

We conclude that to linearize an anchored vector bundle (E, ρ) around
a singularity p, first one checks if there exists a subbundle F ⊆ ker(ρ) ⊆ E

with maximal rank (which might not be an obvious task). Next one restricts
the problem to the linearization of (E/F, ρ̄), which has injective linearization
ρ̄L.

In the next section we will consider special conditions where it is possible
to conclude linerization on the injective case.

4.4 A linearization theorem for involutive an-
chors

It is clear that not all anchored vector bundles are involutive, not even the
linearizable ones. For example, any linear subspace V ⊆ End(W ) determines
a linear anchored vector bundle W × V → TW . The involutivity condition
is this case fails as V fails to be a Lie subalgebra of End(W ).

The case we will consider in this section is the case where the linearizing
Euler-like vector field comes from a section σ of the anchored vector bundle
(E, ρ), though we will not take the existence of such a section as a hypothesis.
It will be enough to impose natural conditions on the linearization ρL.

Proposition 4.4.1. Let (E, ρ) be an involutive anchored vector bundle and p
a singularity for which the corresponding linearization ρL : Ep → End(TpM)

is injective. If idTpM ∈ Im(ρL), then (E, ρ) is linearizable around p.

Proof. (sketch). See also Corollary ?? for a improved result.
Let σ0 ∈ Ep satisfy ρL(σ0) = Id. We may fix a local frame {e1, ..., ek} ⊆

Γloc(E), which gives us a local trivialization E|U ∼= U×Ep. Then considering
σ0 as the constant section on U ×Ep, the vector field ρ(σ0) is Euler-like, but
we do not know if it comutes with the image of our chosen frame. Using
involutivity, we can find local sections σi, satisfying

[ρ(σ0), ρ(αi)] = ρ(σi) (4.4)

for i = 1, ..., k, where σ0 is considered as the constant section equals σ0. If
we linearize both sides of equation (??), we obtain 0 = [Id, ρL(αi(p))] =

ρL(σi(p)). Since ρL is injective, σi(p) = 0 for all i = 1, ..., k.
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Now if we consider the local derivation D ∈ Der(E) with symbol ρ(σ0)

and Dαi := σi for i = 1, ..., k, we will have that

LDρ = 0.

The next step is to use the Moser’s path method (see Section ??). If
ρ(ej) =

∑
i θij(x)∂/∂xi, then we consider the path of anchors defined by

ρt(ej) =
∑

i θij(tx)/t · ∂/∂xi. So the limit of ρt as t→ 0 is the linear anchor
ρL. So one needs to find a time-dependent derivation Dt satisfying Moser’s
equation:

ρ̇t + LDtρt = 0, ∀t ∈ [0, 1]. (4.5)

To solve this, simply consider ∇ the flat connection satisfying ∇ej = 0, for
all j. Then a solution can be found defining

Dt :=
1

t

(
κ̃∗tD −∇E

)
,

where κ̃t : E → E is the parallel transport along the paths x 7→ tx (on local
coordinates), and E is the Euler vector field.

Putting our results together we have proved the following theorem.

Theorem 4.4.2. Let (E, ρ) be an involutive anchored vector bundle with
singularity p. Consider Enull ⊆ ker(ρ) ⊆ E a subbundle with maximal rank
on germs of neighborhoods of p. If rk(Enull) = dim(ker(ρL)) and IdTpM ∈
Im(ρL), then (E, ρ) is linearizable. Futhermore, if rk(Enull) 6= dim(ker(ρL)),
(E, ρ) is not linearizable.

Note that there are linearizable anchored vector bundles which do not
satisfy the condition IdTpM ∈ Im(ρL). And also, there are anchored vector
bundles which satisfy IdTpM ∈ Im(ρL), but rk(Enull) 6= dim(ker(ρL)) (not
sure if I can find an involutive one though!).

Remark 4.4.3. The condition rk(Enull) = dim(ker(ρL)) is equivalent to the
existence of an extension of ker(ρL) ⊆ Ep to a vector subbundle F ⊆ E with
Fp = ker(ρL) and ρ|F ≡ 0, and this is a better way to state things if one is
dealing with infinite dimensions.
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CHAPTER 5

Geometric Linearization of Loday Brackets

5.1 The linear model of a Loday structure

The linear model for a general bracket A on (E, ρ) will be a bracket over the
linear model of the anchored vector bundle (E, ρ). For our purposes we will
only consider almost Loday algebroids (E,A, ρ, λ).

Definition 5.1.1. A point p ∈M is said to be a singularity for the almost
Loday algebroid (E,A, ρ, λ) over M , if both anchor and co-anchor vanish at
p: ρp ≡ 0 and λp ≡ 0.

Once a local frame {ei}i ⊆ Γloc(E) and local coordinates (x1, ..., xm)

around p are fixed, we can find functions θij,Γkij ∈ C∞loc(M) such that

A(ei, ej) =
∑
k

Γkij(x)ek,

ρ(ei) =
∑
j

θij(x)
∂

∂xj
, and

λ(dxi ⊗ ej ⊗ ek) =
∑
l

λlijk(x)el.

(5.1)

Now we define the linear model as the almost Loday algebroid (EL, AL, ρL, λL),
where EL := TpM × Ep → TpM , and
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AL(ei(p), ej(p)) =
∑
k

Γkij(p)ek(p),

ρL(ei(p))x =
∑
j,k

∂θij
∂xk

(p)xk
∂

∂xj
, and

λL(dxi(p)⊗ ej(p)⊗ ek(p))x =
∑
l,m

∂λlijk
∂xm

(p)xmel,

(5.2)

where we expand the bracket AL from the definition above to a section on
Γ(EL) using the anchor and co-anchor defined above.

Note that the linearization problem only makes sense if the chosen point
p is a singularity for both anchor and co-anchor. We will also denote by ρL,
AL and λL the corresponding linear maps

ρL : Ep → End(TpM),

AL : Ep ⊗ Ep → Ep,

λL : TpM
∗ ⊗ Ep ⊗ Ep → Hom(TpM ;Ep).

Proposition 5.1.2. Let (E,A, ρ, λ) be an almost Loday algebroid and p a
singularity for both anchor and co-anchor. Then the almost Loday algebroid
(EL, AL, ρL, λL) does not depend on the choice of local frame and local coor-
dinate system.

Proof. We have already seen in Proposition ?? that ρL is independent of
choices. As for AL, one can check the AL(e1, e2) = A(σ1, σ2)(p) for any
sections σ1, σ2 ∈ Γ(E) satisfying σ1(p) = e1 and σ2(p) = e2. This is a direct
consequence of the vanishing at p of both anchor and co-anchor. Finally
λL(ξ, e1, e2)v can be interpreted as the normal differential of λ(ξ̃, σ1, σ2) :

M → E at p applied at v ∈ TpM , where ξ̃ is a 1-form satisfying ξ̃(p) = ξ.

5.2 Path to the linear model

A good method to find normal forms is the famous Moser path method (see
[?]) . Let us start by describing the construction of a 1-parameter family
of almost Loday algebroids (E,At, ρt, λt), t ∈ [0, 1], between a fixed almost
Loday algebroid (E,A, ρ, λ) and its linearization around a singularity p.

Since the linearization problem is local, we may assume that the vector
bundle E is a vector bundle over a small open neighborhood of the singularity
point. For instance, we will assume that E is a vector bundle over B ⊆
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Rm, where B is an euclidean ball centered at the origin, and 0 ∈ B is the
singularity.

We know that E → B is a trival vector bundle and the choice of a
triavialization E ∼= B × Ep is equivalent to the choice of a flat connection
∇ : X(M)×Γ(E)→ Γ(E). Fixed such a flat connection, we can consider the
zooming out isomorphism κ̂t : E → E|Bt over κt : B → Bt : x 7→ tx, where
Bt ⊆ B is the ball of radius t times the radius of B, and κ̂t corresponds to
(x, v) 7→ (tx, v) in the corresponding trivialization E ∼= B × Ep. In terms of
a parallel frame {ei}i ⊆ Γ(E), we have

κ̂t(ei(x)) := ei(tx), (5.3)

which can also be written as (κ̂t)
∗ei = ei.

Now we can construct a path of almost Loday algebroids (E,At, ρt, λt),
t ∈ (0, 1] taking the pullback of the zooming out isomorphism κ̂t : E ∼=
E|Bt . As t goes to zero, this pullback is the zoomed in bracket around the
singularity, so it is natural that the path extends to t = 0 where the bracket
becomes the linear model. It is important to note that this path depends on
two choices: The flat connection and the local trivialization that allows us
to assume that the base manifold is a ball B ⊆ Rm.

Proposition 5.2.1. Let (E → B,A, ρ, λ) be an almost Loday algebroid with
singularity at 0 ∈ B. Let (E,At, ρt, λt), t ∈ (0, 1], be the path corresponding
to a chosen flat connection ∇ in E → B. Then the path extends smoothly
to t = 0 and the bracket corresponding to t = 0 is isomorphic to the linear
model on a neighborhood of the singularity.

Proof. Let as write the bracket (E,At, ρt, λt), t ∈ (0, 1], in terms of a parallel
frame {ei}i ⊆ Γ(E). As in equations (??), we can find function Γkij, θij, λ

l
ijk ∈

C∞(B), such that

A(ei, ej) =
∑
k

Γkij(x)ek,

ρ(ei) =
∑
j

θij(x)
∂

∂xj
, and

λ(dxi ⊗ ej ⊗ ek) =
∑
l

λlijk(x)el.

By definition, At(α, β) := κ̂∗(A(κ̂∗α, κ̂∗β)) so

At(ei, ej) = κ̂−1
t (A(ei, ej)) ◦ κt

=
∑
k

Γkij(tx)ek. (5.4)
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As for ρt, we have

ρt(ei) = Dκ−1
t ρ(ei) ◦ κt

=
∑
l

θil(tx)

t

∂

∂xl
. (5.5)

Finally, for λt we calculate

λt(dxi ⊗ ej ⊗ ek) = κ̂−1
t (λ((1/t)dxi ⊗ ej ⊗ ek)) ◦ κt

=
∑
l

λlijk(tx)

t
· el. (5.6)

It follows that the limits of At(ei, ej), ρt(ei) and λt(dxi⊗ ej ⊗ ek) as t goes to
0 exist, and are respectively equal to AL(ei, ej), ρL(ei) and λL(dxi⊗ ej ⊗ ek),
by the formulas (??).

5.3 The setting of Moser’s path method

In the previous section we have used a connection ∇ on E → B to construct
a path of brackets (E,At, ρt, λt), for t ∈ [0, 1], between a initial bracket
(E,A, ρ, λ) and its linearization (EL, AL, ρL, λL). Moser’s trick consists in
taking the flow φtD defined for t ∈ [0, 1], of a time-dependent derivation
(Dt, X t) ∈ Der(E), satisfying

(φtD)∗At = A0, (5.7)

for all t ∈ [0, 1]. Then taking φ := φ1
D we obtain an isomorphism φ :

(E,A, ρ, λ) ∼= (EL, AL, ρL, λL), thus solving the linearization problem.
The equation (??) is equivalent to d

dt
(φtD)∗At = 0. Using equation (??),

this is equivalent to the Moser’s equation

Ȧt + LDtAt = 0. (5.8)

In order to solve Moser’s equation, we observe a very special property of
our constructed path.

Proposition 5.3.1.

Ȧt =
1

t
κ̂∗t Ȧ1. (5.9)
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Proof. Differentiating equations (??), (??), and (??) at time t, we get

Ȧt(ei, ej) =
∑
k,l

∂Γkij
∂xl

(tx)xlek

ρ̇t(ei) =
∑
j

(∑
l
∂θij
∂xl

(tx)txl − θij(tx)

t2

)
∂

∂xj

λ̇t(dxi ⊗ ej ⊗ ek) =
∑
l

∑m

∂λlijk
∂xm

(tx)txm − λlijk(tx)

t2

 el

. (5.10)

Let us start by calculating (κ̂∗t Ȧ1)(ei, ej):

(κ̂∗t Ȧ1)(ei, ej) = κ̂t

(∑
k,l

∂Γkij
∂xl

(x)xlek

)
=

∑
k,l

∂Γkij
∂xl

(tx)txlek

= tȦt(ei, ej).

Now we calculate (κ̂∗t ρ̇1)(ei).

(κ̂∗t ρ̇1)(ei) = Dκ−1
t ρ̇1(ei) ◦ κt

=
1

t

∑
j

(∑
l

∂θij
∂xl

(tx)txl − θij(tx)

)
∂

∂xj

= tρ̇t(ei).

Finally we can write λ̇1(dxi ⊗ ej ⊗ ek) =
∑

l λ̂
l
ijk(x)el, where λ̂lijk(x) :=∑

m

(∂λlijk
∂xm

(x)xm − λlijk(x)
)
. As in the proof of (??), we have that

(κ̂∗t λ̇1)(dxi ⊗ ej ⊗ ek) =
∑
l

λ̂lijk(tx)

t
el,

and a direct calculation shows that

λ̂lijk(tx)

t
= t
(∑

m

∂λlijk
∂xm

(tx)txm − λlijk(tx)

t2

)
Comparing this equation with the last equation in (??), we obtain

(κ̂∗t λ̇1)(dxi ⊗ ej ⊗ ek) = tλ̇t(dxi ⊗ ej ⊗ ek).
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Now starting with a derivation D ∈ Der(E) satisfying

Ȧ1 = LDA, (5.11)

we can solve Moser’s equation by applying κ̂∗t on both sides of this equation.
In fact, using Proposition ?? we obtain tȦt = Lκ̂∗tDAt, which can be rewritten
as

Ȧt + L−(1/t)κ̂∗tD
At = 0. (5.12)

We conclude that, in order to solve Moser’s equation we just need to find a
derivation D ∈ Der(E) for which the path t 7→ (1/t)κ̂∗tD extends smoothly
to t = 0. Let us take a closer look at this condition. We can find functions
Dij, γj ∈ C∞(B) satisfying{

Dei =
∑

j Dij(x)ej and
X(x) =

∑
j γj(x) ∂

∂xj
,

(5.13)

where the vector field X represents the symbol of D. Then we can write{
(κ̂∗tD)ei =

∑
j Dij(tx)ej and

(κ̂∗tX)(x) =
∑

j
γj(tx)

t
∂
∂xj
.

(5.14)

Then t 7→ (1/t)κ̂∗tD extends smoothly to t = 0 if and only if x = 0 is a
singularity for D and its linearization limt→0 κ̂

∗
tD vanishes.

We can always solve equation (??). In fact, note that κ̂t is a reparametriza-
tion of the flow of the derivation ∇E , so it is natural that Ȧ1 and L∇EAt are
parallel.

Proposition 5.3.2. Let E represent the Euler vector field on the chosen
coordinate system. Then

Ȧ1 = L∇EA. (5.15)

Proof. The flow of ∇E is given by φt(ei(x)) = ei(exp(t)x), since {ei}i is a
parallel frame. Then φt = κexp(t) and

L∇EA =
d

dt

∣∣∣
t=0
φ∗tA =

d

ds

∣∣∣
s=1

κ∗sA · exp(0) = Ȧ1.

In conclusion, we have solved Moser’s equation, but only for t > 0. In
fact, κ̂∗t∇E = ∇E , thus t 7→ (1/t)κ̂∗t∇E cannot be smoothly extended to t = 0.
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It is also to be noticed the relation of Ȧ1 with deformation theory. In
the case of Lie and Courant algebroids the deformation complexes have been
studied respectively by [?] and [?]. Our version of the deformation theorem
for Courant algebroids can be found in Appendix ??. The bracket Ȧ1 rep-
resents the deformation class of the path t → At, of Loday brackets. And
Proposition ?? states that the class of Ȧ1 is trivial in the deformation coho-
mology.

5.4 An equivalence to linearization

In the last section, given a flat connection∇, we were able to construct a path
of almost Loday algebroids (E,At, ρt, λt) for which the Moser’s path method
worked if and only if we were able to find a derivation D with vanishing
linearization that solves Ȧ1 = LDA. We have also observed that Ȧ1 = L∇EA.
Then the linearization problem reduces to finding a derivation D̃ := ∇E−D,
satisfying LD̃A = 0. We can give a connection-free interpretation of this
property as follows.

Let (D,X) be a derivation on a vector bundle E →M and let p ∈M be
a singularity of the vector field X. We define the linearization of (D,X) as
being the derivation (DL, XL) on EL → TpM , where XL is the linearization
of X at p and DL is the derivation obtained from extending (using XL) the
linear map Ep → Ep defined by

DL(ej(p)) :=
∑
i

Dij(p)ei(p),

where {ei}i is a local frame, and the functions Dij ∈ C∞loc(M) are obtained
from Dej =

∑
iDijei. It is not hard to see that DL : Ep → Ep is independent

of the chosen local frame.

Definition 5.4.1. A derivation D ∈ Der(E) is said to be an Euler-like
derivation around a point p ∈ M if its symbol XD is an Euler-like vector
field around p and the linearization DL : Ep → Ep vanishes.

Every Euler-like derivation determines a flat connection on a neighbor-
hood of p.

Lemma 5.4.2. Let E → M be an Euler-like derivation around p ∈ M .
Then there exists a unique flat connetion ∇ on a neighborhood of p such that
D = ∇XD . Furthermore, if the flow of D preserves a tensor T , the same is
true for the connection ∇.
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Proof. Since XD is Euler-like we may assume that XD = E is the Euler
vector field on B = B1(0). It is enough to prove the existence of a frame
{ẽi}i satisfying Dẽi = 0. Fixed an initial frame {ei}i, we can find functions
Dij ∈ C∞loc(B) satisfying Dej =

∑
iDijei. To find such a frame is equivalent

to finding an invertible square matrix of functions F = (fij) defined by
ẽj =

∑
i fijei, where the condition Dẽj = 0 becomes the following matrix

equation:
EF + (Dij)F = 0. (5.16)

In radial coordinates we can write E = r ∂
∂r
. Since DL = 0, we must have

Dij(0) = 0. Then Dij(r, u) = rD̃ij(r, u), where

D̃ij(r, u) =

∫ 1

0

(∑
k

∂Dij

∂xk
(s(ru))uk

)
ds

is a smooth extension of D̃ij(r, u)/r to r = 0. So we can rewrite equation
(??) as

∂F

∂r
+ (D̃ij)F = 0,

which is a parametric ODE, and we can always find a solution F satisfying the
initial condition F (0, u) = (δij), for every u ∈ Sn−1. Such a solution clearly
satisfies equation (??) and decends to a well defined matrix of functions on
B, since the initial condition does not depend on u ∈ Sn−1:

[0, 1)× Sn−1
fij //

��

R

B1(0)
f̃ij

66

We can use this solution to construct the desired frame {ẽi}i.
Now let T : Γ(

⊕aE ⊕
⊕bE∗ ⊕

⊕c TM ⊕
⊕d T ∗M) → C∞(M) be a

tensor with LDT = 0. Since {ei}, {e∗i }, ∂/∂xj and dxj are invariant under
the flow of D, the invariance of T gives us that (c.f. Proposition ??)

d

dt
T (ei1 , ..., eia ; e

∗
i1
, ..., e∗ib ; ∂xi1 , ..., ∂xic ; dx

∗
i1
, ..., dx∗ic)(tx) = 0.

This implies that the coeficients of T are constant on a parallel base of ∇,
so ∇ preserves T .
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Theorem 5.4.3 (Linearization Principle). An almost Loday algebroid (E,A, ρ, λ)

is linearizable around a singularity p if and only if there exists an Euler-like
derivation D ∈ Der(E) preserving A. Explicitly, there should exist a deriva-
tion D satisfying:

1. D preserves A, i.e. LDA = 0,

2. the symbol of XD is Euler-like around p, and

3. DL : Ep → Ep vanishes.

Proof. Assuming that (E,A, ρ, λ) is linear, we take D = ∇E , where E is the
Euler vector field on the linear coordinates and ∇ is the connection giving
the natural linear trivalization EL ∼= TpM × Ep. Then the path constructed
from this ∇ is constant, At = A for every t ∈ [0, 1], thus LDA = Ȧ1 = 0.

For the converse let D be a derivation satisfying the conditions (1), (2),
and (3) above. By Lemma ?? there exists a connection ∇ such that D =

∇XD . Being XD Euler-like, we may choose coordinates where XD = E is the
Euler vector field. Since D preserves A we must have Ȧ1 = L∇EA = 0, and
so Ȧt = 0 for every t, which implies that At is constant and equals A, so
A = AL is linear in these coordinates.

In the case where (E,A, ρ, λ) is a Loday algebroid, i.e. it is an almost
Loday algebroid that satisfies the Jacobi identity JA ≡ 0, we have natural
derivations D, satisfying LDA = 0. Namely, given any section σ ∈ Γ(E) the
Jacobi identity gives us L(ισA)A = 0. Then, in order to verify the conditions
of Theorem ?? for D := ισA, we just need to verify conditions (2) and (3).

Note that the Jacobi identity implies that the linearization map AL :

Ep ⊗ Ep → Ep gives a Lie algebra structure on Ep, and since A preserves
ρ the linear anchor ρL : (Ep, A

L) → End(TpM) becomes a representation of
this Lie algebra.

Corollary 5.4.4. Let (E,A, ρ, λ) be a Loday algebroid, and p a singularity.
Then there exists a section σ ∈ Γ(E) for which the derivation ισA satisfies
the linearization conditions of Theorem ??, if and only if there exists v ∈ Ep
such that

1. v lies in the center of the Lie algebra (Ep, A
L) and

2. ρL(v) = I, where I ∈ End(TpM) represents the identity.
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Proof. If D = ισA satisfies the conditions of Theorem ??, we can find coor-
dinates where ρ(σ) = E and a connection ∇, where ισA = ∇E . Let κ̂t be
the zooming out isomorphism constructed from ∇ and take v = limt→0 κ̂

∗
tσ.

Then ιvAL = ∇E , since κ̂∗t∇E = ∇E . If {ei} is the parallel frame from ∇ we
must have AL(v, ei) = 0 and ρL(v) = E .

Conversely, let v ∈ Ep satisfy (1) and (2) above. We claim that D := ιvA

is an Euler-like derivation. In fact one has DL = ιvA
L ≡ 0, and ρ(v)L =

ρL(v) = I is the Euler vector field.

Corollary 5.4.5. A Lie or Courant algebroid is linearizable in a neighbor-
hood of a singular point p if the corresponding Lie algebra representation
ρL : g→ End(V ) at p satisfies items (1) and (2) of Corollary ??.

Proof. In fact, this implies that the correponding Loday algebroid (E,A, ρ, λ)

is linearizable. This is enough for Lie algebroids, but for Courant algebroids
we also need to prove that the pairing corresponds to the natural constant
pairing in the linear model: TpM × (Ep, 〈·, ·〉p). The linearizing coordinates
come from finding the connection ∇ and coordinates such that ιvA = ∇E .
Since ιvA preserves the pairing 〈·, ·〉 the same is true for the connection ∇.
Let {ei} be a parallel frame. Then 〈ei, ej〉 is a constant function.

5.5 Examples

5.5.1 Actions
Recall that the linear model of a Loday algebroid (E,A, ρ, λ) around a sin-
gularity p ∈M , is obtained from linear maps

ρL : Ep → End(TpM),

AL : Ep ⊗ Ep → Ep,

λL : TpM
∗ ⊗ Ep ⊗ Ep → Hom(TpM ;Ep),

(5.17)

such that the induced almost Loday algebroid structure on TpM × Ep →
TpM satisfies the Jacobi identity. For Lie algebroids, this is equivalent to
(Ep, A

L) being a Lie algebra and ρL : Ep → End(TpM) being a representa-
tion of (Ep, A

L). for Courant algebroids the Jacobi identity is equivalent
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to (Ep, A
L, 〈·, ·〉p) being a quadratic Lie algebra, and ρL : Ep → End(TpM)

being a representation with coisotropic isotropies (see [?]).
Here we give some examples of actions satisfying the conditions (1) and

(2) of Corollary ?? and whose action almost Loday algebroid structure is in
fact a Loday algebroid.

5.5.1.1 Lie algebroids

Since the Lie algebra g = (Ep, A
L) in Corollary ?? has non trivial center, we

could restrict ourselves to the case where the Lie algebra is abelian (for more
general cases we could add another representation ρ1 : h→ End(V ), and the
representation ρ + ρ1 : g⊕ h → End(V ) would still satisfy the conditions of
Corollary ??). For g abelian we have a lot of good representations, since a
representation is just a linear map ρ : g→ End(V ) satisfying [ρ(u), ρ(v)] = 0.
For example, choose a functional λ ∈ g∗/{0} and define ρ(u) := λ(u)I (we
could also consider any map to a subspace of the algebra generated by some
A ∈ End(V )).

5.5.1.2 Courant algebroids
Again we consider the case of abelian Lie algebras. In this case any bilinear
form is invariant, then let us assume that g has enough dimensions so that
we can find a symmetric nondegenerate bilinear form, which is not positive
nor negative defined. Then for each isotropic line Rv ⊆ g, we have a corre-
sponding line Rλ ⊆ g∗ of functionals with kerλ = v⊥. So if we define our
representation as before, ρ(u) = λ(u)I, we have that the isotropy Lie algebra
in x ∈ V is

gx =

{
g, if x = 0

kerλ, if x 6= 0
.

We conclude that this is a coisotropic action (g⊥x ⊆ gx), then the correspond-
ing action Courant algebroid will be as desired.

5.5.2 Non linearizable Courant algebroids
Take any quadratic Lie algebra (g, [·, ·], 〈·, ·〉) and let M be a manifold and
f ∈ C∞(M) be any function. Then we define a Courant algebroid structure
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on M × g by
[[α, β]](p) := f(p)[α(p), β(p)],

and ρ ≡ 0 as anchor map. It is clear that (M × g, 〈·, ·〉, [[·, ·]]f , ρ ≡ 0) is a
Courant algebroid (it is also a Lie algebroid) and we denote this Courant
algebroid by M ×f g.

Assuming that M = B(0, 1) we have [[α, β]]ft (x) = f(tx)[α(x), β(x)], so
[[·, ·]]f0 = [[·, ·]]f(0) and the linearization problem asks if M ×f g and M ×f(0) g

are equivalent. Such an isomorphism would be a collection of maps Φx :

(g, [·, ·]f , 〈·, ·〉)→ (g, [·, ·]f(0), 〈·, ·〉), which means basically two things:{
f(x)Φx([u, v]) = f(0)[Φx(u),Φx(v)],

〈Φx(u),Φx(v)〉 = 〈u, v〉.

If our symmetric pairing 〈·, ·〉 is positive definite (as it is possible if the Lie
algebra is simple), then

|f(x)| sup
|u|,|v|=1

|[u, v]| = |f(0)| sup
|u|,|v|=1

|[u, v]|;

so, if we are not with the trivial Lie algebra we must have |f(x)| = |f(0)|,
and hence f has to be constant (providedM is connected). Then there are as
many nonlinearizable Courant algebroids as there are non constant functions
on M .

5.5.3 The Poisson case
Let (M,π) be a Poisson manifold. As it is known, we have an associated Lie
algebroid structure (T ∗M, [·, ·]π, π]), where

[α, β]π = Lπ](α)β − Lπ](β)α− dπ(α, β).

We wish to understand the Lie algebroid path At := κ̂∗t [·, ·]π, as constructed
before. Of course At depends on the choice of a local basis {αi}, which we
take to be the natural choice: αi := dxi ∈ Γloc(T

∗M).
Let πt := κ̂∗tπ. Then, as we have seen,

πt =
∑
ij

πij(tx)

t

∂

∂xi
⊗ ∂

∂xj
,

where we have identified (dxi)
∗ = ∂

∂xi
.
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We claim that At = [·, ·]πt . In fact, these two brackets have the same
anchor πt, and since A1(dxi, dxj) = dπ(dxi, dxj) = dπij we have

At(dxi, dxj) =
∑
k

∂πij
∂xk

(tx)dxk. (5.18)

On the other hand,

[dxi, dxj]πt = d(πt(dxi, dxj)) = d(πij(tx)/t)

=
∑
k,l

(1/t)
∂πij
∂xl

(tx)tδkldxk

=
∑
k

∂πij
∂xk

(tx)dxk.

Comparing with equation (??) we have At = [·, ·]πt .
Though the deformation class of {[·, ·]πt} is always trivial, the same need

not be true for the deformation class of {πt} as Poisson manifolds. So what’s
the meaning of the triviality of the bracket?

Using equation (??) we know that π̇1(dxi) =
∑

k,l
∂πij
∂xk

(x)xk
∂
∂xj
−
∑

j πij
∂
∂xj

.
This can be rewritten as

π̇1 =
1

2

∑
ij

Eπij
∂

∂xi
∧ ∂

∂xj
− π. (5.19)

Let us calculate LEπ = [E , π] = −dπE and see what equation (??) is telling
us. Recall that π =

∑
ij πij

∂
∂xi
⊗ ∂

∂xj
= 1

2

∑
ij πij

∂
∂xi
∧ ∂
∂xj

, and [E , ∂
∂xi

] = − ∂
∂xi

.
Hence

LEπ = [E , π] =
1

2

∑
i,j

(
[
E , πij

∂

∂xi

]
∧ ∂

∂xj
+ πij

∂

∂xi
∧
[
E , ∂

∂xj

]
)

=
1

2

∑
i,j

(
Eπij

∂

∂xi
∧ ∂

∂xj
− πij

∂

∂xi
∧ ∂

∂xj
− πij

∂

∂xi
∧ ∂

∂xj

)
=

1

2

∑
i,j

Eπij
∂

∂xi
∧ ∂

∂xj
− 2π.

Now comparing this equation with equation (??), we get π̇1 = (2π +

LEπ)− π = π + LEπ, i.e.

π̇1 = π + LEπ. (5.20)

As a direct consequence of the proof of Theorem 2 in [?], we have that a
Poisson manifold (M,π) is linearizable around p ∈M if there exists a vector
field Y vanishing at first order such that π̇1 = −LY π. This result together
with equation (??) gives us the following corollary.
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Corollary 5.5.1. A Poisson structure (M,π) is linearizable in a neighbor-
hood of a point p ∈M if there exists an Euler-like (at p) vector field X such
that

π = dπX = −LXπ.

In the case where the Lie algebra at p is semisimple of compact type,
they also proved that (M,π) is linearizable if [π̇1] ∈ H2

π(M) is trivial. But
Equation (??) implies that [π̇1] = [π]. So we obtain the following corollary.

Corollary 5.5.2. If the cohomology class [π] ∈ H2
π(M) is trivial and the Lie

algebra at p is semisimple of compact type, then (M,π) is linearizable on a
neighborhood of p.
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APPENDIX A

Flow of time-dependent derivations via classical geometry

A.1 Introduction

Here we describe the Lie derivative theory needed in the thesis.

A.2 Definition of derivation

Definition A.2.1. Let E → M be a vector bundle. A derivation on it is
a pair (D,X) where X ∈ X(M) is a vector field and D : Γ(E)→ Γ(E) is an
R-linear map satisfying the X-Leibniz rule:

D(fα) = fD(α) +X(f)α.

We denote the set of all derivations on the vector bundle E by Der(E). A
time-dependent derivation will be a smooth 1-parametric family of deriva-
tions (Dt, X t) on Der(E).

A.3 The flow of a time-dependent derivation

Let E →M be a vector bundle and (Dt, X t
D) ∈ Der(E) be a time-dependent

derivation on E. We have a well defined parallel transport along the integral
curves of the symbol vector field XD. Let γ(t) := φt,sX (p) be the solution of
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{
γ′(t) = X t(γ(t));

γ(s) = p.
(A.1)

We define a covariant derivative on the sections over γ in the following way.
Given V ∈ Γ(γ∗E) take a time-dependent section ξt ∈ Γ(E) extending V ,
i.e. ξt(γ(t)) = V (t) (they always exist) and define DV/dt ∈ Γ(γ∗E) by

DV

dt
(t) := Dt(ξt)(γ(t)) +

∂ξ

∂t
(t, γ(t)). (A.2)

Proposition A.3.1. DV
dt

(t) does not depend on the chosen time-dependent
section extending V and the map D/dt : Γ(γ∗E) → Γ(γ∗E) is uniquely
charecterized by

1. D(fV+W )
dt

= f DV
dt

+ f ′ · V + DW
dt

, ∀V,W ∈ Γ(γ∗E) and ∀f ∈ C∞(R);

2. D(σ◦γ)
dt

= D(σ) ◦ γ, ∀σ ∈ Γ(E).

Proof. Item (1) and (2) are direct consequences of the formula (??). So
we just need to verify the independence with the chosen extension. Fix
a local frame {ei}i ⊆ Γloc(E). There exist functions vi and ξti such that
V =

∑
viei ◦ γ and ξt =

∑
ξtiei. Then

Dt(ξt)γ(t) +
∂ξ

∂t
(t, γ(t)) =

∑
i

(
ξti(γ(t))(Dtei)γ(t) +X tξtiei(γ(t))

)
+
∑
i

∂ξi
∂t

(t, γ(t))ei(γ(t))

=
∑
i

(
X tξti +

∂ξi
∂t

(t, γ(t))
)
ei(γ(t))

+
∑
i

vi(t)(D
tei)γ(t)

=
∑
i

vi(t)(D
tei)γ(t) +

∑
v′i(t)ei(γ(t)),

where in the last expression we are using that vi(t) = ξi(t, γ(t)) and γ′(t) =

X t(γ(t)). Since this last expression depends only on V and the chosen frame,
we conclude that DV/dt is well defined.

It follows from Proposition ?? that the equation DV
dt
≡ 0 is locally a linear

ODE, and then given v ∈ Ep there exists a unique path V : t 7→ P t,s
γ (v)
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satisfying V (s) = v and DV
dt
≡ 0. We call the map P t,s

γ : Ep → Eφt,sX (p) the
parallel transport through γ.

The linearity of the equation D
dt
≡ 0 implies that P t,s

γ : Ep → Eφt,sX (p) is a
linear isomorphism.

The domain of the local diffeomorphism φt,sX : U ⊆ M → V ⊆ M deter-
mines the domain of φt,sD := P t,s : E|U → E|V , from where we get the local
bundle isomorphism

E|U
φt,sD //

��

E|V

��
U

φt,sX // V.

A.4 Properties of the flow

Let us prove that the flow of a derivation is a flow on the total space E, and
hence comes from a vector field on X(E).

Proposition A.4.1. Let Dt ∈ Der(E) be a time-dependent derivation on
a vector bundle E. Then its flow is uniquely determined by the following
properties:

(a) φt,rD ◦ φ
r,s
D = φt,sD ,

(b) φs,sD = IE, and

(c) d
dt

∣∣
t=s

(φt,sD )∗α = Ds(α).

Proof. By definition φs,sD = IE. Note that t 7→ φt,rD ◦ φ
r,s
D (v) and t 7→ φt,sD (v)

are both parallel over the same base path φt,rX ◦ φ
r,s
X (p) = φt,sX (p); moreover,

they assume the same value at t = r, thus they must be equal.
Finally, note that the time-dependent section ξt := (φt,sD )∗α extends the

parallel path t 7→ φt,s(α(p)). Using formula (??) we obtain

∂

∂t
ξt(φt,sD (p)) = −Dtξt(φt,sX (p)). (A.3)

Taking t = s in the last equation gives us d
dt

∣∣
t=s

(φt,sD )∗α = −Ds(α), which is
equivalent to the formula in item (c).
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Corollary A.4.2. Given a time-dependent derivation Dt ∈ Γ(E) there exists
a unique time-dependent vector field D̃ ∈ X(E) whose flow is φt,sD . Moreover

[Ẽ , D̃] = 0,

where Ẽ represents the Euler vector field of E.
Conversely, any D̃ ∈ X(E) commuting with the Euler vector field comes

from a derivation on E.

Proof. The existence of D̃ is a direct consequence of Proposition ??. Since
the flow of Ẽ is multiplication by et and the flow of D̃ is linear, we must have
[Ẽ , D̃] = 0. Conversely if [Ẽ , D̃] = 0, the flow of D̃ commutes with scalar
multiplication, therefore it is linear. Then we can use the formula of item (c)
of Proposition ?? to find a derivation with the same flow.

A.5 The Lie derivative

Now let us forget a little about the time-dependence and consider only one
derivation D ∈ Der(E). Since its flow comes from a vector field on E, we
must have φt,sD = φ

(t−s),0
D , which means that it is determined by φtD := φt,0D .

The Lie derivative is a functor LD taking geometric objects of E to itself and
intuitively defined using the pullback of the flow by

LD(object) :=
d

dt

∣∣∣
t=0

(φtD)∗(object). (A.4)

The interesting thing about Lie derivatives is that it sends global objects
to global objects of the same type. The geometric objects over E which
we are interested in are linear tensors T : F → R, where F →M is a vector
bundle constructed from E → M by making the tensorial product of copies
of some of the following bundles: TM , T ∗M , E∗, and JkE, for k ∈ {0, 1, ...}.

Our first proposition reduces the problem of calculating the Lie derivative
to the problem for each individual factor of the tensor product described
above.

Proposition A.5.1. Let E1, ..., Ek be vector bundles over the same base
manifold M and consider derivations Di ∈ Der(Ei) for every i = 1, ..., k. Let
D be the derivation on E1 ⊗ · · · ⊗Ek with flow φtD = φtD1

⊗ · · · ⊗ φtDk . Then
for any linear tensor T : E1 ⊗ · · · ⊗ Ek → R we have

LDT (σ1, ..., σk) = XD(T (σ1, ..., σk))−
k∑
i=0

T (σ1, ...,LDiσi, ..., σk). (A.5)
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Note also that LDiσ = Diσ.

Proof. First observe that

d

dt

∣∣∣
t=0

(φtDi)∗ =
d

dt

∣∣∣
t=0

(φ−tDi)
∗ = −LDi . (A.6)

Now we just apply the definition of Lie derivative and use the tensoriality:

LDT (σ1, ..., σk) =
d

dt

∣∣∣
t=0

(φtD)∗(T ((φtD1
)∗(σ1), ..., (φtDk)∗(σk)))

=
d

dt

∣∣∣
t=0
T ((φtD1

)∗(σ1), ..., (φtDk)∗(σk)) ◦ φ
t
X

= T
( d
dt

∣∣∣
t=0

(φtD1
)∗(σ1), ..., σk

)
+ · · ·+ T

(
σ1, ...,

d

dt

∣∣∣
t=0

(φtDk)∗(σk)
)

+XD(T (σ1, ..., σk))

= XD(T (σ1, ..., σk))− T (LD1σ1, ..., σk)− · · · − T (σ1, ...,LDkσk).

By the classical Lie theory we already know how to calculate the Lie
derivative in the cases where F = TM and F = T ∗M . In fact,

LDX = [XD, X], ∀X ∈ X(M) and

LDξ(X) = XD(ξ(X))− ξ([XD, X]), ∀X ∈ X(M) and ∀ξ ∈ Ω1(M).

The case where F = E∗ was already solved by item (c) of Proposition ??.
In fact, a tensor T : E∗ → R is the same as a section σ ∈ Γ(E), and we will
have LD(σ) = Dσ. In the next two propositions we find the Lie derivative
for the case where F = JkE.

Proposition A.5.2. Every derivation D ∈ Der(E) lifts to a unique deriva-
tion D̃ ∈ Der(JkE), and their flows are related by the following diagram:

JkE
(φt
D̃

)∗
//

pr

��

JkE

pr

��
E

(φtD)∗ //

jk

HH

E.

jk

VV (A.7)

Moreover D̃(jkσ) = jk(Dσ).

Proof. Any bundle map θ : E → E covering the identity onM has unique lift
θ̃ : JkE → JkE satisfying θ̃(jkσ) = jkθ(σ). To see this we consider θ as a map
θ : Γ(E)→ Γ(E), and observe that the composition jk ◦ θ : Γ(E)→ Γ(JkE)
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is a differential operator of order k. So there exists a unique bundle map
θ̃ : JkE → JkE satisfying jk ◦ θ = θ̃ ◦ jk.

We define (φt
D̃

)∗ : JkE → JkE as the lift of (φtD)∗ : E → E. The
uniqueness gives us that φt

D̃
is a linear flow on JkE, thus it comes from a

derivation D̃ with the same symbol XD of D. We also have (φt
D̃

)∗(j
kσ) =

jk(φtD)∗σ, which gives us D̃(jkσ) = jk(Dσ).

Proposition A.5.3. Let D be a derivation on the vector bundle E and D̃ its
lift to JkE given in Proposition ??. If T : Γ(E) → C∞(M) is a diferential
operator of order k, and T̃ : JkE → R is the tensor map lifting T ,

Γ(JkE)

T̃

%%
pr

��
Γ(E)

jk

OO

T
// C∞(M),

then
(LD̃T̃ )(jkσ) = (LDT )(α). (A.8)

Proof. By Proposition ??, we have (φt
D̃

)∗(j
kσ) = jk((φtD)∗σ), and by defini-

tion of T̃ we have T (σ) = T̃ (jkσ). Thus

LD̃T̃ (jkσ) =
d

dt

∣∣∣
t=0

(φt
D̃

)∗T̃ ((φt
D̃

)∗j
kσ)

=
d

dt

∣∣∣
t=0

(φt
D̃

)∗T̃ (jk((φtD)∗σ))

=
d

dt

∣∣∣
t=0

(φtXD)∗T ((φtD)∗σ)

= LDT (σ).

Corollary A.5.4. For every diferential operator of order k, T : Γ(E) →
C∞(M), and derivation D ∈ Der(E), the Lie derivative of T with respect to
D can be calculated using the same formula for tensors in Proposition ??.
Namely,

(LDT )(σ) = XD(T (σ))− T (Dσ). (A.9)

Proof. With the same notation of Proposition ??, we have

(LDT )(σ) = (LD̃T̃ )(jkσ)

= XD̃(T̃ (jkσ))− T̃ (D̃(jkσ))

= XD(T (σ))− T̃ (jk(Dσ))

= XD(T (σ))− T (Dσ).
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We can state a general version of Proposition ??, for diferential operators.

Theorem A.5.5. Let T : Γ(E1)×· · ·×Γ(Ek)→ C∞(M) be a multilinear dif-
ferential operator. Consider derivations Di ∈ Der(Ei) for every i = 1, ..., k.
Let D be the derivation on E1 ⊗ · · · ⊗ Ek with flow φtD = φtD1

⊗ · · · ⊗ φtDk .
Then the Lie derivative LDT is still given by the Cartan formula (??):

LDT (σ1, ..., σk) = XD(T (σ1, ..., σk))−
k∑
i=0

T (σ1, ...,LDiσi, ..., σk). (A.10)

Proof. Firstly we note that we have a slightly more general version of Propo-
sition ??. Let s be the order of T (the highest order among its entries) and
T̃ : JsE1 ⊗ · · · ⊗ JsEk → R be the lift of T ,

Γ(JsE1 ⊗ · · · ⊗ JsEk)
T̃

))
pr

��
Γ(E1)× · · · × Γ(Ek)

js

OO

T
// C∞(M).

Then LDT (σ1, ..., σk) = LD̃T̃ (jsσ1, ..., j
sσk), where D̃ is the derivation with

flow φt
D̃1
⊗ · · · ⊗ φt

D̃k
, and D̃i is the lifting of Di to JsEi.

Now we use the result for tensors in Proposition ??:

LD̃T̃ (jsσ1, ..., j
sσk) = XD(T̃ (jsσ1, ..., j

sσk))−
∑
i

T̃ (jsσ1, ..., D̃i(j
sσi), ..., j

sσk)

= XD(T (σ1, ..., σk))−
∑
i

T̃ (jsσ1, ..., j
s(Diσi), ..., j

sσk)

= XD(T (σ1, ..., σk))−
∑
i

T (σ1, ..., Diσi, ..., σk).

We end this section going back to considering time-dependent derivations
Dt ∈ Der(E). The following proposition is the main step of the so-called
Moser’s path method.

Proposition A.5.6. Let Dt ∈ Der(E) be a time-dependent derivation and
T : F → R be a geometric object on E. Then

d

dt

∣∣∣
t=r

(φt,sD )∗T = (φr,sD )∗(LDrT ). (A.11)
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Proof. By item (a) of Proposition ??, we have (φt,sD )∗ = (φr,sD )∗ ◦ (φt,rD )∗. So
we just need to prove that

d

dt

∣∣∣
t=r

(φt,rD )∗T = LDrT. (A.12)

Using the tensoriality of T and the formulas for LD in Theorem ??, it is not
hard to see that we just need to verify the equality d

dt

∣∣∣
t=r

(φt,rD )∗ = LDr for
sections of E (the classical cases are known and the jet case follows from the
formulas of Propositions ?? and ??). This equality for sections is exactly the
content of item (c) of Proposition ??.

A.6 Examples

In this section we will provide formulas for the Lie derivative that we will
need throughout the main text. Fix a derivation D ∈ Der(E).

Example A.6.1. If 〈·, ·〉 : E × E → R is a bilinear form, its Lie derivative
w.r.t. D is given by

(LD〈·, ·〉)(α, β) = XD〈α, β〉 − 〈Dα, β〉 − 〈α,Dβ〉. (A.13)

Proof. This is a direct application of formula (??) taking the E1 = E2 = E

and D1 = D2 = D.

Example A.6.2. If θ ∈ Γ(E∗) we have

(LDθ)(σ) = XD(θ(σ))− θ(Dσ). (A.14)

Proof. Again we apply formula (??), we just need to consider θ as a map
E → R.

Example A.6.3. If ρ : E → TM is an anchor, its Lie derivative with respect
to D ∈ Der(E) is given by

(LDρ)(σ) = [XD, ρ(σ)]− ρ(Dσ). (A.15)

Proof. In this case we consider ρ as a map Tρ : E ⊗ T ∗M → R : (σ, ξ) 7→
ξ(ρ(σ)). Then formula (??) gives us

(LDTρ)(σ, ξ) = XD(Tρ(σ, ξ))− Tρ(σ,LXDξ)− Tρ(Dσ, ξ)
= XD(ξ(ρ(σ)))− LXDξ(ρ(σ))− ξ(ρ(Dσ))

= [LXD , ιρ(σ)]ξ − ξ(ρ(Dσ))

= ξ([XD, ρ(σ)]− ρ(Dσ)).
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Example A.6.4. If λ : T ∗M ⊗ E ⊗ E → E is a co-anchor, we have

LDλ(ξ, α, β) = D(λ(ξ, α, β))− λ(LXDξ, α, β)− λ(ξ,Dα, β)− λ(ξ, α,Dβ).

(A.16)

Proof. We consider λ as the map Tλ : T ∗M ⊗E⊗E⊗E∗ → R : (ξ, a, b, θ) 7→
θ(ξ, a, b). Then we will have

LDTλ(ξ, a, b, θ) = XD(Tλ(ξ, a, b, θ))− Tλ(ξ, a, b,LDθ)− Tλ(ξ, a,Db, θ)
−Tλ(ξ,Da, b, θ)− Tλ(LXDξ, a, b, θ)

= XD(θ(λ(ξ, a, b)))− LDθ(λ(ξ, a, b))

−θ(λ(ξ, a,Db) + λ(ξ,Da, b) + λ(LXDξ, a, b))
= θ(D(λ(ξ, α, β))− λ(LXDξ, α, β)− λ(ξ,Dα, β)− λ(ξ, α,Dβ)),

where in the last equality we use the formula for LDθ obtained in Example
??.

Example A.6.5. If A : Γ(E)× Γ(E) → Γ(E) is a local bracket and D is a
derivation on E,

(LDA)(α, β) = D(A(α, β))− A(Dα, β)− A(α,Dβ). (A.17)

Proof. In this case we view A as the multilinear diferential operator TA :

Γ(E)× Γ(E)× Γ(E∗) : (α, β, θ) 7→ θ(A(α, β)). But now we use Theorem ??
rather than Proposition ??:

LDTA(α, β, θ) = XD(TA(α, β, θ))− TA(α, β,LDθ)− TA(α,Dβ, θ)− TA(Dα, β, θ)

= XD(θ(A(α, β)))− LDθ(A(α, β))− θ(A(Dα, β) + A(α,Dβ))

= θ(D(A(α, β))− A(Dα, β)− A(α,Dβ)).
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APPENDIX B

Stable Linear Manifold Theorem

This appendix is based on notes by Professor Stephen Schecter from North
Carolina State University [?].

B.1 Contraction Theorem

In this section we review the classical fix point theorem for contractions. A
fundamental result that is going to play a central role in the stable manifold
theorem is the smooth differentiability of the fix point with respect to a
parameter.

Definition B.1.1. Let (X, d) be a metric space. We say that a function
F : X → X is a contraction if there exists a real constant 0 < λ < 1 such
that

d(F (x), F (y)) ≤ λ · d(x, y),

for every x, y ∈ X.

Theorem B.1.2 (Fix point for contractions). Let (X, d) be a complete metric
space and F : X → X a contraction. Then there exist a unique x0 ∈ X such
that F (x) = x.

Proof. Choose a initial x ∈ X and consider the sequence {xn}n in X, defined
recursively by x0 = x and xn+1 = F (xn), for n ≥ 0. To prove the existence
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of the fix point we just need to prove that {xn}n is Cauchy. If m ≥ n ≥ 0,
then

d(xm, xn) ≤ λn−1 · d(xm−n, x0)

≤ λn−1 ·
[
d(xm−n, xm−n−1) + · · ·+ d(x1, x0)

]
≤ λn−1 · (λm−n−1 + · · ·+ λ+ 1) · d(F (x), x)

≤ λn−1/(1− λ) · d(F (x), x),

which is small if n is sufficiently large.
For the uniqueness, let x, y ∈ X be two fix point. Then d(x, y) =

d(F (x), F (y)) ≤ λ · d(x, y), which implies (1− λ)d(x, y) ≤ 0. So d(x, y) = 0

and x = y.

We will be particularly interested in the case where the metric space
(X, d) is a subset of a Banach space (B, ‖ · ‖). This is because we can make
sense of differentiability in these cases.

Definition B.1.3. Let (X, d) be a metric space. A continuous family of
contractions with parameter set a topological space P, is a continuos map
F : P ×X → X, for which there exists a constant 0 < λ < 1 such that

d(F (p, x), F (p, y)) ≤ λ · d(x, y),

for every x, y ∈ X and p ∈ P.

Proposition B.1.4. Let (X, d) be a metric space and let P be a set of pa-
rameters. Given a continuos family of contractions F : P×X → X, consider
the map ψ : P → X, taking p ∈ P to the fix point ψ(p) of the contraction
F (p, ·) : X → X. Then ψ is a continuos function. Furthermore,

1. If P is a metric space and F is locally Lipschitz, then ψ is also locally
Lipschitz.

2. If P is a manifold and X is the closure of an open subset of Banach
spaces, and F is a map of class Ck, then the same is true for ψ and

Dψ(p) = (I −D2F (p, ψ(p)))−1 ◦D1F (p, ψ(p)), (B.1)

where D1F is the differential on the first entrance and D2F in the
second.
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Proof. The continuity of ψ : P → X follows from the contraction condition:

d(ψ(p), ψ(q)) = d(F (p, ψ(p)), F (q, ψ(q)))

= d(F (p, ψ(p)), F (p, ψ(q))) + d(F (p, ψ(q)), F (q, ψ(q)))

≤ λ · d(ψ(p), ψ(q)) + d(F (p, ψ(q)), F (q, ψ(q))).

Then, using that 0 < λ < 1, we obtain

d(ψ(p), ψ(q)) ≤ 1/(1− λ) · d(F (p, ψ(q)), F (q, ψ(q))), (B.2)

which is small if p and q are close. In fact, in this case we obtain that (p, ψ(q))

and (q, ψ(q)) are also close.
Assuming that F is locally Lipschitz, let us denote by d̃ the metric of

P . Then there exists a constant C > 0 such that d(F (p, x), F (q, y)) ≤
C ·
(
d̃(p, q) + d(x, y)

)
. Therefore Equation (??) implies that

d(ψ(p), ψ(q)) ≤ C/(1− λ) · d̃(p, q),

which proves that ψ is Lipschitz.
In the case where F is of class Ck Equation (??) implies that Dψ is in

class Ck−1, which proves that ψ is Ck. So we just need to prove that ψ
differenciable and its differential is given by Equation (??).

Let us denote by (B, ‖ · ‖) the Banach space which (X, d) is the closure
of an open subset. Then D2F (p, x) : B → B satisfies ‖D2F (p, x)‖ ≤ λ < 1.
In fact,

‖D2F (p, x)v‖ = lim
t→0

∥∥∥F (p, x+ tv)− F (p, x)

t

∥∥∥ ≤ λ · ‖v‖.

Then (IB −D2F (p, x)) is invertible, with inverse

IB +D2F (p, x) +D2F (p, x)2 + · · · .

Given p ∈ P , let us prove that L(p) := (I−D2F (p, ψ(p)))−1◦D1F (p, ψ(p))

is the differential of ψ at p. Since P is a manifold, we ca assume that it is
an open subset of a Banach space to calculate Dψ(p). Given ε > 0 we must
prove that

‖ψ(p+ h)− ψ(p)− L(p)h‖ ≤ ε · ‖h‖,

for ‖h‖ sufficiently small. Using the definition of ψ and the fact that L(p) =

D1F (p, ψ(p))+D2F (p, ψ(p))◦L(p), the rest r(h) := ‖ψ(p+h)−ψ(p)−L(p)h‖
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satisfies

‖r(h)‖ = ‖F (p+ h, ψ(p+ h))− F (p, ψ(p))−D1F (p, ψ(p))h

−D2F (p, ψ(p))L(p)h‖
≤ ‖F (p+ h, ψ(p))− F (p, ψ(p))−D1F (p, ψ(p))h‖

+‖F (p+ h, ψ(p+ h))− F (p+ h, ψ(p))−D2F (p, ψ(p))L(p)h‖.

Since F (·, ψ(p)) : P → X is diferentiable, if ‖h‖ is small, the first term
becomes smaller than [(1 − λ)ε/2] · ‖h‖. If we denote the second term by
s(h), we can use that ‖D2F (p, ψ(p))‖ ≤ λ to obtain

‖s(h)‖ ≤ ‖D2F (p, ψ(p))(ψ(p+ h)− ψ(p)− L(p)h)‖+ ‖F (p+ h, ψ(p+ h))

−F (p+ h, ψ(p))−D2F (p, ψ(p))(ψ(p+ h)− ψ(p))‖
≤ λ‖r(h)‖+ ‖F (p+ h, ψ(p+ h))− F (p+ h, ψ(p))

−D2F (p, ψ(p))(ψ(p+ h)− ψ(p))‖.

Putting our pieces together:

‖r(h)‖ ≤ 1/(1− λ) · ‖F (p+ h, ψ(p+ h))− F (p+ h, ψ(p))

−D2F (p, ψ(p))(ψ(p+ h)− ψ(p))‖+ ε/2 · ‖h‖.

Finally we note that the term inside the norm can be rewritten as(∫ 1

0

(D2F (p+h, (1−t)ψ(p+h)+tψ(p))−D2F (p, ψ(p)))dt
)

(ψ(p+h)−ψ(p)),

which becomes smaller than (1−λ)ε/2 · ‖h‖, because the term in the integral
vanishes at h = 0 and ψ is locally Lipschitz.

B.2 Stable Manifold Theorem

B.2.1 Our Case
In the case we are interested in, we have a derivation (D,XD) ∈ Der(E),
where E is a vector bundle overM , whose symbol XD is an Euler-like deriva-
tion along a submanifold N ⊆ M (c.f. Definition ??). We also have a de-
composition E|N = K⊕W u⊕W s, invariant by the flow of D, whose flow φDt
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fixes elemtens in K, multiply by exp(t) the elements of W u, and by exp(−t)
the elements of W s. The result that we propose to prove in this section is
that the unstable manifold

S :=
{
v ∈ E s.t. lim

t→−∞
φDt (v) exists

}
,

is a subblundle on a small neighborhood of N ⊆M .
In order to simplify the notation, we can assume that M is the normal

bundle p : ν(M,N) → N , and that E is a bundle pullback p∗F , where F =

E|N . In fact, we just need to pullback the derivation D by a chosen bundle
isomorphism p∗i∗E ∼= E|U , covering ψ : ν(M,N) → U ⊆ M , the tubular
neighborhood which pulls back the symbol of D to the Euler vector field in
ν(M,N). Then, with this choice, we can also assume that the symbol of the
derivation D is the Euler vector field on ν(M,N).

Let D ∈ Der(E) be a derivation on a vector bundle overM . If the symbol
XD of D vanishes along a submanifold N ⊆M , the flow of D restricts to each
fiber Ep with p ∈ N , thus we obtain a restricted derivation D|N ∈ Der(E|N).
Note that is this case the symbol of D|N vanishes. So we can see D|N as a
section of End(E|N).

Definition B.2.1. Let V be a finite dimensional vector space. We say that
a linear endomorphism θ : V → V is hyperbolic if its complex eigenvalues
are either zero or have real part different from zero. We say that a derivation
D ∈ Der(E) is a hyperbolic derivation along a submanifold N ⊆ M , if
its symbol XD vanishes on N and

1. ker(D|N) ⊆ E|N is a subblundle;

2. D|N : Ep → Ep is hyperbolic, for every p ∈ N .

Theorem B.2.2 (Linear Stable Manifold Theorem). Let N be a manifold,
p : νN → N a vector bundle, and F → N another vector bundle over N . If
a hyperbolic derivation D ∈ Der(p∗F ) has the Euler vector field E of νN as
symbol, then the unstable set:

S :=
{
v ∈ E s.t. lim

t→−∞
φDt (v) exists

}
,

is a subbundle.

IMPA 105 August, 2017



Hudson Lima Normal Forms

B.3 Proof of Theorem ??

Since E is defined as a submanifold of νN×F in the following fibered product

E

��

// F

π
��

νN
p // N,

the flow of D can be written as

φDt (v, e) = (exp(t)v, γvt (e)),

where γvt : Fp(v) → Fp(v) is linear. We conclude that D̃ : E → TE ⊆ TνN×TF
takes values in p∗νN × π∗F ⊆ TνN × TF . Defining

θv(e) :=
d

dt

∣∣∣
t=0
γvt (e) ∈ Fp(v),

we obtain a section θ ∈ Γ(p∗ End(F )), and D̃(v, e) = (E(v), θv(e)), where E
is the Euler vector field in νN . The flow α(t) := γvt (e) can be obtained as the
solution of the following ODE on Fp(v):{

α′(t) = θexp(t)v(α(t)),

α(0) = e.
(B.3)

The hyperbolicity of D translates to θ as the condition that θ|N : F → F

is pointwise hyperpolic, and the kernel K := ker(θ) ⊆ F is a subbundle.
Consider the decomposition F = K⊕W u⊕W s, into the kernel, the unstable,
and the stable manifold of θ|N . Given p ∈ N , let us denote the restriction of
θp to W u and W s by θup and θsp, respectively. It is a known fact that there
are constants K ≥ 1 and µ > 0 such that

‖e−tθup ‖ ≤ Ke−tµ and ‖etθsp‖ ≤ Ke−tµ, ∀t ≥ 0, (B.4)

where ‖ · ‖ is a norm coming from a chosen metric on F , which will be fixed
from now on in the text.

The same still true in a small neighborhood of p ∈ N (eventually changing
the constants). In the case we are interested we have a global equatity in N ,
with K = µ = 1.

The idea now is to see the solutions of ODE (??) as fix points of some
contraction on bounded curves in F . For that, recall the variation of param-
eters fomula: if x(t) is a solution of x′(t) = θ0x(t) + h(t), then wherever x is
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defined

x(t) = e(t−t′)θ0x(t′) +

∫ t

t′
e(t−s)θ0h(s)ds.

Note that θ : νN → p∗ End(F ) takes the fiber p−1(x) to End(Fx). Let
us denote by Dθv : p−1(x) → End(Fx) its differential at v ∈ p−1(x). Then
defining

Br,v :=

∫ 1

0

Dθ(srv)(v)ds,

the have θrv = θp(v) + rBr,v. With this equation, ODE (??) can be rewritten
as

α′(t) = θp(v)(α(t)) + exp(t)Bexp(t),v(α(t)).

Then using the variation of paremeter formula, we get that

α(t) = e(t−t′)θp(v)(α(t′)) +

∫ t

t′
exp(s)e(t−s)θp(v)Bexp(s),v(α(s))ds.

Let us denote by πk, πu, and πs′ the bundle projections of F into K, W u,
and W s respectively. Denoting by αk, αu, and αs′ the projections of α, and
using that the projections commute with θp(v), we obtain

αk(t) = αk(t
′) +

∫ t
t′

exp(s)πk(Bexp(s),v(α(s)))ds,

αu(t) = e(t−t′)θp(v)(αu(t
′)) +

∫ t
t′

exp(s)e(t−s)θp(v)(πu(Bexp(s),v(α(s))))ds, and
αs′(t) = e(t−t′)θp(v)(αs′(t

′)) +
∫ t
t′

exp(s)e(t−s)θp(v)(πs′(Bexp(s),v(α(s))))ds.

If α : (−∞, 0]→ Fp(v) is a bounded solution, the three integrals above are
finite for all t, t′ ∈ [−∞, 0], and we can rewrite these equations as

αk(t) = αk(0) +

∫ t

0

exp(s)πk(Bexp(s),v(α(s)))ds,

αu(t) = etθp(v)(αu(0)) +

∫ t

0

exp(s)e(t−s)θp(v)(πu(Bexp(s),v(α(s))))ds, and

αs′(t) =

∫ t

−∞
exp(s)e(t−s)θp(v)(πs′(Bexp(s),v(α(s))))ds.

This happens because, each integration is made over a bounded term multi-
plied by exp(s), and in the last equation we are using the inequalities (??)
together with the fact that α is bounded.

Now consider C0
b (F ), the space of continuous bounded curves α : (−∞, 0]→

F , which stays in a fixed fiber: α(t) ∈ Fx, for all t. It is clear that C0
b (F ) is

a Banach space bundle over N . In fact, a trivialization for F → N naturally
gives a trivialization to C0

b (F ).
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The terms with integrals in the expression giving αu, αu, and αs′ above,
can be patched in a bundle map T : C0

b (F )→ C0
b (F ), defined by

Tα(t) :=

∫ t

0

exp(s)πk(α(s))ds+

∫ t

0

exp(s)e(t−s)θp(v)(πu(α(s)))ds

+

∫ t

−∞
exp(s)e(t−s)θp(v)(πs′(α(s)))ds,

for all t ∈ (−∞, 0]. To prove that T is well defined let us verify the following
lemma.

Lemma B.3.1. On a neighborhood where the inequalities (??) holds, we have

||T || ≤ K
(

1 +
2

γ

)
.

In our case, ||T || ≤ 3, is a global bound.

Proof. Using that ‖πk‖, ‖πu‖, and ‖πs′‖ ≤ 1; 0 ≤ exp(s) ≤ 1 for s ≤ 0; and
K ≥ 1; we have

Tα(t) ≤
(∫ 0

t

exp(s)ds+K

∫ 0

t

exp((t− s)µ)ds

+K

∫ t

−∞
exp((s− t)µ)ds

)
· ‖α‖

≤ (1− exp(t) +K(1− exp(tµ))/µ+K/µ)‖α‖
≤ K(1 + 2/µ)‖α‖.

Now we define N : νN × C0
b (F )→ C0

b (F ) by

N (v, α)(t) := Bexp(t),v(α(t)), ∀t ≤ 0.

Recall that Br,v0 =
∫ 1

0
Dθsrv0(v0)ds. So

‖Br,v0‖ ≤ sup
|v|<r|v0|

‖Dθv‖ · |v0|.

Using that exp(t) ≤ 1 for t ≤ 0, we have

‖N (v0, ·)‖ ≤
(

sup
|v|<|v0|

‖Dθv‖
)
· |v0| <∞, (B.5)

so N is well defined.
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Finally we define F : νN ×K ×W u × C0
b (F )→ C0

b (F ), where

F(v, wk, wu;α)(t) := wk + etθp(v)(wu) + T (N (v, α))(t).

We conclude that the bounded solutions α : (−∞, 0] → F of ODE (??) are
fix points for F(v, αk(0), αu(0), ·). The idea now is to prove that in a small
neighborhood of N in νN the map F is a differentiable family of contractions.
In fact, if |v| < λ, we have the following estimatives

|F(v, wk, wu, α)−F(v, wk, wu, β)| ≤ ‖T‖ · ‖N (v, ·)‖ · ‖α− β‖
≤ K(1 + 2/µ) sup

|w|<λ
‖Dθw‖ · λ · ‖α− β‖,

where we are using Equation (??) to estimete ‖N (v, ·)‖.
We can choose a small neighborhood U of any point in x ∈ N , and λ > 0,

such that ‖Dθw‖ ≤ (1+‖Dθx‖), for every w ∈ F |U , with |w| ≤ λ. By making
λ even smaller we can also assume that

λ ≤ [2(1 + ‖Dθx‖)K(1 + 2/µ)]−1.

Then, for each parameter (v, wk, wu) in

{v ∈ νN | p(v) ∈ U, |v| < λ} × K|U ×W u|U ,

F(v, wk, wu, ·) : C0
b (F )|U → C0

b (F )|U is a contraction with constant 1/2. We
take the parameter set P ⊆ νN×K×W u as the open neighborhood obtained
by taking the union of all these contractions. Note that there exists on open
neighborhood U ⊆ νN such that P = U × K ×W u.

By Proposition ??, we obtain a differenciable map ψ : P → C0
b (F ), taking

each parameter (v, wk, wu) ∈ P to a bounded solution of ODE (??). In fact,
a direct calculation shows that any fix point is also a solution of ODE (??).

The bounded solution α = ψ(v, wk, wu) is completely determined by
Equation (??), and the initial condition α(0) = wk + wu + πs(α(0)). An
element w ∈ p∗Fv is in the unstable subset if and only if, the solution α(t),
t ≤ 0, of ODE (??), with initial condition α(0) = w, is is bounded. In
fact, using the expressions for αk, αu, and αs, given by parameter variation
fomula, we can directly check that limt→∞ α(t) exists. We conclude that the
unstable manifold is the graph of the map

ψ̃ : U × K ×W u → W s,

IMPA 109 August, 2017



Hudson Lima Normal Forms

taking (v, wk, wu) to πs′(α(0)), where α = ψ(v, wk, wu). This map is linear
on K ×W u and differentible, since it is a composition

P ψ // C0
b (F )

ev0 // F
πs′ //W s.

This proves that on U ⊆ νN , the unstable set S is the graph of a bundle
map

ψ̃ : p∗(K ⊕W u)|U → p∗W s|U ,

therefore, it is a subblundle on the neighborhood U of N . Since w ∈ p∗Fv
is in the unstable set if and only if φDt (w) ∈ p∗Fexp(t)v is in the unstable set,
we have that Sv = (φDt )−1(Sexp(t)v). So taking t sufficiently near −∞, we
conclude that exp(t)V ⊆ U , for some small neighborhood of v ∈ νN , then we
use φDt to conclude that S|V is a subblundle.
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APPENDIX C

Deformation cohomology of the bracket

We define a bracket on the k-Courant-like derivations which can be used to
define the deformation cohomology of the bracket of a Courant algebroid as
made in [?] for Lie algebroids. See also [?], for a more algebraic construction
of the deformation complex for Courant algebroids.

C.1 Definitions

Definition C.1.1. Let (E, 〈·, ·〉) be a vector space with a symmetric non-
degenerate bilinear form. We define its space of derivations by

Der〈,〉(E) := {D ∈ Der(E) | XD〈α, β〉 = 〈Dα, β〉+ 〈α,Dβ〉}.

That is, the space of derivations whose flow is an automorphism of (E, 〈·, ·〉)

Definition C.1.2 (k-Courant derivations). Let (E, 〈 , 〉) be a vector space
with a symmetric non-degenerate bilinear form over a base manifoldM . Then
the elements of Derk(E, 〈 , 〉) are

D : Γ(E)× · · · × Γ(E)︸ ︷︷ ︸
k+1 times

→ Γ(E)

such that

1. D(s, ·) ∈ Der〈,〉(E),
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2. The symbol XD(s, ·) : Γ(E)→ X(M) is tensorial, and

3. D(si, si+1) +D(si+1, si) = XD(ŝi, ŝi+1)∗d〈si, si+1〉.

where the s = (s1, ..., sk) = (si, si+1) in (1) and (3), s = (s1, ..., sk−1) in (2),
(ŝi, ŝi+1) := (s1, ..., si−1, si+2, ...sk), and (si+1, si) := (s1, ..., si−1, si+1, si, si+2, ..., sk).

We also define Der−1(E, 〈,〉) := Γ(E).

Remark C.1.3. As a direct consequence of our definitions, we have

• Der1(E, 〈,〉) is the set of almost-Courant algebroid structures on (E, 〈,〉).

• For D ∈ Derk(E, 〈,〉),
D(s, α, α) = D(s′, α, α, sk) = · · · = D(α, α, s) = 1

2
XD(s)∗d〈α, α〉.

• Given α ∈ Γ(E) we have the contraction operator

ια : Derk(E, 〈,〉)→ Derk−1(E, 〈,〉)

defined by ιαD(s) := D(α, s).

• The equation XD(s)∗d〈α, α〉 = 2ιαιαD(s) means that we have a map

X∗D : Ω1(M)→ Derk−2(E, 〈,〉)

for which

ιαιαD =
1

2
X∗Dd〈α, α〉.

• Then again we get map X1
D : Ω1(M) × Ω1(M) → Derk−4(E, 〈,〉), such

that
ιβιβιαιαD =

1

4
X1∗
D (d〈α, α〉, d〈β, β〉),

and it is clear that X1
D is symmetric and we can repeat this process k/2

times.

C.2 The bracket

Now we define a bracket [[ , ]] : Derk(E, 〈,〉) × Derl(E, 〈,〉) → Dk+l(E, 〈,〉).
First if α, β ∈ Der−1(E, 〈,〉) = Γ(E) we define

[[α, β]] := 0.
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Also, for α ∈ Der−1(E, 〈,〉) and D ∈ Derk(E, 〈,〉),

[[D,α]] := ιαD and [[α,D]] := −(−1)kιαD.

So now we can calculate [[D1, D2]] if (k, l) = (−1, l), (k,−1) (make a picture!).
In general, for D1 ∈ Derk(E, 〈,〉), D2 ∈ Derl(E, 〈,〉) with k, l ≥ 0, we define

ια[[D1, D2]] := [[D1, ιαD2]] + (−1)l[[ιαD1, D2]].

Proposition C.2.1. Given D1 ∈ Derk(E, 〈,〉), D2 ∈ Derl(E, 〈,〉),

[[D1, D2]] ∈ Derk+l(E, 〈,〉).

Proof. The properties (1) and (2) are obvious from the definition. So we just
need to prove (3). It is enough to prove that

ιαια[[D1, D2]] =
1

2
X∗[[D1,D2]]d〈α, α〉

well,

ιαια[[D1, D2]] = ια[[D1, ιαD2]] + (−1)lια[[ιαD1, D2]]

= [[D1, ιαιαD2]] + (−1)l−1[[ιαD1, ιαD2]] + (−1)l[[ιαD1, ιαD2]]

+(−1)l(−1)l[[ιαιαD1, D2]]

= [[D1, ιαιαD2]] + [[ιαιαD1, D2]]

=
1

2
([[D1, X

∗
D2
d〈α, α〉]] + [[X∗D1

d〈α, α〉]]).

So we just need to prove that

X∗[[D1,D2]]ξ = [[D1, X
∗
D2
ξ]] + [[X∗D1

ξ,D2]].

Let us prove by induction. The initial cases will be made in the examples.

ια(X∗[[D1,D2]]ξ) = X∗[[D1,ιαD2]]ξ + (−1)lX∗[[ιαD1,D2]]ξ

= [[D1, X
∗
ιαD2

ξ]] + [[X∗D1
ξ, ιαD2]] + (−1)l[[ιαD1, X

∗
D2
ξ]]

+(−1)l[[X∗ιαD1
ξ,D2]]

= ([[D1, ια(X∗D2
ξ)]] + (−1)l[[ιαD1, X

∗
D2
ξ]])

+([[X∗D1
ξ, ιαD2]] + (−1)l[[ια(X∗D1

ξ), D2]])

= ια([[D1, X
∗
D2
ξ]] + [[X∗D1

ξ,D2]]).

Here we are using that ιαX∗D = X∗ιαD, which follows from

ιαX
∗
Dd〈γ, γ〉 = (1/2)ιαιγιγD = (1/2)ιγιγιαD = X∗ιαDd〈γ, γ〉.
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Proposition C.2.2. For any D1 ∈ Derk(E, 〈,〉) and D2 ∈ Derl(E, 〈,〉)

[[D1, D2]] = −(−1)kl[[D2, D1]] (C.1)

Proof. Let us prove by induction. If (k, l) = (−1, l) or (k,−1), equation ??
follows by definition. If k, l ≥ 0, we have

ια[[D1, D2]] = [[D1, ιαD2]] + (−1)l[[ιαD1, D2]]

= −(−1)k(l−1)[[ιαD2, D1]]− (−1)l+(k−1)l[[D2, ιαD1]]

= −(−1)kl([[D2, ιαD1]] + (−1)k[[ιαD2, D1]])

= −(−1)klια[[D2, D1]].

Proposition C.2.3. For D ∈ Derm(E, 〈,〉), D1 ∈ Derk(E, 〈,〉) and D2 ∈
Derl(E, 〈,〉) with k, l,m ≥ 0 we have

[[D, [[D1, D2]]]] = [[[[D,D1]], D2]] + (−1)mk[[D1, [[D,D2]]]]. (C.2)

Proof. Let us call T (m, k, l) the afirmation that equation ?? holds for ev-
ery D,D1, and D2. It is easy to see that T (m, k, l) true implies T (m, l, k),
T (l,m, k), T (l, k,m), T (k,m, l), and T (k, l,m) true. Let us first prove that
T (−1, k, l) is true for k, l ≥ 0.

[[σ, [[D1, D2]]]] = −(−1)k+lισ[[D1, D2]]

= −(−1)k+l[[D1, ισD2]]− (−1)k+l+l[[ισD1, D2]]

= (−1)k[[D1, [[σ,D2]]]] + [[[[σ,D1]], D2]]

In particular, T (−1, 0, 0), T (0,−1, 0) and T (0, 0,−1) are true. Let us prove
by induction that, for a given n ≥ −1, if m + k + l = n and at least two
between m, k, l are ≥ 0, then T (m, k, l) is true.

We know that this is true for n = −1. Assume that it is true for n ≥ −1.
Let (m, k, l) be such that m+ k+ l = n+ 1 and assume (wlg) k, l ≥ 0. If
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m = −1 we have already proven that T (−1, k, l) is true. If m ≥ 0 we have

ια([[D, [[D1, D2]]]]) = [[D, ια[[D1, D2]]]] + (−1)k+l[[ιαD, [[D1, D2]]]]

= [[ D︸︷︷︸
m

, [[ D1︸︷︷︸
k

, ιαD2︸︷︷︸
l−1

]]]] + (−1)l[[ D︸︷︷︸
m

, [[ιαD1︸︷︷︸
k−1

, D2︸︷︷︸
l

]]]]

+(−1)k+l[[ιαD︸︷︷︸
m−1

, [[ D1︸︷︷︸
k

, D2︸︷︷︸
l

]]]]

= [[[[D,D1]], ιαD2]] + (−1)mk[[D1, [[D, ιαD2]]]]

+(−1)l[[[[D, ιαD1]], D2]] + (−1)l+m(k−1)[[ιαD1, [[D,D2]]]]

+(−1)k+l[[[[ιαD,D1]], D2]] + (−1)k+l+(m−1)k[[D1, [[ιαD,D2]]]]

= [[[[D,D1]], ιαD2]] + (−1)l+mk−m[[ιαD1, [[D,D2]]]]

(−1)l[[([[D, ιαD1]] + (−1)k[[ιαD,D1]]), D2]]

(−1)mk[[D1, ([[D, ιαD2]] + (−1)l[[ιαD,D2]])]]

= [[[[D,D1]], ιαD2]] + (−1)mk+m+l[[ιαD1, [[D,D2]]]]

(−1)l[[ια[[D,D1]], D2]] + (−1)mk[[D1, ια[[D,D2]]]]

= ια([[[[D,D1]], D2]] + (−1)mk[[D1, [[D,D2]]]])

It follows that T (m, k, l) is true and we complete our induction.

Example C.2.4. Some initial cases are,

• k = 0, l = 0: If D,D′ ∈ Der0(E, 〈,〉), then [[D,D′]] = [D,D′] =

D ◦D′ −D′ ◦D. In fact,

ια[[D,D′]] = [[D, ιαD
′]] + [[ιαD,D

′]]

D(D′α)−D′(Dα) = [D,D′]α.

• k = 1, l = 0: If D ∈ Der0(E, 〈,〉), A ∈ Der1(E, 〈,〉), then [[A,D]] =

−LDA = −[[D,A]]. In fact,

ια[[A,D]] = [[A, ιαD]] + [[ιαA,D]]

ιDαA+ [ιαA,D].

So,
[[D,A]](α, β) = DA(α, β)− A(Dα, β)− A(α,Dβ)
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• k = 1, l = 1: If A,A′ ∈ Der1(E, 〈,〉) then

ια[[A,A′]] = [[A, ιαA
′]] + (−1)1[[ιαA,A

′]]

[[ A︸︷︷︸
1

, ιαA
′︸︷︷︸

0

]] + [[ A′︸︷︷︸
1

, ιαA︸︷︷︸
0

]].

So

[[A,A′]](α, β, γ) = A(A′(α, β), γ) + A(β,A′(α, γ))− A(α,A′(β, γ))

+A′(A(α, β), γ) + A′(β,A(α, γ))− A′(α,A(β, γ))

In particular, [[A,A]] = 0 is the Jacobi identity for the almost-Courant
struture A ∈ Der1(E, 〈,〉).

We also would like to point out a functorial property of this bracket, at
least for isomorphisms.

Proposition C.2.5. Let F : (E ′, 〈,〉′)→ (E, 〈,〉) be an isomorphism preserv-
ing the bilinear form. Then for any D1 ∈ Derk(E) and D2 ∈ Derl(E) we
have

F ∗[[D1, D2]] = [[F ∗D1, F
∗D2]]. (C.3)

Proof. Let us first remind the definition

(F ∗D)(s′0, ..., s
′
k) := F ∗(D(F∗s

′
0, ..., F∗s

′
k)).

The intial case is,

(F ∗[[D, σ]])(s′1, ..., s
′
k) = F ∗([[D, σ]](F∗s

′
1, ..., F∗s

′
k))

= F ∗(D(σ, F∗s
′
1, ..., F∗s

′
k))

= (F ∗D)(F ∗σ, s′1, ..., s
′
k).

The general case follows directly by induction.

C.3 Deformation Cohomology

C.3.1 Definition
Given a Courant algebroid structure

A ∈ Der1(E, 〈,〉), [[A,A]] = 0,
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we define its deformation complex as

C∗def (E, 〈,〉) := Der∗+1(E, 〈,〉).

with morphisms δA : Ck
def (E, 〈,〉)→ Ck+1

def (E, 〈,〉) defined as

δA(D) := [[A,D]].

This give us a chain complex since, using ??

δ2(D) = [[A, [[A,D]]]]

= [[[[A,A]], D]] + (−1)1·1[[A, [[A,D]]]]

= −δ2(D).

Remark C.3.1. We can extend our complex defining

Der−2(E, 〈,〉) := C∞(M),

and the bracket [[, ]] : Derk(E, 〈,〉)× Der−2(E, 〈,〉)→ Derk−2(E, 〈,〉) by

[[D, f ]] := X∗Ddf

where, we’re defining, for D ∈ Der0(E, 〈,〉), X∗D : Ω1(M)→ Der−2(E, 〈,〉) =

C∞(M) as
X∗Dξ = ξ(XD).

Also, we have to put [[σ, σ′]] = 〈σ, σ′〉, for σ, σ′ ∈ Der−1(E, 〈,〉).

C.3.2 Interpretation
Now we can write the extended complex deformation of a Courant algebroid
(E, 〈,〉, A)

C∗def : C∞(M)→ Γ(E)→ Der〈,〉(E)→ Der1(E, 〈,〉)→ Der2(E, 〈,〉)→ · · ·

and we denote the corresponding deformation cohomology by H∗def (E). Some
initial cases are

• H−1
def (E) = {f ∈ C∞(M) | f is constant on the leaves}.

• H0
def (E) = Γ(E)/{X∗Adf | f ∈ C∞(M)}.

• H1
def (E) = {D ∈ Der〈,〉(E) | D preserves A}/{A(σ, ·) | σ ∈ Γ(E)}
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• H2
def (E) = {A′ ∈ Der1(E, 〈,〉) | [[A,A′]] = 0}/{LDA | D ∈ Der〈,〉(E)}

Let us analise the how H2
def (E) control the deformations of A.

Definition C.3.2. Fixe (E, 〈,〉) and I ⊆ R an interval.

• A family of Courant algebroids over I is a smooth collection (Et)t∈I of
Courant algebroids

Et = (E, [[, ]]t, a, 〈,〉).

• We say that two families of Courant algebroids (Et) and (E ′t) are equiv-
alent if there exists a family of Courant algebroids isomorphism ht :

Et → E ′t, depending smoothly on t.

• A deformation of a Courant algebroid (E, [[, ]], a, 〈,〉) is a family (Et)t∈I

of Courant algebroids with E0 = E.

• Two deformation of E, (Et) and (E ′t), are equivalent if there exists
family and the isomorphims ht : Et → E ′t with h0 = idE.

We will say that a family is trivial (or deformation) is trivial if it is
equivalent to the constant family (deformation).

Proposition C.3.3. Let Et = (E, 〈,〉, [[, ]]t, at) be a deformation of a Courant
algebroid E, then

c0(α, β) :=
d

dt

∣∣∣
t=0

[[α, β]]t

defines a cocycle c0 ∈ C2
def (E). The corresponding class in H2

def (E) only
depends on the deformation class of the deformation.

Proof. Analog to [?].

We can also prove the following

Theorem C.3.4. Let (Et)t∈I be a family of Courant algebroids. Then

ct(α, β) :=
d

dt
[[α, β]]t

defines a cocycle ct ∈ C2
def (Et). If M is compact, then the following is equiv-

alent

• The family Et is trivial.

• The class [ct] ∈ H2
def (Et) vanish smoothly with respect to t, i.e, ct =

δAt(Dt) for a smooth family Dt of cochains.

Proof. Analog to [?].
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C.3.3 Connections
Let ∇ : Γ(E)× X(M)→ Γ(E) be a connection on E → M compatible with
the inner product 〈,〉, i.e.,

X〈α, β〉 = 〈∇Xα, β〉+ 〈α,∇Xβ〉.

We can also consider it as a map ∇∗ : Γ(E)× Γ(E) → Ω1(M), related with
∇ by

∇∗βα(X) := 〈∇Xα, β〉,

which is tensorial in β and ∇∗αα = d〈α, α〉. In [[?]], Keller and Wald-
mann proved that such a connections induces an isomorphims Derk(E, 〈,〉) ∼=
Γ(Ek), where

Ek :=

b k
2
c+1⊕
l=0

(∧(k+2−2l)E∗)⊗ Syml(TM).

For example, Der0(E, 〈,〉) ∼= Γ(∧2E∗ ⊕ TM) comes from writing D = (D −
∇XD) +∇XD , and from the observation that 〈(D −∇XD)·, ·〉 is alternating.
We can also find Der1(E, 〈,〉) ∼= Γ(∧3E∗ ⊕ (E∗ ⊗ TM), by writing A =

(A− T ) + T , where

T (α, β) := X∗A(∇∗βα) +∇XA(α)β −∇XA(β)α.
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