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Abstract

This thesis reflects the learning path of the author in the past several

years. The guiding ideas, that is, the background of these research

works, will be described briefly in the first chapter. The central topic

of all these works, if put one, should be the Lyapunov exponents, which

mysteriously control the dynamical systems in both global and local

ways. As is the case for most mathematical branches, the relationship

between global behavior and local properties always contributes to

the most interesting parts.

We will start by attacking a problem involving understanding the

periodic orbits in somefixeddynamical system. The result is called the

Livs̆ic type theorem. Theperiodic orbits, being the simplest dynamical

system themselves, contain somuch information of the system they lie

in. Many classical theory begins from the understanding of periodic

orbits. Along theway of the proof, many importantmodern tools such

as Pesin theory and shadowing techniques will show their strength.

In particular, the tool called invariance principle which was developed

only several years ago lies the foundation of our proof.

We then focus on deformation of cocycles, and look at the zero

Lyapunov exponent subset of the parameter. This is a vast area, and

we restrict us to cocycles taking values in the (higher dimensional)

symplectic groups. In order to understand the behavior of the sym-

plectic group, we look at the symplectic group action on the Siegel

upper half plane, as well as the action on its boundaries. Some strong

reducibility results were obtained, as well as some regularity results.

They are based on a generalization of Kotani theory, which is a very

general theory, initiated for the purpose of understanding absolutely

continuous spectrum of the Schrödinger operators.

Then, we will also study "randomness" in dynamical systems, via

the branch of random dynamical systems. We will focus on proving

ix



x Abstract

a version of large deviation estimate for a random walk on a fixed

surface, which is induced by random choices of area-preserving dif-

feomorphisms. In the proof, we will give a stationary measure classi-

fication result, by the tools from smooth ergodic theory, such asHopf’s
argument and absolute continuity of holonomy maps. Then, the newly de-

veloped Benoist and Quint theory and the classical Pesin theory turn

out to be essential for the proof, too.

Keywords: Lyapunov Exponents; Hyperbolicity; Invariance Prin-

ciple; Schrödinger Cocycles; Kotani Theory; Large Deviation.



Chapter 1

Introduction

When Stephen Smale [129] introduced the notion of hyperbolicity for

dynamical systems in the sixties of last century, even he could not

predict how the theory will develop in the following decades, just

like meteorologists could not predict weather accurately. The reason

to both, is due to the beautifully complicated new phenomenon that

rises in the theory of dynamical systems. This classical theory is

covered in the books Katok and Hasselblatt [91], Michael Shub [127],

de Melo and Palis [118].

In dynamical systems, two very rough directions become clearer

over the years. One direction is to describe general dynamical sys-

tems. The other direction is to ask for the global properties of one

prescribed dynamical system. The first aspect often brings questions

like "how frequently does hyperbolicty happen?" or, "how to classify

general dynamical systems?" The very deep and famous Palis con-

jecture in some sense guides this direction until today. In the other

direction, however, dynamics becomes a sort of bridge among many

different areas. The homogeneous dynamics, for example, often gives

applications to other mathematical branches such as number theory

and geometry. For another example, the field of Shrödinger operators

is featured with an interplay between dynamical system and spectral

theory in Analysis.

The characteristic indices, introduced by Lyapunov [108] in 1892,

was for the purpose of understanding stability of solutions of dif-

ferential equations. These quantities, now called the Lyapunov expo-
nents, provide the proper way for fully understanding hyperbolicity.

1



2 Introduction

In fact, it plays the fundamental role in the theory of non-uniform

hyperbolicity, a generalization of hyperbolicity. To go from uniform

hyperbolicity to non-uniform hyperbolicity is indeed another level of

theoretic advancement, which is highly non-trivial, and gives much

more freedom for the dynamical system to evolve. This program

was initiated by Pesin in [119] and [120] (See also Katok and Hassel-

blatt [[91],supplement]). Since then, it gradually became the focus

of study of dynamical systems, in almost every aspects. Informally

speaking, when the Lyapunov exponents do not all vanish, one more

or less recovers the chaotic behavior that hyperbolic systems possess.

However, this theory is characterized by the complicated analysis it

involves due to the non-uniformity.

Partially hyperbolic dynamical system is another important and

broader object of study, initiated from seventies (probably started

from the works Brin and Pesin [43], Hirsch and Pugh and Shub [81]).

Two fundamental properties are related to these systems, namely, sta-

ble ergodicity and robust transitivity (See the books Hasselblatt and

Pesin [77] and Bonatti, Díaz and Viana [36] for updating develop-

ments). In particular, in the stable ergodic theory, the very recent

preprint [9] byAvila andCrovisier andWilkinson shows that a generic

volume-preserving diffeomorphismwith positivemetric entropy is er-

godic ("generic" means, topologically, "most"). Intimately related to

partial hyperbolicity is the smooth ergodic theory, which in turn is

rooted in its physical origin, the so called Boltzmann’s Ergodic Hypothe-
sis: “the space average equals the time average". For some basics of the

broad mathematical branch Ergodic Theory, see Cornfeld and Fomin

and Sinai [51], Petersen [121], Walters [136], Mañé [110], Viana and

Oliveira [134].

Due to the importance of Lyapunov exponents, for general linear

cocycles, the study focusing on Lyapunov exponents vanishing or not

proved to be fruitful. Viana [132] proved that the phenomenon of

non-vanishing Lyapunov exponents is generic in a very broad sense.

On the other hand, more recently, researchers realize that, vanishing

of Lyapunov exponents brings many rigidity properties. For example,

for cocycles over hyperbolic or partially hyperbolic base dynamics, the

vanishing of Lyapunov exponents implies many invariant properties

for the skew product system. In this respect, a very recent program,

referred to as the Invariance Principle, was introduced by Avila and

Viana [21]. This theory was intended for understanding zero Lya-
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punov exponents. It has already seen many applications too (see

Avila and Viana [21] and Avila and Santamaria and Viana [17] and the

references therein). The two situations can also be put together. In

the setting of symplectic diffeomorphisms, at least for generic cases,

a sharp dichotomy was obtained by Bochi and Viana [33]: either the

system is hyperbolic, or it has at least two exponents equal to zero.

Regarding the connections of dynamical systems with other math-

ematical branches, let us focus on probability theory first. These two

theories are deeply related to each other. For example, the statistical

laws of partially hyperbolic dynamics can be viewed as an impor-

tant direction of smooth ergodic theory. It also fits in one of the

most exciting modern viewpoints of mathematics, that is, to under-

stand "randomness" in deterministic systems (For example, the field

of extremal and probabilistic combinatorics is another illustraton of

such phenomenon. See for example Bollobás [35], [34], Graham and

Rothschild and Spencer [74]). Centered in the importance of such

phenomenon, the development in related fields set the stage for many

heated debates (see for example the "two culture" article written by

Gowers [52]).

One more natural way to relate dynamical system and probability

theory is to simply consider "random" dynamical systems. Even in the

linear case, this leads to the theory of products of random matrices,

starting from which, one goes all the way to their applications back

to deterministic systems. The recent series of works of Benoist and

Quint [28], [30] and [31] are remarkable in this direction, and they also

related the theory of homogeneous dynamics as well. See the books

Bougerol [38], Viana [133], Benoist and Quint [27].

The study of Schrödinger operators, a field which also origins

from physics, has already been active for years when dynamical sys-

tem experts entered. Then, this field became even more exciting and

drew more attention over the last ten years. In particular, Avila has

made very important contribution in one-frequency quasi-periodic

Schrödinger operators, and it “partly led to the Fields medal he was

awarded in 2014", as commented byDamanik in the survey paper [54].

Very recently, in two preprints Avila [4] and [5], Avila’s global theory

was obtained (now published as one paper Avila [7]). The Interna-

tional Mathematics Union gives description of these works, to be "a

general theory that culminated in two preprints in 2009". However, it

is indeed only a starting point of series of papers during the past four
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years or so, includingmanyworks of Avila, as well as of other experts.

It sees great potential for further developments.

In this thesis, we more or less touched all the above aspects with

various depth. One leading idea of the theorems we will prove, is

to understand these connections in both geometric and probabilistic

ways. Within the scope of the above paragraphs, in the rest of the

first chapter, we will give a brief introduction on some more specific

aspects of recent developments, as well as some tools we will need

later on.

1.1 Invariance Principle

As mentioned above, for cocycles over hyperbolic or partially hyper-

bolic dynamical systems, when all exponents vanish, there are rigid

implications. One important recent development is the so called In-
variance Principle. This is implicitly used in this thesis, providing the

first step in the works of chapter two. So we take some paragraphs

to state it very briefly. Suppose we have an Anosov diffeomorphism

σ : M → M on an compact manifold, with uniform contracting and

expanding rates τ < 1 < τ−1
. We will denote the stable manifold

and unstable manifold containing x byWs(x) andWu(x), respectively.
Recall that, given any α ∈ (0, 1] and any r > 0, a Cα,r-fiber bundle

E overM with fiber N, is the α-Hölder continuous surjective map π,

defined as:

N→ E
π→M, (1.1.1)

with a local triviality condition andHölder continuous transition func-

tions. We are particularly interested in the case when N is some fixed

manifold. In this case, we can also consider the set of diffeomorphisms

Diff
1N, which is a topological group, and the corresponding cocycles.

Definition 1.1.1. Suppose f : E → E is a Cα,r-bundle map over an

Anosov diffeomorphism σ : M → M. For β > 0, we say f is (u,β)-
dominated if there exists some n > 1, such that, for any z ∈ E, we

have

‖Dz(fn
∣∣
N
)‖ 6 (νn)β

2

. (1.1.2)

Thedefinition of (s,β)-dominated bundlemaps can also bedefined

similarly. Nowwe simplify the notations by reducing the fiber bundle



1.1. Invariance Principle 5

to a product space E =M×N, and a point in E is denoted by z = (x,y),
with x ∈M and y ∈ N. Then the invariance principle can be stated as

follows.

Theorem 1.1.1 (Avila and Viana [21], Proposition 5.1). If f is (s, 1)-
dominated then there exists a stable unique partition of E:

Ws = {Ws(x,y) ⊂ E
∣∣z = (x,y) ∈ E}, (1.1.3)

satisfying the following conditions:

1. Every Ws(x,y) is a Lipschitz graph overWs(x), with Lipschitz con-
stant uniform in x;

2. f(Ws(x,y)) ⊂Ws(f(x,y)) for all (x,y) ∈ E;

3. The mapping hsx
1
,x

2

: Ex
1
→ Ex

2
defined by the following. For any

x
2
∈Ws(x

1
), hsx

1
,x

2

(t) is such that

(x
2
,hsx

1
,x

2

(y)) ∈Ws(x
1
,y),

This is the same map defined by the uniform limit of (fnx
2

)−1 ◦ fnx
1

as
n→∞;

4. The family of maps hsx
1
,x

2

: Ex
1
→ Ex

2
is an s-holonomy for f.

Theorem 1.1.2 (Invariance Principle). [Avila and Viana [21], Theorem
D] Let f : E → E be an bundle map over σ : M → M admitting both
s-holonomy and u-holonomy. Let µ̃ denote a probability measure on E which
is f-invariant. Assume that its projection µ = π∗(µ̃) has local product
structure and with full support. Then, if λ+(f, µ̃) = λ− = 0, it follows that
the µ̃ admits disintegrations µ̃x, which is both s-invariant and u-invariant.
Moreover, µ̃x depends continuously on x in the support of µ̃.

Note that, the more general setting is the so called "hyperbolic

homeomorphism", which is a replacement for the Anosov diffeomor-

phism. For the lightness of notations, we did not state this theorem in

this setting. Note that theproofs for both cases haveno real differences.
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1.2 Kotani Theory and Avila’s Global Theory

Given a potential v ∈ Cr(R/Z,R), and for E ∈ R, we are interested in

the Schorödinger cocycle, defined by

SEv (·) :=
(
E− v(·) −1

1 0

)
∈ Cr(R/Z,SL(2,R)). (1.2.1)

This cocycle is related to the classical Shcrödinger operator: Hα,v :
`2(Z)→ `2(Z), defined by

(Hα,vu)n = un+1
+ un−1

+ v(nα+ θ)un. (1.2.2)

This field, featured as an interplay between spectral theory of the

Schrödinger operators and the dynamical system of the Schrödinger

cocycles, has been through significant development during the past

decade.

Dating before the year 1990, he book [48] written Carmona and

Lacroix provided an encyclopedic introduction to the field, and is still

useful. For some other ones, as well as some recent developments,

see for example Zhou [144], Zhou [143], Damanik [54], Damanik [53],

Jitomirskaya and Marx [85].

In this introductory paragraph, we are going to give one definition

that is closely related to our work in Chapter 3, the fibered rotation

number. We will follow Krikorian [97]. Firstly, fix the base dynamics

θ 7→ θ+ α on R/Zwith α an irrational number.

Consider A(·) ∈ C0(R/Z,SL(2,R)). Assume further that A(·) is

homotopic to the identity matrix. Then it induces the skew product

map over the rotaion dynamics on R/Z:

FA : R/Z× S1 → R/Z× S1

, (1.2.3)

(θ, v) 7→ (θ+ α,
A(θ)v

‖A(θ)v‖
). (1.2.4)

The map FA admits a lift to R/Z×R→ R/Z×R, denoted as F̃A, of the

form F̃A(θ, x) = (θ+α, x+f(θ, x)), satisfying that F̃A(θ, x+1) = F̃Z(θ, x)
and that

exp(2πi(x+ f(θ, x))) =
A(θ) exp(2πix)

‖A(θ) exp(2πix)‖
. (1.2.5)

Finally, we take any probabilitymeasure µ on the product spaceR/Z×
S1
, which is invariant by FA. Note that by unique ergodicity of the base
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rotation map, the projection of µ to the first coordinate must be the

Lebesgue measure.

Then, define the fibered rotation number to be the following integral

ρ =

∫
R/Z×S1

f(θ, x)dµ(θ, x). (1.2.6)

Of course, the arbitrary choice of the measure µ should not affect

this definition. Instead of checking this directly, one can show that the

fibered rotation number ρ is equal to the limit

lim

n→±∞
1

n

n−1∑
k=0

f(F̃k(θ, x)), (1.2.7)

for every (θ, x) ∈ R/Z × R. This fact is the content of a theorem by

Herman and Johnson-Moser (see [86] and [79]). When one is consid-

ering complex matrices, like in the paper Avila and Krikorian [16], or

the preprint Liu and Xu [105], this notion of fibered rotation number

will be generalized. We will explain this point in Chapter 3.

Let us come back to consider the Schrödinger cocycles. Define the

set

Z = {E
∣∣L(fα,SEv ) = 0}. (1.2.8)

Again, zero Lyapunov exponents are responsible for many compli-

cated phenomenon which makes many theory uncomplete. Avila’s

global theory gives more precise description of the above zero expo-

nent set Z, which open the doors for many more future works.

In very rough terms, the theory says that, the set Z is further

divided into two parts, namely, the subcritical regime and the critical

regime. These two regimes have already been studied in the special

case of almost Mathieu operators. From Avila’s global theory, we get

more information for the set Z, and it goes beyond the classical Kotani

theory. For example, it implies that the special case of the almost-

Mathieu operator is indeed a special case, in that, the critical regime

does not really happen in the typical Schrödinger operator.

1.3 Benoist Quint Theory and Exponential Drift

In a series of papers, [28], [30], [31], Benoist and Quint established

the so called "Exponential Drift" technique, in order to show some
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measure rigidity results on homogeneous spaces. More precisely,

they used this method to show certain stationary measure must fiber

to Lebesgue measures for the random dynamical system, by proving

a translation invariant property first.

In particular, by this technique, they generalized the celebrated

Ratner’s theorems, which drewmuch attention due to the importance

of the later theorems in homogeneous dynamics. In this respect,

the "Exponential Drift" drew a comparison with the original proof of

Ratner’s theorems, which might be described as "polynomial drift".

Later, this method was also modified by Eskin and Mirzakhani [64]

to understand invariant and stationary measures of SL(2,R) actions
on moduli space of Abelian differentials, which was also inspired by

Ratner’s theorems. The later work partially led to Mirzakhani to be

awarded the Fields medal in the year 2014, and was described by the

International Mathematical Union as a "major breakthrough".

In a sense, this technique is basedon the fact that,with the introduc-

tion of "randomness" into dynamical system, it in principle givesmore

freedom for the system to evolve, and thus provides more tools to an-

alyze the situation. This is achieved by using the language of "random

dynamics" (See for example Liu and Qian [104] for classical results).

One particular background of this theory is the theory of products

of random matrices (see Bougerol [38], Benoist and Quint [27]). This

theory was initiated by Furstenberg and Kesten [70], Furstenberg [69].

Early inspiration also includes the speculation by Bellman [26], that,

products of independent and identically distributed randommatrices

should have similar central limit theorem with random numbers.

Later, LePage [98] obtained thefirst version of central limit theorem

for products of random matrices (See Bougerol [38]). Given these

connections, Benoist and Quint [32] went on to obtain an improved

version of CLT for the Lyapunov exponents.

1.4 Brief Description of Later Chapters

The three chapters below have different emphases. We give brief

descriptions in this section.

In the second chapter, we deal with Livs̆ic theorem for diffeo-

morphism cocycles. We show that for an appropriate topology, the

periodic orbit obstruction vanishing condition still implies the exis-

tence of solution of the cohomological equation, for Hölder cocycles.
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The key idea turns out to be approximation of Lyapunov exponents

of the system using the singular values along another orbit segment,

with the property that its projection to the base form a periodic orbit.

Using Lyapunov exponents approximation was the idea of Kalinin in

[88]. He also used the Katok’s closing lemma. Following this idea, our

new technique can be regarded as a sort of "pseudo-orbit shadowing

lemma" along the fiber. Note that Pesin theory is essential for us to

prove the shadowing lemma. One more important ingredient is the

use of fake invariant manifold.

In the third chapter, our central task is to prove a generalization

of the work of Avila and Krikorian [16] from SL(2,R) to higher di-

mensional symplectic groups. The paper Avila and Krikorian [16]

generalized the Kotani theory, which was a very general theory in the

field of Schrödinger operators. Note that, even for SL(3,R), the similar

formulations seem to be beyond reach. The reason that we can work

on the symplectic group is some observations of Sp(2d,R) action on

the Siegel upper half plane and its boundaries. This, in particular,

provides a way to define monotonicity of the deformation of cocycles.

Along the way, we have to generalize many ingredients of Avila and

Krikorian’s proofs, such as the conformal barycenter arguments, and

symplectic asymptotically holomorphic extensions. Most importantly,

a Kotani theoretic estimate for symplectic groups is also obtained.

In the fourth chapter, we prove a large deviation theorem for ran-

dom area-preserving diffeomorphisms on surfaces. Given a mild

condition on the measure on the group of volume-preserving dif-

feomorphisms on a surface which forces hyperbolicity, we can show

the large deviation of the Dirac measure starting from almost every

point towards the volume measure. This condition, called "weakly

expanding", is a nice replacement for the "strongly irreducible" condi-

tion for products of random matrices. An important step of the proof

is to give a classification for the stationary measures under this con-

dition, which is of its own interest. We also give some applications,

including a version of law of large numbers, the case of perturbation

of random linear transformations on the 2-torus, and some results

on iterated function systems. In particular, one of the later results was

obtained by Artur Avila during the defense of the author.





Chapter 2

Livs̆ic Theorem for Diffeomorphism
Cocycles

2.1 Introduction

1The classical Livs̆ic theorem (see Livs̆ic [106], [107]) is stated as fol-

lows:

Theorem 2.1.1. Given a transitive Anosov diffoemorphism on some compact
manifold σ :M →M, the function φ :M → R is an α-Hölder continuous
function. Then, there exists an α-Hölder continuous function u : M → R

such that
φ(x) = u ◦ σ(x) − u(x) for any x ∈M, (2.1.1)

if and only if
n−1∑
i=0

φ(σi(p)) = 0 (2.1.2)

holds for any periodic point p with period n.

Skech of the proof. Note that one direction is trivial. For the other di-

rection, we assume the function φ satisfies (2.1.2). We then choose

a point x∗ ∈ M such that σZ(x∗) = M by transitivity. Then, we can

1
The work in this chapter is joint with Artur Avila and Alejandro Kocsard. It is

adapted from the Preprint Avila and Kocsard and Liu [14].

11
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already formally define that, for any n ∈ Z,

u(σn(x∗)) :=

n−1∑
i=0

φ(σi(x∗)). (2.1.3)

This definition is obviously cooked up with respect to the cohomolog-

ical equation (2.1.1). Now we need to check it is well defined and it

extends to the limits. Thus, we can define a lamination ofM×R, foli-
ated byHölder continuous sections. To achieve this, the exponentially

quantitative version of the Anosov closing lemma needs to be applied.

In fact, the closing lemma is also crucial to show the regularity of the

solution, that is, the solution u(·) is also α-Hölder continuous.

Over the years, many generalizations of this result have been given.

Some of them are concerned with more general base dynamics. For

example, in Katok and Kononenko [92], Wilkinson [139], the coho-

mological equations over partially hyperbolic diffeomorphisms were

studied. In some other works, cocycles taking values in more general

groups were considered, see for example Kalinin [88], de la Llave and

Windsor [56], and [57].

In this chapter, we follow the second path, by considering cocycles

taking values in a complete metric group G. For such a group, we call

a G-cocycle for a continuous map A :M→ G and the condition in the

Livs̆ic theorem becomes the following: it holds

A(fn−1(p)) · · ·A(p) = eG, (2.1.4)

for any periodic point pwith period n, where eG is the identity of the

group G. We hope to show that in some sense, this condition is good

enough to guarantee the existence of the solution of cohomological

equations, as it is in the Livs̆ic theorem.

Already in [106], Livs̆ic considered this question, where the cocy-

cles take values in a topological group with a complete bi-invariant

distance. In particular, when the group is Abelian or compact, this

problem was solved, and the method is not different with the real

case. Then, going further in this direction, for group G not admitting

a bi-invariant metric, techniques were developed by considering first

a left-invariant metric on G and try to control distortion produced

by right translations. In this way, one can recover the proof of the

Abelian case to obtain the same result. In order to do such a control
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of distortion, additional conditions have to be put. These conditions,

often referred to as the “localization hypotheses", which appeared for

example in [107], [56], and [57], are essential to deal with cocycles in

various finite-dimensional Lie groups, with different generalities.

Recently, the complete form of the Livs̆ic theorem for linear co-

cyles was obtained in Kalinin [88], where no additional localization

hypotheses were assumed (see also the recent preprint Grabarnik and

Guysinsky [73]).

In the infinite-dimensional case, on the other hand, much less is

known. In the work [115], Navas and Ponce dealt with the group of

analytic germs at the origin, which is an infinite-dimensional group.

In the paper [116], Niţică and Tötök initiated the study of the group

of diffeomorphisms of a compact manifold. This infinite group seems

to be the most interesting one for applications to rigidity theory. For

more information related to rigidity problems, see the book Katok and

Niţică [93].

The “localization hypotheses" are usually non-sharp, because not

every coboundary satisfies these conditions. Furthermore, these con-

ditions also cause loss of regularities. Recently, a completely different

approach was proposed in [95], where Kocsard and Potrie gave the

exact equivalent conditions for a cocycle to be a coboundary. This

condition is sharp, and can be applied to work on lower regular-

ity cases. In particular, they proved the Liv̆sic theorem for cocycles

taking values in the group of diffeomorphisms of the circle, as well

as the group of volume-preserving surface diffeomorphisms, that is,

G = Diff
1(S1) and G = Diff1

vol
(S), where S is a compact surface.

In this chapter, we generalize this result, by considering the group

of diffeomorphisms of any compact manifoldN of dimension d. Note

that due to the application of Pesin theory, we need to work on

Diff
1+β(N) instead of Diff

1(N).

Main Results

We now state the main theorem of this chapter.

Theorem 2.1.2. Suppose we have a transitive α-Hölder continuous hyper-
bolic homeomorphism σ : M → M. Let G = Diff1+β(N) be the group of
C1+β differmorphisms of a compact manifoldN of dimension d. Consider the
cocycle taking values in G, defined by H :M→ G. Assume that the cocycle
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A is Hölder continuous with respect to the C1+β-norm of G. Also assume
that for any p ∈M with fn(p) = p,

H(fn−1(x)) · · ·H(f(x))H(x) = eG. (2.1.5)

Then there exists an α-Hölder continuous function B :M→ G such that

H(x) = B(f(x))B(x)−1

, for all x ∈M. (2.1.6)

Remark 2.1.1. The base dynamics we consider here is very general.

Many dynamical systems have symbolic description (see Bowen [41]),

and can be changed into this setting.

For higher regularities, we apply the main theorem of delaLlave

and Windsor [57], to get the following corollary.

Corollary 2.1.2. Suppose that f :M→M is a transitive α-Hölder contin-
uous hyperbolic homeomorphism of the compact manifold M. Assume the
cocycle H : M → Diffr+β(N), with r > 1, is α-Hölder continuous. Also
assume that

H(fn−1(x)) · · ·H(x) = eN for any p ∈M with fn(p) = p. (2.1.7)

Then, there exists an α-Hölder cocycle B :M→ Diffr+β(N), such that,

H(x) = B(f(x)) ◦ B(x)−1 for any x ∈M. (2.1.8)

This chapter is organized as follows. In section 2, we provide

background information and state some previous results. Next, we

gather some technical lemmas in section 3.

In section 4, we establish the general Pesin theory in the setting of

bundlemaps. We provide a detailed proof in order to give nice control

for the local scales, both in the base dynamics as well as in the fiber.

Note that, the use of Pesin theory is essential in our proof, and it gives

rise to the C1+β
condition as is common in other situations.

In section 5, we introduce the fake invariant manifolds. This

method is very powerful when we only need to focus on the hyper-

bolic behavior of the dynamics for finite steps. The construction is use

testing function to preserve the local information, and to forget global

behavior for the moment. It is also related to the technique of taking

disjoint union of small neighborhoods around each point of an orbit

segment. Note this method was applied successfully in Burns and
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Wilkinson [47] to bypass the dynamical coherence assumption when

they prove ergodicity of partially hyperbolic systems.

Finally, in section 6, we prove the main theorem (Theorem 2.1.2).

The idea of the proof of Theorem 2.1.2 is sketched as follows. Firstly,

we apply a general theorem in Kocsard and Potrie [95] which gives an

equivalence condition for the cocycle to be a coboundary, assuming the

eriodic orbit obstruction vanishes. The condition is that, the vanishing of

the fiber-wise Lyapunov exponents of the skew product system with

respect to any invariant measure (See Theorem 2.2.3 below). Secondly,

we assume for contradiction that for some ergodic measure, we have

non-vanishing fibered Lyapunov exponents. Finally, we prove that

we can approximate these exponents by the singular values of some

iterates of the cocycle, and get a contradiction with the periodic orbit

obstruction vanishing condition.

2.2 Preliminaries and Previous Results

Basic Settings and Preliminaries

Given a compact metric spaceM, and a homeomorphism σ :M→M,

we denote byM(f) the the set of Borel probability measures which are

f-invariant. More precisely, any measure µ ∈ M(f) satisfies that, for
any continuous function φ :M→ R, it follows∫

M

φ(x)dµ(x) =

∫
M

φ ◦ f(x)dµ(x). (2.2.1)

Now, following Avila and Viana [21], we give the definition of

transitive hyperbolic homeomorphisms.

Definition 2.2.1. LetM be a compact metric space. A transitive home-

omorphism σ : M → M is said to be hyperbolic if it satisfies the

following. There exist ε > 0, δ > 0,K > 0, τ > 0, and positive func-

tions νs,νu :M→ (0,∞) such that

1. d(σ(y ′),σ(y ′′)) 6 νs(y)d(y ′,y ′′) for any y ′,y ′′ ∈Ws
ε(y) and any

y ∈M.

2. d(σ−1(y ′),σ−1(y ′′)) 6 νu(y)d(y
′
,y ′′) for any y ′,y ′′ ∈ Wu

ε (y)
and any y ∈M.
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3. ν
(n)
s (y) = νs(σ

n−1(y)) · · ·νs(y) 6 Ke−τn for any y ∈M and any

n > 1.

4. ν
(n)
u (y) = νu(σ

−(n−1)(y)) · · ·νu(y) 6 Ke−τn for any y ∈ M and

any n > 1.

5. if d(y,y ′) < δ thenWu
ε (y)∩Ws

ε(y
′) consists of exactly one point,

denoted as [y,y ′], which depends continuously on (y,y ′),

where, Ws
ε(y) is the set of all y ′ ∈ M such that d(σn(y ′),σn(y)) 6 ε

for all n > 0, and Wu
ε (y) is defined similarly, considering backward

iterates instead. These are called the locally stable (unstable) sets of y.

Finally, the (global) stable and unstable sets of the point y are given by

Ws(y) =
⋃
n>0

σ−n(Ws
ε(σ

n(y))), and (2.2.2)

Wu(y) =
⋃
n>0

σn(Ws
ε(σ

−n(y))), (2.2.3)

respectively.

Remark 2.2.2. In the above list of properties, item (5) is sometimes

referred to as "local product structure".

Remark2.2.3. Important special cases of hyperbolic homeomorphisms

include sub-shifts of finite type and basic sets of Axiom A diffeom-

rophisms. For more details and examples, see Avila and Viana [21].

The following classical Anosov closing Lemma is stated under the

present setting of hyperbolic homeomorphisms.

Lemma 2.2.4. [Anosov Closing Lemma] Consider a hyperbolic homeomor-
phism σ : M → M. Then there exist C∗, δ such that for any x ∈ M with
d(x, fn(x)) < δ, there exists a unique point p ∈ Fix(fn) such that, for the
number τ as in the definition of hyperbolic homeomorphism,

d(fi(x), fi(p)) 6 C∗δe−τmin(i,n−i) for any i = 0, · · · ,n. (2.2.4)

Moreover, if we take y = [p, x], we have that, for any i = 0, · · · ,n,

d(fi(x), fi(y)) 6 C∗δe−τi, (2.2.5)

and
d(fi(p), fi(y)) < C∗δe−τ(n−i). (2.2.6)
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Proof. See Katok and Hasselblatt [91] for a proof in the setting of

Ansov diffeomorphisms, which need not to be changed for our present

settings.

Let G be a topological group, σ : M → M be a hyperbolic home-

omorphism. Given a continuous mapping A : M → G, we call G-

cocycle for the function A : Z ×M → G, defined as follows. For any

x ∈M, we defineA0(x) = eG, the identity of the groupG, andA1(x) =
A(x). Then we inductively define An+k(x) = An(σk(x)) · Ak(x). The
mapping A is also called the generator of the cocycle. Sometimes

we also abuse the notation to call the mapping A a cocycle. Note by

definition, we get the following formulae that are easier to use,

An(x) = A(σn−1(x)) · · ·A(σ(x))A(x), for n > 0, (2.2.7)

A−n(x) = A(σ−n(x))−1 · · ·A(σ−1(x))−1

, for n > 1. (2.2.8)

A G-cocycle A is called a coboundary if there exists a continuous

mapping φ :M→ G satisfying that

A(x) = φ(σ(x)) · φ(x)−1

. (2.2.9)

In order for a G-cocycle to be a G-coboundary, an easy yet important

observation is that, for any periodic point p ∈ Fix(fn), one has

An(p) = eG. (2.2.10)

This phenomenon is described as “periodic orbit obstruction vanishes"

condition. In this chapter we will call identity (2.2.10) the (POC) for

short.

In this chapter, we are exclusively restricted to cocycles taking

values in the topological group G = Diff
1+β(N), that is, the group

of C1+β
diffeomorphisms of some fixed manifold N of dimension d.

Now, take a hyperbolic homeomorphism σ : M → M, and a com-

pact manifold N. Given any α ∈ (0, 1] and r > 0, we call a Cα,r-fiber

bundle E overMwith fiberN, for the locally product space, described

by the following α-Hölder continuous surjective map π:

N→ E
π→M, (2.2.11)

with a local triviality condition andHölder continuous transition func-

tions.
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Moreprecisely, for every z ∈ E, bywritingx = π(z), there is anopen
neighborhood U ⊂ M of x, with a homeomorphism ψx : π−1(U) →
U×N. Since the base is a compact space, we can choose a finite set of

such open neighborhoods that forms an open cover ofM. These open

sets, denoted as {Ui}
n
i=1

, satisfy that, for any Ui ∩ Uj 6= ∅, there exists

an α-Hölder continuous transitive function gij : Ui ∩ Uj → Diff
r(N),

such that

ψj ◦ψ−1

i (x,y) = (x,gij(x)(y)) for any (x,y) ∈ (Ui ∩Uj)×N. (2.2.12)

In this case, we call the fiber over x ∈ M for the set Ex = π−1(x) ⊂
E. Each fiber π−1(x) has a natural Cr-differentiable structure, which

makes π−1(x) be Cr diffeomorphic to the manifold N.

Let dN be the distance induced by the Rimannian metric on the

manifoldN. Then for the already fixed finite local trivialization charts

{Ui}
n

0

i=1
, the homeomorphisms {φi}

n
0

i=1
, and for any `

0
> 0 a Lebesgue

number of the finite cover {Ui}
n

0

i=1
, we can define the distance on the

fiber bundle as follows. For any ζ,η ∈ E, put

d
2
(ζ,η) := inf

16j6n
0

{dN(pr2(φj(ζ)),pr2(φj(η)))}, (2.2.13)

which is just the distance of the projections to N of these two points.

Then we define

dE(ζ,η) := min

{
`
0
,

√
dM(π(ζ),π(η))2 + d

2
(ζ,η)2}. (2.2.14)

If the fiber bundle is a trivial bundle, that is, the space is a product

space M × N, then the metric becomes easier to describe, for any

z = (x,y), z ′ = (x ′,y ′) ∈ E =M×N, we define

dE(ζ,η) :=
√
dM(x, x ′)2 + dN(y,y ′)2. (2.2.15)

Given anotherCα,r-fiber bundle overM, with fibered alsomodeled

as N, denoted as N → Ẽ
π̃→ M, and a Cα homeomorphism σ ′ : M →

M, aCα,r-bundlemap over f is a homeomorphism f : Ẽ→ E satisfying

π ◦ f = σ ′ ◦ π̃, such that, the map

fx = fz := f|Ẽx : Ẽx → Eσ ′x (2.2.16)

is a Cr-diffeomorphism for any z ∈ E and x = π(z).
We are only interested in the bundle map of E to itself. In this case,

we also want to model each fiber map fx in terms of diffeomorphism

on the fixed manifold N.
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Definition 2.2.5. We choose the finite charts as before, ψi : π
−1(Ui)→

Ui × N, with i = 1, · · ·n
0
. For any z ∈ E, suppose z ∈ π−1(Ui) and

f(z) ∈ π−1(Uj). Then, we define a diffeomorphism on N as follows.

Denote x = π(z), then for any y ∈ N, define

bz(y) = bx(y) = bx,i,j(y) := ψj ◦ f ◦ψ−1

i (x,y). (2.2.17)

Remark 2.2.6. The trouble of changing of coordinates is not very seri-

ous, since we are working on a compact base space. But it brings some

notational complications. When we are considering an orbit segment,

for each point of it, we will choose and fix one proper coordinate. In

general, there is no unique way of making the choices.

It then leads to the following definition.

Definition 2.2.7. Fix a fiber bundle N → E
π→ M. A Cα,r-bundle

map T : E → M × N over the identity map eM : M → M is called a

Cα,r-trivialization of E, and in the existence of this map, E is said to be

(globally) Cα,r-trivializable.

In the case of trivial bundleM×N, anyCα cocycleb :M→ Diff
r(N)

taking values in the group of Cr diffeomorphisms of N induces a

bundlemap, which is known as the skewproductmap, and is denoted

as follows. Each fx defined by (2.2.17) is given by the same bx, since

the bundle is globally trivialized. The map f :M×N→M×N is thus

given by:

f(x,y) = (σ(x),bx(y)) for any (x,y) ∈M×N. (2.2.18)

In the setting of bundle map f : E → E, the condition (POC) also

has another equivalent form.

Definition 2.2.8. We say the periodic orbit obstruction vanishes, if

for any n > 1 and any x ∈ Fix(σn), and x = π(z), considering the

composition of the fiber mapping, one has that

fσn−1(x) ◦ · · · ◦ fx = eEx , (2.2.19)

where eEx is the identity map on the fiber Ex.

In termsof local coordinates viaDefinition 2.2.5, the samecondition

translates to the following. For any z and x = π(z), suppose x ∈
Fix(σn) and x ∈ Ui for some i. Then, we have

bσn−1(x) ◦ · · · ◦ bx = eN. (2.2.20)
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Remark 2.2.9. We will call both the above conditions the (POC’) con-

dition. In the second case, we will use the notations fx and bx indif-

ferently.

Definition 2.2.10. A Cα,r bundle map f : E → E for a fiber bundle

N → E
π→ M is called a Cα,s-coboundary, with s 6 r, if there exists a

Cα,s-bundle map T : E→M×N over the identity map eM :M→M,

which conjugate fwith the bundle map f× eN over the trivialM×N.

Remark 2.2.11. The motivation of this definition lies in the fact that,

once we can write the cohomological equation for a bundle function,

the underlying can be shown to be trivializable. See Kocsard and

Portie [95] for details.

We are now given a Cα,r fiber bundle N → E
π→ M, and a Cα,r-

bundle map f : E → E over the base dynamics σ :M →M. Consider

any point z ∈ E, and any n ∈ Z, we can look at the following linear

map:

A(z) = D(fn|Eπ(z))(z) : TzEπ(z) → TfnzEσn(π(z)). (2.2.21)

These linear maps define a linear cocycle A(·) on the fiber bundle E.

Thus, for any f-invariant ergodic probability measure µ on E, by the

Oseledets Multiplicative Ergodic theorem, we can obtain d Lyapunov

exponents

λ
1
> · · · > λd, (2.2.22)

which are also often rewritten asλ ′
1
> · · · > λ ′k, where each exponentλi

has multiplicity ni, such that, for an f-invariant full µ-measure subset

Λ ⊂ E, and for every point z ∈ Λ, there is a splitting of the Euclidean

space TzEπ(z) = E
1

z ⊕ · · · ⊕ Ekz , with the following properties.

1. The splitting is f-invariant: for any z ∈ Λ, and for all 1 6 i 6 k,

A(z)Eiz = E
i
f(z). (2.2.23)

2. For any vector v ∈ Eiz, one has

lim

n→±∞
1

n
log ‖An(z)(v)‖ = λ ′i (2.2.24)
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Moreover, we call the fiber-wise extremal Lyapunov exponents of f

with respect to the measure µ for the quantities

λ ′
1
: = λ+(f,µ) = lim

n→∞
1

n

∫
E

log ‖D(fn|Eπ(z))z‖dµ(z). (2.2.25)

λ ′k : = λ−(f,µ) = lim

n→∞
1

n

∫
E

log ‖
(
D(fn|Eπ(z))z

)−1‖−1dµ(z). (2.2.26)

Cohomological Equations in Lie Groups; Previous Results

Theproblemsdealtwith in this chapter belong to the general questions

of solving cohomological equations in Lie groups. This kind of prob-

lems have been extensively studied. Starting already in Livs̆ic [106]

and [107], some recent work includes Kalinin [88], de la Llave and

Windsor [56], and [57].

In particular, in the paper [88], Kalinin proved the Livs̆ic type

theorem for matrix cocycles.

Theorem 2.2.1 ([88],Theorem 1.1). Let σ be a hyperbolic homeomorphism
of a compact metric space M. Let H : M → GL(d,R) be an α-Hölder
continuous function satisfying the (POC) condition. Then there exists an
α-Hölder continuous function B :M→ GL(d,R) such that

H(x) = B(σ(x))B(x)−1

(2.2.27)

Sketch of the proof. The proof goes by showing a key property, that,

dG(A
k(x), Id) (2.2.28)

is uniformly bounded in k ∈ Z. So the cocycle takes values in a com-

pact subset. Using transitivity and compactness, this can be reduced

to the property that the cocycles over pseudo closed orbits are uni-

formly bounded, under the (POC) condition. For this, we need the

next theorem, also proved in Kalinin [88].

One of the key observation in Kalinin [88] is the approximation of

the Lyapunov exponents, stated as follows.

Theorem 2.2.2 (Kalinin [88], Theorem 1.4). Let A : Z×M→ GL(d,R)
be a cocycle defined by a Hölder continuous generator A : M → GL(d,R),
over a transitive hyperbolic homeomorphism σ : M → M. Let µ be an
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σ-invariant ergodic measure. Then the Lyapunov exponents λ
1
> · · · > λd

can be arbitrarily approximated by the Lyapunov exponents ofA over periodic
points.

Sketch of the proof. This result generalizes the approximation theorem

in Sun andWang [138]. Both proofs are based on Katok closing lemma

in Katok [90]. We first take a pseudo closed orbit which sees the

Lyapunov exponent of the system. The point of the Katok closing

lemma is that, we can get a periodic orbit which exponentially closes

a pseudo closed orbit. Although the sizes of the Pesin charts might

shrink along the orbit, the exponential closing beats the shrinking rate.

Then, we can use the Lyapunovmetric to estimate the difference of the

matrix norm and to show the Lyapunov exponents does not change

much.

As our method is inspired by these results, both two theorems are

also generalized in this chapter.

Finally, we state one general theorem fromKocsard and Potrie [95],

which is a starting point of our proof. For completeness, we provide

a sketchy proof of this result. Note the role played by the recent tech-

niques called “Invariance Principle" introduced by Avila and Viana

in [21].

Theorem 2.2.3. [[95], Theorem 3.1]. Let N → E
π→ M be a Cα,1-fiber

bundle and f : E → E be a Cα,1-bundle map over a transitive α-Hölder
continuous hyperbolic homeomorphism σ :M→M. Assume f satisfies the
(POC’) condition. Then the following statements are equivalent.

1. λ±(f,µ) = 0 for any µ ∈ Merg(f), where Merg(f) denotes the set of all
ergodic f-invariant probability measures;

2. f is α-dominated;

3. f is a Cα,1-coboundary as in Definition 2.2.10. More precisely, there is
a Cα,1-trivialization T : E→M×N, which conjugates f to the trivial
bundle map σ× eN over σ :M→M.

Sketch of the proof of Theorem 2.2.3. First of all, theproof for theα-Hölder

case can be reduced to the Lipschitz case α = 1, by a classical metric

changing trick as in Viana [132]. From point (3) to point (1) is obvious.

In fact, the condition of the existence of the conjugation T implies any

fiber-wise Lyapunov exponent must vanish for any invariant measure.
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The implication of point (1) to point (2) is more or less standard.

Suppose for contradiction that the bundle map f is not dominated,

then the expanding rate of the cocycle along the fiber direction is

at least eλ > 1, where λ is from the Definition 2.2.1 of hyperbolic

homeomorphism. We then go on to construct a nice measure in M
erg
,

which is a contradiction with point (1).

The last part is from point (2) to point (3). Here is where the (POC’)

condition has to be assumed. By Invariance Principle (Theorem 1.1.1

and Theorem 1.1.2), every stable and unstable partition is a Lipschitz

graph of the corresponding stable and unstable manifold of the base

dynamics. We choose the uniform Lipschitz constant as K. Then, with

the (POC’) condition, and applying the Anosov shadowing lemma,

we show that every orbit closure {fZz} is a Lipschitz graph of the

corresponding orbit closure {σZx}. Thus, by the transitivity of the

base dynamics, we get continuous laminationsWu
andWs

, consists of

globally definedLipschitz graphs, with the uniformLipschitz constant

K.

Now we focus on the stable lamination Ws
. With this, we can

define the holonomy map Hs
x
1
,x

2

for any x
1
, x

2
∈ M, just by taking

values in the corresponding graphs. Some technical considerations

imply that this map is actually differentiable. Finally, the trivialization

map is defined by the following. Fix some x
0
∈ M with dense orbit.

Suppose φ
0
: U

0
→M×N is one local trivialization with z

0
∈ U

0
and

π(z
0
) = x

0
. Now just define, for any z ∈ E,

T(z) := (π(z),pr
2
(φ

0
(Hs

π(z),x
0

(z)))). (2.2.29)

One checks it satisfies all the claimsof point (3). Note that the inverse of

the conjugatingmap T−1
solves the cohomological equation (2.2.9).

Remark 2.2.12. This proof should be comparedwith the original proof

of the classical Livs̆ic theorem, see Theorem 2.1.1.

2.3 Some Useful Lemmas

In this sectionwe gather several technical lemmaswhichwill be useful

later. The readers are recommended to skip this section in the first

reading. First of all, let us state the familiar Tempering-Kernel lemma,

whose proof is provided for the convenience of the reader. See Katok

and Hasselblatt [91].



24 Livs̆ic Theorem for Diffeomorphism Cocycles

Lemma 2.3.1 (Tempering-Kernel). Let (σ,M,µ) be a measure-preserving
system. If K :M→ R+ is a measurable function satisfying

lim

m→∞
1

m
logK(fm(x)) = 0. (2.3.1)

Then for any η > 0 there exists a measurable mapping Kη : M → R+ such
that Kη(x) > K(x) and e−η 6 Kη(x)

Kη(f(x))
6 eη.

Proof. Fix η > 0, by the limit condition there exists a measurable

function C(x) such that for each x, it holds K(fm(x)) 6 C(x)e|m|η/2
for

allm ∈ Z. Then define

Kη(x) =
∑
m∈Z

K(fm(x))e−|m|η
. (2.3.2)

Note that Kη(x) 6 C(x)
∑
m∈Z e

−|m|η/2
and thus,

Kη(f(x))

=
∑
m∈Z

K(fm+1x)e−|m|η

=
∑
k∈Z

K(fkx)e−|k−1|η

and thus, we have Kη(f(x))/Kη(x) ∈ (e−η, eη).

In the key step of our proof of our main theorem, we need to ap-

proximate the Lyapunov exponents of the dynamical system. Now

we establish some approximation lemmas. Recall that the singular

values of a linear map A ∈ GL(d,R) are the the positive square roots

σ
1
> · · · > σd of the eigenvalues of the symmetric matrix AtA. These

numbers can be understood in the following very geometric way: the

image of the unit sphere Sd−1
under the linear map A : Rd → Rd is

an origin-centered ellipsoid with semi-axes of lengths σ
1
, · · · ,σd. The

analysis of singular values is often crucial in understanding Lyapunov

exponents. For example, it is essential in the series of papers written

by Avila and Viana for understanding the simplicity of Lyapunov ex-

ponents, inAvila andViana [18],[19],[20], see also the bookViana [133]

for a detailed introduction.

Lemma 2.3.2. Suppose that we are given two origin-centered ellipsoids E
1

and E
2
of dimension d, with semi-axes R

1
> R

2
> · · · > Rd, and r1 > · · · >

rd, respectively. Assume that E
2
lies inside E

1
, then we have that Ri > ri,

for all i = 1, · · · ,d.
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Proof. We take the orthonormal basis of Rd spanned by the directions

of the ellipsoid E
1
. More precisely, we have the basis {e

1
, · · · , ed} such

that, each ei is the direction of Ri. Note that since the ellipsoid E
2
stays

in the interior of E
1
, it is obvious that r

1
is no larger than R

1
.

We will induct on the number 1 6 i 6 d− 1. Suppose that Rj > rj
for all j < i. Then we suppose for contradiction that Ri < ri. Then we

denote the i-dimensional subspace spanned by the i longest semi-axes

of E
2
as Li. Consider Li ∩ 〈ei, · · · , ed〉, which is a non-empty linear

subspace. Choose any direction v in this intersection. Note that on

one hand, the direction v intersects E
2
at a point with norm at most

Ri. On the other hand, v intersects E
1
with a point of norm at least ri.

The assumption r
2
> R

2
is thus a contradiction with the fact that E

2
is

inside E
1
. Then we use induction to finish the proof of the lemma.

Lemma 2.3.3. [the First Approximation Lemma] Fix δ > 0 and real numbers
λ
1
> · · · > λd. Let A(n) with n > 0 be a sequence of invertible matrices

of order d. Assume that, if we denote the singular values of A(n) as enσ1 >
· · · > enσd , then ‖σi − λi‖ 6 δ/2 for all i = 1, · · · ,d and all n > 1.

Then, for any compact neighborhood N of the identity in the set of in-
vertible matrices, there exists N > 0, such that, for any n > N and any
invertible matrixCn,Dn ∈ N, if we denote B(n) = CnA(n)Dn, and denote
by enσ̃1 > · · · > enσ̃d for the singular values of B(n), then it follows that for
all j = 1, · · · ,d,

|σ̃j − λj| < δ. (2.3.3)

Proof. This result is intuitively clear. Since the neighborhood N is

compact, we can find some constant ` such that for any matrix B ∈ N,

we have ‖B‖ 6 `, ‖B−1‖ < `. This implies that, if we have an origin-

centered ellipsoid E of semi-axes r
1
> r

2
> · · · > rd, then the image

of E under the linear map B or B−1
is contained in the ellipsoid with

semi-axes `r
1
> · · · > `rd and contains the ellipsoid with semi-axes

1

`
r
1
> · · · > 1

`
rd.

Thus, we chooseN =
6 log `

δ
. When n > N, we take anyCn,Dn ∈ N.

By assumption, the map A(n) sends the unit sphere Sd−1
in Rd to an

ellipsoid of semi-axes with lengths enσ1 > · · · > enσd . Moreover, we

have assumed that, for any 1 6 i 6 d,

|σi − λi| 6
δ

2

. (2.3.4)

Now, let us look at the image of the unit ball under the linear map

CnA(n)Dn. Firstly, under the map Dn, the image will be contained
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in the ball of radius ` and contains a ball of radius
1

`
. Next, the

image of unit ball under the map A(n)Dn would be contained in the

interior of the ellipsoid with semi-axes `enσ1
, · · · , `enσd and contains

the ellipsoidwith semi-axes
1

`
enσ1

, · · · , 1
`
enσd . Finally, the image of the

unit ball under the map CnA(n)Dn is contained in the interior of the

ellipsoid of semi-axes `2enσ1
, · · · , `2enσd , called Elarge, and contains

the ellipsoid with semi-axes
1

`2
enσ1

, · · · , 1

`2
enσd , called Esmall.

On the other hand, we suppose the matrix CnA(n)Dn maps the

unit sphere Sd−1
in Rd to the origin-centered ellipsoid, denoted as E,

with semi-axes

enσ̃1 > · · · > enσ̃d . (2.3.5)

We claim that |σ̃i − σi| <
δ
2
.

Since Esmall ⊂ E ⊂ Elarge, we have the estimate that

enσ̃i ∈ (
1

`2
enσi , `2enσi) for any i = 1, · · · ,d, (2.3.6)

which, combined the choice of N, implies the claim. Therefore, re-

garding inequality (2.3.4), the proof of the lemma is complete.

Lemma 2.3.4. [the second approximation lemma] Let An, with n > 0,
be a sequence of invertible matrices. Denote by An = An−1

· · ·A
0
for

the products of these matrices. Consider the following orthogonal splitting:
Rd = ⊕kj=1

Rnj . Assume that the spaces Rnj are all preserved by the maps
An. There are real numbers λ

1
> · · · > λd, possibly with repetitions, which

are also denoted as λ ′
1
> · · · > λ ′k, where each λ ′i has multiplicityni. Assume

that for any n > 1 and any j = 1, · · · ,k, the norm and conorm ofAn|Rnj are
in the interval (eλ ′j− δ

3 , eλ
′
j+

δ
3 ).

Fix a small number δ satisfying δ � κ < 1

2
minj{λ

′
j − λ

′
j+1

}. Then,
there exist a small number α > 0 and an integer N satisfying the following
properties. For any n > N and any sequence of matrices {Bn}n>0

with
dC0(Bn,An) < α, denote the singular values of thematrixBn = Bn−1

· · ·B
0

by enσ1 > · · · > enσd . It follows that, for all j = 1, · · · ,d,

|σj − λj| < δ. (2.3.7)

Proof. Fix δ > 0. For any j = 1, · · · ,k− 1, and any small number γ, we

can define small stable cone fields with width γ, which is some small

positive number:

Kj,γ = {(u, v) ∈ Rn1
+···+nj ⊕ Rnj+1

+···+nk : ‖u‖ < γ‖v‖}, (2.3.8)
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and the unstable cone fields

Kjγ = {(u, v) ∈ Rn1
+···+nj ⊕ Rnj+1

+···+nk : γ‖u‖ > ‖v‖}. (2.3.9)

The numbers γ and α are chosen sufficiently small, satisfying the

following properties.

Let {Bn}
∞
n=0

be any sequence of matrices with dC0(Bn,An) < α for

all n > 0. Considering any u ∈ Kj,γ with ‖u‖ = 1, j = 1, · · · ,k − 1,

we require that ‖Bn(u)‖ < eλ
′
j+1

+ δ
3 for all n > 0. Similarly, for any

u ∈ Kjγ with ‖u‖ = 1, we require that ‖Bn(u)‖ > eλ
′
j−

δ
3 . This is

possible because of the conditions that ‖An|Rnj‖ ∈ (eλj−
δ
3 , eλj+

δ
3 ) and

‖(An|Rnj
)−1‖−1 ∈ (eλj−

δ
3 , eλj+

δ
3 ).

We further require the number α to be taken even smaller, such

that for all n > 0 and for all j = 1, · · · ,k,

(Bn)
−1(Kj,γ) ⊂ Kj,e−κ+δγ ⊂ Kj,γ. (2.3.10)

Because {An} satisfy the same conditions.

Now we focus on the case of j = k− 1. The intersection⋂
n>1

(Bn)−1(Kk−1,γ) (2.3.11)

is an Euclidean subspace of dimension nk, denoted as Hk. By the

above conditions, for any u ∈ Hk, the forward iterates remain in the

cone Kk−1,γ all the time. Therefore, we can guarantee that

λ ′k −
δ

3

6 lim inf

n

1

n
log

‖Bn(u)‖
‖u‖

(2.3.12)

6 lim sup

n

1

n
log

‖Bn(u)‖
‖u‖

6 λ ′k +
δ

3

.

On the other hand, for any vector v /∈ Hk, the vector Bn(v) will lie in

Kk−1

γ for all sufficiently large n, and thus one has that

lim inf

n

1

n
log

‖Bn(u)‖
‖u‖

> λ ′k−1
−
δ

3

> λ ′k +
δ

3

. (2.3.13)

So we have already estimated the singular value for the least exponent

λk. In the next step, we consider the j = k − 2 case. Observe the

intersection ⋂
n>1

(Bn)−1(Kk−2,γ), (2.3.14)
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which is just a unique Euclidean subspace of dimension nk + nk−1
,

denoted as Hk−1
. Comparing this with the previous paragraphs, we

have that for any u ∈ Hk−1
\Hk,

λ ′k−1
−
δ

3

6 lim inf

n

1

n
log

‖Bn(u)‖
‖u‖

(2.3.15)

6 lim sup

n

1

n
log

‖Bn(u)‖
‖u‖

6 λ ′k−1
+
δ

3

.

By induction, andby shrinking thenumberαfinitelymanymore times,

we can thus find a sequence of decreasing subspacesH
1
= Rd ⊃ H

2
⊃

· · · ⊃ Hk, such that for any u ∈ Hi\Hi+1
, it follows that

λ ′i −
δ

3

6 lim inf

n

1

n
log

‖Bn(u)‖
‖u‖

(2.3.16)

6 lim sup

n

1

n
log

‖Bn(u)‖
‖u‖

6 λ ′i +
δ

3

.

Now we takeN sufficiently large for all i = 1, · · · ,k, which can see

the singular values approximating these exponents. More precisely,

we chooseN to satisfy the following properties. For any n > N, for all

u we have

en(λ
′
k−δ) <

‖Bn(u)‖
‖u‖

; (2.3.17)

and for any u ∈ Hk, we have

en(λ
′
k−δ) <

‖Bn(u)‖
‖u‖

< en(λ
′
k+δ). (2.3.18)

We further require that, by choosing N large, any vector u satisfying

‖Bn(u)‖
‖u‖ < en(λ

′
k+δ) is contained in Kk−1,γ. Furthermore, for any i =

2, · · · ,k− 1, and any u ∈ Hi ∩ Kiγ, we require that

en(λ
′
i−δ) <

‖Bn(u)‖
‖u‖

< en(λ
′
i+δ). (2.3.19)

Furthermore, any vector u ∈ Hi satisfying ‖B
n(u)‖
‖u‖ < en(λ

′
i+1

+δ)
should

be contained in Ki,γ. Now for any such integer n > N, let us look at

the singular values of the matrix Bn, and denote them as enσ1 > · · · >
enσd , we claim that |σj − λj| < δ for all j = 1, · · · ,d, which completes

the proof of the lemma.
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Note that the matrix Bn maps the unit sphere in Rd into an d-

dimensional origin-centered ellipsoid E, and the semi-axes of E are

exactly the singular values enσ1 > · · · > enσd . By Inequalities (2.3.17)

and (2.3.18), noting theHk has dimension nk, the smallest nk singular

values lie in the interval (n(λ ′k − δ), (λ
′
k + δ)).

Denote by Esk the pre-image under Bn of the sub-ellipsoid spanned

by the smallestnk semi-axes, then its orthogonal complement, denoted

as Euk = (Esk)
⊥
, is the pre-image of the sub-ellipsoid spanned by all the

other semi-axes. Then for any u ∈ Esk, the inequality that
‖Bn(u)‖
‖u‖ <

en(λ
′
k+δ) implies that u ∈ Kk−1,γ, by the requirement of N stated after

Inequality (2.3.18).

Now we consider the next nk−1
smallest singular values of Bn,

namely,

enσn1+···+nk−2
+1

, · · · , enσn1+···+nk−1 . (2.3.20)

Observe that the conesKk−1

γ andKk−1,γ are orthogonalwith each other.

Therefore, Euk lies inK
k−1

γ . Now denote by Esk−1
⊂ Euk ⊂ Kk−1

γ thenk−1
-

dimensional subspace spanned by the pre-image of the semi-axes of

the next smallest nk−1
lengths. Now for any u ∈ Esk−1

with ‖u‖ = 1,

on one hand, ‖Bn(u)‖ > en(λ ′k−1
−δ)

since u ∈ Kk−1

γ . On the other hand,

by the definition of Esk−1
, the norm ‖Bn(u)‖ is not larger than the norm

of Bn|Hk−1
∩Kk−1

γ
, which is smaller than en(λ

′
k−1

+δ)
, by Formula (2.3.19).

Thus, we complete the proof of the claim for the next nk−1
smallest

exponents.

For the approximation of the rest of the singular values, use similar

arguments and induction.

2.4 Generalized Pesin Sets

Starting from this section to the end of this chapter, wewillwork under

some standing assumptions, stated below.

Standing Assumption: We are given a Cβ fiber bundle N → E
π→ M,

where each fiber ismodeled as a compact RiemannianmanifoldN of dimension
d. The map σ : M → M is a hyperbolic homeomorphism. Fix the bundle
map f : E → E over σ. For any z ∈ E, with x = π(z) ∈ M, that each
fx : Ex → Eσ(x) is of regularity C1+β(N). Suppose that x ∈ Ui, σ(x) ∈ Uj,
then using the local charts ψi and ψj, for any admissible choices of i, j, the
map

bx = bx,i,j = ψj ◦ f ◦ψ−1

i , (2.4.1)
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belongs to Diff1+β(N). Moreover, there is a uniformly defined constant
L, such that, dC1+β(bx,i,j,bx ′,i,j) 6 LdM(x, x ′)β, provided that both x, x ′
and f(x), f(x ′) belong to the same local trivialization charts ψi and ψj,
respectively.

Remark 2.4.1. It is convenient to take both Hölder exponents as the

same number β, although it is not necessary to do so.

Note that, for any z ∈ E, with x = π(z) ∈ Ui, the local chart

ψi : π
−1(Ui) → Ui × N provides a local trivial parallel transport of

the point z. More precisely, we can denote ψi(z) = (x,y) in this local

chart, and for a point z ′ ∈ π−1(Ui), we can denote ψi(z
′) = (x ′,y).

For the Lebesgue number `
0
with respect to the finite number local

charts, as long as everything happens controlled by the local scale

`
0
, we can always compare two points using this convenient parallel

transport. Note that we do not have uniqueness of the choice of the

charts. It is convenient to make the following notational convention.

Definition 2.4.2. For any z ∈ E, wewill denote expz for the exponential

map along the fiber. More precisely, expz : R
d → Eπ(z).

In what follows, we need to control the growth rate in local neigh-

borhoods in both the manifoldM and the fiber N. For this purpose,

we make the following definition.

Definition 2.4.3. We call scaling function for the measurable function

r = (r
1
, r

2
) : E→ (0, 1]× (0, 1], with the following properties.

There exist Ui and Uj such that z ∈ π−1(Ui) and f(z) ∈ π−1(Uj).
Denote ψi(z) = (x,y), and for any x ′ ∈ BM(x, r

1
(z)), denote z ′ =

ψ−1

i (x ′,y) ∈ π−1(Ui). These objects satisfy that, f(z ′) ∈ π−1(Uj), the
map expz ′ is well defined on B(0, r

2
(z ′)), and the map expf(z ′) is well

defined on

fz ′ ◦ expz ′(B(0, r2(z))). (2.4.2)

Remark 2.4.4. The existence of the scaling function r is clear, regarding
the compactness of E. In fact, since we only take proper choices of Ui
andUj, we can find some upper bound, say σ

0
> 0, such that all rwith

both ri < σ can be taken to be a scaling function. We take σ
0
6 `

0
for

convenience. We will be interested in the shrinking rate of a scaling

function along one orbit.
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Definition 2.4.5. We are given a scaling function r, and a map C : E→
GL(d,R). For any z ∈ E, choose the proper neighborhoods Ui, Uj,

with z ∈ π−1(Ui), f(z) ∈ π−1(Uj), denote ψi(z) = (x,y), and define

the map Φz by

Φz = C(z) ◦ exp−1

z . (2.4.3)

Also, for any z ′ = ψ−1

i (x ′,y), such that x ′ ∈ BM(x, r
1
(z)), we have

f(z ′) ∈ π−1(Uj). Then we identify fibers Eπ(z) with Eπ(z ′), using the

parallel transport provided by the local chart ψi. Similarly, identify

fibers Eπ(f(z)) and Eπ(f(z ′)), using the local chart ψj.

Now on the subset C(z) · B(0, r
2
(z)) ⊂ Rd, we can define the map

hz ′,z := Φf(z) ◦ fz ′ ◦Φ−1

z . (2.4.4)

In particular define

Fz = hz,z := Φf(z) ◦ fz ◦Φ−1

z . (2.4.5)

Remark 2.4.6. The purpose of defining themap hz ′,z is to use one fixed

exponential map expz to indirectly compare the maps fz ′ and fz on

the corresponding fibers.

Our main result in this section is the following form of Pesin’s

theory. Note that in this case the fiber bundle N → E
π→ M is not a

differentiable manifold.

Theorem 2.4.1 (Regular Set). Suppose the bundle map f preserves an er-
godic probability measure µ on E. For z ∈ E, define the cocycle

A(z) := D(fz)(z) ∈ GL(d,R). (2.4.6)

Assume that λ
1
> · · · > λd are the Lyapunov exponents of the cocycle A

with respect to the measure µ, possibly with repetitions. We also rewrite all
the distinct exponents appeared above as λ ′

1
> · · · > λ ′k, where each exponent

λ ′j has multiplicity nj, j = 1, · · · ,k, and n
1
+ · · ·+ nk = d.

Then, for any η > 0, there exist a set Λη ⊂ E with full µ-measure and a
tempered map Cη : E→ GL(d,R), satisfying the following properties:

1. For any z ∈ Λη, the matrix Aη(z) = Cη(f(z))A(z)C
−1

η (z) has the
Lyapunov block form:

diag(A1

η(z), · · · ,Akη(z)), (2.4.7)

where each Aiη(z) is an ni × ni square matrix, whose order ni is the
multiplicity of the corresponding exponent λ ′i, and whose conorm and
norm all lie in the interval [eλ ′i−η, eλ ′i+η].
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2. There exists a scaling function r = (r
1
, r

2
) : Λη → (0, 1]× (0, 1], such

that, for any z, z ′ ∈ E as in Definition 2.4.3, and for the mapsΦz, hz ′,z
and Fz defined as in (2.4.4) and in (2.4.5), it follows that

dC1(hz ′,z,DFz(z)) 6 η. (2.4.8)

Furthermore, we can require r
1
and r

2
to satisfy the following more

specific growth rate control. For any z ∈ Λη, we have:

e−η/β <
r
2
(z)

r
2
(f(z))

< eη/β, (2.4.9)

and that
e−η/β

2

<
r
1
(z)

r
1
(f(z))

< eη/β
2

. (2.4.10)

3. There is ameasurable functionK : Λη → R+, such that for any z ∈ Λη,
we define Φz as in Definition 2.4.5, then,

e−η <
K(z)

K(fz)
< eη, (2.4.11)

and that for any z ′, z ′′ ∈ Φ−1

z (B(0, r
2
(z))), one has

1

2

d(z ′, z ′′) 6 ‖Φz(z ′) −Φz(z ′′)‖ 6 K(z)d(z ′, z ′′). (2.4.12)

Remark 2.4.7. A technical trouble is that, the choice of local coordi-

nates is not unique. Note that there are only finitelymany local trivial-

izations, namely, {Uj,φj}
n
j=1

. Since all the conclusions of this theorem

are about the growth rates of the cocycles and functions along the

orbits, they are not affected by finitely many change of coordinates.

Before the proof begins, we fix the number σ
0
as in Remark 2.4.4. The

scaling function r to be taken will satisfy that ri(z) < σ0 for all z ∈ E.

Next, we state the “Oseledets-Pesin ε-reduction theorem”.

Theorem 2.4.2 (Oseledets-Pesin Reduction Theorem). [[91], Theorem
S.2.10] Suppose A : X → GL(d,R) is a measurable cocycle over an er-
godic measure-preserving system (f,X,µ). Assume also log

+ ‖A±1(x)‖ ∈
L1(X,µ).
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Then there exists Λ ⊂ X with full µ-measure, satisfying the following
properties. There is a measurable f-invariant function k : Λ→ N+, and Lya-
punov exponents λ ′

1
> · · · > λ ′k(x), with multiplicities n

1
(x), · · · ,nk(x)(x),

respectively. For any x ∈ Λ, we can decompose Rd = ⊕k(x)i=1
Hi(x) such that

each Hi(x) has dimension ni.
For any η > 0, there exists a tempered map Cη : X→ GL(d,R) such that

for any x ∈ Λ, the cocycle Aη(x) = Cη(f(x))A(x)C−1

η (x) has the following
Lyapunov block form

Aη(x) =


A1

η(x) 0 · · · 0

0 A2

η(x) · · · 0

· · ·
0 0 · · · Ak(x)η (x)


where each Ajη(x) is an nj(x)× nj(x) matrix and satisfies

eλ
′
j(x)−η 6 ‖Ajη(x)−1‖−1 6 ‖Ajη(x)‖ 6 eλ

′
j(x)+η. (2.4.13)

Note also that if we denote the standard Euclidean space orthogonal splitting
as Rd = ⊕k(x)j=1

Rnj , then the linear mapping Cη(x) sends each Hj(x) to Rnj .

Remark 2.4.8. The proof is taken from Katok and Hasselblatt [[91],

Supplment]. We include it here for multiple reasons. Firstly, it is for

completeness. Secondly, this crucial step explained the importance

of the sub-exponential growth between the invariant subspaces in the

Oseledets theorem, and in the end gives the sub-exponential behavior

for the size of local stable/unstable manifolds in Pesin theory. Thirdly,

in Chapter 4, we will take care of such issues again, where the subtle

difference is that, we are dealing with “every point" situation, instead

of “almost every point" as is the case here.

Proof. The existence of the subset Λ and the splittings of Rd into the

sum of Hi(x) are provided by the Oseledets multiplicative ergodic

theorem. For any fixed η > 0 and any x ∈ Λ, define the new scaler

product on each Hi(x) as follows: if u, v ∈ Hi(x), then

〈u, v〉 ′x,i =
∑
m∈Z

〈Am(x)u,Am(x)v〉e−2mλ ′i(x)e−2η|m|
. (2.4.14)

Note by the Oseledets theorem, each invariant subspace Hi(x) corre-
sponds to the exponent λ ′i, so that there exists a constantCi = Ci(x, ε),
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such that ‖Am(x)v‖ 6 Ciemλi(x)eη|m|/2‖v‖ for anym ∈ Z. Thus,

〈u, v〉 ′x,i 6 C2

i

∑
m∈Z

e−|m|η <∞. (2.4.15)

This new metric is sometimes called the Lyapunov metric. We also

denote by ‖ · ‖ ′ for the norm induced from Lyapunov metric.

Now we deduce that, for any v ∈ Hi(x),

〈A(x)v,A(x)v〉 ′f(x),i (2.4.16)

=
∑
m∈Z

‖Am(f(x))A(x)v‖2e−2mλ ′i(f(x))me−2η|m|

=
∑
m∈Z

‖Am+1(x)v‖2e−2mλ ′i(f(x))me−2η|m|

=
∑
k∈Z

‖Ak(x)v‖2e−2kλ ′i(x)e2λ
′
i(x)e−2η|k−1|

.

It then follows that

e2λ
′
i−2η 6

〈A(x)v,A(x)v〉 ′f(x),i
〈v, v〉 ′x,i

6 e2λ
′
i+2η

. (2.4.17)

Note that in this case, with respect to the twoLyapunovmetrics, the

operator norm and conorm of A both lie in the interval [eλ
′
i−η, eλ

′
i+η].

Now we extend this metric to a scaler product in Rn,

〈u, v〉 ′x =
k(x)∑
i=1

〈ui, vi〉, (2.4.18)

where ui and vi are the projection to Hi(x) of the vectors u, v, re-

spectively. Finally, Cη(x) is defined as the positive symmetric matrix

representing the change of coordinates, such that if u, v ∈ Rd then

〈u, v〉 ′x = 〈Cη(x)u,Cη(x)v〉 and define Aη(x) = Cη(f(x))A(x)Cη(x)
−1
.

By the above computation, Aη(x) satisfies the properties claimed in

the theorem.

By definition, the map Cη(x) has conorm always greater than 1.

We claim that Cη(x) is tempered. By Oseledets theorem, the angles

between the splittings decrease along each orbit sub-exponentially,

then it suffices to prove the assertion for the restriction of Cη(x) to

each subspace Hi(x) = Rni . Without loss of generality, assume that
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the cocycle defined by A(x)|Hi(x) has Lyapunov exponent λ ′i. For

simplicity, we denote A(x) = A(x)|Hi(x).
Set nowMK = {x ∈M : ‖Cη(x)‖ < K}. For some K > 0 sufficiently

large, the setMK will have positive µ-measure. By the Poincaré recur-

rence theorem, there exists ΛK ⊂ MK with µ(ΛK) = µ(MK) and the

orbit of any y ∈ ΛK returns toΛK for infinitely many times. Letmk be

a sequence such that fmky ∈ ΛK for all k. Then we have

Amk
η (y) = Cη(f

mky)Amk(y)C−1

η (y). (2.4.19)

Then for any x ∈ ΛK, by Lemma 2.3.3, the spectra of the cocycleAη and

A are the same. In particular the cocycle Aη(x) has a single exponent

λ ′i. Now since

⋃
K→∞ΛK has full µ measure, the claim is true for a.e.

x ∈M. Then we use

Cη(f
n(x)) = An(x)C−1

η (x)(Anη (x))
−1

, and (2.4.20)

Anη (x) = Cη(f
n(x))An(x)C−1

η (x). (2.4.21)

Taking growth rate we get that

lim sup

n→∞
1

n
log ‖Cη(fn(x))‖ 6 0, and (2.4.22)

lim sup

n→∞
1

n
log ‖Cη(fn(x))‖ > 0, (2.4.23)

respectively, for any x ∈
⋃
KΛK, which completes the proof of the

theorem.

Proof of Theorem 2.4.1. For the fixed ergodic measure µ, apply the re-

duction Theorem (Theorem 2.4.2) to get the subset Λη ⊂ E, with full

µ-measure, and the mappings Cη(·) : Λη → GL(d,R). Then, for any

z ∈ Λη, the mapping Cη(z) denotes the Lyapunov change of coor-

dinates, which is a linear invertible mapping from TzN to Rd, with

respect to the cocycle A(z) := D(fz)(z). Additionally, for each z ∈ Λη,
the linear mapping Dη(z) := Cη(fz) ◦ D(fz)(z) ◦ C−1

η (z) has the Lya-

punov block form. Each block Aiη(z) is an ni × ni square matrix, and

its conorm and norm all lie in the interval [eλ
′
i−η, eλ

′
i+η]. This is the

exactly item (1) of the theorem. We are left to choose the functions

r
1
(z), r

2
(z) and K(z) and check all the assertions in items (2) and (3).

Choose a number r∗ < σ where σ is as in Remark 2.4.4, with the

followingproperties. Firstly, for each z ∈ Λη, the exponentialmapping
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expz is an embedding restricted to B(0, r∗). Moreover, we require that

for any v ∈ TzN with ‖v‖ 6 r∗, it always holds that

1

2

6 ‖D(expz)(v)
−1‖−1 6 ‖D(expz)(v)‖ 6 2. (2.4.24)

Finally, we require the mapping expf(z) to be injective on

exp
−1

f(z) ◦fz ◦ expz(B(0, r
∗)), (2.4.25)

for all z ∈ Λη.
Now the mapping Φz := Cη(z) ◦ exp−1

z sends expz(B(0, r
∗)) to Rd,

and therefore, the map

Fz = hz,z := Cη(f(z)) ◦ exp−1

f(z) ◦fz ◦ expz ◦C
−1

η (z) (2.4.26)

is well defined on the origin-centered ellipsoid Cη(z) · B(0, r∗). Now

we define

r ′(z) :=
r∗

‖Cη(z)−1‖
. (2.4.27)

Thus, if we take w ∈ Rd with ‖w‖ 6 r ′(z), then w is in the domain

of definition of the mapping Fz. Now in its domain, we separate the

linear and non-linear parts of Fz, by writing

Fz(w) = Dη(z)(w) + βz(w), (2.4.28)

where Dη(z) = DFz(0) = Cη(fz) ◦D(fz)(z) ◦ C−1

η (z) is the linear part,
and Dβz(0) = 0. Since fz is of class C

1+β
, considering the mapping

exp
−1

f(z) ◦fz ◦ expz = D(fz)(z) + γz, one has that ‖Dγz(u)‖ 6 L‖u‖β,
where the constantL is from the StandingAssumption at the beginning

of this section. Then we have the following estimate

‖Dβz(w)‖ (2.4.29)

=‖D(Cη(f(z)) ◦ γz ◦ C−1

η (z))(w)‖
6‖Cη(f(z))‖L‖C−1

η (z)w‖β‖C−1

η (z)‖
6L‖Cη(f(z))‖‖C−1

η (z)‖1+β‖w‖β.

Thus, if w has norm sufficiently small then the contribution of the

non-linear part of the mapping Fz to the C1
norm is under control.

More precisely, we put

r
2
(z) = min{(L‖Cη(fz)‖‖C−1

η (z)‖1+β16/η)−1/β
, r ′(z)}, (2.4.30)
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where r ′(z) is defined in (2.4.25). Then, if ‖w‖ 6 r
2
(z), it follows

that ‖Dβz(w)‖ 6 η/16. Then ‖βzw‖ 6 r
2
(z)η/16 6 η/16. These two

inequalities imply that, restricted to B(0, r
2
(z)),

dC1(Fz,DFz(0)) 6
η

8

. (2.4.31)

Next, we take a point x ′ such that dM(x ′,π(z)) < min(σ, `
0
), where

`
0
denotes the Lebesgue number for the finite cover ofM by the local

trivializations. Define z ′ by z ′ := ψ−1

i (x ′,y), then, we can choose and

fix someUi with x ′,π(z) ∈ Ui, and someUj with f(z), f(z ′) ∈ π−1(Uj).
Recall Definition 2.4.5. These local charts provide fiber identifications

for Ex,Ex ′ and Eπ(f(z)),Eπ(f(z ′)).

Now we can consider the C1
distance of the two maps Fz = hz,z

and hz ′,z = Cη(fz)◦exp−1

f(z) ◦fz ′ ◦expz ◦C−1

η (z). Note that we can again

split the linear and non-linear parts of the map hz ′,z, by writing

hz ′,z(w) = Cη(fz) ◦D(fz ′)(z
′) ◦ C−1

η (z)(w) + βz ′(w). (2.4.32)

The map Cη(f(z)) ◦ D(fz ′)(z
′) ◦ C−1

η (z)(w) is the linear part, and

Dβz ′(0) = 0. Now we consider the mapping

expf(z) ◦fz ′ ◦ expz = D(fz ′)(z) + γ
′
z. (2.4.33)

Since fz ′ is of class C
1+β

, as in the above paragraphs, we have

‖Dγz ′(u)‖ 6 L‖u‖α. (2.4.34)

Then we estimate

‖Dβz ′(w) −Dβz(w)‖ (2.4.35)

6‖Dβz ′(w)‖+ ‖Dβz(w)‖
62L‖Cη(fz)‖‖C−1

η (z)‖1+β‖w‖β.

Thus, for any wwith

‖w‖ 6 r
2
(z) 6 (2L‖Cη(fz)‖‖C−1

η (z)‖1+β8/η)−1/β
, (2.4.36)

it follows that ‖Dβz ′(w) −Dβz(w)‖ 6 η
8
. Now we put

r
1
(z) = min{(L‖Cη(fz)‖‖C−1

η (z)‖r
2
(z)

8

η
)−1/β

,σ
0
}, (2.4.37)
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and then we have the estimate

‖Dhz ′,z(w) −DFz(w)‖ (2.4.38)

6L‖Cη(fz)‖‖C−1

η (z)‖‖w‖dM(x, x ′)β +
η

8

6
η

4

.

Finally, one has ‖hz ′,z(w) − Fz(w)‖ 6 r
2
(z)η

4
6 η

4
, so we have the

estimate

dC
1
(hz ′,z, Fz) 6

η

2

. (2.4.39)

Combining with formula (2.4.31), we conclude that

dC1(hz ′,z,DFz(0)) < η, (2.4.40)

as was claimed in item (2) of the theorem.

Then, from the definition of r
2
(x)(Formula (2.4.30)), we have that

lim

m→∞
1

m
log r

2
(fm(z)) (2.4.41)

= lim

m→∞−
1

βm
(log ‖Cη(fm+1(z))‖+ log ‖C−1

η (fm(z))‖)

=0.

Because both Cη and C−1

η are tempered maps. So the map r
2
(z) is

tempered. Similarly, by Formula (2.4.37), we have

lim

m→∞
1

m
log r

1
(fm(z)) (2.4.42)

= lim

m→∞−
1

βm
(log ‖Cη(fm+1(z))‖+ log ‖C−1

η (fm(z))‖+ log r
2
(fm(z)))

=0

Recalling the definition of r∗, for any z ′, z ′′ ∈ expz(B(0, r
∗)), we

have the following estimate:

d(y ′,y ′′) (2.4.43)

62‖ exp−1

z (z ′) − exp
−1

z (z ′′)‖
62‖C−1

η (z)‖d(Φ(z ′),Φ(z ′′)).
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and similarly,

d(Φ(z ′),Φ(z ′′)) (2.4.44)

6‖Cη(z)(exp−1

z (z ′) − exp
−1

z (z ′′))‖
62‖Cη(z)‖d(z ′, z ′′).

Note that by taking K(z) = 2max{‖Cη(z)‖, ‖Cη(z)−1}, we have

e−η <
K(z)

K(f(z))
< eη, (2.4.45)

So the item (3) of the theorem is proved.

Now we compare estimates (2.4.41), (2.4.42) and (2.4.45). Shrink-

ing the r
1
and r

2
functions if necessary, we can apply the tempering-

kernel lemma to show that

e−η/β 6 r
2
(z)/r

2
(f(z)) 6 eη/β for all z ∈ Λη, (2.4.46)

as well as

e−η/β
2

6 r
1
(z)/r

1
(f(z)) 6 eη/β

2

for all z ∈ Λη. (2.4.47)

Thus we have finished the proof of item (2) of the theorem. The proof

of theorem 2.4.1 is now complete.

Remark 2.4.9. Any point z ∈ Λη is called a regular point. The neigh-

borhoods, ψ−1

i (BM(x, r
1
(z)) × (B(0, r

2
(z)))), defined using local coor-

dinates, are called the regular neighborhoods. Let us fix some small

number η as in the statement in the theorem, and choose a large num-

ber `. Then, by Luzin’s theorem, we can choose a compact subset

Λη,` ⊂ Λwith µ-measure greater than 0.99, such that, when restricted

to Λη,`, the functions r
1
(z), r

2
(z),K(z) and the map Cη(z) are all con-

tinuous, ‖r−1

i ‖C0 , ‖K‖C0 are bounded from above by `. We call this set

Λη,` a uniformity block with tolerance η and bound `, or just a Pesin

set.

2.5 Fake Invariant Sets

The idea of fake invariant manifold is based on the desire to preserve

local information of the dynamical system, and then get local proper-

ties. In the setting of Pesin theory, although the setΛ of regular points
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has full measure, the possible existence of zero Lyapunov exponents

gives rise to the difficulty of proving any kind of shadowing lemma.

As it turns out, we can instead only focus on points with "finite reg-

ularity", which is sufficient for our purposes. In this section, we give

theoretic preparation by constructing fake invariant manifolds.

So we continue working with the fiber bundleN→ E
π→M, under

theStandingAssumption formulated at the beginning of the previous

section. Moreover, as in the statement of Theorem 2.4.1, we fix an f-

invariant ergodic measure µ, and assume the corresponding distinct

fibered Lyapunov exponents are λ ′
1
> · · · > λ ′k, with multiplicity

n
1
, · · · ,nk, respectively. We take also a small number

κ <
1

2

min

i
(λ ′i − λ

′
i+1

, τ). (2.5.1)

where the number τ is the strength of the expansion/contraction rate

of the base dynamics, as chosen in the definition of the hyperbolic

homoemorphism at the beginning of Section 2.2.

In order to get some kind of shadowing, we need to get some“local

stable set" in the fiber bundle, which would behave good enough at

least until the n-th iterate. For this purpose, we need to construct the

so called “locally fake invariant sets" along the orbit. Firstly, let us

prove some lemmas.

Lemma 2.5.1. Suppose we have linear maps Li : Rd → Rd, i = 1, · · · ,n,
preserving an orthogonal splitting Rd = Ru ⊕ Rc ⊕ Rs. Assume there
exists a positive number λ < 1, such that, for any i = 1, · · · ,n, we have
‖Li|Rs‖ 6 λ < 1 and ‖(Li|Ru)−1‖−1 > λ−1 > 1.

Then, there is a small number α ′, satisfying the following properties.
We arbitrarily take a sequence of C1 diffeomorphisms fi : Rd → Rd, with
dC1(fi,Li) < α

′, for all i = 1, · · · ,n. Then all of these diffeomorphisms are
partially hyperbolic mappings. Furthermore, there are stable foliationsWs

i of
Rd, i = 0, · · · ,n, satisfying the following properties.

1. fi(Ws
i) = Ws

i+1
, for i = 0, · · · ,n− 1.

2. For any x ∈ Rd and any y ∈Ws
i(x), it follows that

d(fki (x), f
k
i (y)) < λ

kd(x,y) for any n− i > k > 0. (2.5.2)

Proof. The proof of this lemma is a simple application of the standard

graph transform method, see Hirsch and Pugh and Shub [81].
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Suppose the number α ′ is taken sufficiently small, such that any

α ′-perturbation fi of the linear map Li is still a partially hyperbolic

diffeomorphism of Rn to Rn, and the restriction of derivatives of the

maps to the stable distribution are still bounded by λ < 1. Since we

only have finitely many maps, we can construct many different stable

foliations, i.e., we do not have uniqueness. For definiteness, let us add

more maps, identically equal to one linear map. More precisely, we

define

fi = diag{λ−2Idu , Idc , λ
2Ids}, (2.5.3)

for i = Z\{1, · · · ,n}, where the integer numbers du, dc and ds are

the dimensions of Ru, Rc and Rs, respectively. Then for the sequence

of maps {fi}
∞
i=−∞, we apply the Hadamard-Perron theorem. Thus,

there exists a unique stable foliation Ws
. The assertions of the lemma

follows from the properties of this foliation.

Remark 2.5.2. The choice of α ′ does not depend on the number of

the maps n. Although in the proof, we take α after these maps fi,

by inspecting the proof via the Hadamard-Perron theorem, it is clear

that α is taken to preserve the corresponding cone field, and it only

depends on the strength of the contraction, denoted as the number λ

in this lemma.

Remark 2.5.3. We also have the parallel result of unstable foliations,

under the same settings.

Lemma 2.5.4. Let δ denote a small positive number and ` denote a big
constant. Put η be a small positive number such that eη < 4

3
. Suppose we

have two smoothmappings f,g : Rd → Rd, with ‖f−g‖C1 < δ. Assume that
two d×d linear mappingsA,B have the property that ‖A‖ < `eη, ‖B‖ < `.
(or, alternatively, assume ‖A‖ < `, ‖B‖ < `eη) Then we have

‖AfB−AgB‖C1 < 4`δ. (2.5.4)

Proof. It suffices to make the following computation.

‖AfB−AgB‖C1 (2.5.5)

=‖AfB−AgB‖C0 + ‖A(fB) ·Df(B) · B−A(gB) ·Dg(B) · B‖C0

6‖A‖‖f− g‖C
0
+ ‖A(fB) ·Df(B) · B−A(fB) ·Dg(B) · B‖C

0
+

‖A(fB) ·Dg(B) · B−A(gB) ·Df(B) · B‖C
0

6‖A‖‖f− g‖C
0
+ ‖A‖‖Df−Dg‖C

0
+ ‖A‖‖f− g‖C

0

63`eηδ < 4`δ.
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We obtained the estimate we wanted.

Next, we give an important definition, for the purpose of con-

structing the fake invariant sets. In fact, what we need is a method to

preserve information of the map around a chosen point. In particular,

we do not care about the possible change of themap far away from the

chosen point. For example, suppose we have the compact manifold

N of dimension d, we take any C1+β
diffeomorphism f : N→ N with

exponent β and uniform Hölder constant K. In other words, we have

‖Df(x)(·) −Df(x ′)(·))‖ 6 KdN(x, x ′)β. (2.5.6)

Definition 2.5.5. For any small number r, using a convenient test func-

tion, we can define a diffeomorphism fr : TN→ TN as follows,

fr(x, v) :=

{
exp

−1

f(x) ◦f ◦ expx(v), if ‖v‖ < r,
Dfx(v), if ‖v‖ > 2r.

(2.5.7)

In words, the map fr(x, ·) preserves the local behavior of the map

f from the ball B(x, r) ⊂ N to the set f(B(x, r)) and push it up to the

tangent space TxN, while, at the same time, fr extends this map to the

whole Euclidean space Rd and equals to a linear mapDf(x) outside a
ball of radius 2r. Now, we have the followingmore preciseC1

estimate

for this diffeomorphism.

Lemma 2.5.6. There exists a constant K ′′, such that, for all sufficiently small
r, we can define the maps fr in such a way that,

dC1(fr(x, ·),Df(x)(·)) < K ′′rβ. (2.5.8)

Proof. For any r, take a C1
map ρr : Rd → [0, 1] such that ρr = 1 on

B(0, r) and ρr = 0 outside B(0, 2r), and ‖ρr‖C0 6 1, ‖Dρr‖ 6 C
r
for

some constant C. Now for any r, define fr : TN→ TN,

fr(x, v) = ρr(v)× exp
−1

f(x) ◦f ◦ expx(v) + (1− ρr(v))×Dfx(v). (2.5.9)

One easily verifies that fr satisfies formula (2.5.7). Moreover,

fr(x, v) −Dfx(v) = ρr(v)× (exp−1

f(x) ◦f ◦ expx(v) −Dfx(v)). (2.5.10)
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Thus, for r� 1, we have the estimate

‖fr(x, ·) −Dfx(·)‖C
1

(2.5.11)

6‖ρr(·)× (exp−1

f(x) ◦f ◦ expx(·) −Dfx(·))‖C0

+‖Dρr(·)× (exp−1

f(x) ◦f ◦ expx(·) −Dfx(·))‖C0

+‖ρr(·)×D(exp−1

f(x) ◦f ◦ expx(·) −Dfx(·))‖C0

6(2r)K(2r)β +
C

r
(2r)K(2r)β + K(2r)β

6K ′(r1+β + rβ + rβ)

<K ′′rβ

This is the estimate we wanted.

Next, in the fiber bundle E, for any z ∈ E, we define some conve-

nient neighborhood around z which looks like a box in local coordi-

nates.

Definition 2.5.7. Fix any z ∈ E, and fix positive real number rwhich is

smaller than the constant σ
0
as in the Remark 2.4.4 (which is no larger

than the Lebesgue number `
0
). Then, choose the proper open sets Ui

and Uj with respect to the scaling function (r, r) with r 6 σ
0
, as the

existence of such neighborhoods were given in Definition 2.4.3. Then,

denotingψi(z) = (x,y) ⊂ Ui×N, wedefine the box-like neighborhood

U(z) to be

U(z) = ψ−1

i (BM(x, r)× BN(y, r)). (2.5.12)

The next definition gives a convenient shrinking procedure for the

box-like neighborhoods.

Definition 2.5.8. For any constant C > 1, and the box-like neighbor-

hood U = U(z) defined as above, we define the shrinking neighbor-

hood U/C as follows. Suppose for the chosen chart ψi, we have

W =W(z) := ψi(U(z)) = BM(x, r)× BN(y, r). (2.5.13)

Then, the sets U/C andW/C are by definition the following sets

W/C := BM(x, r/C)× BM(y, r/C). (2.5.14)

U/C := ψ−1

i (W/C) = ψ−1

i (BM(x, r/C)× BN(y, r/C)). (2.5.15)
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Remark 2.5.9. The possible choices of the charts make the definition

not unique. We can choose and fix any admissible one for all z ∈ E.

The base spaceM is compact and the possible choices of the charts is

only finite, so this ambiguity does not make much trouble. Note that

if the bundle is trivial, then we do not have this problem at all, and the

definition is uniquely given.

The next definition is a standard convention in dynamical system.

Definition 2.5.10. For any z = z
0
∈ E, we denote the iterates fn(z

0
)

with n > 0 by zn. When we fix the local coordinates ψjn for zn, we

also denote ψjn(zn) = (xn,yn), with n > 0.

Nowwe can come back to the setting of a the bundlemap f : E→ E,

with the Standing Assumption. Furthermore, we fix the f-invariant

measure µ, and get the fiber-wise Lyapunov exponents

λ ′
1
> · · · > λ ′k. (2.5.16)

Recall the definition of the number κ as in (2.5.1). By Theorem 2.4.1,

we can find some uniformly blockΛη,` ⊂ Λη, where the small number

η satisfies that

η < min(β2κ,
1

2

min

i
(λ ′i − λ

′
i+1

) − κ), (2.5.17)

and the constant ` is chosen sufficiently large, such that the µ-measure

of this uniformity block Λη,` is greater than 0.99. Suppose we have

some orbit segment of length n, namely, z
0
, · · · , zn, with z

0
, zn ∈ Λη,`.

Note that Theorem 2.4.1 gives us the measurable mapping Cη(·) :
Λη → GL(d,R), called the Lyapunov change of coordinates, with the

property that we can define positive real valued function K(·) : Λ →
R+

, such that K(z) > max{‖Cη(z)‖, ‖C−1

η (z)‖}, and that

e−η <
K(z)

K(f(z))
< eη. (2.5.18)

With these notations, we are ready to state the following.

Proposition 2.5.11 (Existence of Fake Invariant Sets). There exist a real
number r(0) > 0 and constants C, C̃ > 0, satisfying the following properties.

Take any orbit segment z
0
, · · · , zN

0
, with z

0
, zN

0
∈ Λη,`. For any zn, take

proper chart ψjn : π−1(Ujn) → Ujn ×N. Then we denote that ψnj(zn) =
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wn = (xn,yn). Note the choice ensures that Ujn ⊃ BM(xn,σ0). (see
Remark 2.4.4)

For n = 0, 1, · · · ,N
0
, we define

r(n) := r(0)e
− η

β2
min(n,N

0
−n)

, (2.5.19)

and define
Wn := BM(xn, r

(n))× BN(yn, r(n)). (2.5.20)

Consider the set

W =

N
0⊔

n=0

Wn, (2.5.21)

which is a disjoint union of the box-like neighborhoods of the firstN
0
iterates of

z
0
. Then, there exists a partition Ŵs of the setW, which is actually a collection

of partitions of eachWn. For each w = (x,y) ∈ Wn, we denote Ŵs(w) for
the element of the partition containingw. Furthermore, for any small number
σ and any z ∈Wn, we denote Ŵs

σ(w) = Ŵs(w)∩(BM(x,σ)×BN(y, r(n))).
This partition Ŵs satisfies the following properties.

1. (covering of the local stable manifold in the base)
For any w = (x,y) ∈Wn, and for any small σ > 0 such that

d(x, xn) + σ < r
(n)

, (2.5.22)

the projection of the set Ŵs
σ(w) to the first coordinate is the local stable

manifold of x in the base dynamics of the same size. More precisely,
one has that

proj
1
(Ŵs

σ(w)) =W
s
σ(x). (2.5.23)

2. (local invariance)
For any n = 0, · · · ,N

0
− 1, and w = (x,y) ∈Wn/C, one has

ψjn+1
◦ f ◦ψ−1

jn
(w) ∈Wn+1

. (2.5.24)

Moreover, for w ′
0
∈W

0
/CC̃, for any n = 0, · · · ,N

0
− 1, it holds

ψjn ◦ fn ◦ψ−1

j
0

(Ŵs

r(0)/CC̃
(w ′

0
)) ⊂ Ŵs(ψjn ◦ fn ◦ψ−1

jn
(w ′

0
)). (2.5.25)
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3. (uniform contraction)
For any w ′

0
∈W

0
/CC̃, and for any q

0
∈ Ŵs

r(0)/CC̃
(w ′

0
), we have that,

for all k = 1, · · · ,N
0
, it holds that

d(ψjk ◦ fk ◦ψ−1

j
0

(q
0
),φjk ◦ fk ◦ψ−1

j
0

(w ′
0
)) (2.5.26)

<C̃e−kκd(q
0
,w ′

0
).

Note in the above inequality, themetricd is defined inEquation (2.2.14).

Remark 2.5.12. For any w ∈ W, the subset Ŵs(w) defined in this

proposition is called the fake local stable set of the point w. Similarly,

we have the same results for the existence of fake local unstable sets

under the same settings. In this case, the unstable partition Ŵu
has

the following properties instead:

1. (covering of the local unstable manifold in the base)
For any w = (x,y) ∈Wn, for any small constant σ > 0 such that

d(x, xn) + σ < r
(n)

, (2.5.27)

the projection of the set Ŵu
σ(w) to the first coordinate is the

local unstable manifold of x in the base of the same size. More

precisely, one has that

π(Ŵu
σ(w)) =W

u
σ (x). (2.5.28)

2. ( local invariance)
For any n = 0, · · · ,N

0
− 1, and w = (x,y) ∈Wn/C, one has

ψjn−1
◦ f−1 ◦ψ−1

jn
(z) ∈Wn−1

. (2.5.29)

Moreover, for w ′N
0

∈WN
0
/CC̃, for any n = 0, · · · ,N

0
− 1

ψjN
0
−n
◦ f−n ◦ψ−1

jN
0

(Ŵu

rn/CC̃
(w ′N

0

)) (2.5.30)

⊂ Ŵu(ψjN
0
−n
◦ f−n ◦ψ−1

jN
0

(w ′N
0

)).

3. (uniform expansion)
For any w ′N

0

∈ Wn/CC̃, for any qN
0
∈ Ŵu

rn/CC̃
(w ′N

0

), we have

that, for all k = 1, · · · ,N
0
.

d(ψjN
0
−k
◦ f−k ◦ψ−1

jN
0

(qN
0
),ψjN

0
−k
◦ f−k ◦ψ−1

jN
0

(w ′N
0

)) (2.5.31)

<C̃e−kκd(qN
0
,w ′N

0

).

Again, the metric d is defined in Equation (2.2.14).
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Proof. Firstly, we need r(0) < min(σ
0
, r∗), where σ

0
is the upper bound

of the scaling function, defined in Remark 2.4.4, and r∗ is defined in

beginning of the proof of Theorem 2.4.1, such that the map exp
−1

z is

well defined in B(0, r(0)) for all z ∈ E. Then, as in Lemma 2.5.6, we

define the map Fr : TE→ TE (we use TE to denote the tangent bundle

along the fiber of E), which satisfies that, for z ∈ Λη and v ∈ TzEπ(z),
we have

Fr(z, v) =

{
exp

−1

f(z) ◦f ◦ expz(v), if ‖v‖ < r,
D(fz(z))(v), if ‖v‖ > 2r.

(2.5.32)

Note that, by Lemma 2.5.6, it follows

‖Fr(z, ·) −D(fz(z))(·)‖C1 6 K ′′rβ, (2.5.33)

which goes to zero as r→ 0. By compactness, we can take an uniform

constant K ′′ for the above estimates with z ∈ E.

Now, we consider the linear maps of the block form as in Theo-

rem 2.4.1. These maps are partially hyperbolic diffeomorphisms of

Rd, where the center direction is preserved by the block matrix with

norm and conorm restricted in [e−η, eη].(that is, it corresponds to the

zero Lyapunov exponent) Then, with respect to the N
0
linear maps

{Cη(z1)D(fz
0
(z

0
))C−1

η (z
0
)(·), · · · , (2.5.34)

Cη(zN
0
)D(fzN

0
−1
(zN

0
−1
))Cη(ZN

0
−1
)−1(·)},

Lemma 2.5.1 produces a small number α ′. Now, by the above uniform

bound, we take

r(0) < min

( 1
`2
, (
α ′

4K ′′`
)1/β

)
(2.5.35)

Then we have that

‖Fr(0)(z0, ·) −D(fz
0
(z

0
))(·)‖C1 < α ′/4` (2.5.36)

Now we focus on the regular point z
0
∈ Λη,`. By the choice of the

uniformity block, we have that

max(‖Cη(z0)‖, ‖Cη(z0)−1‖)) 6 K(z
0
) 6 `, (2.5.37)

max(‖Cη(z1)‖, ‖Cη(z1)−1‖)) 6 K(z
1
) 6 `eη. (2.5.38)
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Then by Lemma 2.5.4, we have the estimate

‖Cη(z1) ◦ Fr(0)(z0, ·) ◦ C−1

η (z
0
) (2.5.39)

− Cη(z1) ◦D(fz
0
(z

0
)) ◦ Cη(z0)−1‖C1 < α ′.

By Theorem 2.4.1, via the Lyapunov change of coordinate Cη(z0)
and Cη(z1), the linear part of the map fz

0
at the point z

0
is given by a

block-form, that is, Cη(z1) ◦D(fz
0
)z

0
◦ Cη(z0)−1

is of block form. With

respect to this Lyapunov coordinate, the map is a partially hyperbolic

(linear) map.

Now we proceed to consider Fr(n)(zn, ·), with n = 1, · · · ,N
0
. Note

that in this case, since we also assume zN
0
∈ Λη,`, it follows that

K(zn−1
) 6 `eηmin(n,N

0
−n)

, and (2.5.40)

K(zn) 6 `e
ηmin(n+1,N

0
−n−1)

. (2.5.41)

In order that the following holds true,

‖Cη(zn) ◦ Fr(n−1)(zn−1
, ·) ◦ C−1

η (zn−1
) (2.5.42)

− Cη(zn) ◦D(fzn−1
(zn−1

)) ◦ C−1

η (zn−1
)‖C1 < α ′,

by Lemma 2.5.4, we need that

‖Fr(n)(zn, ·) −D(fzn(zn))(·)‖C1 < α ′/4`eηmin(n,N
0
−n)

. (2.5.43)

Thus, it suffices to take

r(n) =r(0)e−
η
β min(n,N

0
−n)

(2.5.44)

<(
α ′

4K ′′`
)

1

βe−
η
β min(n,N

0
−n)

=(
α ′

4K ′′`eηmin(n,N
0
−n)

)
1

β .

In fact, wewould define r(n) to be even smaller, with growth rate e
− η

β2 ,

as in Definition 2.5.19. This is because, by Theorem 2.4.1, the parame-

ters r
1
and r

2
for the regular neighborhoods satisfy that, their changing

rates along the orbit are all controlled by e
± η

β2 . Now with respect to

these r(n), Equation (2.5.20) defines the box-like neighborhoodsWn.

Thus, since by Definition (2.5.35), we have r0 < 1

`2
, each box-like

neighborhood Wn is contained in the regular neighborhood of zn,

defined in Remark 2.4.9.
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Now, by Lemma 2.5.1 and the estimates (2.5.39) and (2.5.42), the

mappings {Cη(zn) ◦ Fr(n−1)(zn−1
, ·) ◦ C−1

η (zn−1
)}N0

n=1
admit both stable

and unstable foliations of the corresponding Euclidean space Rd. We

write these stable and unstable distributions as Esn and Eun, as well as

the table and unstable foliations W̃s
n and W̃u

n, respectively. We note

the choice of the number η in (2.5.17), such that 2κ + 2η < mini(λ
′
i −

λ ′i+1
). Furthermore, we have the following contraction and expansion

conditions of the stable and unstable manifolds W̃s
n and W̃u

n. For any

w ∈ W̃s
n(v), it follows that for any N

0
> j > n,

dL(Cη(zj+1
) ◦ Fr(j) ◦ · · · ◦ Fr(n) ◦ Cη(zn)−1(w), (2.5.45)

Cη(zj+1
) ◦ Fr(j) ◦ · · · Fr(n) ◦ Cη(zn)−1(v))

<e−2(j−n)κdL(w, v),

wherewe usedL to denote the standard Euclidean distance, to indicate

that we are considering the Lyapunov metric on the Euclidean space

Rd.
Similarly, for any w ′ ∈ W̃u

i (v
′), for any N

0
> j > n, it follows that

dL(Cη(zj+1
) ◦ Fr(j) ◦ · · · ◦ Fr(n) ◦ Cη(zn)−1(w ′), (2.5.46)

Cη(zj+1
) ◦ Fr(j) ◦ · · · ◦ Fr(n) ◦ Cη(zn)−1(v ′))

>e2(j−n)κdL(w
′
, v ′),

where dL denotes the standard Euclidean distance.

Now for any point w = (x,y) ∈ Wn, we consider the “fake local

stable manifold in the second coordinate of w", which is denoted by

Ws
2
(w), and defined as the projection to {x} × N of the local stable

manifold

W̃s
local

= (2.5.47)

W̃s
n

(
Cη(zn) exp

−1

zn
ψ−1

jn
(w)

)
∩ Cη(zn) exp−1

zn
ψ−1

jn
(BN(yn, r

(n))).

More precisely, we consider the following set:

Ws
2
(w) := (2.5.48)

ψjn ◦ expzn ◦Cη(zn)
−1(W̃s

local
) ⊂ {x}× BN(yn, r(n)).

Finally, for w = (x,y) ∈Wn, define

Ŵs(w) := (Ws(x)×Ws
2
(w)) ∩Wn. (2.5.49)
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Similarly, we define

W̃u
local

= (2.5.50)

W̃u
n

(
Cη(zn) exp

−1

zn
ψ−1

jn
(w)

)
∩ Cη(zn) exp−1

zn
ψ−1

jn
(BN(yn, r

(n))),

define

Wu
2
(w) := (2.5.51)

ψjn ◦ expzn ◦Cη(zn)
−1(W̃u

local
) ⊂ {x}× BN(yn, r(n)),

and define

Ŵu(w) := (Wu(x)×Wu
2
(w)) ∩Wn. (2.5.52)

Item (1) of the proposition follows directly from the definition.

We now choose the constant C large enough such that, for any

n = 1, · · · ,N
0
− 1, we have

ψjn+1
◦ f ◦ψ−1

jn
(2Wn/C) ⊂Wn+1

. (2.5.53)

and that

ψjn−1
◦ f−1 ◦ψ−1

jn
(2Wn/C) ⊂Wn−1

. (2.5.54)

This is possible because we have the relation r(n+1) > r(n)e
− η

β2 for all

n = 0, · · · ,N
0
. Note that this is a bit stronger than the first assertion

of item (2), which is thus proved.

Next, if w ∈W
0
/C, then

ψjn+1
◦ f ◦ψ−1

jn
(Ŵs

r(n)/C
(w)) ⊂ Ŵs(ψjn+1

◦ f ◦ψ−1

jn
(w)), (2.5.55)

which proves the second assertion of item (2) of the proposition.

Thus, for any point w ∈ Wn/C for any n, and w ′ ∈ Ŵs
r(n)/C

(w) ⊂
Ŵs

2r(n)/C
(wn), relation (2.5.53) gives that

ψjn+1
◦ f ◦ψ−1

jn
(w ′) ∈ Ŵs(wn+1

) ⊂Wn+1
. (2.5.56)

Note that

K(z
0
) < `,K(zN

0
) < `. (2.5.57)

K(zn) is the upper bound of the change of Lyapunov metric. (See

Inequality (2.4.12)) We take the constant C̃ = max(`2,K), where K

is the constant in the definition of the Hyperbolic homeomorphism,
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Definition 2.2.1. Note that, by the identification of the fiber via ψj
0
,

for any point w ′
0
= (x ′

0
,y ′

0
) ∈ W

0
/CC̃, and any q

0
= (q

(1)
0

,q
(2)
0

) ∈
Ŵs

r(0)/CC̃
(w ′

0
), we have

d(y
0
,q

(2)
0

) 6 r(0)/CC̃. (2.5.58)

We consider the iterates,

qk = (q
(1)
k ,q

(2)
k ) = ψjk+1

◦ fk ◦ψ−1

j
0

(q
0
), and (2.5.59)

w ′k = (x ′k,y
′
k) = ψjk+1

◦ fk ◦ψ−1

j
0

(w ′
0
). (2.5.60)

Their first coordinates x ′k and q
(1)
k satisfy that,

dM(x ′k, xk) 6 Ke
−τkdM(x ′k, xk) 6

r(k)

C
, (2.5.61)

and dM(q
(1)
k , xk) 6 2

r(k)

C
, (2.5.62)

by definition of the stable manifold in the base dynamics. More im-

portantly, the second coordinate has a similar estimate. It follows from

Estimate (2.5.45) that, inductively, for any k = 1, · · · ,N
0
− 1,

d(q
(k)
2

,y ′k) (2.5.63)

6`ekη

dL(Cη(zk) ◦ Fr(k−1) ◦ · · · ◦ Fr(0) ◦ Cη(z0)−1(Cη(z0) · q(0)
2

),

Cη(zk) ◦ Fr(k−1) ◦ · · · Fr(0) ◦ Cη(z0)−1(Cη(z0) · y0))
6`e−kκd(Cη(z0) · q(0)

2
,Cη(z0) · y0))

6`2e−kκd(q(0)
2

,y
0
).

6
r(k)

C
.

combining the first and the second coordinate estimates, we have

finished the proof of item (3) of the proposition. The second assertion

of item (2) is now an immediate consequence.

The proof for the estimate of the fake unstable set is entirely similar,

by considering the reverse dynamics and use Equation (2.5.46) instead

of Equation (2.5.45).
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2.6 Fiber Closing and Proof of Theorem 2.1.2

In this section, we prove our main theorem by collecting all the results

of previous sections. In particular, we will need Theorem 2.4.1 to

construct the Pesin set, and use Proposition 2.5.11 to construct fake

invariant manifolds, which are the two main ingredients of the proof.

Recall that we will denote G = Diff
1+β(N). Recall also, by Theo-

rem 2.2.3, under the (POC’) condition, in order to prove a G-cocycle is

a G-coboundary, it suffices to show that the fiber-wise Lyapunov ex-

ponents all vanish, with respect to any ergodic f-invariant measure µ.

So the proof of Theorem 2.1.2 is reduced to the proof of the following

proposition.

Proposition 2.6.1. With the Standing Assumption, assume all the con-
ditions of Theorem 2.4.1. Assume also the (POC’) condition, as in Defini-
tion 2.2.8. Then, the d fiber-wise Lyapunov exponents with respect to the
measure µ all vanish, that is, λ

1
(f,µ) = · · · = λd(f,µ) = 0.

Before the proof of Proposition 2.6.1, we want to use the fake in-

variant sets constructed in the previous section to approximate the

exponents. We first formulate a theorem on a version of shadowing

lemma.

Theorem 2.6.1 (Fiber-wise Shadowing Lemma). With the Standing As-
sumption, assume all the conditions of Theorem 2.4.1. Then, any sufficiently
long psuedo-orbit with both ending points lying in a fixed Pesin set can be
exponentially shadowed using another pseudo-orbit whose projection to M
forms a periodic orbit.

Proof. The statement of the theorem is not quantitative. We actually

prove a quantitative version.

Under the given conditions, we have the number r(0) and the con-

stantsC, C̃which are produced in Proposition 2.5.11, and the constant

C∗ produced in Lemma 2.2.4. Then, we fix some

ε
0
6 r(0)/C. (2.6.1)

With respect to the choice of η as in (2.5.17), Theorem 2.4.1 produces

a Pesin set Λη,` with measure at least 0.99.

Assume we have an orbit segment z
0
, · · · , zn, with z

0
, zn ∈ Λη,`.

Despite of the problem of uniqueness, as discussed at Remark 2.4.7,
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since our scaling functionwill alwaysbe smaller thanσ
0
, we can choose

and fix any local coordinates, namely, ψjk , for all k = 0, · · · ,n− 1 and

then we denote wk = ψjk(zk). Then we take the box-like neighbor-

hoods Wk defined in (2.5.20). For the last point zn, however, we

assume that zn is sufficiently close to z
0
in E, satisfying the following

conditions. Firstly, we can choose local coordinate ψj
0
= ψjn , we get

neighborhoodsW
0
andWn using the same chart. Then, we can write

wn = ψj
0
(zn) ∈W0

∩Wn, and we assume the estimate that, it satisfies

d(w
0
,wn) < ε0/(2C̃

2C∗), (2.6.2)

Next, we take n sufficiently large, such that

e−nκ < min(ε
0
/2C̃, 1/C). (2.6.3)

We write w
0
= (x

0
,y

0
),wn = (xn,yn) ∈ W0

and wi = (xi,yi) ∈
Wi, for i = 1, · · · ,n − 1. Now observe that d(x

0
, xn) < ε

0
/2C̃2C∗,

because by assumption d(w
0
,wn) < ε

0
/2C̃2C∗. Then, by Anosov

closing lemma for hyperbolic homeomorphisms (Lemma 2.2.4), there

is a unique periodic point pwith period n, such that, for i = 0, · · · ,n,

d(σi(p),σi(x
0
)) 6 e−τmin(i,n−i) ε0

2C̃2

. (2.6.4)

Now consider the point x ′
0
= [x

0
,p] = Ws(x

0
) ∩Wu(p), and note that

for all i = 0, · · · ,n,

d(σi(x
0
),σi(x ′

0
)) <

ε
0

2C̃2

e−iτ < r(i)/2C̃2C. (2.6.5)

Thus, we have that

x ′i := σ
i(x ′

0
) ∈Ws

ε
0
e−iτ/2C̃2

(xi) ⊂Ws

r(i)/2C̃2C
(xi), (2.6.6)

for all i = 1, · · · ,n.
In particular, since x ′

0
∈Ws

ε
0
e−iτ/2C̃2

(x
0
), by Proposition 2.5.11 item

(1), x ′
0
has a pre-image under the first coordinate projection proj

1
,

denoted asw ′
0
, which lies in the local stable set Ŵs

ε
0
e−iτ/2C̃2

(w
0
). Define

then

w ′i = ψi ◦ fi ◦ψ−1

0
(w ′

0
). (2.6.7)
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Thus, by Proposition 2.5.11 item (3), and by induction, we observe

that, for any i ∈ {1, · · · ,n},

d(wi,w
′
i) (2.6.8)

<C̃ε
0
e−iκ/2C̃2

<r(0)e−i
η
β/2CC̃

6r(i)/2CC̃.

In particular, d(w ′n,wn) < ε0/2C̃ 6 r(n)/2CC̃. Note that r(n) = r(0).

By Remark 2.5.12, the first coordinate projection of the fake local un-

stable set Ŵu

ε
0
/C̃

(w ′n) is just the local unstable manifold Wu

ε
0
/C̃

(x ′n).

Note that the periodic point p belongs to Wu

ε
0
/C̃

(x ′n), because of the

following estimate

d(p, x ′n) (2.6.9)

6d(p, xn) + d(xn, x
′
n)

62× ε
0

2C̃
.

Thus, the point p has a pre-image under the first coordinate projec-

tion, denotedasw ′′n, which lies in the fake local unstable set Ŵu

ε
0
/C̃

(w ′n).

Now we consider the backward iterates of this point w ′′n, defined as

follows, for any i = 0, · · · ,n− 1,

w ′′i := ψji ◦ f−(n−i) ◦ψ−1

jn
(w ′′n) (2.6.10)

Note that by Equation (2.5.31), we have that

d(w ′′i ,w
′
i) (2.6.11)

<C̃e−(n−i)κε
0
/C̃

<r(0)e−(n−i) ηβ/C

6r(i)/C.

Thus, for any i = 0, · · · ,n, one has the estimate

d(w ′′i ,wi) (2.6.12)

6d(w ′′i ,w
′
i) + d(w

′
i,wi)

6ε
0
(e−κ(n−i) + e−κi)

62ε
0
e−κmin(i,n−i)

.
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Then, we translate the above estimate to the orbit segment z
0
, · · · , zn.

Note that the difference between two point sequencesw
0
, · · · ,wn and

z
0
, · · · , zn is via a finite number of coordinates. Compare (2.6.2) and

(2.6.12), we can choose a large constant K∗ possibly larger than 4C̃C∗,

such that the following statement holds true.

For sufficiently large n and sufficiently small ε
0
, for any orbit seg-

ment z
0
, · · · , zn with z

0
, zn ∈ Λη,`, and with d(z

0
, zn) <

ε
0

K∗
, we can

obtain orbit segment z ′′
0
, · · · , z ′′n, such that, for all i = 0, · · · ,n,

d(z ′′i , zi) 6 ε0e
−κmin(i,n−i)

. (2.6.13)

Moreover, π(z ′′
0
), · · · ,πz ′′n is a periodic orbit inM.

Now using the above fiber-wise exponentially shadowing lemma,

we can prove the following theorem about the singular value approx-

imation to the Lyapunov exponents.

Theorem 2.6.2 (Singular Value Approximation). Under the condition of
Theorem 2.6.1, with respect to µ, the list of Lyapunov exponents is

λ
1
> · · · > λd (2.6.14)

Take any small number δ > 0. Then, there exists an orbit segment z ′′
0
, z ′′

1
, · · · ,

z ′′n, with their projection toM forming a periodic orbit. Moreover, if we denote
the d singular values of the matrix D(fnz ′′

0

)(z ′′
0
) as

enσ1 > · · · > enσd , (2.6.15)

then we have, that for any 1 6 j 6 d,

|σj − λj| 6 δ. (2.6.16)

Proof. The idea of the proof is as follows. First of all, we take a pseudo

periodic orbit, which is long enough to see the Lyapunov exponents,

thenwe use the previous theorem to exponentially close this orbit seg-

ment along the fiber, that is, we use an orbit segment whose projection

toM forms a periodic orbit. Then, we use singular value approxima-

tion lemmas established in Section 2.3 to finish the proof.

So we start by fixing the small number δ > 0, and then, we apply

Lemma 2.3.4 with respect to δ/2 to produce the number α and a large

integer N.
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Then we define the number κ as in (2.5.1), and η as in (2.5.17). By

Theorem 2.4.1, we choose a uniformity block Λη,` of µ with tolerance

η and bound `. In order to apply Lemma 2.5.1 to get the existence

of stable and unstable sets, we choose a smaller number α ′ < α,

depending on η, κ. Then, Proposition 2.5.11 produces r(0) and the

constants C and C̃.

Then we choose a small number ε
0
< r(0)/C. By the proof of

Theorem 2.6.1, we also get the constant K∗, with the properties stated

at the end of the proof of Theorem 2.6.1.

We take a point in the support of the compact setΛη,`. Consider the

small ball B(z
0
,
ε
0

2K∗
), and apply Poincaré recurrence theorem. Thenwe

get an f-orbit segment z
0
= z, z

1
, · · · , zn, of lengthn, with z

0
, zn ∈ Λη,`,

and d(z
0
, zn) < ε0/K

∗ < r(0)/K∗C. Note that we canmake the length n

as large as possible, since Poincaré recurrence theorem implies that, a

typical point in the intersection of B(z
0
,
ε
0

2K∗
)∩Λη,` has infinitely many

returning times.

By Theorem 2.6.1, we can find an orbit segment z ′′ = z ′′
0
, z ′′

1
, · · · , z ′′n

such that, the projection of it forms a periodic orbit x ′′
0
, · · · , x ′′n, and

that, this segment e−κ-exponentially approximates the orbit segment

(z
0
, · · · , zn). More precisely, by (2.6.13), if we denote

z ′′i = ψ−1

ji
((x ′′i ,y

′′
i )), i = 0, · · · ,n, (2.6.17)

then we have

d(zi, z
′′
i ) < ε0e

−κmin(i,n−i)
for all i = 0, · · · ,n. (2.6.18)

Thus, by Formula (2.5.42), the sequence of mappings Fr(i) approxi-

mate the linear block form linear maps very well, that is,

‖Cη(zi) ◦ Fr(i−1)(zi−1
, ·) ◦ C−1

η (zi−1
)−1− (2.6.19)

Cη(zi) ◦D(fxi−1
)yi−1

◦ Cη(zi−1
)‖C1 < α ′ < α.

By Lemma 2.3.4with respect to δ/2, the singular values of themap-

pingD(fnz
0

(z
0
)), with respect to the Lyapunov coordinates, denoted as

enσ
′
1 > · · · > enσ

′
d , should satisfy that ‖σ ′j − λj‖ < δ

2
. Then, since the

change of Lyapunov coordinates to ordinary coordinates at both z
0

and at zn is bounded by `, by takingN even larger in the first place, we

can apply Lemma 2.3.3 to get that, the singular values of D(fnz ′′
0

(z ′′
0
)),

with respect to the original metric, denoted as enσ1 > · · · > enσd , have
the property that |σi − ˜λi| < δ for every i, which completes the proof

of the theorem.
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Proof of Proposition 2.6.1. Suppose for contradiction that with respect

to the f-invariant ergodic measure µ, the fibered Lyapunov exponents,

listedasλ
1
> · · · > λd, donot all vanish. If themeasure is supportedon

finitely many fibers, then we immediately get the contradiction, since

clearly all Lyapunov exponents vanish. If not, we take δ sufficiently

small, and apply Theorem 2.6.2, to get an orbit segment z ′′
0
, · · · , z ′′n,

such that, the first coordinates of this segment form a periodic orbit,

and moreover, the linear map D(fnz ′′
0

(z
0
′′)) has singular values enσ1 >

· · · > enσd , with |σj − λj| 6 δ for all 1 6 j 6 d. This gives at least one

non-vanishing singular value of this map, which is a contradiction to

the (POC’) condition.

2.7 Concluding Remarks

ByapplyingPesin’s theory to adiffeomorphismof a compactmanifold,

oneusually gets a fullmeasure subset of "regularpoints". Thesepoints,

in a sense, have infinite regularity, which means roughly the existence

of the Pesin invariant manifolds along its whole orbits. (Note also

the size of these manifolds decays subexponentially.) In this work,

however, the most important step is to only ask points to have "finite

regularity", in the sense that "stable and unstable manifolds" exist

and make sense only for the first n-steps of the orbit. In this case,

we name them "fake invariant manifolds" and they are not uniquely

defined. Uniqueness is not that important, sinceweonly care about the

contraction (expansion) properties. This subtle definition gives us the

possibility to reuse the whole shadowing technique, by observing we

are only interested in what will happen in the first n-steps, although

n can be chosen very large in the first place.

The generalized Pesin theory for the bundle map is based on all

the assumptions for exactly the same arguments to go through. In

particular, without this theory, we do not have C1
version of the Livs̆ic

theorem. This kind of problems is commonly seen in the theory of

non-uniformly hyperbolicity. Note that in Kocsard and Potrie [95],

for the special case of diff(S1), the C1
version of the Livs̆ic theorem is

established.

One little trick in constructing the "fake invariant manifold" lies

in the definition of the localizing function Fr as in Definition 2.5.32.

Note that, this function preserves locally the information around a

point and varies to a constant away from this point. One need to take
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two layers of neighborhoods with a test function to accomplish the

purpose of constructing "fake invariant manifolds" (which is called

"fake invariant set" in our context).



Chapter 3

Monotonic Symplectic Cocycles

3.1 Introduction

1 In dynamical systems, Lyapunov exponents usually contain rich

information about the properties of the underlining system. For ex-

ample, It plays the fundamental role in the theory of non-uniform

hyperbolicility, initiated by Pesin in [119] and [120], which is an es-

sential advancement since Stephen Smale introduced uniform hyper-

bolicity in the sixties. More precisely, when a dynamical system has

non-vanishing Lyapunov exponents, we say it is non-uniformly hy-

perbolic.

Similar notions also make sense for cocycles. For example, given

anGL(n,R) cocycle (x,y) 7→ (f(x),A(x)·y), we say the cocycle (f,A(·))
is uniformly hyperbolic if there exists a splitting Es ⊕ Eu = Rn, and
constants C > 0, 0 6 λ < 1, such that, for every n > 1 we have

‖An(x) ·w‖ 6 Cλn‖v‖, for any w ∈ Es(x), (3.1.1)

‖An(x)−1 ·w‖ 6 Cλn‖v‖, for any w ∈ Eu(fn(x)). (3.1.2)

We say the cocycle is non-uniformly hyperbolic if there is no zero

Lyapunov exponents. Obviously, the set of non-uniformly hyperbolic

cocycles is larger. In fact, this phenomenon is prevalent, in the sense

of Viana [132].

1
The work in this chapter is joint with Disheng Xu. It is adapted from the

preprint version [105]. The adaption is for the purpose of readability, thus we add

some more details.

59
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Another classical question we are interested in is the reducibil-

ity problem, asking whether or not a given SL(2,R) cocycle over

quasiperiodic dynamics is reducible or not. More precisely, we are

considering the dynamical system R/Z→ R/Z, x 7→ x+ α with some

irrational numberα, andwe say that aCr quasiperiodic cocycle (fα,A)
in SL(2,R) isCr-reducible if there existsB : R/2Z→ SL(2,R) such that

B(x+ α)A(x)B(x)−1 = A
0
, (3.1.3)

where A
0
∈ SL(2,R) is a constant cocycle.

These two aspects of dynamical system are also closely related

to spectral theory. One intensely studied object is the Schrödinger

cocycles. By definition, still in the one dimensional case for simplicity,

we are given a potential v ∈ Cr(R/Z,R), and for any energy E ∈ R,
define the Schrödinger cocycle:

SEv (·) :=
(
E− v(·) −1

1 0

)
∈ Cr(R/Z,SL(2,R)). (3.1.4)

In Avila and Krikorian [15], it was proved that, given anyCω potential

v, for the set of irrational numbers satisfying recurrent Diophantine

condition, which has full Lebesgue measure, and for Lebesgue almost

every energy E, we have the following dichotomy that, either the

Schödinger cocycle is reducible, or it is nonuniformly hyperbolic. Note

that results like this has important implication in the spectrum theory

of Schrödinger operators. (See [15] for details, se also Damanik [53] for

a nice survey and references therein.) This result was later generalized

to all Diophantine frequencies α in Avila and Jitomirskaya [13], Fayad

and Krikorian [65], and to all irrational frequencies α in Avila and

Fayad and Krikorian [11].

Moreover, reducibility problem can be splitted into two steps. One

first try to conjugate the cocycle to a compact subgroup, most conve-

niently, the rotation subgroupSO(2,R), and then try to conjugate it to a

constant. The second step involves solving a cohomological equation,

and usually depends on the arithmetic properties of the translation α.

The first step, also referred to as rotations reducibility, hasmany recent

developments, such as Fayad and Krikorian [65], Avila and Fayad and

Krikorian [11].

At the same time, it is also natural to ask for high dimensional

generalization for all the above questions. Although there are some
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considerations such as Wang and Zhou [145] and Sadel [125], regard-

ing the amount of questions that can be asked, there are not really

many developments in this direction.

For rotations reducibility, in this chapter, we focus on generalizing

the results of the paper Avila andKrikorian [16] to higher dimensional

symplectic groups. In [16], more general cocycles called monotonic

cocycles are considered. For example, based on Katoni theretic com-

putations, it was proved that for any monotonic SL(2,R) cocycles, for
Lebesgue almost every choice of the parameter, the cocycle is either

non-uniformly hyperbolic, or it is rotations reducible.

Thus, we are concerned in symplectic cocycles, over either any

general dynamical system, or over quasiperioric translations. We are

able to define monotonicity for deformation of symplectic cocycles,

via its action on the Siegel disk. In particular, we prove that for a

monotonic deformation of symplectic cocycles, the vanishing of the

Lyapunov exponents implies the cocycle is conjugate to rotations. We

also obtained regularity results by adding another parameter.

For our purposes, some difficulties need to be overcome. Let us

oberseve that, one important ingredient of these SL(2,R) results is

the fact that the group SL(2,R) acts biholomorphically on Poincaré

upper half plane in H+
. In particular, SL(2,R) preserves the Poincaré

metric. This convenient object to act on gives us both an easy way to

compute Lyapunov exponents, as well as the analysis of implications

of the property of monotonicity. It was very unclear how to do similar

analysis for higher dimensional case.

Fortunately, for Sp(2d,R), we are able to find counterparts of these

objects. The higher dimensional replacement of the Poincaré upper

half plane is called the Hermitian symmetric spaces of non compact

type. A Hermitian symmetric space is a Hermitian manifold which

at every point has an inversion symmetry preserving the Hermitian

structure. Hermitian symmetric space appears in the theory of auto-

morphic forms and group representations.

In fact, Harish-Chandra showed that, each non-compactHermitian

symmetric spaces can be realized as a bounded symmetric domain in

a complex vector space. There is a metric on each bounded symmetric

domain called Bergman metric which is invariant under biholomor-

phic transform. Thus,wehave the Siegel upper half plane forSp(2d,R)
whichworks exactly as a replacement for the Poincaré upper half plane

for SL(2,R) (See Section 2 for details). Although the boundary is more
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complicated in this case, we can still define monotonicity and finally

generalize many results.

To describe the boundary, we notice that for the Siegel disk, which

is regarded as a Hermitian symmetric spaces, a holomophic function

of several variables is determined by a proper subset of the boundary

of this domain. This boundary is referred to as the Shilov boundary,

and is identifiedwith real Lagrangian Grassmannian. The specialty of

the Shilov boundary is that, the Lie algebra of biholomorphic transfor-

mation group of a bounded symmetric domain is of Hermitian type.

One important property of such Lie algebra is the existence of convex

cone which is invariant under inner automorphism. This invariant

cone on the Lie algebra induces an invariant cone field on the Shilov

boundary of bounded symmetric domain (See Vinberg [135]). Finally,

this cone field gives a partial order on the Shilov boundary which is a

generalization of the partial order on S1
.

The monotonicity of symplectic cocycle is defined based on this

partial order on real Lagrangian Grassmannian, which generalize the

definition of monotonicity of SL(2,R)-cocycles.
We now can state one of our main results of this chapter:

Theorem 3.1.1. Let A(·) ∈ Cr(Tn,Sp(2d,R)), r = ω or r = ∞, be
monotonic. If Ld(fα,A) = 0 then A(·) is Cr-rotation reducible.

Another feature of our work is the regularity results, one theorem

in this direction is the following:

Theorem 3.1.2. If As(·) ∈ C∞(Tn,Sp(2d,R)) is monotonic and C∞ in
x ∈ Tn and s in some interval. Assume s 7→ α(s) is C∞, then the Lyapunov
exponent Ld(fα,As) is C∞ in s.

This theorem generalizes one theorem in Avila and Krikorian [16]

and draw strong comparisonwith the irregular example obtained very

recently by Wang and You [137].

We want to mention one more result of our paper in the introduc-

tion, which is concerned with the monotonic deformation of symplec-

tic groups acting on an boundary point of the Siegel disk. Indeed,

the boundary of the Siegel disk of higher dimension is much more

complicated than the boundary of the Poincaré disk, which is just a

circle. The boundary is stratified into a disjoint union. Only one of

strata, the Shilov boundary, presents regular behavior which is similar

to the one dimensional circle. We show that, though a point in the
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non-Shilov boundary can behave much worse than a Shilov bound-

ary point, under the monotonic symplectic group action, it will move

along the same direction at least for a while. This result is of its own

interest.

Theorem 3.1.3. Let Aθ(·) be a C2 monotonic deformation of symplectic
cocycles. Then, there exist some small positive constants τ∗ > 0, and δ∗ > 0,
satisfying the following properties. For any boundary point p ∈ ∂kSDd, and
for any integer n > 0, we have the following estimate. For all t > 0 with
tn 6 δ∗,

distHS(
◦
A
n

θ+t(x) · p,
◦
A
n

θ (x) · p) > tnτ∗ + o(t) > 0 (3.1.5)

One closely related work is Xu [141], where it was proved that

Sp(2d,R) cocycles with at least one positive Lyapunov exponent are

dense in all usual regularity classes for non-periodic dynamical sys-

tems. This generalizes the main result of Avila in [6], which is on

the SL(2,R) cocycles. Indeed, both the idea of defining monotonicity

for Sp(2d,R) cocycles and the generalization of the Kotani theoretic

estimates originate from this work.

The outline of this chapter is as follows. In section 2, we give

some basic definitions and some objects we will work with. Some

important notions such as Siegel upper half plane, are necessary for

our definition of monotonicitiy.

Then, the precise definition of monotonicity is given in Section 3.

The meaning of monotonicity of a symplectic group valued cocycle, is

based on the behavior only on the Shilov boundary of the Siegel disk.

Due to the fact of increased complexities for higher dimension groups,

monotonic cocycles exhibit more possibilities. After the definition, we

go on to prove some properties of the monotonic symplectic group

acting on the boundary point of the Siegel disk. This is only used for

the proof of our main result, Theorem 1.1.

In Section 4, we explore the tool of asympototically holomorphic

extensions for symplectic groups. Then, in Section 5, we make the

key estimate, which makes sense to the notion of monotonicity. In

Section 6, we extend the conformal barycenter argument to the more

general Siegel disks, in order to get a technical result on compactness.

In Section 7, we give proofs of many theorems by collecting all the

results and applying all the tools we have developed.
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3.2 Preliminaries

Lyapunov Exponents and the Symplectic Group

Let f : X → X denote a homeomorphism of a compact metric space,

µ is an f-invariant probability measure on X. A C0
linear cocycle is a

continuous map A : X → GL(n,F) with n > 1, where F can be taken

as R or C. Then we have a skew product map on X ×M → X ×M,

whereM is some manifold that GL(n,F) act on (for example,M can

be Fn,PFn and so on), defined by

(x,p) 7→ (f(x),A(x) · p). (3.2.1)

We also denote the iterates of (f,A) by (fn,An), such that

An(x) :=


A(fn−1(x)) · · ·A(x), if n > 1,

Id, if n = 0,

A(fn(x))−1 · · ·A(f−1(x))−1
, if n 6 −1.

(3.2.2)

The top Lyapunov exponent of the cocycle (f,A) is then by definition:

L(A) = L
1
(A) = L(f,µ,A) := lim

n→∞
1

n

∫
ln ‖An(x)‖dµ(x). (3.2.3)

It is also possible to define k-th Lyapunov exponent,

Lk(A) := lim

n→∞
1

n

∫
X

logσk(A
n(x))dµ(x), (3.2.4)

where σk(A) denotes the k-th singular value of the square matrix A.

Finally, we define

Lk(A) :=

k∑
j=1

Lj(A). (3.2.5)

Meanwhile, for anyA ∈ GL(n,F), we can consider its exterior product

ΛkA, acting on the space Λk(Fn). Thus, the cocycle (f,A) on (X,Fn)
gives rise to a new cocycle (f,ΛkA) acting on (X,Λk(Fn)). Note that

by definitions, the top Lyapunov exponent of (f,ΛkA) is just Lk(A).
We say the Lyapunov exponent of a linear cocycle A is positive if

L(f,A) > 0. We say the Lyapunov exponent vanishes if L(f,A) = 0.
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Note that this condition is equivalent to all Lyapunov exponents equal

to zero.

For F being either R or C, the symplectic group of dimension

2d, denoted as Sp(2d,F), is the group of all matricesM ∈ GL(2d,F)
satisfying

MT JM = J, with J =

(
0 Id

−Id 0

)
. (3.2.6)

We will also denote by sp(2d,F) for the corresponding Lie algebra.

A key property is that, the spectrum of the linear maps Sp(2d,F) is
symmetric: the inverse of each eigenvalue is also an eigenvalue. (See

Arnold [3]). It follows that, for cocycles taking values in the sym-

plectic group, the Lyapunov spectrum is symmetric as well: Lj(A) =
L
2d+1−j(A) for all j = 1, · · · , 2d. Thus, we have Ld(A) > 0.

Symplectic cocyles appear naturally in dynamical systems. Sup-

pose (M2d
,ω) denotes a compact, symplectic manifold, then the vol-

ume form can be denoted asω∧ · · ·∧ω, which induces the Lebesgue

measrue λ onM2d
. In this case, we denote by Symp

1

ω(M) the space of

all C1
symplectic diffeomorphisms, which is a subspace of Diff

1

λ(M),
the space of volume-preserving diffeomorphisms. In this case, the

derivative cocycle is exactly the symplectic cocycle we are interested

in.

The Symplectic Group Action on Siegel Upper Half Plane

In this subsection, we review the definitions and some basic properties

of symplectic group action on Siegel upper half plane. There aremany

references for them. See for example Freitas [67], which contains most

of the results we mention in this section. We start with the definition

of Siegel upper half plane.

Definition 3.2.1. The Siegel upper half plane SHd is defined as the

following:

SHd := {X+ iY ∈ SymdC,X, Y ∈ SymdR, Y � 0}. (3.2.7)

Definition 3.2.2. The Siegel disk SDd is by definition the set

{Z ∈ SymdC, Id − Z ¯Z � 0}. (3.2.8)

Notice also SDd is the set of d × d complex symmetric matrices with

operator norm less than 1.
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We also define a convenient Euclidean norm on the set of matrices,

the Hilbert-Schmidt norm,

Definition 3.2.3. For any n× nmatrix, define

‖A‖HS =
√

tr(A∗A). (3.2.9)

For any two n×nmatricesA and B, define theirHS distance to be the

following:

distHS(A,B) := ‖A− B‖HS. (3.2.10)

Remark 3.2.4. This metric and distance should be not confused with

the Bergmanmetric wewill introduce later, whichwill be denoted just

as d.

The real symplectic group acts on the Siegel upper half plane tran-

sitively via the generalizedMöbius transformations. For anyZ ∈ SHd,
and for

M =

(
A B

C D

)
∈ Sp(2d,R), (3.2.11)

define

M · Z := (AZ+ B)(CZ+D)−1

. (3.2.12)

In Sp(2d,R), the stabilizer of the point i · Id ∈ SHd is SO(2d,R) ∩
Sp(2d,R), which is referred to as the rotation subgroup.

Consider the Cayley element

C :=
1√
2

(
Id −i · Id
Id i · Id

)
, (3.2.13)

with its inverse

C−1 =
1√
2i

(
i · Id i · Id
−Id Id

)
. (3.2.14)

Then, for any 2d× 2d complex matrix A, we denote

◦
A := CAC−1

. (3.2.15)

The relations and some properties are summed up as follows.

Lemma 3.2.5. 1. The map A 7→
◦
A is a Lie group isomorphism from

Sp(2d,R) to U(d,d) ∩ Sp(2d,C).
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2. The groupU(d,d)∩Sp(2d,C) acts on the set SDd transitively via the
generalized Möbius transformations. For any Z ∈ SDd, and for

M =

(
A B

C D

)
∈ U(d,d) ∩ Sp(2d,C), (3.2.16)

define
M · Z := (AZ+ B)(CZ+D)−1

. (3.2.17)

3. The Cayley element C induces a fractional linear transformation iden-
tifying SHd with SDd. More precisely, for Z ∈ SHd, we have
ΦC(Z) := (Z − i · Id)(Z + i · Id)−1, and the following diagram com-
mutes:

SHd
A //

ΦC
��

SHd

ΦC
��

SDd

◦
A // SDd

(3.2.18)

Note also that Φ−1

C (Z) = (Z+ Id)i(Id − Z)
−1.

Proof. See Freitas [67].

Now we consider the boundary of SDd in SymdC, defined by:

∂SDd = {ZT = Z, ‖Z‖ = 1}. (3.2.19)

ThegeneralizedMöbius transform iswell-definedon∂SDd. Moreover,

it has a stratification, the strata are, for 1 6 k 6 d,

∂kSDd = {Z ∈ ∂SDd : rank(I− ZZ) = d− k}. (3.2.20)

In particular, ∂dSDd = USym(Cd) = Ud ∩ SymdC, which is called the

Shilov boundary of SDd. It is a basic fact that each stratum is an orbit

of the U(d,d) ∩ Sp(2d,C)-action.
On the other hand, if we take the closure of the Siegel upper half

plane in SymdC, we have

SHd = {Z ∈ SymdC : Im(Z) � 0},

and thus one can map it to ∂SDd using the extensions of the map ΦC
defined in Lemma 3.2.5. Notice that Φ−1

C is not defined on the set

{Z ∈ ∂SDd, 1 ∈ the spectrum of Z}.
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We call this set the infinite boundary and its complement in ∂SDd the

finite boundary. The finite boundary contains a part of every stratum.

We have the following properties: the image of the finite part of the

stratum ∂kSDd under the extension ofΦ−1

C is

fin(∂kSHd) (3.2.21)

:={Z ∈ SymdC : Im(Z) � 0, rank(Im(Z)) = d− k}.

In particular, if we consider fin(∂dSHd) = SymdR, then ΦC restricted

to SymdR gives a chart of {Z ∈ ∂dSDd, 1 /∈ the spectrum of Z}.

Now, for an element g ∈ Sp(2d,R) of the form

g =

(
A B

C D

)
, (3.2.22)

we compose it with the Cayley element C, and get another chart of a

dense subset of ∂dSDd:

ΦCg : SymdR→ ∂dSDd (3.2.23)

Z 7→ ΦC(g · Z)

By definition, we have φCg = ΦC ◦ g, or, considering the com-

mutative diagram (3.2.18), ΦCg =
◦
g ◦ΦC. Thus, we can pick a finite

sequence {g
1
, · · · ,gm} ⊂ Sp(2d,R), with m sufficiently large (it suf-

fices to take m > d + 1), such that for any Shilov boundary point

p ∈ U
Sym

(Cd), there is some gk in the above list, such that ΦCgk gives

a chart whose image contains the point p. In other words, {ΦCgk }
m
k=1

gives an atlas for the Shilov boundary ∂dSDd = USym(Cd).
Next, consider the complexGrassmannianmanifoldGr(2d,d), that

is, the space of all d-dimensional subspaces of C2d
. Let Mat

2d,d(C)
denote the space of all 2d× d complex matrices with rank d and view

the column vectors of each such matrix as a basis of a subspace of

C2d
. If we consider the action of GL(d,C) by right multiplication on

Mat
2d,d(C), which is a change of homogeneous coordinates, then the

Grassmannian is

Gr(2d,d) = Mat
2d,d(C)/GL(d,C). (3.2.24)

For each

(
A

B

)
, we use

[
A

B

]
to represent the equivalence class of

(
A

B

)
.

For a standard SU(n)-invariant metric dp on PC2d−1
, we define the



3.2. Preliminaries 69

following Euclidean distance on Gr(2d,d) as follows:

dGr(U,V) = sup{dp(u, v)
∣∣u ∈ U, ‖u‖ = 1, v ∈ V , ‖v‖ = 1}. (3.2.25)

The projective model SPHd of SHd is the set of all equivalence

classes that admit a representative of the form

(
Z

Id

)
whereZ ∈ SymdC

and I(Z) � 0. More generally, we can include the boundary and

consider the caseswhen I(Z) � 0. Now, the real symplectic group acts

on SPHd by left matrix multiplication, via the representatives of the

equivalence classes. More precisely, if we denote a symplectic matrix

by P =

(
A B

C D

)
, and take Z ∈ SPHd, then the matrix multiplication

is

P

(
Z

Id

)
=

(
AZ+ B
CZ+D

)
=

(
P · Z
Id

)
τP(Z), (3.2.26)

where τP(Z) = CZ + D. Of course, (3.2.26) does not always make

sense in the boundary. However, it does make sense when τP(Z) is
invertible, provided that both Z and P · Z lie in the interior of SHd, or

in the finite boundary of SHd. Equivalently, in those cases, we have(
A B

C D

)
·
[
Z

Id

]
=

[
(AZ+ B)(CZ+D)−1

Id

]
. (3.2.27)

The map connecting SHd and SPHd is

SHd →SPHd (3.2.28)

Z 7→
[
Z

Id

]
.

Similarly we can define the projective model SPDd of the Siegel

disc SDd as the set of equivalence classes in Mat
2d,d(C) that admit a

representative of the form

(
Z

Id

)
, whereZ ∈ SymdC, and ‖Z‖ < 1. The

symplectic group action on SPDd and the identification between SPDd
and SDd are defined similarly. The corresponding generalizedMöbius

transformations is via the group U(d,d) ∩ Sp(2d,C). The difference

with the SPHd case is that we can always define the τP function for all

P ∈ U(d,d) ∩ Sp(2d,C) and all Z ∈ SDd. We will come back to this

issue in the next subsection.
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Next, we follow Xu [141] to define a cone field C over the tangent

space of the Shilov boundary ∂dSDd. For Z ∈ fin(∂dSHd) = SymdR,
we consider the cone

C(Z) = {h : h ∈ TZSymdR,h � 0} ⊂ TZSymdR, (3.2.29)

consisting of positive definite real symmetric matrices. Then we use

the tangent map ofΦCgk defined above to pushC(Z) to get a cone over
ΦCgk(Z) ∈ Usym(Cd). We also denote this cone field by C(ΦCgk(Z)),
by a little abuse of notation.

We need to check this procedure indeed defines a cone field on

USym(Cd). Firstly, we can choose an appropriate Cayley element,

as explained before, so that the corresponding chart makes both Z
1

and Z
2
lie in the finite part. Thus, we can suppose we have Z

1
,Z

2
∈

Symd(R), and A ∈ Sp(2d,R), such that A · Z
1
= Z

2
. We claim that

DAZ
1
· {h � 0} = {h � 0} ⊂ TZ

2
SymdR. Indeed, we can give an explicit

expression. The computationwas already done in [141]. It has enough

importance for us to state is as a lemma.

Lemma 3.2.6. Fix Z ∈ SymdC. Suppose we have a matrix(
A B

C D

)
∈ Sp(2d,C), (3.2.30)

with CZ + D invertible. Then the tangent map of the generalized Möbius
transformation X 7→ (AX+ B)(CX+D)−1 at any point Z is:

SymdC→ Symd(C), (3.2.31)

H 7→ (CZ+D)−1
T ·H · (CZ+D)−1

.

Proof. Fix Z ∈ Symd(C
d). Firstly, some direct computation gives that,

the tangentmap of the generalizedMöbius transformationX→ (AX+
B)(CX+D)−1

at point Z can be expressed by:

H ∈ SymdC 7→ (3.2.32)

(A− (AZ+ B)(CZ+D)−1C) ·H · (CZ+D)−1

.

Now, since

(
A B

C D

)
∈ Sp(2d,C), which is equivalent to the following

conditions,

ATC,BTD are symmetric; (3.2.33)

ATD− CTB = Id. (3.2.34)
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It follows by simple computation, recalling that Z is symmetric, we

have

(DT + ZCT )A(CZ+D)T (3.2.35)

=(BT + ZAT )C(CZ+D)T + (DT + ZCT ).

By multiplying (DT + ZCT )−1
on the left in both sides, we have

(A− (DT + ZCT )−1(BT + ZAT )C)(CZ+D)T = Id (3.2.36)

Note also CZ+D is invertible, and therefore we have that

(AZ+ B)(CZ+D)−1

is symmetric. (3.2.37)

So it follows that

(AZ+ B)(CZ+D)−1 = (DT + ZCT )−1(BT + ZAT ), (3.2.38)

which finishes the proof.

Remark 3.2.7. For Z ∈ SymdC and for P ∈ Sp(2d,C), we have the

generalized Möbius transformation Z 7→ P · Z. We will denote the

corresponding differentiation by

(D
Mö
P)Z(H) = ((CZ+D)−1)T ·H · (CZ+D)−1

. (3.2.39)

Lemma 3.2.8. Take any P =

(
A B

C D

)
∈ Sp(2d,C) ∩ U(d,d), and any

Z ∈ USym(Cd). Consider the Cayley transforms ΦCg ,ΦCh with g,h ∈
Sp(2d,R) ∩ SO(2d,R), such that,

ΦCg(0) =Z. (3.2.40)

ΦCh(0) =P · Z. (3.2.41)

Then for any positive definite real symmetric matrix H, we consider the
following tangent vector at 0 in ∂dSHd.

V =DΦCh(0)
−1 · (DMöP)Z(DΦCg(0) ·H) (3.2.42)

=DΦCh(0)
−1 · (CZ+D)−1

T · (DΦCg(0) ·H) · (CZ+D)−1

�0.
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Proof. Fix H is real positive definite and Z ∈ ∂dSDd. Note that, by

taking some Cayley element Cf with f ∈ Sp(2d,R) ∩ SO(2d,R), we

can assume that both Z and P · Z are all in the finite boundary.

Then, we recall the commuting diagram (3.2.18), and conclude that

V in inequality (3.2.42) is of the form

V = (C ′Z ′ +D ′)−1
T ·H · (C ′Z ′ +D ′)−1

, (3.2.43)

where, P ′ =

(
A ′ B ′

C ′ D ′

)
∈ Sp(2d,R) and Z ′ ∈ Symd(R). Thus, V is

clearly a positive definite matrix, which completes the proof of the

lemma.

We also obtain a quantitative version of the above lemma.

Lemma 3.2.9. Consider a compact subset M ⊂ Sp(2d,C) ∩ U(d,d), then
there exists a constant K

0
= K

0
(M) such that, for any Z ∈ USym(Cd), and

any P =

(
A B

C D

)
∈M, we take g,h ∈ Sp(2d,R) ∩ SO(2d,R), with

ΦCg(0) = Z. (3.2.44)

ΦCh(0) = P · Z. (3.2.45)

We have that

DΦCh(0)
−1 · (CZ+D)−1

T ·DΦCg(0) ·H · (CZ+D)−1

(3.2.46)

� 1

K
0

H.

Proof. Note that for any fixed Z ∈ U
Sym

(Cd) and P ∈ M, it is clear by

lemma 3.2.8 that we can find a constant K
0
satisfying (3.2.46). Since

U
Sym

(Cd),M and Sp(2d,R) ∩ SO(2d,R) are all compact sets, the con-

stant K
0
can be taken uniformly, for any choices of Z,P,g and h.

Thus, we have showed that the cone field is well defined and in-

variant by the symplectic group action. This fact is important because

we will later use this cone field to define monotonicity of deformation

of cocycles.

In SDd, similar to the the Poincaré disk, we can define the Bergman

metric, which can be seen as the generalization of Poincarémetric, and

the symplectic group action preserves the Bergman metric. To define

Bergman metric, we need to define firstly the Bergman Kernel for a

bounded domain in Cn.



3.2. Preliminaries 73

Definition 3.2.10. Let D denote a bounded domain of Cn, and dλ de-
note the Lebesgue measure on Cn. L2(D) denotes the Hilbert space

of square integrable functions on D, and L2,h(D) is the subspace con-
sisting of holomorphic functions in D. Note that the space L2,h(D) is
closed in L2(D).

For every z ∈ D, the evaluation evz : f 7→ f(z) is a continuous linear
functional on L2,h(D). By the Riesz representation theorem, there is a

function ηz(·) ∈ L2,h(D) such that

evz(f) =

∫
D

f(ζ)ηz(ζ)dλ(ζ)

The Bergman kernel K is defined by K(z, ζ) = ηz(ζ).

Definition 3.2.11. Let D ⊂ Cn be a domain and let K(z,w) be the

Bergman kernel on D, consider a Hermitian metric on the tangent

bundle of TzCn by

gij(z) :=
∂2

∂zi∂z̄j
logK(z, z)

for z ∈ D. Then the length of a tangent vector ξ ∈ TzCn is given by

‖ξ‖B,z :=

√√√√ n∑
i,j=1

gij(z)ξ ¯ξj

This metric is called Bergman metric on D.

It is a basic fact that, with respect to the Bergman metric, the

manifold always has negative curvature (see for exampleMilne [[113],

Theorem 1.3]). This fact will be useful in our conformal barycenter

argument later. We denote db the distance induced by the Bergman

metric on SDd. We have the following lemma for this distance.

Lemma 3.2.12. 1. For A ∈ Sp(2d,R), for any Z
1
,Z

2
∈ SDd,

d(
◦
A · Z

1
,

◦
A · Z

2
) = d(Z

1
,Z

2
). (3.2.47)

2. For t ∈ (0, 1), t · SDd := {tZ,Z ∈ SDd} is a bounded precompact
subset of SDd with respect to the metric d. Moreover, we have

d(tZ
1
, tZ

2
) 6 td(Z

1
,Z

2
). (3.2.48)
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Proof. Point (1) is the basic property of Bergman metric, that is, the

Bergman metric is invariant by any biholomophic map. For a proof of

point (2) see Lemma 6 of Clerc [49].

In SymdC, we give an explicit formula for the volume formon it, via

the standard Lebesgue (measure) dλ. Let eij denote the matrix with

1 at the i-th row, j-th column, let Eii = eii and Eij(i 6= j) = eij + eji,
then Eij, i 6 j forms a basis of SymdC. Then we can define Lebesgue

density on SymdC, as follows, for i 6 j,

|dE
11
∧ d ¯E

11
∧ · · ·∧ dEij ∧ d ¯Eij ∧ · · ·∧ dEdd ∧ d ¯Edd|. (3.2.49)

For Z ∈ SDd, let V(Z)dλ(Z) denote the volume form on SDd in-

duced by the Bergman metric on point Z. Without loss of generality,

we can assume V(0) = 1. We have the following important formula:

Lemma 3.2.13. If σi(Z), 1 6 i 6 d are the singular values of Z, then

V(Z) = Π
16i6d(1− σi(Z)

2)−(d+1)

Proof. Themetric on SDd induced by the Bergmanmetric has the form

that

ds2 = Tr((Id − ZZ)
−1dZ(Id − ZZ)

−1dZ). (3.2.50)

(See Siegel [[128],page 17] for details). Some computation based on

this formula gives the formula of the volume of this Lemma.

Fibered Rotation Numbers, Invariant Sections and Monotonicity

Define Υ as the set of Sp(2d,C) matrices such that

◦
A · SDd ⊂ SDd,

which extends to

◦
A·SDd ⊂ SDd. We denoteΩδ = {θ+it

∣∣θ ∈ R/Z, 0 6
t < δ}. Recall the projectivemodel PSDd introduced in Section 2.1. For

anyA ∈ Υ, we can define the function τA : SDd → GL(d,C) satisfying
the following:

◦
A

(
Z

Id

)
=

( ◦
A · Z
Id

)
τA(Z) (3.2.51)

Indeed, τA(Z) = CZ+D and its determinant never vanishes, provided

that

◦
A =

(
∗ ∗
C D

)
, (3.2.52)

and Z ∈ SDd. (3.2.53)
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Now a base measure-preserving system (X, f,µ) is fixed. Suppose

Az(·)with z ∈ Ωδ satisfy that

◦
Az(x) ∈ Υ for all x ∈ X. Then, we denote

Υ̃ for the universal cover of Υ. The lift of the identity Id is denoted as

Ĩd. There exists a unique continuous map τ̃, Υ̃× SDd → C, such that

τ̃(Ĩd,Z) = 0 and eiτ̃(Ã,Z) = det(τA(Z)). (3.2.54)

This map is a cocycle, with respect to the group action via the gener-

alized Möbius transformation. More precisely, it satisfies

τ̃(Ã
2
Ã

1
,Z) = τ̃(Ã

2
,

◦
A

1
· Z) + τ̃(Ã

1
,Z). (3.2.55)

An easy lemma can be obtained immediately.

Lemma 3.2.14. For any Ã ∈ Υ̃, and for any Z
1
,Z

2
∈ SDd,

Iτ̃(Ã,Z
1
) = −| log det(τA(Z1

))|. (3.2.56)

|Rτ̃(Ã,Z
1
) − Rτ̃(Ã,Z

2
)| < dπ. (3.2.57)

Proof. Equation (3.2.56) is just from (3.2.54). Now, suppose that Ã is

the lift of A, and suppose

◦
A has the form

◦
A =

(
∗ ∗
C D

)
. Then,

det(τA(Z1
)) = det(CZ

1
+D) = det(D)det(Id +D

−1CZ
1
). (3.2.58)

Note that, by Theorem 2.1 in Sadel [125], the map also has the form

◦
A =

(
U

1
0

0 U
2

)(
cosh(Γ) sinh(Γ)
sinh(Γ) cosh(Γ)

)(
V
1

0

0 V
2

)
, (3.2.59)

whereU
1
,U

2
and V

1
,V

2
are unitarymatrices, and Γ = diag{a

1
, · · · ,ad}

with a
1
> · · · > ad > 0. So we compute that, the matrix D−1C =

V−1

2
tanh(Γ)V

1
. Since tanh(Γ) is a diagonal matrices with entries not

larger than 1, we find that ‖D−1C‖ 6 1. Thus, the spectrum of the

matrix Id +D−1C is contained in a half plane. The conclusion of the

lemma follows immediately.

Next, we assume further, that a cocycle defined on X satisfies that,

for every x ∈ X,
◦
A(x) ·SDd ⊂ SDd. In this case, by Lemma 3.2.12,

◦
A(x)



76 Monotonic Symplectic Cocycles

uniformly contracts the Bergman metric on SDd. Thus, there exists

m ∈ C0(X,SDd) satisfying:

m(f(x)) =
◦
A(x) ·m(x). (3.2.60)

Any m-function with this property taking values in SDd is called an

invariant section (We have more careful treatment later). By (3.2.51),

we have the following basic identity, to be used later.

◦
A(x)

(
m(x)
Id

)
=

(
m(f(x))
Id

)
τA(m(x)). (3.2.61)

Following ideas from Xu [141], we define an partial order " < "

on the universal cover
˜U
Sym

(Cd) of the Shilov boundary. U
Sym

(Cd).
Recall the cone field C onUSym(Cd), defined in (3.2.29). Note that, we

can lift it to a cone field C̃ on
˜U
Sym

(Cd).

Definition 3.2.15. For any two points Z̃
0
, Z̃

1
∈ ˜USym(Cd), we say Z̃

0
<

Z̃
1
, if there is a C1

curve p : [0, 1]→ ˜USym(Cd), such that,

p(0) = Z̃
0
,p(1) = Z̃

1
,p ′(t) ∈ C̃(p(t)) for all x ∈ [0+, 1−]. (3.2.62)

Remark 3.2.16. This order is indeed well-defined, that is, it is a strict

partial order. This amounts to say, there are on Z̃, Z̃
1
, Z̃

2
∈ ̂Usym(Cd)

such that Z̃ < Z̃ and Z̃
1
< Z̃

2
< Z̃

1
. This fact need to be checked,

and we only will do it in the end of this section. In fact, at the proof

of Theorem 3.3.1, we will consider a determinant function which is

strictly increasing with respect to this order, which implies this fact

implicitly.

Now we make the main definition of this chapter, which is the

important property we are interested in, the main object of our study

in this chapter.

Definition 3.2.17. SupposeAθ is aC0
-curve of Sp(2d,R)matriceswith

θ ∈ J, where J is an open interval or J = R/Z. We say Aθ is monotonic

at the time θ
0
if for any Z̃ ∈ Ũsym(Cd), and any time θ > θ

0
, we have

◦̃
Aθ · Z̃ >

◦̃
Aθ

0
· Z̃. (3.2.63)

If Aθ is monotonic at all θ ∈ J, then we say Aθ is monotonic in J.
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Remark 3.2.18. In the special case of C1
curve of matricesAθ, we have

the following simpler definition, of a more local flavor. Aθ is said to

be monotonic increasing at the time θ
0
if for any Z ∈ Usym(Cd), the

tangent vector of

◦
Aθ · Z at time θ

0
takes values in the cone C(Z).

We will explain more carefully this definition in the next section.

3.3 Monotonic Symplectic Cocycles

Monotonicity

Before getting into details, we fix some notations. Besides the domain

Ωδ := {θ + it
∣∣θ ∈ R/Z, 0 6 t < δ} defined and used in the previous

section, we also denote

Ω±δ = {z = θ+ it
∣∣θ ∈ R/Z,±t ∈ (0, δ)}. (3.3.1)

With the Definition 3.2.17, we put higher regularity for monotonic

cocycles. In this case, it is easier to obtain some simple properties.

Some intuition comes from the one-dimensional case as in Avila and

Krikorian [16].

We begin by proving a lemma on choosing the proper chart around

one Shilov boundary point.

Lemma 3.3.1. Given any Shilov boundary pointZ, there exists some rotation
matrix g = g(Z) ∈ Sp(2d,R) ∩ SO(2d,R), such that,

ΦCg(0) = Z. (3.3.2)

Proof. Given the point Z ∈ U
Sym

(Cd), we can find some unitarymatrix

U, such that

UZUT = −Id. (3.3.3)

Then, take the element g ∈ R such that

◦
g =

(
U−1

0

0 UT

)
. (3.3.4)

Thus, by definition of Cayley transform in (3.2.23), ΦCg maps 0 to the

point Z.
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The concept of Shilov-boundary is from the study of holomorphic

function of several complex variables. Although we did not introduce

this definition in thismore commonway,weneed the following lemma

in our proofs.

Lemma 3.3.2. The Shilov boundary ∂dSDd enjoys the following maximum
modulus principle. For any plurisubharmonic function f defined on SDd,
which extends continuously to ∂SDd,

sup

W∈SDd
|f(W)| 6 sup

Z∈∂dSDd
|f(Z)|. (3.3.5)

Proof. Consider the polydiscD(0, 1)d ⊂ SDd. Note that since the func-

tion f is plurisubharmonic, its restriction to each disk is subharmonic.

By the usual maximummodulus principle for subharmonic functions,

we have

|f(0)| 6 max

Z∈∂D(0,1)d
|f(Z)| 6 max

Z∈∂dSDd
|f(Z)|. (3.3.6)

Observe that the Sp(2d,R) acts transitively as isometries on SDd, and

it acts transitively on the Shilov boundary ∂dSDd. Then, for any

W ∈ SDd, we choose some A ∈ Sp(2d,R), with A · 0 =W. Then,

|f(W)| = |f(A · 0)| 6 max

Z∈∂dSDd
|f(A · Z)| = max

Z∈∂dSDd
|f(Z)|. (3.3.7)

This finishes the proof.

Proposition 3.3.3. Suppose δ > 0. Let Az denote a Ωδ parameterized C1

curve of cocycles taking values in Sp(2d,C). Assume that Aθ+it is real
symmetric, and that ∂

∂z
Az = 0 when I(z) = 0. Suppose also that Aθ takes

values in Sp(2d,R). Then the following statements are equivalent:

1.
◦
Aθ is monotonic at all θ

0
∈ R/Z.

2. There exists a constant ε such that for any θ
0
∈ R/Z and for t > 0,

◦
Aθ

0
+it · SDd ⊂ {Z ∈ SymdC

∣∣‖Z‖ 6 e−εt+o(t)}. (3.3.8)

3. There is a C1 curve of maps
◦
Bθ taking values in SU(d,d)∩ Sp(2d,C)

such that, for any θ
0
fixed, we have

◦
Bθ

0
· ( ∂
∂θ

∣∣
θ=θ

0

◦
Aθ(

◦
A

−1

θ
0

)) ·
◦
B
−1

θ
0

=

(
−i · uθ

0
0

0 i · uθ
0

)
, (3.3.9)
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where uθ
0
is a diagonal matrix and all its diagonal elements are nega-

tive.

Proof. We first show that point (3) implies point (1), by some compu-

tations. Let us assume Equation (3.3.9) holds, then by the definition

(3.2.15), we can compute that

Bθ
0
· ∂
∂θ

∣∣
θ=θ

0

Aθ(A
−1

θ
0

) · B−1

θ
0

(3.3.10)

=C−1 ·
(
−i · uθ

0
0

0 i · uθ
0

)
· C

=

(
0 −uθ

0

uθ
0

0

)
.

So the matrix Bθ
0
Aθ

0
+t(A

−1

θ
0

)B−1

θ
0

has the form(
Id + a(t) −uθ

0
t+ b(t)

uθ
0
t+ c(t) Id + d(t)

)
, (3.3.11)

where a(t),b(t), c(t) and d(t) are all higher (than 2) order terms in t.

It follows that, for any Z ∈ Symd(R), take S = Bθ
0
· Z which is also a

real symmetric matrix, then,

lim

t→0

Bθ
0
Aθ

0
+tA

−1

θ
0

B−1

θ
0

· S− S
t

(3.3.12)

=
1

t
(Id + a(t))S− uθ

0
t+ b(t) − S(uθ

0
t+ c(t))S+ S+ Sd(t))

·(uθ
0
tS+ c(t)S+ Id + d(t))

−1

=− uθ
0
− STuθ

0
S

�0.

Thus,
∂
∂θ

∣∣
θ=θ

0

Aθ(A
−1

θ
0

· Z) � 0, that is, point (1) holds.

Nowwe check that point (1) implies point (2). Assumemonotonic-

ity. Then, for any Z ∈ ∂dSDd, we consider some local chartΦCg , as in

Lemma 3.3.1, such thatΦCg ·0 = Z. Recall the element g is taken from

the rotation subgroup Sp(2d,R) ∩ SO(2d,R). Also, we have that

(DΦ−1

Cg
)Z(

∂

∂θ

∣∣
θ=θ

0

Aθ(Aθ
0
· Z)) = uθ

0
� 0. (3.3.13)
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By Cauchy-Riemannian equations, we obtain that

(DΦ−1

Cg
)Z
∂

∂t

∣∣
t=0

(Aθ
0
+it(Aθ

0
· Z)) = iuθ

0
. (3.3.14)

It follows immediately, there exists ε such that, for t > 0,

◦
Aθ

0
+it · (∂dSDd) ⊂ {Z ∈ SymdC

∣∣‖Z‖ 6 e−εt+o(t)}. (3.3.15)

We need to show the same estimate holds true for non-Shilov bound-

ary point. This is a consequence of the nature of non-Shilov boundary.

More precisely, let us assume for contradiction that for some Aθ
0
+it,

there is some p ∈ SDd, and some direction v, such that

‖(Aθ
0
+itp)v‖ > max

q∈∂dSDd
‖(Aθ

0
+itq)v‖. (3.3.16)

Note that, themap p 7→ ‖(
◦
Aθ

0
+itp)v‖ is plurisubharmonic in p ∈ SDd,

and the basic property of maximum modulus principle for Shilov

boundary is also true for plurisubharmonic functions, by Lemma3.3.2.

Thus, we obtained

‖(Aθ
0
+itp)v‖ 6 max

q∈∂dSDd
‖(Aθ

0
+itq)v‖, (3.3.17)

which is a contradiction to our assumption. This proves point (2) of

the proposition.

On the other hand, let us assume point (2). Denote

Xθ
0
=
∂

∂θ

∣∣
θ=θ

0

◦
Aθ(

◦
A

−1

θ ) ∈ u(d,d) ∩ sp(2d,C). (3.3.18)

ByCauchy-Riemann equations again, iXθ
0
is the direction of thepartial

derivative in the variable t of the cocycle. By point (2), and applying

the Brouwer fixed point theorem (seeDunford and Schwartz and Bade

and Bartle [61]), there is a unique fixed point p ∈ SDd for the action

of exp(itXθ
0
), with t > 0 sufficiently small.

Note that tXθ
0
and itXθ

0
are commuting matrices. It follows that,

the action of exp(tXθ
0
) also fixes this point in SDd. This means the one

parameter group exp(tXθ
0
) is contained in a maximal compact sub-

group ofU(d,d)∩ Sp(2d,C). But all the maximal compact subgroups
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are conjugated to each other in a semi-simple Lie group. So we can

conjugate Xθ
0
in U(d,d) ∩ Sp(2d,C) to take values of the form(

U(d)
U(d)

)
. (3.3.19)

Compositing with another unitary conjugation, we get point (3).

Remark 3.3.4. By the proof of point (1) to point (2), we actually show

that for any Z ∈ SDd,

‖
◦
Aθ

0
+it · Z‖ 6 e−εt+o(t)‖Z‖. (3.3.20)

This is a consequence of monotonicity, and we will need this estimate

in proofs, to replace the Schwarz lemma as in dimension 1 in some

situations.

Proposition 3.3.5. Fix a base dynamics (X, f,µ). Suppose that Aθ is a C1

curve of monotonic increasing deformation with θ ∈ J ⊂ R/Z, taking values
in Sp(2d,R). Assume that there is another cocycleB(·) ∈ C0(X,Sp(2d,R)).
Then the cocycle B(f(x))Aθ(x)B(x)−1 is also monotonic increasing.

Proof. Denote Cθ(x) = B(f(x))Aθ(x)B(x)
−1
. Fix θ

0
∈ J, by the equiv-

alent condition (3) as in Proposition 3.3.3, there exists some

◦
Dθ(x) ∈

Sp(2d,R), such that

◦
Dθ

0
(x) · ( ∂

∂θ

∣∣
θ=θ

0

◦
Aθ(x)(

◦
Aθ(x)

−1)) ·
◦
Dθ

0
(x)−1

(3.3.21)

=

(
−i · uθ

0
0

0 i · uθ
0

)
.

This implies that, for

◦
D
∗

θ(x) :=
◦
B(f(x))

◦
Dθ(x),

◦
D
∗

θ
0

(x) · ( ∂
∂θ

∣∣
θ=θ

0

◦
Cθ(x)(

◦
Cθ(x)

−1)) ·
◦
D
∗

θ
0

(x)−1

(3.3.22)

=

(
−i · uθ

0
0

0 i · uθ
0

)
,

which gives the monotonicity of Cθ at the time θ
0
.
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Nowweconsider amonotonic curve of cocyclesAθ : X→ Sp(2d,R)
over the base dynamics (X, f,µ). By point (2) of Proposition 3.3.3,

when Aθ is monotonic at the point θ
0
, we have that

◦
Aθ

0
+it uniformly

contracts the Bergman metric in SDd for small fixed t > 0, and for all

x ∈ X. Similarly, for t < 0, the map

◦
A

−1

θ
0
−it uniformly contracts the

Bergman metric on SDd. Thus, we can define the unique invariant

sections

m+(·, x) : Ω+
δ → SDd, z = θ0 + it 7→ m+(z, x), (3.3.23)

m−(·, x) : Ω−
δ → SDd, z = θ0 − it 7→ m−(z, x), (3.3.24)

by the following, with any choice of q ∈ SDd,

m+(z, x) := lim

n→∞
◦
A
n

(z, f−n(x)) · q. (3.3.25)

m−(z, x) := lim

n→∞
◦
A

−n

(z, fn(x)) · q. (3.3.26)

Thus, we have obtained two functionsm+(θ
0
+it, x) andm−(θ

0
−it, x).

Recall that we saym is a Herglotz (matrix-valued) function ifm is an

analytic matrix-valued function defined on C+
and the imaginary

part of m is a positive definite symmetric matrix, we list some basic

properties we will use.

Lemma 3.3.6. The Herglotz functionm(·) has a finite normal limit

m(θ+ i0+) = lim

t→0
+
m(θ+ it), (3.3.27)

for almost every θ ∈ R. Moreover, if two Herglotz functionsm
1
,m

2
have the

same limits on a positive measure subset of R, thenm
1
= m

2
.

Proof. See Gesztesy and Tsekanovskii [71] for more details.

Remark 3.3.7. Notice that both functions Φ−1

C ◦ m+(z, x) and Φ−1

C ◦
m−(−z, x) are Herglotz functions in z.

Definition 3.3.8. Consider the derivative of the holomophic map Z 7→
◦
A(x) · Z at point m+(θ + it, x), denote qθ+it(x) as the Jacobian of the

derivative of the above map with respect to the volume form induced

by the Bergman metric.
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By Lemma 9 in Xu [141], we have the following formula

qθ+it(x) = |
dm+(θ+ it, f(x))

dm+(θ+ it, x)
|
V(m+(θ+ it, f(x))

V(m+(θ+ it, x))
(3.3.28)

where V(Z) denotes the Bergman volume defined in Lemma 3.2.13.

The usual way of computing Lyapunov exponents, by integrating the

expansion rate along the unstable directions, gives that

Ld(Aθ+it) =

∫
X

ln |det τAθ+it(x)(m
+(θ+ it, x))|dµ(x). (3.3.29)

Then, (see more details of the proofs in [141]) we have the following

equation relating q(x) and Lyapunov exponents:

Ld(Aθ+it) =
1

2(d+ 1)

∫
X

− lnqθ+it(x)dµ(x). (3.3.30)

Next, we want to state a minor generalization of Theorem 5 of

Xu [141], with respect to C1
monotonic increasing cocycles. Before

that, we need to introduce some more objects to work with.

Recall Υ is the set of Sp(2d,C) matrices such that

◦
A · SDd ⊂ SDd.

Recall also the definition of τ̃ in (3.2.54). Suppose γ : [0, 1] → Υ

is continuous, with its lift γ̃ : [0, 1] → Υ̃. We define δγτ̃(Z0
,Z

1
) =

τ̃(γ̃(1),Z
1
) − τ̃(γ̃(0),Z

0
). For our fixed Az, and for an arbitrary choice

of z ∈ Ω+
δ ∪R/Z, consider a continuouspath lz : [0, 1]→ Ω+

δ ∪R/Z such

that l(0) = 0, l(1) = z. For x ∈ X, define the pathγx(s) := Alz(s)(x), s ∈
[0, 1]. Then, define δzξ : X × SDd × SDd → C by δzξ(x,Z0

,Z
1
) =

δγx τ̃(Z0
,Z

1
). Finally, define

δzξn : X× SDd × SDd → C, (3.3.31)

(x,Z
0
,Z

1
) 7→ 1

n

n−1∑
k=0

δzξ(f
kx,Πk−1

i=0

◦
A(fi(x)) · Z

0
,Πk−1

i=0

◦
Az(f

i(x)) · Z
1
).

Then we have the following proposition:

Proposition 3.3.9. The limits of Rδzξn(x,Z0
,Z

1
) and of Iδzξn(x,Z1

,Z
2
)

both exist for µ-almost every x, all z ∈ Ω+
δ ∪ R/Z, and for all Z

0
,Z

1
∈

SDd. Moreover, both limits are independent of the choices of Z
0
,Z

1
, and the

following quantity ∫
X

lim

n→∞Rδzξn(x,Z0
,Z

1
)dµ(x) (3.3.32)

is a continuous function in z ∈ Ω+
δ ∪ R/Z.
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Proof. The existence of the limit can be proven separately for its real

and its imaginary parts. For the real part, note that we have

n−1∑
k=0

δzξ(f
k(x),Πk−1

i=0

◦
A(fix)·Z

0
,Πk−1

i=0

◦
Az(f

ix)·Z
1
) = δγ(Z0

,Z
1
), (3.3.33)

where γ(s) = γfn−1x(s) · · ·γx(s) with s ∈ [0, 1]. Thus, by the inequal-

ity (3.2.57), we have that |Rδzξn(x,Z0
,Z

1
) − Rδzξn(x,Z

′
0
,Z ′

1
)| 6 dπ

n
.

Then, by Birkhoff ergodic theorem, the following limit exists and does

not depend on the choices of Z
0
and Z

1
:

lim

n→∞Rδzξn(x,Z0
,Z

1
). (3.3.34)

Then, by integrating it with respect to µ, then the resulting integral

obviously depends on z continuously.

Now we turn to the imaginary part. For A ∈ C0(X,Sp(2d,R), the
Lyapunov exponent is by definition given by the following

Ld(A, x) = lim

n→∞
1

n
log ‖

d∏
i=1

σi(A
n(x))‖. (3.3.35)

It exists for µ-almost every point, and its integration with respect to µ

is the exponent Ld(A). We claim that for µ-almost every x ∈ X, and
for all z ∈ C+

,Z
0
,Z

1
∈ SDd,

lim

n→∞ Iδzξn(x,Z0
,Z

1
) = Ld(A, x) − Ld(Az, x), (3.3.36)

and then the conclusion of the lemma follows. In order to show the

claim, we first check the following: for all Z ∈ SDd, the Grassmannian

element

(
Z

Id

)
is transverse to all the Oseledets stable subspace. This

is not hard to see because Ak(x)

(
Z

Id

)
has uniform bounded norm.

Now we consider Az with z = θ + it ∈ Ω+
δ . By Proposition 3.3.3,

◦
Aσ+it uniformly contracts the Bergmanmetric of SDd, and there exists

a measurable function m+(z, ·) : X → SDd which is bounded away

from ∂SDd and C1
depends on θ+ it, such that

m+(θ+ it, f(x)) =
◦
Aθ+it(x) ·m+(θ+ it, x). (3.3.37)
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Moreover, we know the element[
m+(σ+ it, x)

Id

]
(3.3.38)

in the Grassmannian represents the unstable Osecedets flag consisting

the d directions corresponding to the largest exponents. (see remark

of Sadel [125], or section 3 and section 6 of Avila and Svetlana and

Sadel [12]). In particular, from this, theOsecedets theorem implies that

the orbits of

(
Z

Id

)
under the dynamics of

◦
A converge to the Oseledec

unstable direction exponentially fast. That is, for all Z ∈ SDd, z ∈ Ω+
δ ,

the distance

dist(
◦
Az(f

n−1(x)) · · ·
◦
Az(x) · Z,m+(z, fn(x))) (3.3.39)

goes to 0 exponentially fast. Then the conclusion of the lemma follows,

by considering both the point z and the point 0, and then by integrating

with respect to µ.

Definition 3.3.10. Denote

ρ(z) :=

∫
X

lim

n→∞Rδzξn(x,Z0
,Z

1
)dµ(x), (3.3.40)

and call it the fibered rotational number.

Theorem3.3.1. LetAzwith z ∈ Ω+
δ take values inΥ. Assume the restriction

of Az to R/Z is a C1-curve of real symplectic matrices, and is monotonic.
Then, there exists a C1 function ζ defined onΩ+

δ , such that

1. ζ extends continuously to R/Z. The real part of ζ(z), denoted by
ρ(z) = R(ζ)(z), is non-increasing restricted to R/Z.

2. The imaginary part of −ζ(z) equals Ld(Az).

Proof. Following the previous considerations, especially the Proposi-

tion 3.3.9, we start by the definition of the function ζ. For z ∈ Ω+
δ ∪R/Z,

we define

ζ(z) := (3.3.41){∫
X
lim δzξn(x, 0, 0)dµ(x) − iL

d(A
0
), if t > 0;∫

X
limRδzξn(x, 0, 0)dµ(x) − iL

d(Az), if z ∈ R/Z.
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Note point (2) of the Theorem is by definition. The well-definedness

of ζwas due to previous considerations. We now explain the differen-

tiability of the ζ function. Notice the invariant section m = m+(z, x)
depends C1

in z, by the classical Cr section theorem (see Hirsch and

Pugh and Shub [81]). Then, the sequence δzξn(x, 0,m
+(z, x)) is both

C1
and uniformly bounded. Now their limit is also aC1

functionwhen

they exist. Thus the integral of these limit with respect to µ also de-

pends C1
in z, which gives the differentiability of the ζ function. It is

left for us to check that ρ restricted to R/Z is non-increasing.

Recall the definition of monotonicity. For Z ∈ Usym(Cd), for any
lift of A ∈ Sp(2d,R), det(Z) 6= 0, then we claim the following equality

holds.

det(
◦
A · Z) = e−2iR(τ̂( ˆA,Z))

det(Z). (3.3.42)

By (3.2.55), and by Cartan decomposition of Sp(2d,R), it suffices to

prove Identity (3.3.42) for the case

◦
A =

(
U 0

0 (U−1)T

)
, (3.3.43)

or the case

◦
A =

(
1

2
(S+ S−1) 1

2
(S− S−1)

1

2
(S− S−1) 1

2
(S+ S−1)

)
, (3.3.44)

where U is an arbitrary unitary matrix, S is an arbitrary real non-

singular diagonal d× dmatrix. For the first case, we check

det(
◦
A · Z) (3.3.45)

=det(UZUT ) = det(U)2 det(Z)

=e−2iR(τ̂( ˆA,Z))
det(Z).

For the second case, we have

det(
◦
A · Z) (3.3.46)

=det((S+ S−1)Z+ (S− S−1))det((S− S−1)Z+ (S+ S−1))−1

=det((S+ S−1) + (S− S−1)Z)det((S− S−1)Z+ (S+ S−1))−1

det(Z)

=e−2iArg(det((S−S−1)Z+(S+S−1)))
det(Z)

=e−2iR(τ̂( ˆA,Z))
det(Z).
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By equality (3.3.42), the monotonic decreasing of the ρ(θ) function

would follow from themonotonic increasing of det(
◦
A ·Z)with respect

to θ. Thus, it suffices to show that, for all x ∈ X, and for all Z ∈
Usym(Cd), any continuous lift of the path det(

◦
Aθ(f

n(x)) · · ·
◦
Aθ(x) ·

Z), θ ∈ R is monotonic increasing with respect to θ.

So, we focus on the Shilov boundary Usym(Cd), as well as its lift

Ũsym(Cd). We denote Π : ˜Usym(Cd) → Usym(Cd) for the covering

map. We then choose any continuous lift of the determinant function

on
˜Usym(Cd), denoted as d̃et : ˜Usym(Cd)→ R, such that

π ◦ ˆdet = det ◦Π (3.3.47)

where π : R → S1
: is defined by π(x) = eix. We also consider any

continuous lift of the path

◦
Aθ(f

n(x)) · · ·
◦
Aθ(x) · Z, denoted as

˜◦
Aθ(fn(x)) · · ·

◦
Aθ(x) · Z. (3.3.48)

It suffices to show that, d̃et(
˜◦

Aθ(fn(x)) · · ·
◦
Aθ(x) · Z) is monotonic with

respect to θ. Since Aθ is a monotonic cocycle, by definitions 3.2.15

and 3.2.17, we only need to show that in the level of the lifts, the

function d̃et preserves the order < defined in Definition 3.2.15. More

precisely, it suffices to show, for Z̃
1
, Z̃

2
∈ Υ̃

sym(Cd), if Z̃1
< Z̃

2
, then

d̃et(Z̃
1
) < d̃et(Z̃

2
). (3.3.49)

To prove this, we take an arbitrary C1
-curve

p : [0, 1]→ Ũsym(Cd),p(0) = Z,p ′(t) = H ∈ C(Z). (3.3.50)

Thenwe consider
d
dt
|t=0

d̃et(p(t)). By taking a rotation if necessary, we

can assume that 1 /∈ the spectrum of Z. In other words, we assume

that Z is in the finite boundary of SDd. Then by computation, there

is some h ∈ SymdR, with h � 0, such that H = −i(Z − Id)h(Z − Id).
Next, we compute

det(p(t)) (3.3.51)

=det(Z+ tH+ o(t))

=det(Z− it(Z− 1)h(Z− Id) + o(t))

=det(Z)det(Id − it(Id − Z
∗)h(Z− Id) + o(t))

=det(Z)det(Id + it(Id − Z
∗)h(Id − Z) + o(t)).
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Since (1− Z∗)h(1− Z) is positive definite, we have shown that

d

dt
|t=0

ˆdet(p(t)) > 0. (3.3.52)

This shows the monotonicity of the function ρ, and now the proof of

the theorem is complete.

Monotonic Cocycle Acting on the Boundary

In this subsection,wewill get someproperties of symplecticmonotonic

cocycles acting on the boundary of the Siegel disk. Note that, the

general Sp(2d,R) action on the boundary is very complicated, and one

does not expect many regular behaviors. For example, the analysis of

fixedpoints of symplectic group Sp(4,R) on∂SD
2
is alreadynot trivial.

See some recent works are done in Friedland and Freitas [68] and [66].

See also Freitas [67]. However, for deformation of monotonic cocycles,

which is our main object here, the situation is not the same. We can

obtain that, for example, there is no fixed point in the boundary for

the action of a curve of monotonic cocycles. Moreover, under some

mild assumptions, we can even show that the iterates of such cocycles

strengthen the effect of monotonicity. Intuitively, it can be understood

that, the cocyclemoves anyboundarypoint towards the samedirection

at least for some time, with respect to the underlying dynamics.

To prove such properties, the strategy is as follows. Firstly, mono-

tonicity gives our desired property for Shilov boundary points. Since

the Shilov boundary U
Sym

(Cd) = ∂dSDd is compact, we can obtain a

lower bound uniformly for the moving speed of the action on Shilov

boundary points. Then, we will use the normal form of a monotonic

curve of cocycle, and compute its derivative of the action on any (non-

Shilov) boundary point. Finally, we relate two ways to describe the

strength of monotonicity, and prove the second theorem for iterates of

cocycles.

The main results of this subsection are Theorem 3.3.2 and theo-

rem 3.3.3. Note that, these results are of their own interest, and we

will not use them until Section 3.7.

Definition 3.3.11. Restricted to this section, we will use the following

notation.

R = Sp(2d,R) ∩ SO(2d,R). (3.3.53)
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Before studying non-Shilov boundary points, we focus firstly on

the Shilov boundary points. Also, we will consider the Riemannian

manifold SDd embedded in the convenient Euclidean space Cd×d.
Then, for any tangent vector V at any point Z ∈ SDd, and any other

point Z ′ ∈ SDd, we can make a parallel transport of V to a tangent

vector at Z ′. In this way, we can identify all the tangent spaces, and

therefore, we can compare tangent vectors at different points.

Next, we look at monotonic cocycles acting on a Shilov boundary

point.

Lemma 3.3.12. Assume Aθ(·) with θ ∈ R/Z is monotonic. Then, there is a
small number τ > 0, such that, for any x ∈ X, θ

0
∈ R/Z and Z ∈ ∂dSDd,

there is some chart ΦCg with g ∈ R, such that, ΦCg(0) = Z, and that

H = DΦCg(0)
−1 · ∂

∂θ

∣∣
θ=θ

0

◦
Aθ(x)(

◦
Aθ

0
(x)−1 · Z) � τId. (3.3.54)

Proof. Fix x ∈ X,Z ∈ ∂dSDd and θ0 ∈ R/Z. Then, we can choose an el-

ement g ∈ R, such that,ΦCg(0) = Z. By the definition ofmonotonicity,

we have that

DΦCg(0)
−1 · ∂

∂θ

∣∣
θ=θ

0

◦
Aθ(x)(

◦
Aθ

0
(x)−1 · Z) � 0. (3.3.55)

By compactness ofX,∂dSDd,R/Z, andR, we can choose someuniform

positive number τ such that the left hand side of above inequality is

a positive definite matrix which is larger than τId with respect to "�"
for any choices of x,Z, and θ

0
.

Now we start to work on non-Shilov boundary points.

Proposition 3.3.13. Assume a curve of matrices Aθ ∈ Sp(2d,R) has a
given form as follows as θ is close to 0.

◦
Aθ
◦
A

−1

0
=

(
eiθu 0

0 e−iθu

)
+ o(θ), (3.3.56)

where u is a real diagonal d × d matrix with positive diagonal elements.
Then, there exists some constant τ

0
> 0, satisfying the following conditions.

For any k = 1, · · · ,d− 1, take some element q ∈ ∂kSDd. Denote

V =
∂

∂θ

∣∣
θ=0

◦
Aθ(

◦
A

−1

0
· q). (3.3.57)

Then ‖V‖HS > τ
0
. Moreover, if we denote the smallest diagonal element of

u as δ, then τ
0
> 2δ.
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Proof. Fix the complex symmetric matrix q, then there exists a unitary

matrix U, such that q = UZ(−r)UT , where Z(−r) is a matrix of the

form

Z(−r) =

(
−Ik 0

0 −r

)
, (3.3.58)

where r = r(d−k)×(d−k) is a diagonal matrix of order d − k, with

diagonal elements 1 > r
1
· · · > rd−k > 0. Thus, we have

V =
∂

∂θ

∣∣
θ=0

◦
Aθ(

◦
A

−1

0
·UZ(−r)UT ). (3.3.59)

Then we write

◦
Aθ
◦
A

−1

0
=

(
eiθu + a(θ) b(θ)

c(θ) e−iθu + d(θ)

)
, (3.3.60)

where a,b, c,d are four higher order (matrices-valued) functions in θ.

Then, we compute the derivative in θ of the action of this cocycle Aθ
on the point A−1

0
· q. For convenience, we write the curve of matrices

γ(θ) = Aθ · (A−1

0
· q). Then,

γ ′(0) (3.3.61)

=
∂

∂θ

∣∣
θ=0

Aθ(A
−1

0
· q)

=
∂

∂θ

∣∣
θ=0

(
(eiθu + a(θ))q+ b(θ)

)(
c(θ)q+ e−iuθ + d(θ)

)−1

=
(
eiθuiuq+ a ′(θ)q+ b ′(θ)

)(
c(θ)q+ e−iuθ + d(θ)

)−1
∣∣
θ=0

+(−1)
(
(eiθu + a(θ))q+ b(θ)

)(
c(θ)q+ e−iuθ + d(θ)

)−1(
c ′(θ)q− iue−iuθ + d ′(θ)

)(
c(θ)q+ e−iuθ + d(θ)

)−1
∣∣
θ=0

=iuq+ iqu

=iuUZ(−r)UT + iUZ(−r)UTu.

Now we write the unitary matrix U block-wise,

U =

(
U(1) U(2)

U(3) U(4)

)
. (3.3.62)
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Then it follows that

UZ(−r)UT (3.3.63)

=

(
U(1) U(2)

U(3) U(4)

)(
−Ik 0

0 −r

)
UT

=−

(
U(1) U(2)r

U(3) U(4)r

)
UT .

In this expression, we look at the first matrix. Note that, the first k

column vectors of the first matrix form an orthonomal basis for some

complex vector space of dimension k, because it is part of an unitary

matrix. Note also theHilbert-Schmidt norm is unitary invariant. Then,

The Hilbert-Schmidt norm of the entire right hand side is at least k.

Now we suppose that for the real positive diagonal matrix u, each

element is at least δ > 0. It then follows that

‖γ ′(0)‖HS = ‖uUZ(−r)UT +UZ(−r)UTu‖HS > 2δk > 2δ. (3.3.64)

This finishes the proof.

As we have described in the beginning of this subsection, our goal

is to study the monotonic cocycle acting on a (non-Shilov) boundary

point. While the action ofmonotonic symplectic cocycles on the Shilov

boundary is very similar to the monotonic SL(2,R) cocycles acting on

the projective curve PR2
, as is observed before, other strata of ∂SDd are

indeedmuchmore complicated. In this respect, if we have a boundary

point p ∈ ∂kSDd, with k < d, it is harder to extract information on the

behavior of the monotonic cocycle acting on this specific point. We

do find that, after the preparation work above, this point is moving

somewhere. Indeed, the next theorem implies that there is no fixed

point at the boundary ∂kSDd under this action.

Theorem 3.3.2. Let Aθ(·) ∈ C0(X,Sp(2d,R)), with θ ∈ R/Z, denote a
monotonic increasing, C2 curve of C0 cocycles. Then, there exists some small
positive constant τ∗ > 0, such that, for any boundary point q ∈ ∂kSDd,
k = 1, · · · ,n, for any θ

0
∈ R/Z, x ∈ X, and for any sufficiently small t > 0,

we have the following estimate:

distHS(
◦
Aθ

0
+t(x)

◦
Aθ

0
(x)−1 · q,q) > tτ∗ + o(t) > 0. (3.3.65)
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Proof. By Proposition 3.3.3, item (3), the assumption of monotonicity

of the cocycle implies that, there exists a curve Bθ ∈ C0(X,Sp(2d,R)),
such that, for any θ

0
∈ R/Z and any x ∈ X, we can define the cocycle

Cθ(x) only near the time θ
0
, as follows. For θ ∈ [θ

0
− ε, θ

0
+ ε], define

Cθ(x) := Bθ
0
(f(x))Aθ(x)Bθ

0
(x)−1

. (3.3.66)

Then, it follows that

∂

∂θ

∣∣
θ=θ

0

◦
Cθ(x)(

◦
Cθ

0
(x)−1) (3.3.67)

=
◦
Bθ

0
(f(x)) · ( ∂

∂θ

∣∣
θ=θ

0

◦
Aθ(x)(

◦
Aθ

0
(x)−1)) ·

◦
B
−1

θ
0

(f(x))

=

(
i · uθ

0
(x) 0

0 −i · uθ
0
(x)

)
,

where each uθ
0
(x) is a real positive diagonal matrix. This implies that,

we can write the cocycle near the time θ
0
as follows,

◦
Cθ(x)(

◦
Cθ

0
(x)−1)) (3.3.68)

=

(
ei(θ−θ0)uθ0(x) 0

0 e−i(θ−θ0)uθ0(x)

)
+ o(θ− θ

0
),

Now we take any point q ∈ ∂kSDd. Since

◦
Bθ

0
(f(x)) preserves each

stratum of the boundary, it follows that

◦
Bθ

0
(f(x)) · q ∈ ∂kSDd. Now

we denote

V(θ
0
, x,q) :=

∂

∂θ

∣∣
θ=θ

0

◦
Cθ(

◦
C

−1

θ
0

(x) ·
◦
Bθ

0
(f(x)) · q), (3.3.69)

Then, by Proposition 3.3.13, there exists τ
0
> 0, only depending on

uθ
0
(x), such that, ‖V(θ

0
, x,q)‖HS > τ

0
. By computation,

V(θ
0
, x,q) (3.3.70)

=
∂

∂θ

∣∣
θ=θ

0

◦
Cθ(

◦
C

−1

θ
0

(x) ·
◦
Bθ

0
(f(x)) · q)

=(D
Mö

◦
Bθ

0
(f(x)))q

( ∂
∂θ

∣∣
θ=θ

0

◦
Aθ(x)(

◦
Aθ

0
(x)−1 · q)

)
.

Note that in the above equality, we have used the notation (D
Mö
P)Z

for the derivative of the generalized Möbius transform P at the point
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Z, as was introduced in Remark 3.2.7. Equivalently, we have that

∂

∂θ

∣∣
θ=θ

0

◦
Aθ(x)(

◦
Aθ

0
(x)−1 · q) (3.3.71)

=(D
Mö

◦
Bθ

0
(f(x))−1) ◦

Bθ
0

(f(x))·q
V(θ

0
, x,q)

If we denote the conorm of the operator

(D
Mö

◦
Bθ

0
(f(x))−1)Bθ

0

(f(x))·q (3.3.72)

to be
1

K
0

, then we have the estimate that

‖ ∂
∂θ

∣∣
θ=θ

0

◦
Aθ(x)(

◦
Aθ

0
(x)−1 · q)‖HS >

τ
0

K
0

. (3.3.73)

Then we take τ∗ = τ
0

K
, it then follows that

distHS(
◦
Aθ(x)

◦
Aθ

0
(x)−1 · q,q) (3.3.74)

>τ∗(θ− θ
0
) + o(θ− θ

0
),

which completes the proof of the estimate for fixed x, θ
0
and q ∈

∂kSDd.

To finish the proof, we argue that the constant τ∗ can be chosen

uniformly. This is a consequence of repeated compactness argument.

First of all, since θ
0
, x are taken from compact setsR/Z,X, respectively,

the elements of the diagonal matrix uθ
0
(x) can have a uniform lower

bound, denoted as δ. Then by the proof of Proposition 3.3.13, we can

take the constant τ
0
= 2kδ > 2δ for all k = 1, · · · ,n. Note that our

final constant is τ∗ = τ
0

K
0

, where
1

K
0

is a lower bound for the conorm of

operator

(D
Mö

◦
Bθ

0
(f(x))−1) ◦

Bθ
0

(f(x))·q
(3.3.75)

In fact, again, since R/Z,X are compact sets, and SDd is also a com-

pact set, the conorm of above operator is bounded from below by
1

K
0

uniformly. Thus, our constant τ∗ is taken uniformly.

Next, we want to improve the previous theorem for iterates of the

monotonic cocycles. We first establish the following lemma, which

states that, under an additional assumption that the iterates of the

cocycle stay in a compact subset, the strength of monotonicity accu-

mulate, which is basically linear in the iterate n.
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Lemma 3.3.14. Let Aθ(·) ∈ C0(X,Sp(2d,R)) be a C2-curve of monotonic
cocycles, with θ ∈ R/Z. We assume additionally that

{Akθ(x)}x∈X,θ∈R/Z,k>0
⊂M, (3.3.76)

for some compact subset M ⊂ Sp(2d,R).
Then there exists some constant τ ′, with the following properties. Take

any x ∈ X, θ
0
∈ R/Z and Z ∈ USym(Cd), for all n > 0, consider the Cayley

transform ΦCg with
g = g(x, θ

0
,Z) ∈ R, (3.3.77)

such that,
ΦCg(0) =

◦
A
n

θ (x) · Z. (3.3.78)

Then, we have the following estimate

DΦCg(0)
−1 · ∂

∂θ

∣∣
θ=θ

0

◦
A
n

θ (x) · Z � nτ ′Id. (3.3.79)

Proof. Again, the proof is essentially compactness arguments. Firstly,

under the assumptions, by Lemma 3.2.9, we get a constant K
0
depend-

ing on M, such that, for any Z ∈ U
Sym

(Cd), θ
0
∈ R/Z, x ∈ X, and for

any k > 1, there are Cayley transforms ΦCg and ΦCh , with g,h ∈ R,

such that

ΦCg(0) = Z. (3.3.80)

ΦCh(0) =
◦
A
k

θ
0

(x) · Z. (3.3.81)

Moreover,

DΦ−1

Ch
(0) · (D

Mö

◦
A
k

θ
0

(x))Z(DΦCg(0) ·H) �
1

K
0

H, (3.3.82)

for any positive definite real matrix H. Thus, we can make the com-

putation that

DΦ−1

Ch
(0)· (3.3.83)

(D
Mö

◦
A
k

θ
0

(x)) ◦
A
n−k

θ
0

(x)·Z
(
∂

∂θ

∣∣
θ=θ

0

◦
Aθ(x)) · (

◦
A
n−k−1

θ (x) · Z)

� 1

K
0

DΦCg(0)
−1 · ( ∂

∂θ

∣∣
θ=θ

0

◦
Aθ(x)) · (

◦
A
n−k−1

θ (x) · Z)

� 1

K
0

τId.
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Note the last equality above is by Equation (3.3.54). Then for any

n > 1, we take f ∈ R such that

ΦCf(0) =
◦
A
n

θ
0

(x) · Z, (3.3.84)

and then, we compute that

DΦCf(0)
−1 · ∂

∂θ

∣∣
θ=θ

0

◦
A
n

θ (x) · Z (3.3.85)

=

n−1∑
k=0

DΦCf(0)
−1·

(D
Mö

◦
A
k

θ
0

(x)) ◦
A
n−k

θ
0

(x)·Z
(
∂

∂θ

∣∣
θ=θ

0

◦
Aθ(x)) · (

◦
A
n−k−1

θ (x) · Z)

�n τ
K

0

Id.

Note the last inequality is by applying Equation (3.3.83) to each term

of the sum.

Finally, by taking τ ′ = τ
K

0

, the proof is finished.

We have used two related ways to describe the strength of a mono-

tonic cocycle. The first one is to use Proposition 3.3.3, to give a kind

of "normal form" for the derivative of the cocycle, taking values in

the corresponding lie algebra, as in Equation (3.3.9). The other way,

which is more direct, is to look at the derivative in the parameter of

the curve of cocycles acting on the Shilov boundary ∂dSDd, pull back

to the boundary ∂dSHd, and give it a lower bound, see this lemma

(Lemma 3.3.14). Let us state the next lemma to explain further how

they are related to each other.

Lemma 3.3.15. Let Aθ(·) ∈ C0(X,Sp(2d,R)) be a C2-curve of monotonic
cocycles, with θ ∈ R/Z. We assume additionally that

{Akθ(x)}x∈X,θ∈R/Z,k>0
⊂M, (3.3.86)

for some compact subset M ⊂ Sp(2d,R). Then there exists δ such that, for
any n > 1, the cocycleAnθ (·) is monotonic with the following strength. More
precisely, there exists a curve of cocycles

Bθ,n(·) ∈ C0(X,Sp(2d,R)) (3.3.87)



96 Monotonic Symplectic Cocycles

such that, for any x ∈ X, θ
0
∈ R/Z, we can write

◦
Bθ

0
,n(f

n(x)) · ∂
∂θ

∣∣
θ=θ

0

◦
A
n

θ (x)(
◦
A
n

θ
0

(x)−1) ·
◦
Bθ

0
,n(f

n(x))−1

(3.3.88)

=

(
i · uθ

0
,n,x 0

0 −i · uθ
0
,n,x

)
,

where everyuθ
0
,n,x is a real positive diagonalmatrix, whose diagonal elements

are all larger than nδ.

Proof. Although this can be proved directly, we treat it based on the

Lemma 3.3.14, stressing the relation of these two characteristics of the

"strength" of monotonicity.

For fixed n > 1, the existence of Bθ,n(·) is by Proposition 3.3.3.

More precisely, we can take some curve of cocycles Bθ,n(·), such that,

for any θ
0
and x fixed, we have the following form

◦
Bθ

0
,n(f

n(x)) · ( ∂
∂θ

∣∣
θ=θ

0

◦
A
n

θ (x)(
◦
A
n

θ
0

(x)−1)) ·
◦
Bθ

0
,n(f

n(x))−1

(3.3.89)

=

(
i · uθ

0
,n,x 0

0 −i · uθ
0
,n,x

)
.

Now we consider the point p =
◦
Bθ

0
,n(f

n(x))−1 · (−Id), which lies in

the Shilov boundary. Compute the derivative in θ of the cocycle

Bθ
0
,n(f

n(x))Anθ (x)Bθ0,n(f
n(x))−1

(3.3.90)

acting on this point p, as we already did in Equation (3.3.61), and then

define the resulting tangent vector as V . More precisely, define

V : = V(θ
0
, x,n,p)

= (D
Mö

◦
Bθ

0
,n(f

n(x)))p
( ∂
∂θ

∣∣
θ=θ

0

◦
A
n

θ (x)(
◦
A
n

θ
0

(x)−1 · p)
)

(3.3.91)

= −2iuθ
0
,n,x.

Note thatV ∈ T−Id∂dSDd. Note also theCayley transformΦC induced

the tangent map

DΦC(0)
−1(V) = uθ

0
,n,x. (3.3.92)

On the other hand, for the boundary point p, we can find another

rotation matrix, g ∈ R, such that,

◦
g · (−Id) = p. (3.3.93)
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Then, the Cayley transform ΦCg(0) = p. By Lemma 3.3.14, we have

the following estimate:

DΦC(0)
−1 ·(D

Mö

◦
g
−1

)p
( ∂
∂θ

∣∣
θ=θ

0

◦
A
n

θ (x)(A
n
θ
0

(x)−1 ·p)
)
� nτ ′Id. (3.3.94)

Let us now recall the choices of the matrices Bθ,n(·) ⊂ Sp(2d,R),
which was explained in the proof of Proposition 3.3.3. In fact, each

Bθ
0
,n(x) is the conjugation between two compact subgroups. One of

them contains the one-parameter group exp(tXθ
0
,n,x), where Xθ

0
,n,x is

defined by

Xθ
0
,n,x =

∂

∂θ

∣∣
θ=θ

0

◦
A
n

θ (x)(
◦
A

−n

θ
0

(x)) ∈ u(d,d) ∩ sp(2d,C), (3.3.95)

and the other is of the form(
U(d) 0

0 U(d)

)
. (3.3.96)

Note that, by assumption the cocycles {
◦
Anθ (x)} all lie in some compact

subset N. It is clear that this implies we can choose

◦
Bθ,n(·) to take val-

ues inside a compact subset (This follows from the proof of conjugacy

of maximal compact subgroups, see Helgason [78]). We still denote

this compact subset as N ⊂ Sp(2d,C) ∩U(d,d).
The above observation is crucial. Based on this observation, we

next compare Equations (3.3.91) and (3.3.94). By compactness of both

R and N, we have that the operators

(D
Mö

◦
g
−1

)p, and (3.3.97)

(D
Mö

◦
Bθ

0
,n(f

n(x)))p (3.3.98)

are both bounded. In particular, there exists some constant K
1
, such

that,

uθ
0
,n,x = DΦC(0)

−1(V) >
1

K
1

nτ ′Id. (3.3.99)

Then we finish the proof of this lemma by taking δ = τ ′

K
1

.

Now, we are ready to improve our Theorem 3.3.2. We are again

given a curve of symplectic monotonic cocycles. For any non-Shilov
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boundary point q ∈ ∂kSDd, with any k = 1, · · · ,n, intuitively, the
cocycle should move away the n-long orbit segment of the base dy-

namics along one direction for a while, for all large n. As it turns

out, we can prove this result under the mild additional compactness

condition.

Theorem 3.3.3. Let Aθ(·) ∈ C0(X,Sp(2d,R)) be a C2-curve of monotonic
cocycles, with θ ∈ R/Z. We assume that

{Akθ(x)}x∈X,θ∈R/Z,k>0
⊂M, (3.3.100)

for some compact subset M ⊂ Sp(2d,R).
Then, there exist some small positive constants τ∗ > 0, satisfying the

following properties. For any boundary point p ∈ ∂kSDd, and for any
integer n > 0, we have the following estimate. For all t > 0 sufficiently
small,

distHS(
◦
A
n

θ+t(x)(
◦
An

−1

θ (x) · p),p) > tnτ∗ + o(t) > 0. (3.3.101)

Proof. By inspecting the proof of Theorem 3.3.2, the strength of a non-

Shilov boundary point being moved away depends on the strength

of the corresponding action on the Shilov boundary point. More

precisely, if we have estimates that, after conjugation, the derivative of

the Lie algebra of the cocycle has the form(
i · uθ

0
,n,x 0

0 −i · uθ
0
,n,x

)
, (3.3.102)

and denote nδ for lower bound of the smallest number of the real

positive diagonal matrix uθ
0
,n,x, then the proof of Theorem 3.3.2 as

well as Proposition 3.3.13 imply that

distHS(
◦
A
n

θ+t(x)(
◦
Anθ(x)

−1 · p),p) > 2tnδ+ o(t) > 0 (3.3.103)

Then, the proof of Lemma 3.3.15 implies the existence of such a

constant δ. By taking τ∗ = 2δ, we finishes the proof.

Remark 3.3.16. The additional assumption that the iterates take values

in a compact subset is mild. For instance, when we have a cocycle Aθ
which is C0

conjugate to rotations, its iterates satisfy this condition.

We will use this observation and apply the above theorem later for

our conjugation results.
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3.4 Asymptotically Holomorphic Extensions

The Extension

The tool of asymptotically holomorphic extensions was firstly used

in dynamics by Lyubich in [109], in the context of unimodal maps.

In Avila and Krikorian [16], this tool was successfully applied to un-

derstand monotonic SL(2,R) cocycles. In this section, we follow this

idea to explore this tool in order to understand monotonic Sp(2d,R)
cocycles.

Definition 3.4.1. For any η ∈ [1,∞), a Cη (as a real function) function

F(θ + it) defined in some neighborhood of R/Z in C/Z is called η-

asymptotically holomorphic if it satisfies

∂

∂z

∂k

∂tk
F(z) = 0, for z ∈ R/Z,k = 0, · · · , [η− 1]. (3.4.1)

Moreover, for a group valued function, its η-asymptotically extension

is defined by asking each coefficient to be η-asymptotical extension.

We can define the extension operator Φ = Φη for any function

f : R/Z → C of regularity Cη, which is called the η-asymptotically

holomorphic extension. We can also make the extensions satisfy the

following translation-invariant condition. Denote by f∗(·) = f(θ
0
+ ·)

for some θ
0
, then

(Φηf)(θ+ it) = (Φηf∗)(θ− θ0 + it). (3.4.2)

These extensions do exist, see Section 2.5 of [16] for details of the

construction of the extensions.

But in our case, we need to extend the Sp(2d,R)-valued function to

take values in Sp(2d,C), satisfying a similar equation as (3.4.2). This

is more sensitive and requires more work, which is dealt with in the

next Proposition.

Proposition 3.4.2. LetAθ(·) ∈ C0(X,Sp(2d,R)) be aCη-curve of cocycles,
with θ ∈ R/Z. Then, there exists some δ > 0 and a η-asymptotically
holomorphic extension, denoted as ΦAz 2, with z ∈ Ωδ, taking values in
Sp(2d,C).

2
For later use, we will simply denote ΦAz as Az in later use, if there is no

confusion.



100 Monotonic Symplectic Cocycles

Proof. Fix Aθ : R/Z → C0(X,Sp(2d,R)). Our purpose is to find an

Sp(2d,C)-valued function, defined onΩδ for some small δ, for which

all coefficients are η-asymptotically holomorphic extensions for the

corresponding coefficients of Aθ(·).
Firstly, we take a text function T : R/Z→ R, which isC∞, satisfying

that, |T | 6 1, and that, for some sufficiently small τ > 0which depends

on the cocycle Aθ(·), we have

T(x) =

{
1, x ∈ (−τ

2
,
τ
2
);

0, x /∈ (−τ, τ).
(3.4.3)

Now we denote that, for any x ∈ X,

Aθ(x) =

a11
(θ)(x) · · · a

1n(θ)(x)
· · · · · · · · ·

an1(θ)(x) · · · ann(θ)(x)

 . (3.4.4)

Let us fix a point α
0
∈ R/Z. We want to modify each coordinate

function using the test function T . For this, note that for θ sufficiently

close to α
0
, we can express the cocycle using the corresponding lie

algebra,

Aθ(x) = Aα
0
exp(f

1,x(θ)v1 + · · · fk,x(θ)vk), (3.4.5)

where k = d(2d + 1) is the (real) dimension of the symplectic group,

and {v
1
, · · · , vk} is any fixed basis of the Lie algebra sp(2d,R).

Now we choose a small constant τ as in (3.4.3), with respect to

the compact space X and the cocycle Aθ, such that, we can define

the following modified cocycle, which can be expressed via its Lie

algbera globally. More precisely, we can define, for all i = 1, · · · ,k, the
truncated functions

fα
0
,i,x(θ) = fi,x(θ)T(θ− α0

) + fi,x(α0
)(1− T(θ− α

0
)). (3.4.6)

Then, we can define the truncated cocycle

Aα
0
,θ(x) := Aα

0
(x) exp(

k∑
j=1

fα
0
,j,x(θ)vj). (3.4.7)

We stress that the number τ can be chosen uniformly with respect

to all α
0
and all x ∈ X.
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Now for z = θ+ it ∈ Ωδ with sufficiently small δ, we define

(Φα
0
Az)(x) := Aα

0
(x) exp(

k∑
j=1

f̃α
0
,j,x(z)vj), (3.4.8)

where, the extensions f̃θ
0
,j,x(z) of the complex-valued functions are

chosen to satisfy the Cauchy Riemann equations (3.4.1) at the real line,

just aswhatwasdone in Section 2.5 ofAvila andKrikorian [16]. Finally,

we define (ΦA)(θ + it)(x) := ΦθAθ+it(x), by connecting together all

the infinitely many extensions of the truncated functions as above. It

is left to check this satisfies all the conditions we require.

Firstly of all, we look at the regularity of this function. By Defini-

tions in (3.4.6) and (3.4.8), it is clear that A·,θ(x) is C
η
in α ∈ R/Z. So,

ΦθAθ is also C
r
. Then, the extension toΩ of each point, by definition

as in Section 2.5 of Avila and Krikorian [16], is an integral along the

real line, where the kernel can be chosen with no respect to the func-

tion. Thus, it follows the resulting extension has the same regularity

with ΦθAθ. To check the Cauchy-Riemann equations along the real

line, we observe that by definition Φα
0
Aα

0
+it is from one extension

Aα
0
,θ(x), which satisfies the Cauchy-Riemann equations along the real

line.

Remark 3.4.3. Essentially, we first changed the cocycle, preserving the

local information around some time α
0
, and make the extension via

the Lie algebra locally. Then, we vary α
0
and the final extension is

obtained by putting all these extensions together. Note that, The same

procedure shows how to extend C∞ curve of Sp(2d,R) matrices to

a C∞, Ωδ parameterized curve of Sp(2d,C) matrices, with Cauchy-

Riemann equations satisfied on the real line.

Remark 3.4.4. For theCω case, we only make the asymptotically holo-

morphic extension locally. More precisely, we do not use the testing

function to change the cocycle. Instead, we only consider, in a small

interval of time, θ ∈ (α
0
−τ,α

0
+τ), the cocycleAθ(·) can be expressed

locally via the Lie algebra, just like in (3.4.5).

Then, we can extend it to a small domain

{θ+ it
∣∣θ ∈ (α

0
− τ,α

0
+ τ), t ∈ (−δ, δ)}, (3.4.9)

using the same argument as in the above proof.
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Nowwefix the base dynamics (X, f,µ), and consider themonotonic

C0
cocycles on it.

Corollary 3.4.5. Let Aθ(·) ∈ C0(X,Sp(2d,R)), θ ∈ R/T be a Cη curve of
monotonic C0 cocycles on X. Then, there exists δ > 0 and an extensionAz(·)
with z ∈ Ωδ, which is a η-asymptotically holomorphic extension of Aθ(·).
Moreover, for any z = θ+ it ∈ Ωδ with t > 0,

◦
Az · SDd ⊂ e−εt+o(t)SDd. (3.4.10)

In the Cω case, we can make the holomorphic extension locally, restricted to
some open interval (θ

0
− τ, θ

0
+ τ).

Proof. This is a simple application of the above extension Proposition

with Proposition 3.3.3.

Some Useful Estimates

For the next result, we need some abbreviation of notations. We need

another parameter s ∈ R/Z for the cocycle. So we consider Az,s with

z ∈ Ω+
δ for any x ∈ X, we will write

Fz,x(s,W) =
◦
Az,s(x) ·W, andmsz(x) = m

+(z, x). (3.4.11)

In the following lemma, we consider any continuous map (s, z, x) 7→
usz(x) ∈ SDd. In particular, by compactness u is bounded.

Lemma 3.4.6. There exists K > 0 such that, for z with small |I(z)|, we have

‖usz(x)‖|I(z)| (3.4.12)

6K sup

y∈X
{‖usz(f(y)) −D(Fz,y)W(s,msz(y))u

s
z(y)‖.

Proof. The proof should be compared with the proof of Avila and

Krikorian [[16], Proposition 2.8].

Fix any Z ∈ SDd and the parameter s. We assume that ‖msz(x)‖
has a uniform upper bound smaller than 1 (The general case can be

achieved by approximation. Also, it suffices to consider this case, see

the key estimate, Theorem 3.5.1, in the next section). So we can choose

x satisfying that

‖usz(f(x))‖|dvf(x)| =M = sup

y∈X
‖usz(y)‖|dvy|, (3.4.13)
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wherewewrite |dvx| := |dvms
z(f(x))| todenote the largest direction at the

tangent space of the point msz(f(x)) with respect to the line element

given by the Bergman metric. M is finite because of the following

observation. Note that ‖A‖ is the larges singular value of the linear

map A, so by the metric Formula (3.2.50), for any y ∈ SDd, we have

the estimate that

1 6 |dvy| 6

√
2

1− ‖msz(y)‖2
. (3.4.14)

Thus, with the trivial bound that for any y ∈ X,

‖usz(y)‖ 6 ‖usz(y)‖|dvy| 6M, (3.4.15)

it suffices to show that

M 6 K|I(z)|−1

sup

y∈X
‖usz(f(x)) −D(Fz,x)W(s,msz(x))u

s
z(x)‖. (3.4.16)

Recall Remark 3.3.20, that for z with sufficiently small imaginary

part, and for any Z ∈ SDd, we have

‖
◦
Az(x) · Z‖ 6 e−ε|I(z)|+o(|I(z)|) · ‖Z‖, (3.4.17)

for every x ∈ X. Then byLemma 3.2.12, themapm 7→
◦
Az ·muniformly

contracts the Bergman metric on SDd with rate exp(−ε|I(z)|/2). In

particular, this implies that

‖D(Fz,x)W(s,msz(x))‖Berg < e−ε|I(z)|/2, (3.4.18)

where ‖·‖berg denotes the operator normwith respect to the Bergman

metric, while we use the usual ‖ · ‖ to denote the standard operator

norm of a square matrix. So the left hand side of the above inequality

equals

‖D(Fz,x)W(s,msz(x))‖ ×
|dwf(x)|

|dwx|
, (3.4.19)

for somedirectionwx at the pointm
s
z(x), which gives also the direction

wf(x) := D(Fz,x)W(s,W)(dwx). Thus, recall we use vf(x) to denote the

largest direction of the line element at the point msz(f(x)). Therefore,
its pre-image under the direvative is a direction whose line element is

no more than |dvx|. So we have the estimate,

|dwf(x)|

|dwx|
>

|dvf(x)|

|dvx|
. (3.4.20)
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It follows the estimate:

‖usz(f(x)) −D(Fz,x)W(s,msz(x))u
s
z(x)‖ (3.4.21)

=|dvf(x)|
−1·

‖usz(f(x))|dvf(x)|−D(Fz,x)W(s,msz(x))
|dvf(x)|

|dvx|
usz(x)|dvx|‖

>|dvf(x)|
−1

(
M− e−

ε|I(z)|
2 M

)
>K−1M|I(z)|.

This finishes the proof of the Lemma.

The following estimate is based on both Avila and Krikorian [[16],

Lemma 2.7] and [[16], Lemma 3.3]. We denote by (Tn, fα, λ) the quasi-
periodic dynamics over the n-torus, where fα(x) = x + α for some

frequency α ∈ Rn, and λ is the usual Lebesgue measure. Assume

that s 7→ α(s) isC1
one-parameter family of frequencies, taking values

in Rn. In the following lemma, we will denote DkxF to denote all the

possible partial derivatives of the form
∂k

∂xi
1

···∂xik
F.

Lemma 3.4.7. Fix a small δ > 0. Let Az,s, for any fixed s, with z ∈ Ωδ,
denote aCr complex parameterized matrices taking values in Sp(2d,R), with
∂
∂z
Az = 0, if z ∈ R/Z, and monotonic on real line. Assume that s 7→ α(s)

is a Cr curve of frequencies, and s 7→ Az,s(·) is a Cr curve of cocycles over
the dynamics (Tn, fα(s), λ), with 1 6 r <∞. Assume also

‖DisDjx(Az,s(x))‖ = O(1), 0 6 k = i+ j 6 r. (3.4.22)

Then,

‖DisDjx(m+
s (z, x))‖ (3.4.23)

=O(|I(z)|−2k−i+1), 0 6 k = i+ j 6 r.

Moreover, if s 7→ ∂
∂z
Az,s(x) is Cr−1 and for some η ∈ R, it satisfies

‖ ∂
∂z
DisD

j
x(Az,s(x))‖ (3.4.24)

=O(|I(z)|η−k−1), 0 6 k = i+ j 6 r− 1.

Then,

‖ ∂
∂z
DisD

j
x(m

+
s (z, x))‖ (3.4.25)

=O(|I(z)|η−2k−i−2), 0 6 k = i+ j 6 r− 1.
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Proof. With Lemma 3.4.6 at hand, which is used to replace Proposition

2.8 in Avila and Krikorian [16], the arguments will be parallel with the

proofs of [[16], Lemma 2.7] and [[16], Lemma 3.3]. Note that the main

differences come from the fact thatm-functions are matrix-valued.

The proof is a multidimensional induction, firstly on k = 1, · · · r,
and secondly on i = 0, · · · ,k. Note thatwe have the following identity:

msz(fα(s)(x)) = m
s
z(x+ α(s)) = Fz,x(s,m

s
z(x)). (3.4.26)

Suppose the estimate holds true for i ′ + j ′ < k or for i ′ + j ′ = k and

0 6 i ′ < i. We take the partial derivative DisD
j
x on both sides in the

above equation. The left hand side is:

(DisD
j
xm

s
z)(x+ α(s)) (3.4.27)

+

i−1∑
i ′=0

k−i ′∑
j ′=j

Pi ′,j ′ · (Di
′

sD
j ′

xm
s
z)(x+ α(s)).

In each term of the sum, Pi ′,j ′ denotes a polynomial of the derivatives

of α, where the order of derivative is no more than i, and thus can be

uniformly bounded. By induction hypothesis, the lower order term

(Di
′
sD

j ′
xm

s
z)(x+ α(s)) can be bounded by O(|I(z)|−2k−i+2).

On the other hand, the right hand side is:

DW(Fz,x)(s,m
s
z(x)) ·DisDjxmsz(x) (3.4.28)

+

k∑
`=0

∑
(i

1
,j
1
),··· ,(i`,j`)

C ·Di−i ′s Dj−j
′

x D`WFz,x(s,m
s
z(x)) ·

∏̀
n=1

Dins D
jn
x m

s
z(x).

In each term of the sum, C is a derivative of α of order at most k. The

indices i ′ and j ′ are the sums i ′ = i
1
+ · · · + i` and j ′ = j

1
+ · · · + j`.

Note that i ′ + j ′ < k and i ′ 6 i, j ′ 6 j. Thus, in order to get rid of the

redundant last sum, we need to show that any term in this sum can be

bounded by O(|I(z)|−2k−i+2), by induction hypothesis.

The only possible problem is caused by the middle terms D`WFz,s.

When ` = 0, we consider the function

Fz,x(s,m
s
z(x)) =

◦
Az,s(x) ·msz(x). (3.4.29)

This is a generalizedMöbius transformation, which can be denoted as

IJ−1
for convenience. Note that, for any fixed s, the function J = Jz,x,s
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restricted to z ∈ R/Z is an invertiblematrix, and depends on a compact

set x ∈ Tn. Then, the conormsm(J) = ‖J−1‖−1
of J has a uniform lower

bound, saym(J) > c > 0. Then, by taking very small δ, we can ensure

that for all Jz,x,s with z ∈ Ωδ, m(J) > c
2
> 0. This implies that, the

norm ‖Fz,x(s,msz(x))‖ is uniformly bounded.

For higher derivative D`WF, the entirely similar arguments show

that, these terms are uniformly bounded.

Nowwe use induction to finish the proof of the estimates. Note by

the above analysis, we get

‖DisDjxmsz(f(x)) −DWFz,x(s,msz(x)) ·DisDjxmsz(x)‖ (3.4.30)

=O(|I(x)|−2k−i+2).

Then, by applying Lemma 3.4.6, the Equation (3.4.23) is established.

For the second estimate, we come back to observe Identity (3.4.26).

Similarly, in order to apply induction, we assume the estimate already

holds true for the cases i ′ + j ′ < k or for i ′ + j ′ = k and 0 6 i ′ < i.

Now we make the derivative DisD
j
x
∂
∂z

on both sides. Then, the left

hand side becomes:

DisD
j
x

∂

∂z
msz(x+ α(x)) (3.4.31)

+

i−1∑
i ′=0

j∑
j ′=0

Pi ′,j ′(D
i ′

sD
j ′

x

∂

∂z
msz)(x+ α(s)).

In each term of the sum, Pi ′,j ′ denotes some polynomial in derivatives

of α, where the order is at most i, and they can be uniformly bounded

from above. Note that, by induction hypothesis, each lower order term

(Di
′
sD

j ′
x
∂
∂z
msz)(x+ α(s)) is bounded by O(|I(z)|η−2k−i−1).

On the other hand, we compute the right hand side:

DW(Fz,x(s,m
s
z(x)))D

i
sD

j
x

∂

∂z
msz(x) (3.4.32)

+

k∑
`=0

∑
(i

1
,j
1
),··· ,(i`,j`)

C ·Di−i ′s Dj−j
′

x D`WFz,x(s,m
s
z(x))

·
∏̀
n=1

Dins D
jn
x

∂

∂z
msz(x).

In each term of the sum, C is a derivative of α of order at most k. The

indices i ′ and j ′ are the sums i ′ = i
1
+ · · · + i` and j ′ = j

1
+ · · · + j`.



3.4. Asymptotically Holomorphic Extensions 107

Note that i ′ + j ′ < k and i ′ 6 i, j ′ 6 j. Thus, in order to get rid

of the redundant last sum, we need to show that any term in this

sum can be bounded by O(|I(z)|η−2k−i−1), by similar analysis for the

equation 3.4.28 and by induction hypothesis.

Now we get

|DisD
j
x

∂

∂z
msz(f+ α(s)) −DWFz,x(s,m

s
z(s)) ·DisDjx

∂

∂z
msz(x)|

=O(|I(z)|η−2k−i−1). (3.4.33)

By Lemma 3.4.6, this implies the second estimate.

Remark 3.4.8. If we do not vary the dynamics, then instead of the

quasi-periodic dynamics on the torus Tn, the dynamics can be taken

as any general (X, f,µ). Of course, in this case all the estimates will

not allow x to change. The proof is simpler, and Equations (3.4.22) to

(3.4.25) become the following ones, respectively:

‖Dks (Az,s(x))‖ = O(1), 0 6 k 6 r. (3.4.34)

‖Dks (m+
s (z, x))‖ = O(|I(z)|−2k+1), 0 6 k 6 r− 1. (3.4.35)

‖ ∂
∂z
Dks (Az,s(x))‖ = o(|I(z)|η−k−1), 0 6 k 6 r− 1. (3.4.36)

‖ ∂
∂z
Dks (m

+
s (z, x))‖ = o(|I(z)|η−2k−2), 0 6 k 6 r− 1. (3.4.37)

Some Applications

Now, following Avila and Krikorian [16], we present a useful decom-

position technique to fit in our settings. Suppose that u defined on

Ω+
δ is a complex number-valued or complex matrix-valued function.

Suppose that for some ε > 0,

|
∂

∂z
u(z)| = O(|I(z)|ε−1). (3.4.38)

Then, we have the following decomposition

u = uh + uc, (3.4.39)

where uh is holomorphic and uc has an explicit form, which is the

Cauchy transform with respect to the complex measure
1

π
φ(w)dxdy,
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restricted to the domain [−∞,∞]× [−δ, δ],

uc(z) = lim

t→∞
1

2πi

∫
[−t,t]×[−δ,δ]

φ(w)

w− z
dw∧ dw, (3.4.40)

where φ(w) by definition is

φ(w) =

{
∂
∂z
u(z), if I(z) ∈ (0, δ)

∂
∂z
u(z), if I(z) ∈ (−δ, 0).

(3.4.41)

This decomposition can be regarded as a generalized formof the famil-

iar Cauchy formula, for non-holomorphic functions, see for example

Bell [[25], Theorem 2.1]. Note that uc is a real-symmetric continuous

function. If we assume that
∂
∂z
u(·) has regularity Ck+ε, then the func-

tion uc has regularity C
k+1

, both as real functions. Moreover, we have

(see Bell [[25], Theorem 2.2])

∂

∂z
uc(z) = φ(z). (3.4.42)

Using the asymptotically holomorphic extension technique with

the above decomposition trick, we can already prove some non-trivial

result on continuity of Lyapunov exponents.

Suppose Az(·) ∈ C0(X,Sp(2d,R)) is (1 + ε)-asymptotically holo-

morphicΩδ parameterized cocycles. By the estimate (3.4.23), we have

that

‖ ∂
∂z
m+(z, x)‖ = O(|I(z)|ε−1). (3.4.43)

Then, onΩ+
δ , by (3.4.39), we have the following decomposition

m+ = m+
h +m+

c , (3.4.44)

where, m+
c is continuous, and m+

h is holomorphic. Thus, the func-

tion m+
h is a Herglotz function (taking values in the Siegel disk), by

Lemma 3.3.6, it admits limits as Iz → 0 for almost every θ. By def-

inition, one sees that m+
c is also continuous up to R/Z, uniformly in

x ∈ X. This implies m+
admits limit as t → 0+. For any such θ, we

denote the limit as m+(θ, x). It follows that, for almost every θ, the

function m+(θ, ·) is an invariant section for the cocycle Aθ(·). More-

over, we observe the following representation of Lyapunov exponents,

from (3.3.29),

Ld(Aθ+it) =

∫
X

log |det τAθ+it(x)(m
+(θ+ it, x))|dµ(x). (3.4.45)
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By Fubini’s theorem, for almost every θ, the right hand side of the

above equation admits limit as t → 0, since m+(θ + it, x) does. The

limit is the expression∫
X

log |det τAθ(x)(m
+(θ, x))|dµ(x). (3.4.46)

Theorem 3.4.1 (Continuity). Assume that the functionm+(θ, ·) obtained
above takes values in SDd for µ-almost every x ∈ X. Then the Lyapunov
exponent Ld(Aθ+it) is a continuous function of 0 6 t < δ, for Lebesgue
almost every θ.

Proof. We need to show the expression (3.4.46) equals Ld(Aθ). Now

we assume first the base dynamics (X, f,µ) is ergodic. We know that,

since m+(θ, x) is an invariant section, this expression denotes a sum

of d different Lyapunov exponents of the dynamics (f,Aθ) on X×C2d
.

Moreover, note that the Lyapunov spectrum for symplectic cocycle

has the symmetry property: Lj(Aθ) = −L
2d+1−j(Aθ), j = 1, · · · , 2d.

Thus, we need to prove that,m+(θ, x) contains the unstable direction
in ΛdC2d

.

We need to make the statement more precise. Let us consider the

cocycleAθ(·) acting onC2d
. For µ-almost every x ∈ X, define the Pesin

linear unstable manifold as the following subspace

Wu(x) := {v ∈ C2d : lim
n→∞

1

n
logd(Anθ (x) · v, 0) > τ > 0}. (3.4.47)

Suppose dim(Wu(x)) = k 6 d for definiteness. As in the analysis of

Section 2.1., any pointm+(θ, x) ∈ SDd can be regarded as one element

in the Grassmannian Gr(2d,d), via the mapping

Z 7→
[
Z

Id

]
. (3.4.48)

Thus, our claim is that, in precise words, thematrixm+(θ, x), seen as a

d-dimensional subspace contains the k-dimensional subspaceWu(x)
defined in (3.4.48).

Suppose for contradiction this is not the case, and there is some

vector v
1
with ‖v

1
‖ = 1which lies in theWu(x)\m+(θ, x). ByOseledets

theorem, we can decompose C2d
into subspaces corresponding to the

Lyapunov flag:

V1

x ⊕ · · · ⊕ V2d
x . (3.4.49)
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It follows that Wu(x) = V1

x ⊕ · · · ⊕ Vkx , as well as m+(θ, x) = Vi1x ⊕
· · · ⊕ Vidx , where i

1
> · · · > id and {i

1
, · · · , id} 6⊃ {1, · · · ,k}. It is also

convenient to denoteWcs(x) = Vk+1

x ⊕ · · ·⊕V2d
x . Thus, we can choose

two vectors, v
1
from some Vix ⊂ Wu(x) which is not in m+(θ, x), and

v ′
1
∈ m+(θ, x) ∩Wcs(x).
On the other hand, by the definition of the unstable manifold, we

can choose n
0
satisfying the following properties. For any n > n

0
, we

have

d(Anθ (x) · v1, 0) > eτn. (3.4.50)

d(Anθ (x) · v ′1, 0) 6 e
τ
3
n
. (3.4.51)

Moreover, since the angles of the subspaces in the Oseledets splitting

grow subexponentially, we can find, for all large n, a small cone field

with width γn:

Cγn(f
n(x)) := {(v

1
, v

2
) ∈Wcs(fn(x))⊕Wu(fn(x))

∣∣ |v2|
|v

1
|
6 γn}, (3.4.52)

such that, for any w ∈ Cγn(fn(x))\Wcs(fn(x)), we have

dp([w], [PW
cs(fn(x))]) > e

τ
2
ndp

(
(Anθ )

−1(x) ·w,PWcs(x)
)
, (3.4.53)

where dp denotes the Euclidean distance on the projective space PC2d
,

[w] ∈ PC2d
denotes the element induced by w ∈ C2d

, and [PWs(x)] ⊂
PC2d

denotes the subset consisting of projectivized vectors w with

w ∈ PWs(x).
Now, given the elementm+(θ, x) in Gr(2d,d), we want to perturb

it to a close point m∗ϕ(x) under the distance dGr, as follows. In the

2-dimensional subspace spanned by v ′
1
and v

1
, we act by the rotation

Rϕ on v ′
1
as ϕ ∈ [0,β). In words, we have changed the vector v ′

1

along the direction of v
1
a little. Then we keep other basis elements of

m+(θ, x), to obtain a new d-dimensional subspace m∗ϕ(x). Note that,

sincem+(θ, x) ∈ SDd, the curvem∗ϕ(x) ⊂ SDd for all ϕ ∈ [0,β].
Now, we choose a small number ε

0
, such that, the set

Mε
0
:= {x ∈ X

∣∣m+(θ, x) ∈ (1− ε
0
)SDd} (3.4.54)

has measure at least
1

2
. We can take the number β sufficiently small,

such that,m∗ϕ(x) ⊂Mε
0

2

for all x ∈Mε
0
. Now, in (1− ε

0

2
) · SDd, there

exists constant K, with the following uniform estimate of norms:

1

K
d(Z

1
,Z

2
) 6 db(Z1

,Z
2
) 6 Kd(Z

1
,Z

2
), (3.4.55)
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where d is the usual Euclidean distance in SDd and db is the Bergman

distance in SDd. By Poincaré recurrence Theorem, starting from µ-

almost every point x ∈Mε
0
, there are infinitely many positive integers

nj such that fnj(x) ∈Mε
0
. For each one of them, we can choose a small

ϕ such that, m∗ϕ(f
njx) ∈Mε

0

2

. The pre-image ofm∗ϕ(f
njx) is denoted

as m∗j,ϕ(x), which obviously lie inMε
0

2

, too. We are interested in the

distances d(m+(θ, x),m∗j,ϕ(x)) and d(m
+(θ, fn(x)),m∗ϕ(f

n(x))).
On one hand, recalling Lemma 3.2.12, Aθ action preserves the

Bergman metric. So, by (3.4.55), we have that

d(m+(θ, fn(x)),m∗ϕ(f
n(x))) 6 K2d(m+(θ, x),m∗j,ϕ(x)). (3.4.56)

On the other hand, when ϕ < β, the exponential decay gives that

d(m+(θ, fn(x)),m∗ϕ(f
n(x))) > enjτd(m+(θ, x),m∗j,ϕ(x)). (3.4.57)

When j is taken sufficiently large, we get a contradiction. This proves

the claim.

By the claim, and apply the Oseledets multiplicative ergodic the-

orem, the expression (3.4.46) equals to Ld(Aθ
0
), which completes the

proof of the case when the dynamics is ergodic. If the system is not

ergodic, we take an ergodic component, and do the same analysis. The

same conclusion follows.

Remark 3.4.9. The additional assumption thatm+
function takes val-

ues in the interior of SDd is convenient, and can be justified after our

key estimates in the next section. We believe without this assump-

tion, the conclusion of this lemma still stands true. We think for this

purpose, ideas from the paper Avila and Eskin and Viana [10] can be

applied. We do not pursue this generality here.

Remark 3.4.10. The classical Oseledetsmultiplicative ergodic theorem

is applied in the proof of this theorem. We did not give the full

statement of it. See for example Viana [133] for a recent account of this

theorem.

Another application of our estimates is the following lemma,which

is an interpretation of the Cauchy-Riemann equations along the real

line. It will be useful for many times.

Lemma 3.4.11. Let Aθ(·) ∈ C0(X,Sp(2d,R)) denote a deformation of C0

cocycles on X, where θ ∈ J, and J is either an open interval or the circle
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J = R/Z. Assume that Aθ is of class C2+ε and monotonic. Then, for almost
every θ ∈ J, we have the the following equality:

lim sup

t→0+

|Ld(Aθ
0
+it) − limt→0+ L

d(Aθ
0
+it)|

t
(3.4.58)

= lim sup

θ→θ
0

|ρAθ − ρAθ
0

|

|θ− θ
0
|

.

Proof. This lemma is actually a minor generalization of Xu [[141],

Lemma 13], where the deformation of cocycles Az was only the rota-

tion, and is obviously monotonic. The proof is almost the same. Also

compare this with the proofs of Avila and Krikorian [[16],Theorem

2.5] and [[16],Theorem 2.11].

Wefirst note that by Proposition 3.4.2, we getAzwith z ∈ Ωδwhich

extends Aθ. Moreover, we have

‖ ∂
∂z
Az(x)‖ = O(|I(x)|1+ε). (3.4.59)

By Estimate (3.4.25), this implies for z ∈ Ωδ,

‖ ∂
∂z
m+(z, x)‖ = O(|I(z)|ε) (3.4.60)

and therefore,

|
∂

∂z
ζ(z)| = O(|I(z)|ε) (3.4.61)

Now by the asymptotic holomorphicity, we have that

I(ζ(θ+ it)) − I(ζ(θ+ i0+)) (3.4.62)

=

∫ t
0
+

∂Iζ

∂s
(θ+ is)ds

=

∫ t
0
+

∂Rζ

∂θ
(θ+ is)ds+ o(|t|η).

Thus, we want to divide the both sides of the above equality by t and

take the limit supremumas t→ 0+, in order to get the equality (3.4.58).

The left hand side of (3.4.58) obviously makes sense. Since ρ(θ) in
θ ∈ R/Z is well-defined almost everywhere and monotonic, the right

hand side of the equality (3.4.58) makes sense almost everywhere.
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Remark 3.4.12. If conditions in both Theorem 3.4.1 and Lemma 3.4.11

are satisfied, then we have the following equality:

lim sup

t→0+

|Ld(Aθ
0
+it) − L

d(Aθ
0
)|

t
= lim sup

θ→θ
0

|ρAθ − ρAθ
0

|

|θ− θ
0
|

. (3.4.63)

3.5 Key Estimates

In this section, we prove a Kotani type estimate generalizing Theo-

rem 6 in Xu [141], which in turn generalizes Lemma 2.6 in Avila and

Krikorian [16]. Actually, arguments in Section 4 of Xu [141] will be

incorporated here, in order to give a more complete proof. Thus,

the proof is long and technical, readers might want to skip it at first

reading.

Theorem 3.5.1 (Key Estimates). Assume Aθ ∈ C0(X,Sp(2d,R)), with
θ ∈ R/Z is a C1 monotonic increasing cocycle, with a C1 asymptotically
holomorphic extension, which is denoted as Az, z ∈ Ωδ. For Lebesgue
almost every θ

0
∈ R, if

lim sup

t→0+

Ld(Aθ
0
+it)

t
<∞, (3.5.1)

then we have:

1.

lim sup

t→0
+

∫
X

1

1− ‖m+(θ
0
+ it, x)‖2

+

∫
X

1

1− ‖m−(θ
0
− it, x)‖2

dµ(x)

<∞. (3.5.2)

2.

lim inf

t→0
+

∫
X

‖m+(θ
0
+ it, x) −m−(θ

0
− it, x)‖2dµ(x) = 0. (3.5.3)

Proof. Without loss of generality, by taking a conjugate if necessary as

in Proposition 3.3.5, we can assume

∂

∂t

∣∣
t=t

0

◦
Aθ

0
+it(

◦
A

−1

θ
0
+it) =

(
u 0

0 −u

)
+ C(θ

0
+ it

0
), (3.5.4)
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where limt
0
→0

supx∈X ‖C(θ0 + it0)‖ = 0, and u = uθ
0
(x) is a diagonal

matrix with negative entries. Thus, we have that

◦
Aθ

0
+it =

(
etu 0

0 e−tu

)
◦
Aθ

0
+ o(t) (3.5.5)

For simplicity, we make some abbreviations for notations. We denote

m± for m±(σ
0
± it, x); denote m̃± for m±(σ

0
± it, f(x)); denote τ for

τAθ
0
+it(x)(m

+(θ
0
+ it, x)); denote τ− for Aθ

0
+it(m

−(θ
0
− it, x)); denote

A− for Aθ
0
−it(x); denote L

d
for Ld(Aθ

0
+it); denote q for qθ

0
+it(x). We

compute that

q−1 =
V(m+)

V(m̃+)
· |dm

+

dm̃+
| (3.5.6)

=
V(e−tum̃+e−tu)

V(m̃+)
·

V(m+)

V(e−tum̃+e−tu)
|

dm+

de−tum̃+e−tu
||
de−tum̃+e−tu

dm̃+
|

=
V(e−tum̃+e−tu)

V(m̃+)
· e−2t(d+1)tr(u)

We have the crude inequality that −u > diag{τ, · · · , τ} for some posi-

tive number τ, and in paticular that −tr(u) > τd. Moreover, we have

the inequality that

V(e−tum̃+e−tu) >
d∏
i=1

(
1

1− e4tτσi(m̃+)2
)d+1

(3.5.7)

Then it follows that,

q−1 > e−2tτ(d2+d) ·
d∏
i=1

(
e4tτ(1− σi(m̃)2)

1− e4tτσi(m̃+)2
)d+1

. (3.5.8)

We need the following elementary estimate: for r > 0, and for 0 6 s <
e−r, we have

log(
er(1− s)

1− ers
) >

r

1− s
. (3.5.9)
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By the Inequality (3.5.8), we have

logq−1

(3.5.10)

>− 2tτ(d2 + d) +

d∑
i=1

(d+ 1)
4tτ

1− σi(m̃+)2

>2(d+ 1)tτ

d∑
i=1

1+ σi(m̃
+)2

1− σi(m̃+)2
.

By Equation (3.3.30), we have Ld = 1

2(d+1)

∫
X
− lnq(x)dµ(x). So we get

that

Ld > t
∫
X

d∑
i=1

1+ σi(m̃
+)2

1− σi(m̃+)
dµ. (3.5.11)

The entire similar arguments give the following

Ld > t
∫
X

d∑
i=1

1+ σi(m̃
−)2

1− σi(m̃−)
dµ. (3.5.12)

Combining these two gives

Ld

t
>

1

2

∫
X

d∑
i=1

(
1+ σi(m̃

+)2

1− σi(m̃+)
+

1+ σi(m̃
−)2

1− σi(m̃−)
)dµ. (3.5.13)

By assumption (3.5.1), the above implies the first Inequality (3.5.2).

Now we move on to the proof of the second inequality. Firstly, we

recall lemma 3.2.13 and Equation (3.3.30), and we compute that

Ld(θ
0
+ it) (3.5.14)

=
1

2(d+ 1)

∫
X

logq(x)−1dµ(x)

=

∫
X

(t× tr(−u) +
1

2

log

det(1− m̃+∗m̃+)

det(1− e−tum̃+∗e−2tum̃+e−tu)
)dµ(x).

Now we apply Jacobi’s formula to compute the derivative for the

determinant of matrix-valued functions, to obtain the the following
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expression of the limit of the Lyapunov exponent:

lim

t→0
+

Ld(θ
0
+ it)

t
(3.5.15)

=

∫
X

tr(−u)dµ(x)

−

∫
X

1

2

tr(1− m̃+∗m̃+)−1(um̃+∗m̃+ + m̃+∗m̃+u+ 2m̃+∗um̃+)dµ(x).

The same argument applies to m̃−
, so we have the same equality as

abovewith respect to m̃−
. Combining the two, we obtain the following

equation:

lim

t→0
+

Ld(θ
0
+ it)

t
(3.5.16)

=

∫
X

tr(−u)dµ(x)

−

∫
X

1

4

tr(1− m̃+∗m̃+)−1(um̃+∗m̃+ + m̃+∗m̃+u+ 2m̃+∗um̃+)dµ(x)

−

∫
X

1

4

tr(1− m̃−∗m̃−)−1(um̃−∗m̃− + m̃−∗m̃−u+ 2m̃−∗um̃−)dµ(x).

This relation will be useful below.

Let Mat
2d,d(C) be the space of all 2d × d complex matrices. We

consider the following map:

Λ : Mat
2d,d(C)→ Λd(C) (3.5.17)

X 7→ x
1
∧ · · · · · ·∧ xd.

where {xi, 1 6 i 6 d} are the column vectors of X. By elementary

computations, we get some formulas below for this mapping and its

derivative. By derivative, we mean the following. Recall that for

A ∈ GL(2d,C), Λk(A) is the natural action induced by A on Λk(C2d).
For arbitrary two 2d× dmatrices X, Y, denote

DΛ(X)(Y) := lim

t→0

Λ(X+ tY) −Λ(X)

t
(3.5.18)

Now for A ∈ GL(2d,C),B ∈ GL(d,C),X, Y ∈Mat
2d,d(C), suppose

that X = (x
1
, . . . , xd), Y = (y

1
, . . . ,yd), where {xi, 1 6 i 6 d}, {yi, 1 6
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i 6 d} are the column vectors of X, Y, respectively. Then, we have the

following equations:

Λd(A) ·Λ(X) =Λ(A · X). (3.5.19)

DΛ(X)(Y) =

d∑
i=1

x
1
∧ · · ·∧ xi−1

∧ yi ∧ xi+1
∧ · · ·∧ xd. (3.5.20)

DΛ(AX)(AY) =Λd(A) ·DΛ(X)(Y). (3.5.21)

DΛ(X)(X) =dX. (3.5.22)

Λ(X · B) =det(B)Λ(X). (3.5.23)

Now, starting from the definition

◦
A

(
m+

Id

)
=

(
m̃+

Id

)
τ, (3.5.24)

we take the inverse matrices on both sides, to get

◦
A

−1

(
m̃+

Id

)
=

(
m+

Id

)
τ−1

. (3.5.25)

Now the operator Λ acts on both sides of (3.5.25). Then we take the

partial derivative with respect to t at t = 0, for both sides, to get

∂

∂t

∣∣
t=0

Λ(
◦
A

−1

(
m̃+

Id

)
) (3.5.26)

=
∂

∂t

∣∣
t=0

Λ(

(
m+

Id

)
τ−1)

=
∂

∂t

∣∣
t=0

(
1

det τ
Λ(

(
m+

Id

)
).

Note the last equation is by (3.5.23). The computation which is based

on the formulas (3.5.19) to (3.5.23), gives that

The left hand side (3.5.27)

=DΛ(
◦
A

−1

(
m̃+

Id

)
)(
∂

∂t

∣∣
t=0

(
◦
A

−1

(
m̃+

Id

)
))

=DΛ(
◦
A

−1

(
m̃+

Id

)
)(−

◦
A

−1

(
∂

∂t

∣∣
t=0

◦
A)
◦
A

−1

(
m̃+

Id

)
+
◦
A

−1

(
Id
0

)
∂m̃+

∂t

∣∣
t=0

)

= −Λd(
◦
A

−1

) · (DΛ(
(
m̃+

Id

)
)(

(
um̃+

−u

)
−

(
Id
0

)
∂m̃+

∂t

∣∣
t=0

)).
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Note that the last equality above is due to the the identity

∂

∂t

∣∣
t=0

◦
Aθ

0
+it =

(
u 0

0 −u

)
·Aθ

0
. (3.5.28)

On the other hand,

The right hand side (3.5.29)

=−
1

(det τ)2
∂det τ

∂t

∣∣
t=0

Λ(

(
m+

Id

)
)

+
1

det τ
DΛ(

(
m+

Id

)
)(

(
Id
0

)
∂m+

∂t

∣∣
t=0

).

Notice that

Λd(
◦
A) ·Λ(

(
m+

Id

)
) (3.5.30)

=Λ(
◦
A

(
m+

Id

)
) = Λ(

(
m̃+

Id

)
τ) = det τ ·Λ(

(
m̃+

Id

)
).

Applying−Λd(
◦
A) to both sides of (3.5.26), we have the followingKey

Equation:

DΛ(

(
m̃+

Id

)
)(

(
um̃+

−u

)
) −DΛ(

(
m̃+

Id

)
)(

(
Id
0

)
∂m̃+

∂t

∣∣
t=0

) (3.5.31)

=
1

det τ

∂det τ

∂t

∣∣
t=0

Λ(

(
m̃+

Id

)
)

−
1

det τ
Λd(

◦
A)(DΛ(

(
m+

Id

)
)(

(
Id
0

)
∂m+

∂t

∣∣
t=0

)).

We from now on use the following identification of Λ2d(C2d) with

C defined as following. If $ ∈ Λ2d(C2d) = c($) · e
1
∧ · · · ∧ e

2d,

then we identify $ with c($). Here {ei}
2d
i=1

is the standard basis

for C2d
. In addition, we consider a collection of basis of Λd(C2d).

Suppose X, Y ∈ Mat
2d,d(C) are with rank d, and the column vectors

{xi, 1 6 i 6 d}, {yi, 1 6 i 6 d} of X, Y are linearly independent, then

the following subset in Λd(C2d) forms a basis of Λd(C2d):

{xi
1
∧ · · ·∧ xi|I| ∧ yj1 ∧ · · ·∧ yj|J| : I, J (3.5.32)

⊂ {1, . . . ,d}, |I|+ |J| = d, i
1
< i

2
< . . . , j

1
< j

2
< . . . }.
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We denote the basis B(X, Y). For any element ω ∈ Λd(C2d), the
coefficient of x

1
∧ · · · ∧ xd for the expansion of ω with respect to the

basis B(X, Y) is
ω∧ (y

1
∧ · · ·∧ yd)

x
1
∧ · · ·∧ xd ∧ y1 ∧ · · ·∧ yd

. (3.5.33)

Here we use the identification above.

Nowwe comeback to the analysis of the key equation, and consider

the matrices

(
m̃+

Id

)
,

(
Id
m̃−

)
∈Mat

2d,d(C), as well as the basis

B(

(
m̃+

Id

)
,

(
Id
m̃−

)
). (3.5.34)

This is indeed a basis because ‖m̃+‖, ‖m̃−‖ < 1, and thus

det

(
m̃+ Id
Id m̃−

)
6= 0. (3.5.35)

From the key equation (3.5.31), we want to get the all the coefficients

of

(
m̃+

Id

)
for the expansion of each term in both sides with respect

to the basis B(

(
m̃+

Id

)
,

(
Id
m̃−

)
). To do this, we need to prove several

lemmas.

Lemma 3.5.1. In the expansion of the vector

DΛ(

(
m̃+

Id

)
)(

(
um̃+

−u

)
), (3.5.36)

with respect to the basis

B(

(
m̃+

Id

)
,

(
Id
m̃−

)
), (3.5.37)

the coeffcient of
(
m̃+

Id

)
is the trace of thematrix (Id−m̃−∗m̃+)−1(m̃−∗um̃++

u).

Proof. First we give a general way of compute such expansion coeffi-

cients.
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Sublemma 3.5.2. Suppose X,Z ∈Mat
2d,d(C) are with rank d, and the col-

umn vectors {xi, 1 6 i 6 d}, {zi, 1 6 i 6 d} of X,Z are linearly independent.
Then, the coefficient of x

1
∧ · · · ∧ xd for the expansion of DΛ(X)(Y) under

the basisB(X,Z) is the trace of the matrix
(
X,Z

)−1 ·Y. (the trace of a 2d×d
matrix is by definition the sum of the diagonal entries)

Proof. Suppose
(
X,Z

)−1 · Y =

(
aij
bij

)
16i6d,16j6d

, then

Y =
(
. . .

∑d
k=1

(akixk + bkizk) . . .

)
16i6d

(3.5.38)

By (3.5.20) we get that

DΛ(X)(Y) =

d∑
i=1

x
1
∧ · · ·∧ xi−1

∧ yi ∧ xi+1
∧ · · ·∧ xd (3.5.39)

=

d∑
i=1

x
1
∧ · · ·∧ xi−1

∧ (

d∑
k=1

(akixk + bkizk))∧ xi+1
∧ · · ·∧ xd

=

d∑
i=1

aiix1 ∧ · · ·∧ xd + other term inB(X,Z)

= trace of

(
X,Z

)−1 · Yx
1
∧ · · ·∧ xd + other terms .

By the above sublemma, we know to prove lemma 3.5.1, we only

need to compute (
m̃+ Id
Id m̃−

)−1

·
(
um̃+

−u

)
(3.5.40)

By computation, we have(
m̃+ Id
Id m̃−

)−1

(3.5.41)

=

(
(m̃−m̃+ − Id)

−1m̃− (Id − m̃−m̃+)−1

Id + m̃
+(Id − m̃−m̃+)−1m̃− −m̃+(Id − m̃−m̃+)−1

)
.

Note that sincem is symmetric, som∗ = m. Then we get,(
m̃+ Id
Id m̃−

)−1

·
(
um̃+

−u

)
(3.5.42)

=

(
(Id − m̃

−∗m̃+)−1(m̃−∗um̃+ + u)
∗

)
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This finishes the proof of Lemma 3.5.1.

Lemma 3.5.3. In the expansion of the vector

DΛ(

(
m̃+

Id

)
)(

(
Id
0

)
∂m̃+

∂t

∣∣
t=0

) (3.5.43)

with respect to the basis

B(

(
m̃+

Id

)
,

(
Id
m̃−

)
), (3.5.44)

the coeffcient of
(
m̃+

Id

)
is

det

(
m̃+ Id
Id m̃−

)−1

· (DΛ(
(
m̃+

Id

)
)(

(
Id
0

)
∂m̃+

∂t
))∧Λ(

(
Id
m̃−

)
). (3.5.45)

Proof. Use (3.5.33).

Lemma 3.5.4. In the expansion of the vector

1

det τ
Λd(

◦
A)(DΛ(

(
m+

Id

)
)(

(
Id
0

)
∂m+

∂t
)) (3.5.46)

with respect to the basis

B(

(
m̃+

Id

)
,

(
Id
m̃−

)
), (3.5.47)

the coeffcient of
(
m̃+

Id

)
is

det

(
m+ Id
Id m−

)−1

· (DΛ(
(
m+

Id

)
)(

(
Id
0

)
∂m+

∂t
))∧Λ(

(
Id
m−

)
). (3.5.48)

Proof. Put

X
1
=

(
m+

Id

)
, (3.5.49)

ω
1
=

(
Id
0

)
∂m+

∂t
,ω

2
=

(
Id
m−

)
. (3.5.50)
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By (3.5.33) we get:

the coefficient we ask for (3.5.51)

=
1

det τ
(Λd(

◦
A)(DΛ(X

1
)(ω

1
)))∧ (Λ

(
Id
m̃−

)
) · det

(
m̃+ Id
Id m̃−

)−1

=
1

det τ · det τ−
·

(Λd(
◦
A)(DΛ(X

1
)(ω

1
)))∧Λd(

◦
A)(Λ(ω

2
)) · det

(
m̃+ Id
Id m̃−

)−1

=
1

det τ · det τ−
·

Λ2d(
◦
A)((DΛ(X

1
)(ω

1
))∧Λ(ω

2
)) · det

(
m̃+ Id
Id m̃−

)−1

.

To prove the Lemma, it suffices to show the following equation:

det(
◦
A)det

(
m+ Id
Id m−

)
= det τdet τ− det

(
m̃+ Id
Id m̃−

)
, (3.5.52)

which is a consequence of the following identity:

◦
A

(
m+ Id
Id m−

)
=

(
m̃+τ τ

τ− m̃−τ−

)
. (3.5.53)

Thus, it reduces to the proof of the following identity:

◦
A

(
Id
m−

)
=

(
Id
m̃−

)
τ−. (3.5.54)

In fact, Equation (3.5.54) is an easy consequence of

◦
A−

(
m−

Id

)
=

(
m̃−

Id

)
τ− (3.5.55)

We just write down the definition of

◦
A, and get

CA−C
−1

(
m−

Id

)
=

(
m̃−

Id

)
τ−, (3.5.56)

which implies that

A−C
−1

(
m−

Id

)
= C−1

(
m̃−

Id

)
τ−. (3.5.57)
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Then, we take the complex conjugate for both sides, and get

AC−1

(
m−

Id

)
=C−1

(
m̃−

Id

)
τ−, and (3.5.58)

◦
A(CC−1

(
m−

Id

)
) =CC−1

(
m̃−

Id

)
τ−. (3.5.59)

Notice that CC−1 =

(
0 Id
Id 0

)
, we have

◦
A

(
Id
m−

)
=

(
Id
m̃−

)
τ−. (3.5.60)

The proof of Lemma 3.5.4 is complete now.

Now, we combine Lemmas 3.5.1, 3.5.3, and 3.5.4. In the key

Equation (3.5.31), by taking the coefficient of

(
m̃+

Id

)
and by integrating

with respect to the measure µ, we have

∫
X

R(tr(Id − m̃
−∗m̃+)−1(m̃−∗um̃+ + u))dµ(x) (3.5.61)

=

∫
X

1

det τ

∂det τ

∂t
dµ

Then, by taking the real part, we finally get,

lim

t
0
→0

+

∂Ld

∂t

∣∣
t=t

0

(3.5.62)

=−

∫
X

R(tr(Id − m̃
−∗m̃+)−1(m̃−∗um̃+ + u))dµ(x).
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Subtracting (3.5.62) from (3.5.16) in both sides, we have

lim

t
0
→0+

Ld(θ
0
+ it

0
)

t
0

−
∂

∂t

∣∣
t=t

0

Ld(θ
0
+ it) (3.5.63)

>
∫
X

tr(−u)dµ(x)

−

∫
X

1

4

tr(1− m̃+∗m̃+)−1(um̃+∗m̃+ + m̃+∗m̃+u+ 2m̃+∗um̃+)dµ(x)

−

∫
X

1

4

tr(1− m̃−∗m̃−)−1(um̃−∗m̃− + m̃−∗m̃−u+ 2m̃−∗um̃−)dµ(x)

+

∫
X

R(tr(Id − m̃
−∗m̃+)−1(m̃−∗um̃+ + u))dµ(x).

Note that by Lemma 3.4.11, the left hand side of the above inequality is

0. Thus, the second identity (3.5.3) of the theorem is a consequence of

the following Lemma 3.5.5. In fact, by the estimate (3.5.64), we replace

X with m̃+
, Y with m̃−

, and P with −u. Thus, the right hand side of

(3.5.64) is no less than στtr
(
(X∗ − Y∗)(X − Y)

)
= στ‖m̃+ − m̃−‖2HS for

some constants σ and τ.

Now we have completed the proof of Theorem 3.5.1 stated at the

beginning of this section.

Lemma 3.5.5. For any positive definite Hermitian matrix P, and for any
symmetric complex matrices X, Y with ‖X‖ < 1, ‖Y‖ < 1, we have that
following estimate:

tr(P) (3.5.64)

+tr
(1
4

(Id − X
∗X)−1(PX∗X+ X∗XP + 2X∗PX)

)
+tr
(1
4

(Id − Y
∗Y)−1(PY∗Y + Y∗YP + 2Y∗PY)

)
−R{(tr

(
(Id − Y

∗X)−1(Y∗PX+ P)
)
}

>tr
(1
2

P · (Id − Y∗X)−1(X∗ − Y∗)(X− Y)(Id − X
∗Y)−1

)
+ tr

(1
2

P · (Id − XY∗)−1(X− Y)(X∗ − Y∗)(Id − YX
∗)−1

)
.

Proof. To make the computation, we will frequently use the fact that

tr(AB) = tr(BA) for any A,B. In fact, the left hand side of (3.5.64)
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equals to

tr(
1

2

P · ∆), (3.5.65)

where

∆ =(Id − X
∗X)−1 + X(Id − X

∗X)−1X∗ (3.5.66)

+(Id − Y
∗Y)−1 + Y(Id − Y

∗Y)−1Y∗

−Y(Id − X
∗Y)−1X∗ − (Id − X

∗Y)−1

−X(Id − Y
∗X)−1Y∗ − (Id − Y

∗X)−1

.

We then expand each term above using the formula that for all x

such that ‖x‖ < 1, (Id − x)−1 =
∑∞
i=0
xk. Then we compare the

corresponding terms. Note that

tr(PX∗X+ PY∗Y − PX∗Y − PY∗X) = tr

(
P(X∗ − Y∗)(X− Y)

)
. (3.5.67)

tr(PXX∗ + PYY∗ − PXY∗ − PYX∗) = tr

(
P(X− Y)(X∗ − Y∗)

)
. (3.5.68)

Note the fact that if twoHermitianmatricesS, S ′ are bothpositive semi-

definite, then tr(SS ′) > 0. We now make the following computation:

(1− X∗X)−1 + (1− Y∗Y)−1 − (1− X∗Y)−1 − (1− Y∗X)−1

(3.5.69)

=(1− Y∗X)−1((X∗ − Y∗)X(1− X∗X)−1X∗(X− Y)

+(X∗ − Y∗)(X− Y) + Y∗(X− Y)(1− Y∗Y)−1(X∗ − Y∗)Y)(1− X∗Y)−1

�(1− Y∗X)−1(X∗ − Y∗)(X− Y)(1− X∗Y)−1

.

In the same way, we get that

(Id − XX
∗)−1 + (Id − YY

∗)−1 − (Id − YX
∗)−1 − (Id − XY

∗)−1

�(Id − XY∗)−1(X− Y)(X∗ − Y∗)(Id − YX
∗)−1

. (3.5.70)

The conclusion follows from the above two formulas.

3.6 Conformal Barycenter and Compact Argu-
ments

Wenowextend theDouady-Earle argument (inDouadyandEarle [60])

in our setting, in order to show the existence of the conformal barycen-

ter, and to give some compactness properties. Let M be the set of
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probability measures on SDd, and for µ ∈M, let

Φ(µ) =

∫
SDd

d2(Z, 0)dµ(Z), (3.6.1)

where d denotes the distance induced by the Bergman metric on SDd.

It is also convenient to denote that, for any Z ∈ SDd,

ϕ(Z) := Φ(δZ) = d
2(Z, 0). (3.6.2)

For any W ∈ SDd, consider some generalized Möbius transfor-

mation, which is induced by some real symplectic matrix M, such

that

◦
M ·W = 0. This is possible because such transformations act

transitively on SDd.

It is easy to see that if Φ(µ) 6 ∞, then Φ(M∗µ) 6 ∞. We also

consider the following subset of measures where Φ is bounded:

MK := {µ ∈M,Φ(µ) 6 K}. (3.6.3)

Finally, we putM∞ =
⋃
K→∞MK.

Definition 3.6.1. We call a Borel function B : M → SDd equivariant

with respect to the generalized Möbius transformation, if for anyM,

we have

B(M∗ν) =M ·B(ν). (3.6.4)

We will use the next simple definition for our argument below.

Definition 3.6.2. Let M be a complete Riemannian manifold. Let f

denote a real-valued function. We denote γxy : [0, 1] → M for the

geodesic segment connecting two points x and y, such that γxy(0) = x
and γxy(1) = y.

1. If we have some geodesic segment γxy, such that, for any t ∈
[0, 1],

f(γxy(t)) 6 (1− t)f(x) + tf(y), (3.6.5)

then the function f is called geodesically convex.

2. If for any t ∈ [0, 1],

f(γxy(t)) < (1− t)f(x) + tf(y), (3.6.6)

then the function f is called strictly geodesically convex.
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Proposition 3.6.3. There exists an equivariant Borel function B : M →
SDd, referred to as the conformal barycenter of the measure, such that,

ϕ(B(µ)) 6 Φ(µ). (3.6.7)

Proof. Define the mappingm : SDd×SDd → SDd by sending (Z
1
,Z

2
)

to the midpoint of the geodesic segment connecting Z
1
and Z

2
. Note

that with respect to the Bergman metric, SDd is a complete Rieman-

nian manifold with negative curvature. Moreover, by Lemma 3.2.12,

the generalized Möbius transformation preserves this metric. Since

the Bergman metric has negative curvature, the function ϕ is strictly

geodesically convex. (See for example Udriste [[130],Theorem 2.1].) It

follows that the function u defined below is non-negative:

u(δZ, δW) := Φ(
δZ + δW

2

) −Φ(δm(Z,W)) > 0, (3.6.8)

and the equality holds if and only if µ = ν is a Dirac mass.

Now we also define a sort of “midpoint mapping" for a pair of

probability measures on SDd, as follows

m(µ,ν) :=

∫
SDd×SDd

δm(Z,W)dµ(Z)dµ(W). (3.6.9)

Similarly, we extend the definition of the u function to the space of

probability measures M × M, which always assumes non-negative

values, that is, for any µ,ν ∈M, we have,

u(µ,ν) :=Φ(
µ+ ν

2

) −Φ(m(µ,ν)) (3.6.10)

=

∫
SDd×SDd

u(δZ, δW)dµ(Z)dν(W)

>0,

where the equality only happens when µ = ν is a Dirac mass. The

function u is a lower semi-continuous function with respect to the

weak
∗
topology, for both variables, because it is the supremum func-

tion of the function sequence {min(u,n)}n>1
. In particular, if µk → µ

and u(µk,µk) → 0, then u(µk,µk) → u(µ,µ) = 0, and thus, µ is a

Dirac mass.
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If we have a sequence of measures µk, which admits some sub-

sequence µkj converging to δZ
0
, then by lower semi-continuity in the

second variable,

lim sup

k→∞ u(µk,µk) (3.6.11)

> lim sup

k→∞ lim sup

j→∞ u(µk,µkj)

> lim sup

k→∞ u(µk, δZ
0
)

> lim sup

k→∞
∫
SDd

{
1

2

(ϕ(Z) +ϕ(Z
0
)) −ϕ(m(Z,Z

0
))}dµk.

Now we choose arbitrarily some measure µ = µ
0
∈ M∞, and

define inductively µk = m(µk−1
,µk−1

) for k > 1. It follows from the

definition (3.6.10) that

Φ(µk) = Φ(µk−1
) − u(µk,µk). (3.6.12)

Thus, µk ∈ M∞ for all k > 0, and u(µk,µk) → 0. Choosing a subse-

quence µkj , we assume that µkj → µ. As observed before, µmust be a

Dirac mass, denoted by µ = δZ
0
.

We claim that δZ
0
would be the only limit point of the sequence

µk. Suppose for contradiction that there is another subsequence of µk
converging to some Dirac mass δZ

1
, then observing inequality (3.6.11),

we take the limit of the right hand side along this subsequence and

get {1
2
(ϕ(Z

1
)+ϕ(Z

0
))−ϕ(m(Z

1
,Z

0
))}, which is strictly greater than 0.

This is absurd, because the left hand side of (3.6.11) is 0.

We are ready now to defineB(µ) = Z
0
, which completes the proof.

Proposition 3.6.4. SupposeAk(·) ∈ C0(X,Sp(2d,C)) is a sequence of cocy-
cles, converging toA(·) ∈ C0(X,Sp(2d,C)). Assume there exist measurable
functionsmk : X→ SDd with

◦
Ak(x) ·mk(x) = mk(f(x)), such that

H = lim inf

k→∞
∫
X

1

1− ‖mk(x)‖2
dµ(x) <∞. (3.6.13)

Then there exists a measurable m : X → SDd such that
◦
A(x) · m(x) =

m(f(x)), and that ∫
X

1

1− ‖m(x)‖2
dµ(x) <∞. (3.6.14)
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Proof. Consider the probability measures νk on the space X × SDd
definedbyνk =

∫
X
δmk(x)dµ(x). Choose somesubsequenceof integers

kj, such that the expression (3.6.13) is achieved along this subsequence.

Take a further subsequence if necessary such thatνkj → ν in theweak
∗

topology. The limit measure ν satisfies∫
X×SDd

1

1− ‖Z‖2
dν(x,Z) 6 H. (3.6.15)

Note also the measures νk all projects down to the measure µ on X,

so is ν. Now we denote by νx for the disintegration of the measure ν

along x ∈ X. Since themeasure νk is preserved by themap F : (x,Z) 7→
(f(x),

◦
Ak ·Z), themeasureν is preserved by (x,Z)→ (f(x),

◦
A·Z). Thus,

the push-forward measure of νx by the map Z 7→
◦
A ·Z is νf(x). Define

m(x) = B(νx). Thenm(f(x)) =
◦
A ·m(x) andwe have the estimate that∫

1

1− ‖m(x)‖2
dµ(x) 6

∫
1

1− ‖m(x)‖2
dµ(x)dνx(z) 6 H. (3.6.16)

The proof of Proposition 3.6.4 is complete now.

3.7 Rotation Reducibility

In this section we collect our results about rotations reducibility, gen-

eralizing their counterparts as in Avila and Krikorian [16], for SL(2,R)
group. Given all the tools established in previous sections, we can

now apply many similar arguments in [16]. We stress that, in the

proof of Theorem 3.7.3, we see the real difficulties in higher dimen-

sion. To prove this theorem, we need to give some preliminary results

on premonotonic cocycles. Assuming premonotonicity, the technical

part is to prove the existence of one m-function which is Cr along all

directions. To do this, we also need the properties of the monotonic

symplectic cocycles acting on an arbitrary boundary point, as was

proved in Section 3.3.

Another observation is that, the property of being premonotonic

can be relaxed to become a conjugate invariant, under a compactness

assumption. See Lemma 3.7.9. The proof is a continuation of the

discussion in Section 3.3.
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We always write X for a compact metric space. The dynamics f

preserves a probability measure µ, whose support is assumed to be X.

Let us begin with an equivalent condition for L2 conjugates.

Proposition 3.7.1 (L2-Conjugate Condition). Let A : X → Sp(2d,R) be
a measurable cocycle. Then the following two conditions are equivalent.

1. There exists a measurable B : X→ Sp(2d,R) such that∫
X

‖B‖2 dµ(x) <∞, (3.7.1)

and that for every x,

B(f(x))A(x)B(x)−1 ∈ SO(2d,R) ∩ Sp(2d,R). (3.7.2)

2. There exists a measurable invariant sectionm : X→ SDd with
◦
A(x) ·

m(x) = m(f(x)) for µ-almost every x, such that∫
X

1

1− ‖m(x)‖2
dµ(x) <∞. (3.7.3)

Proof. The proof from point (1) to point (2) is immediate, since we

can take m(x) :=
◦
B(x)−1 · 0. It is direct computation to check the

integrablity condition (3.7.3), based on the formula (3.2.59).

To show the other direction, given the existence of the invari-

ant section m(x), it suffices to find a measurable function B, such

that, for almost every x ∈ X, B(x) ∈ Sp(2d,R),
◦
B(x) · m(x) = 0 and

‖B(x)‖2 = O((1 − ‖m(x)‖2)−1). Since m(x) is symmetric, it is well-

known that we can find a measurable function U(x), taking values

in the unitary group U(d), such that U(x)m(x)U(x)T = Σ(x), where

Σ(x) is a diagonal matrix whose diagonal entries are singular values

ofm(x). (See for example Horn and Johnson [[84],Corollary 4.4.4 (c)]

for this basic fact.)

Note that all entries in the diagonal matrix Σ(x) has absolute value
strictly smaller than 1, for almost every x ∈ X, by point (2). Now we

can define B(x) such that

◦
B(x) :=

(
(1− Σ(x)2)−

1

2 −(1− Σ(x)2)−
1

2Σ(x)

−(1− Σ(x)2)−
1

2Σ(x) (1− Σ(x)2)−
1

2

)
(3.7.4)

×
(
U(x) 0

0 U(x)−1
T

)
.
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Since Σ(x) is a real positive diagonal matrix, one checks B(x) defined
as above is square integrable and point (1) is proved.

Then, the next L2-conjugate result is an immediate consequence of

the Key Estimates in Section 5.

Theorem 3.7.1 (L2-Conjugate). Let Aθ ∈ C0(X,Sp(2d,R)) denote a de-
formation of cocycles on X, where θ ∈ J, and J is either an open interval or
the circle J = S1. Assume that Aθ is monotonic and of regularity at least
C2+ε. Then, for a full Lebesgue measure subset J ′ ⊂ J, for any θ ∈ J ′, the
condition that Ld(Aθ, f) = 0 implies that the cocycle Aθ is L2-conjugate
to the group of rotations. More precisely, there exists a function Bθ with∫
X
‖Bθ(x)‖2dµ(x) <∞, such that,

Bθ(f(x))Aθ(x)Bθ(x)
−1 ∈ SO(2d,R) ∩ Sp(2d,R). (3.7.5)

Proof. Observefirst that, byTheorem3.3.1, thefibered rotationnumber

ρ is continuous and monotonic. It follows that, for Lebesgue almost

every θ
0
,

lim sup

θ→θ
0

|ρAθ − ρAθ
0

|

|θ− θ
0
|

<∞. (3.7.6)

Since Aθ is monotonic at θ
0
, by Proposition 3.3.3, there exists δ and ε,

such that, for any z = θ
0
+ it ∈ Ω+

δ ,

◦
Az · SDd ⊂ {Z ∈ SDd

∣∣‖Z‖ 6 e−εt+o(t)}. (3.7.7)

By Proposition 3.4.2, and by shrinking δ if necessary, we get (2 + ε)-
holomorphic extension Az defined on z ∈ Ωδ. Thus, one has

|
∂

∂z
Az(x)| = O(|I(z)|

1+ε). (3.7.8)

Then we combine Theorem 3.4.1 and Lemma 3.4.11, to get that, for

almost every θ
0
∈ R,

lim sup

t→0+

|Ld(Aθ
0
+it) − L

d(Aθ
0
)|

t
= lim sup

θ→θ
0

|ρAθ − ρAθ
0

|

|θ− θ
0
|

<∞. (3.7.9)

Thus, by the assumption that Ld(θ
0
) = 0, we obtain that,

lim sup

t→0

Ld(θ
0
+ it)

t
<∞. (3.7.10)
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Then, by the Key Estimate (Theorem 3.5.1), combined with Propo-

sition 3.6.4 as well, we have the existence of the function m(x) =
m+(θ

0
, x), with

∫
X

1

1−|m(x)|2
dµ(x) < ∞. Then apply the equivalent

condition, Proposition 3.7.1, to conclude that, Aθ
0
(·) is L2 conjugate to

a cocycle of rotations.

Remark 3.7.2. Observe that in the proof, we have proved that for any

θ
0
such that the condition (3.7.6) is satisfied, and that Ld(Aθ

0
+it) is

continuous at t = 0, then with the assumption of Ld(Aθ
0
) = 0, the

conclusion of existence of L2-conjugation holds true.

Next, we prove the counterpart of Theorem 2.1 in Avila and Kriko-

rian [16].

Theorem 3.7.2. Let Aθ(·) ∈ C0(X,Sp(2d,R)) denote a deformation of
cocycles on X, where θ ∈ J, and J is either an open interval or the circle
J = R/Z. Assume that Aθ is monotonic and of regularity Cr+1+ε, with
1 6 r <∞, (or r =∞, or r = ω). If Ld(Aθ) = 0 for every θ ∈ J, then there
exists Bθ ∈ C0(X,Sp(2d,R)), θ ∈ J, dependingCr in θ and conjugatingAθ
to a cocycle of rotations.

Proof. With all the preliminary results we have established already,

the proof follows the lines of the proof of Theorem 2.1 in Avila and

Krikorian [16]. But there are some subtle differences, so we give a

proof for the finite differentiable case. Note that, the proof will be

based the asymptotic holomorphic extensions as in Theorem 3.4.2

combined with the following up estimates, Theorem 3.4.7. (We use

actually the special case Remark 3.4.8, with the dynamics not varying).

For simplicity, we suppose J = R/Z.
Firstly, byTheorem3.4.2,Aθ admits an asymptotically holomorphic

extension, denoted asAzwith z ∈ Ωδ. SinceAz is of regularityCr+1+ε
,

we have that

‖ ∂
∂z
Az‖ = O(|I(z)|r+ε). (3.7.11)

The estimates in Remark 3.4.8 (with parameter s fixed) gives that, for

all z ∈ Ω+
δ , and all x ∈ X, we have:

‖ ∂
∂z
m+(z, x)‖ = O(|I(z)|r−1+ε). (3.7.12)

Similarly, for all z ∈ Ω−
δ and all x ∈ X, we have estimate

‖ ∂
∂z
m−(z, x)‖ = O(|I(z)|r−1+ε). (3.7.13)
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Now we define

φ(z, x) :=

{
∂
∂z
m+(z, x) if z = θ+ it ∈ Ω+

δ ,

∂
∂z
m−(z, x) if z = θ− it ∈ Ω−

δ .
(3.7.14)

Comparing thedecompositionmethod introduced inEquation (3.4.39),

we now can define for all z ∈ Ωδ,

uc(z, x) := lim

t→∞
1

2πi

∫
[−t,t]×[−δ,δ]

φ(w, x)

w− z
dw∧ dw. (3.7.15)

Indeed, observing the above definition. uc(z, x) as a two-variable real

function in (θ, t), is of regularity Cr, uniformly in x ∈ X. In the case of

X = Tn, under the assumption that Aθ(·) is Cr, uc(z, x) is also Cr in x.
Now the key estimates in Theorem 3.5.1 imply that for µ-almost

every x ∈ X, and for Lebesgue almost every θ, both the invariant

sectionsm+(θ+ it, ·),m−(θ− it, ·) : X→ SDd admit limits as t→ 0+,

and the limit are equal, take values in SDd. Thus, we define the

function,

m(z, x) =

{
m+(θ+ it) if z = θ+ it ∈ Ω+

δ ,

m−(θ− it) if z = θ− it ∈ Ω−
δ .

(3.7.16)

Thus, recall Remark 3.3.7 and it follows that, for µ-almost every x ∈ X,
the function

uh(z, x) := m(z, x) − uc(z, s) (3.7.17)

extend to all z ∈ Ωδ\B, where B ⊂ R denotes the set of bad points

which has Lebesgue measure 0. By the standard theory of analytic

capacity and removable subsets for holormophic functions, since the

set B has analytic capacity 0, we conclude the function uh extends to

a holomorphic function in the bandΩδ(Some treatment of this theory

can be found in, for example, Pajot [117]).

We want to show the above holds for all x. By assumption, the

measure µ is supported in X. Then, the closure of orbits of any full

µ measure subset must be X. In particular, for any y ∈ X, we can

find some x such that m(z, x) extends to Ωδ, and that there is some

subsequence nj such that fnj(x) → y. Now we consider the family

m(·, fnj(x)). This family is uniformly boundedonΩδ, then byMontel’s

theorem, it is a normal family. By taking the limit, we conclude that,

m(z,y) also extends toΩδ. Note this in turn implies thatm(z, x) is Cr

in z ∈ Ωδ, uniformly in x ∈ X, as a real function.
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We now show that the m-function always takes values in SDd.

There are two cases to consider. Firstly, we assume that f : X → X is

minimal. If there is some x
0
∈ X and a time θ

0
such that m(θ

0
, x

0
) ∈

∂SDd, then for every x ∈ X we also have m(θ
0
, x) ∈ ∂SDd, by in-

variance of the m-function and the preservation of the boundary of

the action. Note this is not possible. Because, by Theorem 3.3.1, the

function ζ(·) = ρ(·) + iLd(·) is continuous up to R/Z, where its imagi-

nary part vanishes by assumption. Then by Schwarz Reflection, with

the help of our decomposition trick, we see the rotation function ρ is

C1
in θ. In particular, the Equation (3.7.6) holds for every θ ∈ J. By

Remark 3.7.2, we have for every θ
0
,∫

X

1

1− ‖m+(θ
0
, x)‖2

dµ(x) <∞. (3.7.18)

This is a contradiction.

Nowwe consider the general case. Againwe suppose that for some

x with a time θ
0
, we have m(θ

0
, x) ∈ ∂SDd. For fixed θ

0
, the set of

such x form a compact and invariant subset. Now we apply Zorn’s

lemma to take anyminimal setΩ ⊂ X, which is a subset satisfying this

property, with some x
0
∈ Ω. Then,Ω support some ergodic invariant

measure µ ′. With respect to this measure, we have, for all t ∈ (0, δ),

Ld(Aθ
0
+it,µ

′) (3.7.19)

=

∫
X

ln |det τAθ
0
+it(x)(m

+(θ+ it, x))|dµ ′(x) > 0.

While, for any z ∈ Ω−
δ ,

Ld(Aθ
0
−it,µ

′) (3.7.20)

=−

∫
X

ln |det τAθ
0
+it(x)(m

+(θ− it, x))|dµ ′(x) > 0.

Sincem is continuous in t, the above two inequalities imply that∫
X

ln |det τAθ
0

(x)(m
+(θ

0
, x))|dµ ′(x) = 0. (3.7.21)

It follows thatLd(Aθ
0
,µ ′) = 0. Then the sameargument of theminimal

case gives us the contradiction.

Finally, recalling the definition of the conjugation in (3.7.4), the

smoothness of the m-function would imply the smoothness of the

conjugation, provided that it does not take values in the boundary.
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Remark 3.7.3. Some compactness arguments in this proof follows the

paper de Concini and Johnson [55].

From now on we restrict ourself to X = Tn := Rn/Zn and fix a

frequency vector α ∈ Rn. We consider the dynamics defined by the α

translation: fα(x) = x + α, with the Lebesgue measure µ = λ, which

is fα-invariant. Then we make several definitions.

Definition 3.7.4. Given a directional vector w ∈ Rn, we say that a

cocycle A(·) ∈ C1(Tn,Sp(2d,R)) is w-monotonic if the one-parameter

C1
cocycle Aw,θ(x) := A(x + θw) with θ ∈ [0, 1] is monotonic in the

sense of Definition 3.2.17.

Definition 3.7.5. We say a cocycle A(·) ∈ C1(Tn,Sp(2d,R)) is mono-

tonic if A(·) is w-monotonic with respect to some directional vector

w ∈ Rn.

Definition 3.7.6. Fix the frequency vectorα ∈ Rn, we say that a cocycle

A(·) ∈ C1(Tn,Sp(2d,R)) is premonotonic if there exists n > 1 such

that the iterated cocycle (fnα,A
n(·)) is C1

-conjugate to some cocycle,

which is monotonic.

Remark 3.7.7. Compare these definitions with the corresponding def-

initions for SL(2,R) cocycles in Avila and Krikorian [16], where some

motivations were explained.

Now we give a useful proposition showing the convenience of

working with premonotonicity instead of monotonicity.

Proposition 3.7.8. Fix the base dynamics (Tn, fα, λ). Suppose we have a
cocycle A(·) ∈ Cr(Tn,Sp(2d,R)), with r ∈ N+ for r =∞ or r = ω. Then,
the following two conditions are equivalent:

1. The cocycle A(·) admits a Cr invariant sectionm(·) ∈ Cr(Tn,SDd);

2. There is some iterate n > 1, such that An(·) admits a Cr invariant
sectionm(·) ∈ Cr(Tn,SDd).

Proof. The proof is similar to the proof of Theorem 1.1 at [[16], page

49, footnote]. One direction is clear. It suffices to assume point (2) and

prove point (1). Denote by m(·) ∈ Cr(Tn,SDd) the invariant section

with respect to (fnα,A
n), n > 1. It satisfies the invariance condition:

◦
A
n

(x) ·m(x) = m(x+ nα). (3.7.22)
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Then, we can definemj(x) :=
◦
A
j

(x− jα) ·m(x− jα). Then,mj+n = mj,

and

◦
A(x) · mj(x) = mj+1

(x). For any x ∈ Tn, consider the Dirac

measure equidistributed on {mj(x)}j=0,···n−1
. In otherwords, wedefine

µx :=
1

n

n−1∑
j=0

δmj(x). (3.7.23)

Now we apply Proposition 3.6.3, to define m∗(x) = B(µx) ∈ SDd.
Consequently, we have

◦
A(x) · m∗(x) = m∗(x + α). Indeed, m∗(x)

minimizes the sum of the squares of the Bergman distance to the n

points {mj(x)}
n−1

j=0
, and it depends Cr in x since all mj(x) does. This

proves point (1) of the proposition.

Before proving our main conjugation theorem, we need the dis-

cussion in Section 3, where we obtained information about monotonic

symplectic cocycles acting on boundary points. In particular, let us

recall the lemma 3.3.14. Then, the following lemma states that Cr

conjugation would preserve the property of being premonotonic, as

long as all the iterates of the cocycle Anθ stay in some compact subset.

Lemma3.7.9. LetAθ(·),Bθ(·) ∈ C2(Tn,Sp(2d,R)), withθ ∈ R/Z, denote
two C2-curves of cocycles. Assume that Aθ(·) is monotonic. We make an
additional assumption, that

{
◦
A
k

θ(x)}x∈Tn,θ∈R/Z,k>0
⊂M, (3.7.24)

where M ⊂ Sp(2d,C) ∩U(d,d) is some compact subset.
Consider the conjugated cocycle, defined by

Cθ(x) := Bθ(f(x))Aθ(x)Bθ(x)
−1

. (3.7.25)

Then, for all sufficiently large n > 1, Cnθ (·) is monotonic.

Proof. Similar arguments already started in Section 3.3. Also, we will

use the notation of derivative of a generalized Möbius transformation

introduced in Remark 3.2.7. We take arbitrarily θ ∈ R/Z, x ∈ Tn and

any Z ∈ U
Sym

(Cd). The derivative in θ of the curve

◦
Bθ(x) · Z is a

tangent vector

V = Vx,θ,Z ∈ T ◦
Bθ(x)·Z

(U
Sym

(Cd)). (3.7.26)
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Now, for any P =

(
A B

C D

)
∈M, we can consider the push-forward of

the above vector under the derivative map D
Mö
P, to get

(D
Mö
P) ◦
Bθ(x)·Z

(Vx,θ,Z). (3.7.27)

Now we choose some g = g(x, θ,Z,P) ∈ Sp(2d,R) ∩ SO(2d,R), such
that ΦCg(0) = P

◦
Bθ(x) · Z. Then we pull back the tangent vector to

T
0
(∂dSHd), to get the tangent vector

DΦ−1

Cg
((D

Mö
P) ◦
Bθ(x)·Z

(Vx,θ,Z)). (3.7.28)

We can now take a constantM such that

−MId ≺ DΦ−1

Cg
((D

Mö
P) ◦
Bθ(x)·Z

(Vx,θ,Z)) ≺MId. (3.7.29)

In fact, the middle term of the above inequality is a real symmetric

matrix, not necessarily positivedefinite. Note also, due to the compact-

ness of Tn,R/Z,U
Sym

(Cd),Sp(2d,R) ∩ SO(2d,R) andM, the constant

M as in (3.7.29) can be taken uniformly with respect to x, θ,Z, P and

g. (In fact, the choice of g depends on the choices of x, θ,Z).

Moreover, we also chooseM such that the inverse B−1

θ (x) satisfies
a similar inequality. More precisely, similar to Vx,θ,X, we denote by

W =Wx,θ,Z for the tangent vector of the curve

◦
B
−1

θ (x) ·Z ⊂ U
Sym

(Cd).
Then, for any P ∈ M, we choose some h = h(x, θ,Z,P) ∈ Sp(2d,R) ∩

SO(2d,R), such that,ΦCh(0) = P
◦
B
−1

θ (x) · Z, and that,

−MId ≺ DΦ−1

Ch
((D

Mö
P) ◦
B

−1

θ (x)
Wx,θ,Z) ≺MId. (3.7.30)

Again, the constantM is taken such that, the above inequality is uni-

form for x ∈ Tn, θ ∈ R/Z,Z ∈ U
Sym

(Cd),P ∈M. (Note that h depends

on x, θ,Z,P.)

Next, we can write, for any n > 1,

Cnθ (x) := Bθ(f
n(x))Anθ (x)Bθ(x)

−1

. (3.7.31)

Then, recalling the definition of monotonicity and Remark 3.2.18, for

any matrix Z ∈ U
Sym

(Cd), we need to look at the tangent vector of the

curve

◦
C
n

θ ·Z ⊂ USym
(Cd) andwant to showwhenn is sufficiently large,
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it always lies in the coneC(
◦
C
n

θ ·Z), defined after Equation (3.2.29). For

any fixed n, θ
0
, x,Z, we choose a proper element g∗ = g∗(n, θ

0
, x,Z) ∈

Sp(2d,R) ∩ SO(2d,R), such that

ΦCg∗ (0) =
◦
C
n

θ
0

· Z. (3.7.32)

Then by the definition of the cone C(
◦
C
n

θ · Z), in order to prove mono-

tonicity of the cocycle Cnθ (·) at the time θ
0
, it suffices to show that the

tangent vector

DΦ−1

Cg∗

∂

∂θ

∣∣
θ=θ

0

◦
C
n

θ (x) · Z (3.7.33)

is always a real positive definite symmetric matrix.

For this purpose, we take the derivative in θ of the following equa-

tion:

◦
C
n

θ (x) · Z :=
◦
Bθ(f

n(x))
◦
A
n

θ (x)
◦
Bθ(x)

−1 · Z. (3.7.34)

Recalling the notation of differentiation of the generalized Möbius

transformation introduced in Remark 3.2.7, we get that

∂

∂θ

∣∣
θ=θ

0

◦
C
n

θ (x) · Z (3.7.35)

=
∂

∂θ

∣∣
θ=θ

0

◦
Bθ(f

n(x))(
◦
A
n

θ (x)
◦
Bθ(x)

−1 · Z)

+(D
Mö
Bθ

0
(fn(x))) ◦

A
n

θ
0

(x)(
◦
Bθ

0

(x)−1·Z

∂

∂θ

∣∣
θ=θ

0

( ◦
A
n

θ
0

(x)(
◦
Bθ(x)

−1 · Z)
)

+(D
Mö
Bθ

0
(fn(x))

◦
A
n

θ
0

(x)) ◦
Bθ

0

(x)−1·Z

∂

∂θ

∣∣
θ=θ

0

(
◦
Bθ(x)

−1 · Z).

By the choice of g∗, Equation (3.7.35) implies that

DΦ−1

cg∗
· ∂
∂θ

∣∣
θ=θ

0

◦
C
n

θ (x) · Z (3.7.36)

=DΦ−1

cg∗
· ∂
∂θ

∣∣
θ=θ

0

◦
Bθ(f

n(x))(
◦
A
n

θ (x)
◦
Bθ(x)

−1 · Z)

+DΦ−1

cg∗
· (D

Mö
Bθ

0
(fn(x))) ◦

A
n

θ
0

(x)(
◦
Bθ

0

(x)−1·Z

∂

∂θ

∣∣
θ=θ

0

( ◦
A
n

θ
0

(x)(
◦
Bθ(x)

−1 · Z)
)

+DΦ−1

cg∗
· (D

Mö
Bθ

0
(fn(x))

◦
A
n

θ
0

(x)) ◦
Bθ

0

(x)−1·Z

∂

∂θ

∣∣
θ=θ

0

◦
Bθ(x)

−1 · Z.

We look at the middle term in the above sum. By assumption,

Bθ
0
(fn(x))

◦
A
n

θ
0

(x) with n > 0 is included in some compact subset N ⊂
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Sp(2d,C) ∩U(d,d), uniformly in n > 0, x, θ
0
. Then, by Lemma 3.3.14,

there exists some N such that for all n > N, uniformly for θ
0
, x,Z, we

have

DΦ−1

cg∗
· (3.7.37)

(D
Mö
Bθ

0
(fn(x))) ◦

A
n

θ
0

(x)(
◦
Bθ

0

(x)−1·Z

∂

∂θ

∣∣
θ=θ

0

( ◦
A
n

θ
0

(x)(
◦
Bθ(x)

−1 · Z)
)

�3MId.

Comparing the above estimate with estimates (3.7.29) and (3.7.30),

which accounts for the first and the third term in the right hand side

of (3.7.36), respectively. It follows that that

DΦ−1

Cg ·
∂

∂θ

∣∣
θ=θ

0

◦
C
n

θ (x) · Z �MId � 0. (3.7.38)

By definition, this implies that Cnθ (·) is monotonic at θ
0
. By the arbi-

trary choice of all the parameters, wefinish the proof of the lemma.

Theorem 3.7.3. Let A(·) ∈ Cr+1+ε(Tn,Sp(2d,R)), with r > 2 or r = ω

or r = ∞, be monotonic. If Ld(fα,A) = 0 then A(·) is Cr conjugate to a
cocycle of rotations.

Proof. The proof should be compared with the proof of Theorem 3.1

in [16]. Note that in our case, the boundary of SDd is much more

complicated than ∂D, which is just the circle. We prove the case of

r ∈ N+
or r =∞, and then make a remark after the proof to comment

on the Cw case.

Observe that the property of being w-monotonic is an open prop-

erty in w, and we can find a cone of directional vectors w in order

that A(·) is w-monotonic. Thus, we can further suppose that A(·)
is w-monotonic for some fixed primitive integer directional vector

w ∈ Zn. Recall under the assumption of zero Lyapunov exponent,

we have proved in Theorem 3.7.2 that for one-parameter cocycles

Aw,θ(x) := A(x + θw), the function mw,θ(·) takes values in SDd, and
depends Cr in θ. Moreover, it is invariant by the cocycle:

◦
Aw,θ(x) ·mw,θ(x) = mw,θ(x+ α). (3.7.39)

Next, note that each mw,θ(x) is the non-tangential limit of the se-

quence mw,θ+iε(x) as ε → 0, where each mw,θ+iε(·) is the invariant
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section of the asymptotically holomorphic extension we obtained in

Proposition 3.4.2. Note from the construction of the extension (Propo-

sition 3.4.2), we have that, for all x ∈ Tn,

Aw,θ+iε(x) = Aw,iε(x+ θw). (3.7.40)

In other words, the extension is defined to be translation invariant.

Thus, by taking the limit, mw,θ(x) = mw,0
(x + θw) holds for almost

every θ. By continuity of m function, the above holds everywhere.

To sum up, we get a function mw(·) ∈ C0(Tn,SDd), which is A(·)-
invariant, and is Cr in the direction wwithin Tn.

So, by Theorem3.7.2,mw,θ(x) seen as a curve of functions, depends

Cr in θ, which gives aCr conjugation, Bw,θ(·) := Bw(·+θw). It satisfies
that for all x ∈ Tn,

◦
Bw,θ(x) ·mw,θ(x) = 0. (3.7.41)

This in turn gives rise to a C0
cocycle Bw(·).

Nowwe choose any other primitive integer directional vectorw ′ 6=
w for whichAw ′,θ(·) is monotonic. We apply the same argument to get

an invariant sectionmw ′(·) ∈ C0(Tn,SDd), which isCr in the direction

w ′. We claim thatmw ′(x) = mw(x) for all x ∈ Tn.
Toprove the claim,we suppose for contradictionwehavemw ′(x0) 6=

mw(x0) for some x
0
∈ Tn. There are two cases to consider. In the first

case, the base dynamics is ergodic. Note that d(mw(x),mw ′(x)) is thus
an fα-invariant function in x, since the Bergman distance between two

elements in SDd is preserved by

◦
A(·), by Lemma 3.2.12. Thus, by

ergodicity and by continuity of both functions mw(·) and mw ′(·), the
distance is a constant function.

Suppose that, for each x ∈ Tn, the geodesic connectingmw(x) and
mw ′(x)dies at somepoint in some stratumof the boundary, denotedby

q(x) ∈ ∂kSDd, with k ∈ {1, · · · ,d}. Now, recall that the group action of

the generalizedMöbius transformations byU(d,d)∩Sp(2d,R) is tran-
sitive on each stratum. In particular, observing (3.7.41), we can find

some point q∗ ∈ ∂kSDd and some cocycle Cw(·) ∈ C0(Tn,Sp(2d,R) ∩
SO(2d,R)), with the property that

◦
Cw(x)

◦
Bw(x) · q(x) = q∗. (3.7.42)

It follows then for any x ∈ Tn, the action of the conjugated cocycle

◦
Cw(f(x))

◦
Bw(f(x))

◦
Aw(x)

◦
Cw(x)

−1

◦
Bw(x)

−1

(3.7.43)
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fixes the point q∗ for all x ∈ Tn. We simply denoteD(·) := Cw(·)Bw(·).
(We omit the subcript w for D(·) to simplify notations).

In the other case, the dynamics is not ergodic. Then we can find

an open subset U ⊂ Tn where mw(x) 6= mw ′(x). Note that since the

dynamic is a translation, U can be foliated into fα-invariant subtori

(which can be degenerated as periodic orbits), such that on each leaf

the dynamic is ergodic with respect to the corresponding Haar mea-

sure (which is the normalized counting measure in the periodic orbit

case). By the analysis of the ergodic case, there is a continuous map

D : U → Sp(2d,R), satisfying that the action of

◦
D(f(x))

◦
Aw(x)

◦
D(x)−1

fixes the point q∗ ∈ ∂kSDd.
Now we define a new curve of cocycles:

Eθ(x) : = D(f(x))Aw,θ(x)D(x)−1

(3.7.44)

= D(f(x))Aw(x+ θw)D(x)−1

.

Note that, the orbit closure of x is a subtorus contained in U, denoted

asO(x), which is compact. Thus, for θ small enough, for any y ∈ O(x),
Dw,θ(y) := D(y+ θw) is well-defined. It follows that, for any n > 1,

Enθ (x) (3.7.45)

=D(fn(x))Anw,θ(x)D(x)−1

=D(fn(x))Dθ(f
n(x))−1 ·Dθ(fn(x))Anw,θ(x)Dθ(x)

−1 ·Dθ(x)D(x)−1

.

Note that the middle term of the right hand side of the above equality

fixes q∗. Now the point qθ :=
◦
D(x)

◦
Dθ(x)

−1 · q∗ is also one element in

∂kSDd. It follows that

◦
E
n

θ (x) · qθ =
◦
D(fn(x))

◦
Dθ(f

n(x))−1 · q∗. (3.7.46)

By Theorem 3.3.3, there exists some constant τ∗ and δ∗ such that, for

any n > 0, and for any θwith θn 6 δ∗, we have

distHS(
◦
E
n

θ (x) · qθ,
◦
E
n

0
(x) · qθ) > θnτ∗ + o(θ). (3.7.47)

On the other hand, note that D(fn(x))Dθ(f
n(x))−1

are close to the

identitymatrix uniformly inn, when θ is taken sufficiently small, since

D(·) is continuous. Thus, for θ small (say, θ 6 θ
0
), Equation (3.7.46)

implies that
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distHS(
◦
E
n

θ (x) · qθ,q∗) 6
δ∗

3

τ∗, (3.7.48)

uniformly in n > 0.

Now we observe that, since Aw(·) is continuously conjugate to

cocycle of rotations, it follows that

{Enw(x)}x∈Tn,n>0
⊂M, (3.7.49)

where M is some compact subset of Sp(2d,R), then its norm has an

upper bound, say K. Thus, we have the estimate that if d(qθ,q
∗) <

δ∗τ∗

3K
, it follows that

distHS(
◦
E
n

0
(x) · qθ,q∗) (3.7.50)

=distHS(
◦
E
n

0
(x) · qθ,

◦
E
n

0
(x) · q∗)

6
δ∗

3

τ∗,

uniformly in n > 0. Remember that when θ is taken sufficiently small

(say θ 6 θ
1
), d(qθ,q

∗) < δ∗τ∗

3K
is achieved, since Dθ(·) is continuous.

Now Equations (3.7.48) and (3.7.50) lead to a contradiction with

(3.7.47), since the right hand side of (3.7.47) would be greater than

2δ∗

3
τ∗ for n large and for θ small (smaller than min(θ

0
, θ

1
)). This

contradiction proves the claim.

Then, there is anm-function which is defined for formw for a cone

of vectors w ∈ Rn. Since the map θ 7→ mwθ (x) is C
r
. Then, by Journé’

theorem (see Journé [87]), m is Cr function in x ∈ Rn/Zn. This Cr

invariant section in turn gives rise to a Cr conjugation to rotations, by

Theorem 3.7.2.

Remark 3.7.10. Recall Remark 3.4.4. The holomorphic symplectic

group extension we made in the analytic case is only done locally,

from interval [α− τ,α+ τ] to a strip of the form [α− τ,α+ τ]× [−δ, δ].
The, applying Theorem 3.7.2 to the curve of cocycle Aw,θ(·), by taking

J = (α
0
− τ,α

0
+ τ), we find Cω-invariant sectionmw,θ(·), defined for

θ ∈ J. Now a standard compactness argument gives us a finite number

of points α
0
= 0, · · · ,αM ∈ R/Z, such that, the corresponding inter-

vals {Jαi}i=0,··· ,M form an open cover the whole R/Z. Now we apply

the usual analytic continuation technique. More precisely, since any

two curves starting at 0 and ending at some point in [0, 1] × (−δ, δ)
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are homotopic, and are all covered by the local extension domains, we

apply the monodromy theorem to get a Cω extension to some strip

containingR/Z. More importantly, this extension is translation invari-

ant. Then we follow the same argument as in this theorem to finish

the proof of the Cω case.

Corollary 3.7.11. We are givenA(·) ∈ Cr+1+ε(Tn,Sp(2d,R)), with r > 2

or r = ω or r =∞. If Ld(fα,A) = 0 then the following two conditions are
equivalent:

1. A(·) is premonotonic.

2. There is some iterate n > 1 such that An(·) is monotonic.

Proof. Point (2) is stronger than point (1) by definition of premono-

tonicity. It suffices to prove the other direction. Assume point (1),

then there exists some n > 1 such that An(·) is Cr-conjugate to some

Cn(·) which is monotonic. Then the condition that Ld(fα,A) = 0 im-

plies that Ld(fnα,C
n) = 0. By Theorem 3.7.3, Cn(·) is Cr conjugate to

a cocycle of rotations. This in turn implies that An(·) is Cr conjugate
to a cocycle of rotations. By the proof of Theorem 3.7.3, it follows that

there exists some iterate of An, denoted as AN(·), such that, AN(·) is
monotonic. This finishes the proof of point (2).

Theorem3.7.4 (Theorem3.1.1 resteated). Supposewe have cocycleA(·) ∈
Cr+1+ε(Tn,Sp(2d,R)), with r > 2 or r = ω or r =∞, which is premono-
tonic. If Ld(fα,A) = 0 then A(·) is Cr conjugate to a cocycle of rotations.

Proof. Since A(·) is pre-monotonic, then by Corollary 3.7.11, with the

condition that Ld(fα,A) = 0, it follows that, some iterate An(·) is

monotonic. Then, by Theorem 3.7.3, we can find m-function which

is an invariant section for the cocycle An, which is of regularity Cr.

Then, Proposition 3.7.8 gives a Cr invariant section m ′, which gives

the Cr conjugate to rotation for A(·).

3.8 Regularity Results

Next, we recover the counterpart of Theorem2.2 fromAvila andKriko-

rian [16].
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Theorem 3.8.1. Let Aθ,s ∈ C0(T,Sp(2d,R)), θ ∈ R/Z denote a deforma-
tion of cocycles on T with two parameters, where θ ∈ R/Z, and s ∈ J, J is
either an open interval or the circle J = S1. Assume Aθ,s is monotonic in θ
and C2r+1+ε in (θ, s) with 1 6 r <∞, or C∞, or Cω. Then, the map

s 7→
∫
R/Z

Ld(f,Aθ,s)dθ, (3.8.1)

is Cr,C∞ or Cω, respectively.

Proof. The proof is based on our symplectic asymptotic holomor-

phic extension and the estimates in Theorem 3.4.7 (actually only Re-

mark 3.4.8), with the help of Lemma 3.4.1. We first deal with the

analytic case.

We start by integrating one of the parameters, to define, for all

0 < t 6 δwith some small δ, the function

U(t, s) =

∫
R/Z

Ld(f,Aθ+it,s)dθ. (3.8.2)

Note that by Proposition 3.3.3, monotonicity implies thatAθ+it(x) ∈ Υ
for t ∈ (0, δ]. Thus, we apply Theorem 3.3.1, with the additional

assumption that Aθ is analytic. Then, the function ζ : Ωδ ∪ R/Z → C
obtained in Theorem 3.3.1 satisfies the following properties (see also

[[141], Theorem 5]),

1. ζ is holomorphic in z ∈ Ωδ,

2. The real part ρ(z) = R(ζ)(x) is continuous in z ∈ Ω+
δ ∪R/Z, and

is monotonic when restricted to R/Z.

3. The imaginary part −I(ζ)(z) = Ld(f,Az). It is a subharmonic

function in z ∈ Ω+
δ ∪ R/Z.

The same conclusions also hold for the lower bandΩ−
δ .

Note that by Equation (3.3.29), we have for any t 6= 0, we have the

following expression for the function U(t, s):

U(t, s) =

∫
T×T

log |det τAθ+it,s(x)(m
+(θ+ it, x))|dλ(x)dθ, (3.8.3)

where m+(θ + it, x) is the unique invariant section of the hyperbolic

map induced by the action

◦
Aθ+it : SDd → SDd. If we fix s, the map
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τ(Z) defined in (3.2.51) never vanishes for Z ∈ SDd. Then, since the

map (θ+it,Z) 7→ τAθ+it,s(x)(Z) is amultivariate holomorphic function,

it follows that the function∫
T
log |det τAθ+it,s(x)(m

+(θ+ it, x))|dλ(x) (3.8.4)

is a harmonic function in θ + it ∈ Ω+
δ . The integral (3.8.4) is thus an

affine function in t ∈ (0, δ) since it is harmonic in one variable t.

By point (3) as above, in Ωδ, the function θ + it → L(f,Aθ+it,s)
is subharmonic. In particular, it is upper semi-continuous at t = 0.

Also, the function Aθ+it is real symmetric in both variables. These

facts imply that we can express

U(0, s) = 2U(
t

2

, s) −U(t, s), (3.8.5)

which is analytic in s.

Next, we consider the finite differentiability case. Note by assump-

tion, theC2r+1+ε
extension we obtained forAθ,s satisfies the following

estimate

‖∂ksAz,s(x)‖ = O(1), for any 0 6 k 6 2r. (3.8.6)

‖ ∂
∂z
Dks (Az,s(x))‖ = O(|I(z)|2r−k+ε) for any 1 6 k 6 2r. (3.8.7)

Then, recall the functionU(t, s)defined in (3.8.2) has the expression

(3.8.3) for t 6= 0. Therefore,weapply theCr versionofTheorem3.3.1, to

get theCk function ζs definedonΩ+
δ ∪R/Z. Examining the definitions,

one easy consequence is that the function U(t, s) is Ck in s for fixed

t 6= 0.

Applying Remark 3.4.8, and noting the definition of the function ζ

a in (3.3.41), the above two estimates give that

‖I( ∂
∂z
Dks (ζs(z)))‖ (3.8.8)

=O(|I(z)|2r−2k−1+ε), for any 0 6 k 6 r− 1.

Now we fix 0 < δ ′ < δ ′′ < δ. Apply stoke’s Theorem to integrate

ζs(z)dz in the domain [0, 1]× [δ ′, δ ′′], which is bounded by an obvious

piecewise C1
-curve. Then, we take the imaginary part, and integrate
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x ∈ Xwith respect to µ, to get the following equality:

U(δ ′, s) −U(δ ′′, s) −

∫
X

∫δ ′′
δ ′

Rζs(1+ it) − Rζs(it)dtdµ(x) (3.8.9)

=

∫
X×[0,1]×{δ ′<I(z)<δ ′′}

I(
∂

∂z
ζs(z))dµ(x)dz∧ dz.

We are interested in the term U(δ ′, s). Note first, U(δ ′′, s) is a fixed Ck

function of s. Next, by Estimate (3.8.8), we have that the term∫
X×[0,1]×{δ ′<I(z)<δ ′′}

I(
∂

∂z
ζs(z))dµ(x)dz∧ dz (3.8.10)

is also Ck and it converges in Ck as δ ′ → 0. Then, the quantity∫
X
Rζs(1 + it) − Rζs(it)dµ(x) is the topological degree of Az,s when

z runs once around the band Ω+
δ , which does not depend on t or s.

Thus, the term ∫
X

∫δ ′′
δ ′

Rζs(1+ it) − Rζs(it)dtdµ(x) (3.8.11)

is a linear function of δ ′′ − δ ′. We conclude that U(δ ′, s) converges
uniformly in Ck as δ ′ → 0. Recalling Theorem 3.4.1, we have that the

limit is just U(0, s), which finishes the proof of this theorem.

Theorem 3.8.2. LetAs ∈ Cr(Tn,Sp(2d,R)), r = ω,∞ be a one-parameter
family of cocycles which are also Cr in x and s. Assume thatAs is monotonic
s
0
, then s 7→ Ld(fα,As) is Cr in a neighborhood of s

0
.

Proof. Let s
0
be fixed. Since the existence of the vector w is an open

property, there exists some primitive integer vector w. Then we fix

w. Consider the two parameter family Aθ,s of cocycles, with θ ∈ R/Z,
defined by

Aθ,s := As(x+wθ). (3.8.12)

Apply Theorem 3.8.1, and noting that L(fα,Aθ,s) = L(fα,As) for
every s, then the conclusion follows immediately.

Theorem 3.8.3. [Theorem 1.2 restated] Let Aθ,s ∈ C0(Rn/Zn,Sp(2d,R))
be monotonic in θ and C∞ in θ, s. The base dynamic depends on s, which
is defined by x 7→ x + α(s), where s 7→ α(s) is C∞. Then the map s 7→∫
R/Z L

d(Aθ,s)dθ is C∞ in s.
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Proof. Applying the full content of Theorem 3.4.7, again with the help

of Lemma 3.4.1, the proof follows that lines of the proof of Theo-

rem 3.8.1.

Theorem 3.8.4. If As ∈ C∞(Rn/Zn,Sp(2d,R)) is monotonic and C∞ in
x and s. Assume s 7→ α(s) is C∞, then the Lyapunov exponent Ld(As) over
the base dynamics x 7→ x+ α(s) is C∞ in s.

Proof. Assume thatA isw-monotonic for somew, which is a primitive

integer vector. Thenwe get a twoparameter cocycle defined as follows:

Aθ,s(·) := As(·+ θw). (3.8.13)

Note that, the Lyapunov exponent of Aθ,s defined as above is the

constant L(fα,As), which does not depend on the θ parameter. Then

the result follows from theorem 3.8.3.

3.9 Concluding Remarks

In order to accumulate the effect of iterates of monotonic symplectic

cocycles acting on the boundary, we need a mild assumption that the

iterates all take values in the compact subgroup. Note that this as-

sumption is actually satisfied by any cocycle which isC0
conjugate to a

rotations. Using this observation, we can understand better themono-

tonicity as well as pre-monotonicity. As a consequence, the under the

assumption of zero Lyapunov exponents, the premonotonicity is the

same with monotonicity of some iterate.

A difficult goal is to understand the symplectic monotonic cocycle

acting on the non-Shilov boundary. In order to do this, we need to

compare different ways to describe the strength of the monotonicity

of the curve of cocycle. In particular, we will prove that, the strength

accumulate under a mild compactness condition. For any non-Shilov

boundary point, it is in fact affected with the same strength of the

cocycle acting on the Shilov boundary. This is shown via a careful

computation of the tangent vector.

We would like to come back to the central topic of this chapter,

and ask for similar generalizations for general linear group GL(n,R).
Indeed, even the same task for innocent case SL(3,R) is still beyond
our reach. The lack of a convenient object to act on, like the Siegel disk
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and Siegel upper half plane for Sp(2d,R), is the major obstacle in the

way.

One point in the possible future work lies in the fact that, the

symplectic monotonic cocycle, as one analogue of monotonic SL(2,R)
cocycles in higher dimension, exhibits muchmore complicated behav-

iors to be explored. In particular, comparing with [16], one does not

have the dichotomy of either "homotopic to identity" or some sort of

"monotonicity", as is the case of SL(2,R) cocycles. There are many

cases simply standing in the middle.

Another aspect is to understand the boundary of the Siegel disk.

This aspect gives rise to possible connections with other field of math-

ematics. We do not achieve any generality on analyzing monotonic

cocycle acting on the disk, although we do proved some properties for

our own use in Section 3.3, it will be interesting to try to make sense

to these objects by posing proper questions.



Chapter 4

A Large Deviation Theorem

4.1 Introduction

Backgroud

Deterministic systems sometimes come with statistical descriptions.

Hyperbolicity always gives birth to such behavior. On Axiom A

diffeomorphisms, the theory is essentially complete, see Anosov [2],

Anosov and Sinai [1], Young [142]. See also Viana [131]. Amodern ac-

count of both the standard results and altogether treatments of various

limit theorems, in the more general partially hyperbolic systems, are

summarized in Dolgopyat [58]. On the other hand, for non-uniform

hyperbolic system, some important development include Ledrappier

and Young [99], [101], and Young [142].

Historically, the study of products of randommatrices which is in-

dependently and identically distributed, was initiated by Bellman [26],

Furstenberg and Kesten [70], Furstenberg [69]. The setting is simple.

Consider aprobabilitymeasureµon the general linear groupGL(d,R),
and then put Ω = GL(d,R)N with the product measure µN

. The k-th

Lyapunov exponent is defined by

lim

n→∞
1

n

∫
Ω

logak(Xn · · ·X1
)dµn(Xn · · ·X1

), (4.1.1)

where we use ak(X) to denote the k-th singular value of the linear

transformation X. In [75], Guivarc’h and Raugi proved the simplic-

ity of the largest Lyapunov exponent, provided the measure µ on

149
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GL(d,R) is contracting and strongly irreducible. In [72], Goldsheid

and Margulis showed that the condition could be replaced by the

Zariski denseness of the monoid generated by the support of the mea-

sure µ (usually denoted as Tµ). What is more, under this assumption,

the whole Lyapunov spectrum is simple. In fact, under a twisting con-

dition, which is an algebraic condition, the above notion of contracting

and algebraic closed are the same, as was proved in the Xu’s master’s

thesis, Xu [140]. Note that, continuing in this path, over more general

dynamical systems, proper criterions for simplicity of the Lyapunov

spectrum for typical linear cocycles, are also obtained. See Avila and

Viana [19], [20], Bonatti and Viana [37], Avila and Santamaria and

Viana [17].

Speculated already by Bellman in [26], Le Page [98] obtained the

first version of central limit theorem for products of random matri-

ces. See also Bougerol [38]. Very recently, Benoist and Quint [32]

obtained CLT for the Lyapunov exponent, given only a bounded sec-

ond moment condition. Two tools turn out to be relevant. The first

is martingales and Markov chains, which are even older subjects to

study in probability theory. The second is spectral theory of transfer

operators. See Baladi [22]. Note that, it is very natural to ask for

extensions to nonlinear version of various limit theorems.

The theory also sees nice applications in the study of subgroups of

Lie group, Guivarc’h [76], Bourgain andGamburd [40]. More relevant

to our work, Benoist and Quint in [28], [30], [31] bring important

advancement to both the theory itself and to its applications, especially

in the thoery homogeneous dynamics.

In ergodic theory and dynamical system, Ratner’s theorems (See

Ratner [122], [123], Margulis and Tomanov [112]) on both the orbit

closures and invariant measure classifications for unipotent flow on

homogeneous spaces, were considered a milestone in homogeneous

dynamics. Although several people including Shah in [126] and Mar-

gulis in [111] describe the possible extension of these theorems are

either "a challenging problem", or "extremely difficult", Benoist and

Quint [28] extend the theorem, by introducing a technique called "ex-

ponential drift". Then, a modified version of this technique appeared

as the main strategy in the paper Eskin and Mirzakhani [63], in order

to get measure classifications for the SL(2,R) action on Moduli space

of Abelian differentials.

The study of rigidity phenomena of invariant measures, in gen-
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eral, is referred to simply asmeasure rigidity. While one single dynam-

ical system does not give much restriction to the possible invariant

measures, for the higher rank group action, the situation is signifi-

cantly different. For example, in a recent work, Kalinin and Katok

andHertz [89] proved that for theZk action viaC1+ε
diffeomorphisms

on a (k+ 1)-dimensional manifold, any Zk-invariant measure is abso-

lutely continuous, provided the usual positivity of entropy for at least

one group element, with a general position requirement for Lyapunov

hyperplanes.

For non-Abelian group actions, Benoist and Quint [28], [30], [31]

studied the stationary measures, and obtained many important re-

sults. Based on these works, in particular applying the "Exponential

Drift" technique, especially the modified version of it as in Eskin and

Mirzakhani [63], a recent preprint by Brown and Hertz [44] studied

the group ofC2
diffeomorphisms on surface, and gave a trichotomy for

the stationary measures. Either the stable distribution is non-random,

or the measure is SRB, or the measure is supported on a finite set.

Among other things, in this paper, we will continue to study these

measures, and give finer descriptions.

Note that, when the measure µ is finitely supported, we have an

Iterated Function System (IFS). Besides its function to generate fractals

(see Barnsley and Demko [23]), and its applications to other aspects

in dynamical systems (such as building blenders, see Nassiri and Pu-

jals [114]), the study of IFS also gives birth to interesting problems of

its own. For instance, one question is transitivity or minimal proper-

ties of IFS. For example, in one recent work [96], it was proved that

for generic pair of Cr area-preserving diffeomorphisms generating an

IFS, the system is transitive. In [82], the main theorem gives exam-

ple of pair of diffeomorphisms which robustly generate minimal IFS.

Our result in this respect is stated as Theorem 4.1.5, which implies, in

particular, the existence of an open set of pairs of volume-preserving

diffeomorphisms generating minimal IFS.

Main Results

We denote by G = Diff2
vol
(S) the group of C2

volume-preserving

diffeomorphisms. Let µ be a compactly supported measure on the

groupG. Introduce themain probability space wewill be working on,

written byΩ = (Diff2
vol
(S))N, equipped with the probability measure
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µN
. We also consider the set of words of length ` > 1 by G`, and put

the measure µ` to this set.

Consider the random walk on the surface S induced by the group

G acting on S. Starting from a point x
0
∈ S, we take a sequence

ω = (g
0
,g

1
, · · · ) ∈ Ω. We also denote by ω(n) for the finite segment

ω(n) := (g
0
,g

1
, · · · ,gn−1

) ∈ Gn. As is the convention in dynamical

systems, denote for the iterates xk = xk(ω) = gk−1
(ω)◦· · ·◦g

0
(ω)(x

0
).

Sometimes we also write xk,x
0
to stress the fact that the walker starts

from the point x
0
. Denote gnω = gn−1

(ω) ◦ · · · ◦ g
0
(ω) ∈ G, as well as

gn,mω = gm−1
(ω) ◦ · · · ◦ gn(ω) ∈ G, form > n.

Definition 4.1.1. For any probability measure ν on S, we call the con-

volution µ ∗ ν for the “average probability" on S,

µ ∗ ν :=

∫
G

g∗νdµ(g), (4.1.2)

where g∗ν denotes the push-forward measure of ν via the diffeomor-

phism g. In other words, for any bounded measurable function ϕ

defined on S,∫
S

ϕ(x)dµ ∗ ν(x) =
∫
G×S

ϕ(g(x))dµ(g)dν(x). (4.1.3)

Note we also have the similar definition for the measure µ ∗ µ on

G. We will denote µ∗n = µ ∗ · · · ∗ µ for the n-th convolusion power of

µ.

We need tomake a definition, which is the main assumption of our

theorems.

Definition 4.1.2 (Weakly Expanding Measure). For any probability

measure µ on G which is compactly supported, we say µ is weakly

expanding if for any (x, v) ∈ TSwith ‖v‖ = 1, there existsn = n(x, v) >
1, such that, ∫

log ‖Dgx(v)‖dµ∗n(g) > 0. (4.1.4)

In Bourgain and Furman and Lindenstrauss and Mozes [39], one

of their main results is as follows.

Theorem[Corollary C of [39]] Consider any semigroup Γ < SL(d,Z)
which acts strongly irreducibly on Td. Suppose it contains proximal
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elements, and the support of some probability measure µ generates

Γ . Let x ∈ Tn and µn = µ∗n ∗ δx. Then there are constants c
1
, c

2

depending only on the measure µ, such that

1. Assume for someM and Q, for any integers q > Q and p ∈ Zd,
we have

‖x− p

q
‖ > q−M

.

Then for n > c
1
logQ,

max

b∈Zd,0<‖b‖<B
|µ̂n(b)| < Be

−c
2
n/M

2. Assume x /∈ (Q/Z)d. Then there exists a sequence ni → ∞,

along which

max

b∈Zd,0<‖b‖<ec2ni
|µ̂ni | < e

−c
2
ni
.

While this theoremgives precise estimate of the rate of convergence

of empirical measures to the Lebesgue measure, they also prove that

(Theorem D of [39]), if a measure µ is supported on a generator of Γ ,

then any µ-stationary µ-ergodic measure ν is either the Haar measure

or is supported on a finite rational points. It is natural to ask for

generalizations for these results to the non-linear case. Our first main

theorem below achieves this goal to some degree.

Theorem 4.1.1 (Large Deviations). Assume µ is a weakly expanding mea-
sure on the group G, then for any continuous function ϕ : S → R, and for
any ε > 0, there exists a finite exceptional subset I

0
⊂ S, and constant δ > 0,

depending on ϕ and ε, such that, For any x
0
∈ Ic

0
, and for any k > 1, the

following holds true.

P
(
ω
∣∣|1
k

k−1∑
j=0

(ϕ(xj) −

∫
S

ϕ(x)d vol(x))| > ε
)
< Ce−kτ. (4.1.5)

Moreover, the constant in the final estimate satisfies that C = C
0
d(x

0
, I

0
)−δ,

for some constantC
0
depending only onϕ and ε, and some prescribed constant

τ > 0.

The Breiman law of large numbers (see [42]) states that when the

action of µ on the state space is uniquely ergodic (that is, there is

only one µ-stationary measure ν), then almost surely, we have the
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convergence of the empirical measures
1

n
(δx

0
+ · · · δxn−1

) → ν. The

following result is an immediate consequence of Theorem 4.1.1, which

generalizes the Breiman law.

Theorem 4.1.2 (Law of Large Numbers). If µ is weakly expanding, then
there exists a countable exceptional subset I∗ ⊂ S, such that, for any x

0
∈

(I∗)c, and for µN-almost everyω ∈ Ω, we have that

lim

n→∞
1

n

n−1∑
k=0

δxk → vol. (4.1.6)

Note the above limit is in the the weak∗ topology.

The main souse of examples is from perturbation of linear cases.

We start from Γ , which is a Zariski dense subgroup of SL(2,Z), nat-
urally acting on T2

. Suppose there is a probability measure µ
0
on Γ

whose support supp(µ
0
) is compact and generates Γ . We consider

perturbations of the measure µ
0
, in the group of diffeomorphisms,

as follows. Since µ
0
is supported on finite matrices, we can denote

it as µ
0
= p

1
δA

1
+ · · ·pnδAn . We make the perturbation µ such that

µ = p ′
1
δf

1
+ · · ·+ p ′nδfn , such that each fi ∈ G is C2

close to Ai (within

distance σ, say), each weight p ′i is σ-close to pi.

Theorem 4.1.3. [Perturbation of Linear RandomWalks on Torus] Consider
the surface S = T2. Assume µ

0
is a compactly supported probability measure

on SL(2,Z), which generates Γ , and Γ is Zariski dense in SL(2,Z). The
measure µ is σ-close to µ

0
for some small number σ. Then we have the same

conclusion of Theorem 4.1.1 with respect to any measure µ.

Another result in this paper, which also provides the starting point

of the proof of our main theorems, gives a finer classification of µ-

stationary measures, under our assumption of µ being weakly ex-

panding. More precisely, based on the main theorem of Brown and

Hertz [46], we can give the following dichotomy with weakly expand-

ing: either the stationary measure is the Haar measure on the surface,

or it is supported on a finite set. This result has it own interest.

Theorem 4.1.4. Assume that µ is a weakly expanding measure on G. Let
ν be a µ-stationary µ-ergodic probability measure on the surface S. Then it
holds the following dichotomy.
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• Either ν is the Lebesgue measure vol, which is g-invariant for µ-almost
every g ∈ G;

• Or ν is supported on a finite set I ⊂ S.

Since weakly expanding is an open property, we go further to

find another open property, called directional contracting. We say the

measure µ is directional contracting if for any v ∈ TxS for any x,

there exists some choice of word ω ∈ G, such that, the differential

action of gnω at x strictly contracts the length of v. Given a pair of

diffeomorphisms, f,g ∈ G, we always consider the measure µ putting

half weights to both f and g. We say IFS(f,g) is minimal, if the whole

surface S is the only invariant space. Then, as an application of our

theorems, we can show the following result.

Theorem 4.1.5. If a pair (f,g) is both weakly expanding and directional
contracting, then the iterated function system IFS(f,g) is minimal.

Before closing the introduction, let us comment on the organization

of this paper. In Section 2, we introduce some basic terminology

and notations, as well as some classical tools we need in the proofs.

In Section 3, we explore more carefully the meaning of our weakly

expanding condition, and prepare for future arguments. Then, in

Section 4, we prove Theorem 4.1.4, which is the starting point of our

proofs. Sections 5 and 6 are devoted to the proof of Theorem 4.1.1.

More precisely, in Section 5, we give some important ideas for the

proof, and in Section 6, we give most of the computations of the large

deviation estimates. Finally, in Section 7, we gather all the proofs of the

remaining theorems. We also give some applications and discussions

for further possible works.

Note that all the probability notions we will use are standard, and

in particular follow Durrett [62].

4.2 Notations and Preliminaries

In this section, we first review some basic definitions and fix the no-

tations we want to use throughout this paper. Then, we recall some

classical theoremsonly in our context. Formoredetails of related back-

ground, one can consult for example the book Viana [133]. Finally, we

state some recent results from Brown and Hertz [45].
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Preliminaries and notations

In this paper, we let S denote a compact smooth surface, with a Rie-

mannian metric, which induces both a distance denoted by d and a

Lebesguemeasure denoted by vol. We denote T 1S for the unit tangent

bundle of S.

Definition 4.2.1. If we have µ ∗ ν = ν, we say that ν is a µ-stationary

measure. A bounded measurable function φ : S → R is called µ-

stationary if for ν-almost every x ∈ S, it holds that

φ(x) =

∫
G

φ(gx)dµ(g). (4.2.1)

Given a µ-stationary measure ν, we say it is µ-ergodic if any µ-

stationary function φ is constant.

The product spaceΩ× S can be seen as a fiber bundle

S→ Ω× S π→ Ω, (4.2.2)

which is globally trivialized. Each fiber S is a compact Riemannian

manifold of dimension 2. The one-sided shift map onΩ is defined by

σ(f
0
, f

1
, f

2
, · · · ) = (f

1
, f

2
, · · · ). (4.2.3)

Definition 4.2.2. We define the bundle map F : Ω × S → Ω × S over

σ, referred to as the Skew product, as follows.

F : Ω× S→ Ω× S, (ω, x) 7→ (σ(ω),g1ω(x)). (4.2.4)

Definition 4.2.3. Consider TS the tangent bundle of the surface S. On

Ω× TS, we define another skew product map TF,

TF(ω, (x, v)) = (σ(ω), (g1ω(x), (Dg
1

ω)x(v))). (4.2.5)

Definition 4.2.4. Consider PTS the projectivized tangent bundle of the

surface S. OnΩ× PTS, define another skew product map PTF

PTF(ω, (x, [v])) := (σ(ω), (g1ω(x), [(Dg
1

ω)x(v)])). (4.2.6)
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Remark 4.2.5. All the three skew product maps defined above have

a corresponding random walk description. Let us only state state

the third one, the others are entirely similar. For any starting point

y
0
= (x

0
, [v

0
]) ∈ PTS, the randomwalk gives the k-th random position

yk(ω) := (gnω(x0), [(Dg
n
ω)x0(v0)]). (4.2.7)

Now let ν denote a Borel probability measure on S, then we have

the following proposition.

Proposition 4.2.6 ([133] Proposition 5.5, Proposition 5.13). The measure
ν is µ-stationary for F if and only the product measure µN × ν on Ω × S is
F-invariant. Moreover, if ν is µ-stationary, then it is µ-ergodic if and only if
the measure-preserving system (Ω× S,µN × ν, F) is ergodic.

We also consider the space of bi-infinite sequences, denoted as

Ω̃ = (Diff2
vol
)Z. The corresponding shift map is denoted as σ̃. Let

π denote the projection map from Ω̃ to Ω by forgetting the negative

coordinates. One similarly defines the corresponding skew product

map as follows. There are some relation between the measures, stated

as follows.

F̃ : Ω̃× S→ Ω̃× S, (ω̃, x) 7→ (σ̃(ω̃),g1ω(x)). (4.2.8)

Proposition 4.2.7 ([133], Lemma 5.15, Corollary 5.23). Let µN×ν denote
an F-invariant probability measure. Then, there exists a unique F̃-invariant
measure m̃ on Ω̃× S, such that π∗m̃ = µN × ν. Moreover, m̃ has marginal
measures µZ and ν, respectively on the spaces Ω̃ and S. It holds that

m̃ = lim

n→∞(Fn)∗(µZ × ν). (4.2.9)

The next proposition explains that, µ-ergodic measures are pre-

cisely the extremal points in the convex set of µ-stationary measures.

Proposition 4.2.8 (Ergodic decomposition). [[94], Appendix A.1] The
space of ergodic µ-stationary measures is a measurable subset of the space of
all µ-stationary measures. Moreover, every µ-stationary measure η can be
represented as

η =

∫
ναη(ν), (4.2.10)

which means that for any B ⊂ S, we have η(B) =
∫
ν(B)dαη(ν), where αη

is a probability measure on the space of µ-stationary measures which gives
full measure to the set of ergodic µ-stationary measures.
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Remark 4.2.9. This is a random version of the classical ergodic de-

composition theorem. For any µ-stationary measure η, any measure ν

appearing in (4.2.10)which is in the support of the probabilitymeasure

αη will be called an ergodic component of η.

Now we state the Oseledets multiplicative ergodic theorem, only

in the case of dimension 2. A standard integrability condition is as

follows. Let (M,P, f) be an invertible measure preserving transforma-

tion on a compact spaceM. Let An(·) denote a linear cocycle induced
byA(·) ∈ L(M,SL(2,R)). We assume that,

log
+ ‖A‖, log+ ‖A−1‖ ∈ L1(P). (4.2.11)

Theorem 4.2.1. Assume condition (4.2.11). Then for P-almost every point
x ∈M,

• Either for any v ∈ R2, we have

lim

n→∞
1

n
log ‖An(x) · v‖ = 0 = λ±(x), (4.2.12)

• Or there exist a direct sum decompositionR2 = Eux⊕Esx, and exponents
λ−(x) < λ+(x), with λ−(x) + λ+(x) = 0, such that,

lim

n→+∞
1

n
log ‖An(x) · v‖ =

{
λ+(x), if v ∈ R2\Esx,

λ−(x), if v ∈ Esx.
(4.2.13)

lim

n→−∞
1

|n|
log ‖An(x) · v‖ =

{
λ+(x), if v ∈ R2\Eux ,

λ−(x), if v ∈ Eux .
(4.2.14)

In this case, both directions are invariant. That is, A(x)E∗x = E∗f(x),
where ∗ ∈ {s,u}.

Remark 4.2.10. If we consider the map TF : (ω, x) 7→ (σ(ω),g1ω(x)),
preserving the product measure µN×ν, and the linear cocycle defined

by A(ω, x)(v) := D(g1ω)x(v), then we call the functions λ+(ω, x) and
λ−(ω, x) obtained in the above theorem the point-wise fibered upper

and lower Lyapunov exponents, respectively. If the measure µN × ν
is ergodic, then both exponents are constants, and we call them the

fiber-wise upper and lowerLyapunov exponents of themeasureµN×ν,
respectively.

Proof. For details of the proof of this standard result, see for example

Viana [133].
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We next state the classical theory of non-uniform hyperbolicity,

only in our specific setting of bundle maps of dimensional 2 fibers.

We also call this theory the fiber-wise Pesin theory. This theory ori-

gins from Pesin [119] and Pesin [120], see also the book Katok and

Hasselblatt [ [91], Supplement]. There is a minor extension in our

random context. See a similar account in Liu and Qian [104].

The following theorem is a classical result in Pesin theory.

Theorem 4.2.2 (Pesin Invariant Manifold). Fix any F-invariant F-ergodic
measure µN × ν, assume that λ+ > 0 > λ−. Take any completely regular
point (ω, x) ∈ Λ, where Λ is produced in the previous theorem. Then, there
exists a fiber-wise Pesin stable curve, defined by

Ws
ω(x) := {y ∈ S : lim

n→+∞
1

n
logd(Fn(ω,y), Fn(ω, x)) = λ−}. (4.2.15)

Similarly, we have the existence of Pesin unstable curve

Wu
ω(x) := {y ∈ S : lim

n→−∞
1

n
logd(Fn(ω, x), Fn(ω,y)) = λ+}. (4.2.16)

Remark 4.2.11. Since the cocycle is 2-dimensional, both the stable and

unstable Pesin manifolds are actually curves.

Nowwestate the important result on regularpoints of non-uniformly

hyperbolic systems.

Theorem 4.2.3 (Regular points). Let µN × ν denote an F-invariant proba-
bility measure onΩ× S. Denote by λ+ = λ+(ω, x) and λ− = λ−(ω, x) for
the pointwise upper and lower Lyapunov exponents, respectively. Then, there
exists a setΛ ⊂ Ω×Swith fullµN×ν-measure, satisfying the following prop-
erties. For any η > 0, there exists a tempered map Cη : Ω× S→ GL(2,R),
such that:

1. For any (ω, x) ∈ Λ, if the corresponding exponents are λ+ > λ−, the
matrix Aη(ω, x) = Cη(fx)D(g1ω)xC

−1

η (x) has the Lyapunov block
form:

diag(a+(x),a−(x)), (4.2.17)

where a+(x) ∈ [eλ
+−η

, eλ
++η], and a−(x) ∈ [eλ

−−η
, eλ

−+η]. If λ+ =
λ− = 0, then the matrix Aη(x) = Cη(fx)D(g1ω)xC

−1

η (x) has both
norm and conorm lying in the interval [e−η, eη].
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2. There exists a map r = (r
1
, r

2
) : Λ→ (0, 1]× (0, 1], such that for any

y = (ω, x) ∈ Λ, for any i ∈ {1, 2}, we have

e−η <
ri(ω, x)

ri(F(ω, x))
< eη. (4.2.18)

Moreover, the mapΦy defined byΦy = Cη(y) ◦ exp−1

x is a local chart
around the point x in the manifold S, satisfying the following. The map

fy = ΦF(y) ◦ F ◦Φ−1

y (4.2.19)

are well defined on the ball ω × B(0, r(y)) inside the Euclidean space
R2. They satisfy that dC1(fy,D(fy)0) 6 η.

3. There is a measurable function K : Λη → R+, such that for any y ∈ Λ,

e−η <
K(y)

K(Fy)
< eη, (4.2.20)

and that for any x ′, x ′′ ∈ Φ−1

y (B(0, r(y))), one has

1

2

d(x ′, x ′′) 6 ‖Φy(x ′) −Φy(x ′′)‖ 6 K(y)d(x ′, x ′′). (4.2.21)

Remark 4.2.12. The set Λ is called regular set. Any points y ∈ Λ are

called completely regular points. The meaning of "tempered map"

Cθ(·) is standard. It means the function satisfies

lim

n→∞
1

n
log ‖Cη(fn(x))‖ = 0. (4.2.22)

Remark 4.2.13. For any small ε > 0 and large ` > 0, there exists a

compact subset Λ`,ε ⊂ Λ, which has µN × ν measure at least 1 − ε.
Moreover, restricted to Λ`, all Pesin local stable manifolds Ws(ω, x)
(or Pesin local unstable manifolds) have size at least

1

`
, and they vary

continuously in (ω, x) ∈ Λ`,ε. The setΛ`,ε is referred to as a uniformity

block, or simply a Pesin set. Actually, in our setting, we are only

interested in applying this theorem in the case ν = vol.

Definition 4.2.14. Given ameasure ν on S, we say it is an SRBmeasure

if the conditional measure of ν along the leaves ofWu(ω, x) ⊂ {ω}×S
is absolutely continuous with respect to the corresponding Lebesgue

measure.
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Now we state the classical Furstenberg’s theorem on positivity of

Lyapunov exponent. The setting is degenerated to the linear case. For

the next theorem only, we consider the group G = SL(2,R) acting on

R2
. Then the skew product map is formally the same.

F(ω, v) = (σ(ω),g1ω(v)). (4.2.23)

The measures µ and ν are defined similarly as before. Then we have

the following theorem,

Theorem 4.2.4. [[133], Theorem 6.11,[38], Theorem III.4.3.] Assume that
supp(µ) is not contained in a compact subgroup of SL(2,R) and there is
no non-empty finite set of lines L ⊂ R2 which is A-invariant by any A ∈
supp(µ). Then, the upper and lower Lyapunov exponents are distinct, that
is,

λ− < 0 < λ+. (4.2.24)

Remark 4.2.15. Note the base dynamics is ergodic. Thus both expo-

nents are numbers.

Previous results

Now we can state the main theorem from [46].

Theorem 4.2.5 ([46],Theorem 3.4). Suppose ν is a µ-stationary µ-ergodic
measure. Then, one of the following must happen.

1. The fiber-wise Lyapunov exponents all vanish, that is, λ+ = λ− = 0;

2. The stable distribution Esω,x is non-random, that is, it does not depend
onω;

3. The measure ν is supported on a finite set;

4. The measure ν is absolutely continuous with respect to vol. Moreover,
up to multiplication by a constant, ν is the restriction of vol to some
positive volume subset A ⊂ S.

Moreover, in the last two cases, the measure ν is actially g-invariant for
µ-almost every g ∈ G.
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4.3 Properties of Weakly Expanding Measures

In this section we explore the properties of the weakly expanding

measure µ by proving several lemmas. In the first lemma, we show

under the weakly expanding assumption, we can actually find some

uniformity of the expanding behavior at one single iterate n.

Lemma 4.3.1. Suppose µ is a weakly expanding measure on G, then there
exists Ñ ∈ N+ and c̃ > 0, such that for any (x, v) ∈ TS with ‖v‖ = 1,∫

G

log ‖Dgx(v)‖dµ∗Ñ(g) > c̃ > 0. (4.3.1)

Proof. By the assumption that the measure µ is weakly expanding,

there is a positive integer n = n(x, v) and constant c(x, v) such that,∫
G

log ‖Dgx(v)‖dµ∗n(g) > c(x, v) > 0. (4.3.2)

Observe the above integral is continuous with respect to the vari-

able (x, v). Then there exists some open neighborhood V(x, v) ⊂ T 1S,
such that for any (x ′, v ′) ∈ V(x, v), one has∫

G

log ‖Dgx ′(v ′)‖dµ∗n(x,v)(g) > c(x, v) > 0. (4.3.3)

Since the space T 1S is compact, we can find a finite set of points,

say, (x
1
, v

1
), · · · , (xp, vp), such that, the corresponding open neigh-

borhoods V
1
, · · · ,Vp covers the whole space T 1S. For each (xi, vi),

i = 1, · · · ,n, there exists ni and positive number ci, such that for any

(x, v) ∈ Vi, it follows that∫
G

log ‖Dgx(v)‖dµ∗ni(g) > ci. (4.3.4)

We write

c
small

= min{c
1
, · · · , cp}. (4.3.5)

N
large

= max{n
1
, · · · ,np}. (4.3.6)

Then for any (x, v) ∈ T 1S, we define the first stopping time τ
1
(x, v) as

the smallest integer for which Equation (4.3.2) holds for lower bound

c
small

. By definition, we have the bound that, uniformly in (x, v) ∈ T 1S,

τ
1
(x, v) 6 N

large
. (4.3.7)



4.3. Properties of Weakly Expanding Measures 163

Starting fromsomepoint (x
0
, v

0
) ∈ T 1S, takeω = (g

0
, · · · ,gnω, · · · ) ∈

Ω, denote by

(xn, vn)(ω) = (gnω(x0),
D(gnω)x0(v0)

‖D(gnω)x0(v0)‖
∈ T 1S. (4.3.8)

Then, define the n-th stopping time inductively, by

τn = τn(x0, v0) := τn−1
(x

0
, v

0
) + τ

1
(xn−1

, vn−1
). (4.3.9)

Take an integer N � N
large

. Let K
0
be the smallest integer such that

τK
0
+1
> N. Then compute that,

E(x
0
,v

0
)

(
log ‖D(gNω)x0(v0)‖

)
(4.3.10)

=E(x
0
,v

0
){

K
0
−1∑

k=0

(
log

‖D(g
τk,τk+1

ω )xτk (vτk)‖
‖vτk‖

)
+
(
log

‖D(g
τK

0

,N
ω )xτK

0

(vτK
0

)‖
‖vτK

0

‖
)
}

>
N

N
large

c
small

−N
large

max

x∈S,g∈supp(µ)
log ‖Dgx‖.

Note the above estimate is uniform in the starting point (x
0
, v

0
). Thus,

we can take

Ñ = 1+ [c
small

N2

large
max

x∈S,g∈supp(µ)
‖Dgx‖], (4.3.11)

and the conclusion of the lemma follows, with

c̃ =
Ñ

N
large

c
small

−N
large

max

x∈S,g∈supp(µ)
‖Dgx‖. (4.3.12)

Remark 4.3.2. In particular, the conclusion of this lemma implies that,

by taking the kÑ-th convolution, the average expanding rate of com-

position of random diffeomorphisms {g
1
◦ · · · ◦gkÑ}k>1

is unbounded,

each of which is at least kc̃.

Remark 4.3.3. The uniform lower bound c̃ > 0 and the integer Ñ ∈ N
in the proof of Lemma 4.3.1 will be used in our later arguments.
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We next improve the Oseledets theorem from “almost every" point

to a “every point" statement, under the assumption of the stationary

measure being weakly expanding.

Definition 4.3.4. For anyGL(2,R)matrixA such that ‖A‖ > ‖A−1‖−1
,

there is a unique stable direction [s(A)] ∈ PR2
, such that, for any

v ∈ [s(A)], we have

‖A−1‖−1 =
‖Av‖
‖v‖

. (4.3.13)

Similarly, define the unstable direction [u(A)] ∈ PR2
to be the orthog-

onal direction of [s(A)]. Then for any w ∈ [u(A)], we have

‖A‖ = ‖Aw‖
‖w‖

. (4.3.14)

Lemma 4.3.5. Suppose µ is a weakly expanding measure on G. Then, for
any x ∈ S, for µN-almost everyω ∈ Ω, there exist λ(ω, x) > 0, and a direct
sum decomposition of TxS = R2, denoted as TxS = Euω,x ⊕ Esω,x, such that,

lim inf

n→+∞
1

n
log ‖D(gnω)x(v)‖ = λ(ω, x), if v ∈ Euω,x, (4.3.15)

lim sup

n→+∞
1

n
log ‖D(gnω)x(v)‖ =− λ(ω, x), if v ∈ Esω,x. (4.3.16)

In particular, for vol-almost every x and for almost every ω, λ+(ω, x) =
λ(ω, x).

Remark 4.3.6. The point of this lemma is to define for every x ∈ S
the pseudo-stable direction Esω,x and pseudo-unstable direction Euω,x,

which coincides with the corresponding ones when the upper Lya-

punov exponents do exist, by Oseledets theorem.

Remark 4.3.7. We also can use the trivial estimate to get the existence

of the supremum limits λ(ω, x) for every x and almost everyω.

Proof. Firstly, theG is the a set of vol-preserving diffeomorphisms, we

have in particular, the cocycles det((Dgnω)x(v)) is uniformly bounded

by for n > 1. It thus always holds that λ(ω, x) + λ(ω, x) = 0. In fact,

there is no real difference to simply consider our linear cocycle to take

values in SL(2,R).
By the assumption of µ being a weakly expanding measure, the

Lemma 4.3.1 produces the numbers Ñ and c̃. Take any (x
0
, v

0
) ∈



4.3. Properties of Weakly Expanding Measures 165

TS, with ‖v
0
‖ = 1. Consider the probability space (Ω,µN), with the

increasing σ-algebra,An, generated by thenÑ-long cylinders. For any

k > 1, define the random variables

Xk := log ‖(D(g(k−1)Ñ,kÑ−1

ω )x
(k−1)Ñ

(v(k−1)Ñ)‖ (4.3.17)

−

∫
G

log ‖(Dh)x
(k−1)Ñ

(v(k−1)Ñ)‖dµ
∗Ñ(h).

Note that Sn =
∑n
j=1
Xj form a martingale sequence which is adapted

to the σ-algebras {An}n>1
. Moreover, since µ is compactly supported,

this martingale sequence is square integrable. Thus, by the strong law

of large numbers for square integrable martingales (See for example,

the book Durrett [62]), almost surely, one has
Sn
n
→ 0.

Thus, for any n > 1, write n = kÑ+p, for µN
-almost everyω ∈ Ω,

we have the following estimate.

lim inf

n→∞
1

n
log ‖D(gnω)x0(v0)‖ (4.3.18)

= lim inf

n→∞
1

n
log ‖D(gkÑ,n

ω )x
kÑ
(vkÑ)‖

+ lim inf

n→∞
1

n

k∑
`=1

log ‖(D(g(`−1)Ñ,`Ñ
ω )(v(`−1)Ñ)‖

>
c̃

Ñ
> 0.

Define

λ(ω, x
0
) := lim inf

n→∞
1

n
log ‖D(gnω)x0‖. (4.3.19)

It follows that, there exists a subset Ωx
0
⊂ Ω with full µN

-measure,

such that, for anyω ∈ Ωx
0
, λ(ω, x

0
) > c̃

Ñ
> 0.

Now, forω ∈ Ωx
0
, define the contracting line of thematrix (Dgnω)x0 ,

as follows.

[sn] = [sn(x0,ω)] := [s((Dgnω)x0)] ∈ PTx0S. (4.3.20)

For anyn sufficiently large, let αn denote the angle of sn and sn+1
. α is

a real number in [0, π
2
]. Denote also by sn a choice of the unit vector in

the line [sn], such that, sn+1
and sn has angle smaller than

π
2
. Thus, by
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choosing un a unit orthogonal vector to sn, we have following identity

for vectors in Tx
0
S = R2

.

sn = cosαnsn+1
+ sinαnun+1

. (4.3.21)

Now we compute

‖(Dgn+1

ω )x
0
(sn)‖ (4.3.22)

=
√

cos
2 αn(‖(Dgn+1

ω )x
0
‖−1)2 + sin

2 αn(‖(Dgn+1

ω )x
0
‖)2

> sinαn‖(Dgn+1

ω )x
0
‖.

Moreover,

‖(Dgn+1

ω )x
0
(sn)‖ (4.3.23)

6‖(Dgnω)xn‖‖(Dgnω)x0(sn)‖
=‖(Dgnω)xn‖‖(Dgnω)x0‖−1

.

It follows that

sinαn 6
‖(Dgnω)xn‖

‖(Dgnω)x0‖‖(Dgn+1

ω )x
0
‖
. (4.3.24)

By previous arguments, we can compute that

lim sup

n→∞
1

n
log sinαn (4.3.25)

6 lim sup(−
1

n
log ‖(Dgnω)x0‖−

1

n
log ‖(Dgn+1

ω )x
0
‖

6− 2 lim inf

1

n
log ‖(Dgnω)x0‖.

=− 2λ(ω, x
0
). (4.3.26)

So, the number sequenceαn decays exponentially fast. It follows there

exists a limit s. We denote by Esω,x be the direction of s in TxoS. It is

left to check it satisfies the assertions of our lemma. Firstly of all, it is

elementary that the convergence of sn to swith respect to the distance

d(sn, s) = sin](sn, s) is also exponential, with the same exponent.

Thus,

lim sup

n→∞
1

n
log sin](sn, s) = 2λ(ω, x

0
). (4.3.27)
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We denote by βn = ](sn, s), and then we have a familiar representa-

tion s = sn cosβn + un sinβn, which implies that,

(Dgnω)x0(s) = (Dgnω)x0(sn) cosβn + (Dgnω)x0(un) sinβn. (4.3.28)

Thus,

‖(Dgnω)x0(s)‖ 6
√
2max(‖(Dgnω)x0‖−1

, ‖(Dgnω)x0‖ sinβn). (4.3.29)

Thus, by Equation (4.3.27), we have

lim sup

n→∞
1

n
log ‖(Dgnω)x0(s)‖ (4.3.30)

6 lim sup

n→∞
1

n
log

√
2max(‖(Dgnω)x0‖−1

, ‖(Dgnω)x0‖ sinβn)

=max(−λ(ω, x
0
), λ(ω, x

0
) − 2λ(ω, x

0
)) = −λ(ω, x

0
).

On the other hand, observing Equation (4.3.19), the above inequality

is actually an equality, because we can obtain a subsequence ni along

which the limit is achieved.

Now the main statement of the lemma is proved. The rest is an

easy implication of the Oseledets theorem.

One important implication of this lemma is the following. For

every point x ∈ S and for almost every word ω ∈ Ω, we can use the

standard Hadamard-Perron theorem to construct the stable manifold

Ws
ω(x), as well as the unstable manifoldWu

ω(x). For more details, see

for example the book Katok and Hasselblatt [[91],Chapter 6]. We will

come back to this issue later.

Definition 4.3.8. For some fixed positive integer p, we call a p-line

field on S a choice of p lines in the projectivized tangent space. More

precisely, the p-line field is denoted by E(p), and is defined for vol-

almost every point x ∈ S. For such x, we have

E(p)(x) = {[`x,1], · · · , [`x,p]} ⊂ PTxS. (4.3.31)

Lemma 4.3.9. Suppose µ is a weakly expanding measure on G, then there
does not exist any p-line field E(p)x (·), which is invariant by all g ∈ supp(µ).
In particular, there does not exist any line field Ex(·) on S which is invariant
by all g ∈ supp(µ).
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Proof. Suppose for contradiction the existence of the invariant finite

line field, which is denoted as E(p) = E(p)(·), defined for Lebesgue al-

most every x ∈ S. Note the Lebesguemeasure vol on S is aµ-stationary

measure. Apply Oseledets multiplicative ergodic theorem (Theorem

4.2.1), combined with Lemma 4.3.5. It is clear that at each point x ∈ S,
the lines Esω,x and E

u
ω,x are the only possible choices for the invariant

line fields. Thus, p 6 2.

We treat the case when E(2)(x) = {Esω,x,E
u
ω,x}. The other case is

similar. Then, in particular, we have, for all g ∈ supp(µ), we have

Dgx(E
(2)(x)) = E(2)(g(x)). (4.3.32)

Note that, the stable (respectively, unstable) directions must be invari-

ant by all g ∈ supp(µ). This implies that, for all ω ∈ Ωx
0
, and for

g = ω(1) (which is just the first symbol ofω), we have

Dgx(E
s
ω,x) = E

s
σ(ω),f(x). (4.3.33)

It follows, for any k > 0 sufficiently large, we have∫
log ‖(Dg)x(Esω,x)‖dµkÑ(g) < 0, (4.3.34)

which is a contradiction to the assumption that µ is weakly expanding.

Remark 4.3.10. The same argument actually proves the following a

bit stronger result: restricted to any subset Λ ⊂ Ω × S with positive

µN × vol-measure, there does not exist any p-line field, denoted by

{E(p)(x)|x ∈ p
2
(Λ)}, satisfying that for all (ω, x) ∈ Λ,

D(gnω)x(E
(p)(x)) = E(p)(gnω(x)). (4.3.35)

Definition 4.3.11. We call a finite set I a µ-invariant set if for any

g ∈ supp(µ), we have g(I) = I.

Definition 4.3.12. For any µ-invariant set I, and some number δ > 0,

define the energy function u = uI,δ, such that, u(x) = d(x, I)−δ.

Lemma 4.3.13. Let µ be a weakly expanding measure on G. There exist
constants δ,η > 0 satisfying the following properties. Given a µ-invariant
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set I, there exists r > 0, such that, for the energy function u = uI,δ, and for
any y with 0 < d(y, I) < r, we have,∫

G

u(g(y))dµ∗Ñ(g) 6 e−ηu(y) (4.3.36)

where Ñ is as in Lemma 4.3.1.

We first prove a sublemma.

Sublemma 4.3.14. Under the condition of Lemma 4.3.13, there exist con-
stants η, δ > 0, such that, for the number Ñ produced in Lemma 4.3.1, and
for any v ∈ R2, x ∈ S, we have the estimate∫

G

‖Dgx(v)‖−δdµ∗Ñ(g) 6 e−2η‖v‖−δ. (4.3.37)

Proof. Firstly, observe that inorder toproveEquation (4.3.37), it suffices

to show that for any vector v with ‖v‖ = 1, we have∫
G

‖Dgx(v)‖−δdµ∗Ñ(g) 6 e−2η
. (4.3.38)

Take and fix v with ‖v‖ = 1. Consider the real function ψ(·) defined
by

ψ(δ) = ψg,x(δ) :=

∫
G

‖Dgx(v)‖−δdµ∗Ñ(g). (4.3.39)

Then, ψ(·) a differentiable function and its derivative is given by

ψ ′(δ) = −

∫
G

‖Dgx(v)‖−δ log ‖Dgx(v)‖dµ∗Ñ(g). (4.3.40)

Observe that ψ(0) = 1, and that ψ ′(0) = −
∫
G
log ‖Dgx(v)‖dµ∗Ñ(g).

Due to weak hyperbolicity, by Lemma 4.3.1, we have

ψ ′(0) 6 −c̃ < 0. (4.3.41)

This implies that, for any δ > 0 sufficiently small, we have ψ ′g,x(δ) <
− c̃

2
, uniformly in g and in x, since (g, x) is taken from a compact set.

Thus,

ψ(δ) = ψ(0) + δψ ′(ξ) 6 1−
c̃δ

2

. (4.3.42)

Now we take η = −1

2
log(1 − c̃δ

2
), which completes the proof of the

sublemma.
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Proof of Lemma 4.3.13. For the fixed finite µ-invariant set I, we can take

a small number r
0
> 0, such that for any x and any y ∈ B(x, r

0
)

with x ∈ I, one has d(y, I) = d(y, x). Now, apply Lemma 4.7.2 to

produce the constants Ñ, and use sublemma 4.3.14 to produce the

small constant δ and η. We even require r
0
to be sufficiently small,

such that, for any g ∈ supp(µ∗Ñ), and for any ywith d(y, I) 6 r
0
,

d(g(y),g(x)) = d(g(y), I). (4.3.43)

With respect to δ, we can choose a small number σ, satisfying that

1− σ

1− σ− σδ
< eη. (4.3.44)

We now choose the number r 6 r
0
, such that, for any x ∈ I,

restricted to B(x, r) = {y ∈ S|d(y, x) 6 r}, the function exp
−1

x is well

defined. Moreover, for any g ∈ supp(µ∗Ñ),

d(g(y), expg(x) ◦Dgx ◦ exp
−1

x (y)) 6 σd(g(y),g(x)). (4.3.45)

It follows that, for all g ∈ supp(µ∗Ñ),

‖ expg(x) ◦Dgx ◦ exp
−1

x (y)‖ > (1− σ)d(g(y), I). (4.3.46)

By sublemma 4.3.14, if we take x ∈ I, and y with d(y, x) < r, and

denote v = exp
−1

x (y), then for g ∈ supp(µ∗Ñ),∫
G

‖Dgx(exp−1

x (y))‖−δdµ∗Ñ(g)

6e−2η‖ exp−1

x (y)‖−δ

=e−2ηuI,δ(y). (4.3.47)

Now by Equation (4.3.45), and by considering the real function f(t) =
t−δ, it follows that,

|f
(
Dgx ◦ exp−1

x (y)
)
− u(g(y))| (4.3.48)

6‖Dgx ◦ exp−1

x (y) − exp
−1

x (gy)‖ · ‖f ′(ξ)‖

6σd(g(y), I) · δ

(1− σ)
(
d(g(y), I)

)
1+δ

6
σδ

1− σ
u(g(y)).
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It follows that

u(g(y)) (4.3.49)

6
1− σ

1− σ− σδ
‖Dgx ◦ exp−1

x (y)‖−δ

6eη · ‖Dgx ◦ exp−1

x (y)‖−δ,

and this holds for all g ∈ supp(µ∗Ñ). So, it follows from both Equa-

tions (4.3.49) and (4.3.47) that∫
G

u(gy)dµ∗Ñ(g) 6 e−ηu(y). (4.3.50)

The proof of the Lemma is complete.

4.4 Classification of Stationary Measures

In this section, we prove Theorem 4.1.4. Some ideas of the proof are

similar to those in Dolgopyat and Krikorian [59].

Note that by Brown and Hertz’s result (Theorem 4.2.5), there are

four possible cases, involving both Lyapunov exponents and the be-

havior of the stable distributions. Now, under the assumption of the

measure µ being weakly expanding, the largest Lyapunov exponent

is obviously non-zero. Then, recalling Lemma 4.3.9, we already ruled

out the the first two cases in Theorem 4.2.5. Thus, the above theorem

reduces to the following proposition.

Proposition 4.4.1. Suppose µ is a weakly expansing measure onG. Assume
A ⊂ S is a positive volume subset such that ν = vol|A is a µ-stationary µ-
ergodic Borel probability measure, then ν = vol. That is, we can take A = S,
up to a zero vol measure subset.

The proof of this proposition is our goal of this section. We explain

firstly the main ideas behind the proof. Firstly, we show the law of

angles, which asserts that for any point in the surface, for a large

portion of words, the stable direction should be away from that fixed

direction. Then, we find a large portion of words for which we can

control uniformly of both the size and the total angle variations of

the stable manifolds. Using these results, we are able to give a lower

bound for the volume of the basin of ν intersecting any prescribed ball,
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and then conclude the proof by showing that, sets with such property

must carry full volume measure. This implies A has full measure.

We split the proof into some lemmas in the following subsections,

with a series of lemmas. These lemmas have their counterparts in

many different situations, which commonly appear as technical ingre-

dients in smooth ergodic theory. We only state and prove the version

that fits in our setting.

Words with Uniformity at Every Point

Lemma 4.4.2 (Words with Uniform Norm Grwoth). There exists some
τ > 0, and some large integerN

1
, such that, for any (x

0
, v

0
) ∈ T 1S, there is a

subset ofω, Λx ⊂ Ω, with µN-measure at least 999

1000
, we have for all n > N

1
,

‖(Dgnω)x0(v0)‖ > exp(τn). (4.4.1)

Proof. Fix a starting point (x
0
, v

0
) ∈ T 1S, and consider the probability

space (Ω,µN), and the increasing σ-algebras, {An}n>1
, each of which

is generated by the nÑ-long cylinders. For any k > 1, recall we have

defined in (4.3.17),

Xk := log ‖(D(g(k−1)Ñ,kÑ
ω )x(v(k−1)Ñ)‖ (4.4.2)

−

∫
G

log ‖(Dh)x
(k−1)Ñ

(v(k−1)Ñ)‖dµ
∗Ñ(h).

Note that since µ is compactly supported, Sn :=
∑n
k=1

Xk form a

martingale sequence, where the martingale difference sequence Xk is

uniformly bounded from above by someM. Then, we apply Azuma’s

inequality. (This is well known, see for example [103] for details). For

any small number ε > 0, it follows

P(ω
∣∣Sn
n
< −ε) 6 exp(−

ε2

2M2

n). (4.4.3)

Next, we are interested in computing the probability

P(ω
∣∣ 1
n
log ‖D(gnω)x0(v0)‖ <

c̃

Ñ
). (4.4.4)
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We need to make some computation, which is similar to the proof of

Lemma 4.3.5. As usual, we write n = kÑ+ p, then

1

n
log ‖D(gnω)x0(v0)‖ (4.4.5)

=
1

n
log ‖D(gkÑ,n

ω )x
kÑ
(vkÑ)‖

+
1

k

k∑
`=1

log ‖(D(g(`−1)Ñ,`Ñ
ω )x

(`−1)Ñ
(v(`−1)Ñ)‖

Note that, the first term in the above right hand side is uniformly

decaying to zero. For example, for n > N
0
, we have the uniform

estimate,

1

n
log ‖D(gkÑ,n

ω )x
kÑ
(vkÑ)‖ <

c̃

4Ñ
. (4.4.6)

The second term, however, forms part of Sn by definition. The

other part satisfies the estimate

1

k

k∑
`=1

∫
G

log ‖(Dh)(`−1)Ñ(v(`−1)Ñ)‖dµ
∗Ñ(h) >

c̃

Ñ
. (4.4.7)

Thus, we take ε = c̃

4Ñ
, for n > N

0
, one has

P(ω
∣∣ 1
n
log ‖D(gnω)x0(v0)‖ <

c̃

2Ñ
) (4.4.8)

6P(ω
∣∣1
k

k∑
`=1

log ‖(D(g(`−1)Ñ,`Ñ
ω )x

(`−1)Ñ
(v(`−1)Ñ)‖ <

3c̃

4Ñ
)

6P(ω
∣∣Sk
k
< −ε)

6 exp(−
ε2

2M2

k).

Observe that the series of the right hand side in the above inequality

converges. So, there exists some large N
1
> N

0
, such that

∞∑
k=N

1

exp(−
ε2

2M2

k) <
1

1000

. (4.4.9)
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Then, we can find at least
999

1000
ofω inΩx

0
, such that, for all n > N

1
Ñ,

1

n
log ‖(Dgnω)x0(v0)‖ >

c̃

2Ñ
. (4.4.10)

The proof of the lemma is complete by taking τ = c̃

2Ñ
.

Notational Remark. For any vector v ∈ R2
, we use [v] to denote the

corresponding projective vector [v] ∈ PR2
.

For any x
0
∈ S, and for any ω in the subset produced in the

previous lemma, recall in the proof of Lemma 4.3.5, we can denote the

contracting direction of the matrix (Dgnω)x0 , as

[sn] = [s((Dgnω)x0)] ∈ PTx0S. (4.4.11)

Also, recall that the angle αn satisfy the identity

sn = cosαnsn+1
+ sinαnun+1

. (4.4.12)

As in the proof of Lemma 4.3.5, for anyω as above, we get the direction

[s] = Esω,s.

Corollary 4.4.3 (Uniform Angle Decay). The angle between the stable
direction and the contracting direction of the word of finite length decay
exponentially, uniformly in x

0
∈ S and with ω ∈ Λx

0
, which is the set

produced in the above lemma. More precisely, there exists some integerC > 0

and τ > 0, such that, for any n > 1, we have the following uniform estimate:

]([sn],E
s
ω,x) 6 Ce

−τn
. (4.4.13)

Proof. Recall in Inequality (4.3.24), we already showed that

αn 6
‖(Dgn)xn‖

‖(Dgnω)x0‖‖(Dgn+1

ω )x
0
‖
. (4.4.14)

Thus, it follows by the lemma that there exists some constant K,

sinαn 6MKe−2τn
. (4.4.15)

M is the supremum of the norm ‖(Dg)x‖ over x ∈ S and g ∈ supp(µ).
Then, the limit direction is exactly Esω,x. For such a geometric series,

the tail has the same order as each term, so there exists C, such that

for all n > 1,

]([sn],E
s
ω,x) < Ce

−2τn
. (4.4.16)

The choice of C does not depend on x.
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Law of the Angles

Proposition 4.4.4 (Law of the Angles). Suppose µ is a weakly expanding
measure on G. Then there is a small number α > 0. For any (x, v) ∈ TS
with ‖v‖ = 1, there exists a subset Γx,v ⊂ Ω, with µN-measure at least 99

100
,

such that, for anyω ∈ Γx,v, we have

](Esω,x, [v]) > α. (4.4.17)

Before the proof, let us make some notational remarks. Forω ∈ Ω,

we will denote by ω[1,n] for the finite word of length n by truncating

the infinite tail. The tail, at the same time, is denoted asω[n+1,∞). Note

thatω[1,n] belongs to the setG
n
, andω[n+1,∞) ∈ GN

, equippedwith the

probability measure µn, and µN
, respectively. For any (x, [v]) ∈ PTS,

we will denote Cε(x, [v]) for the cone around [v] with angle smaller

than ε in PTxS.

Under the assumption of the measure µ on G being weakly ex-

panding, we apply Lemma 4.3.5. For any x ∈ S, there exists Ωx ⊂ Ω
with full µN

-measure, such that, for any ω ∈ Ωx, we can define the

pseudo stable direction Esω,x and the pseudo unstable direction Euω,x.

Firstly, we prove a lemma as follows.

Lemma 4.4.5. There exists a small number ε > 0. For any x ∈ S, there
exists a small number β = β(x) > 0, such that for any [v] ∈ PTxS, the cone
Cβ(x, [v]) can not contain Esω,x for a subset of ω ∈ Ωx with µN-measure
larger than 1− ε.

Proof. Note that since supp(µ) is a compact subset of G, there exists a

upper boundM, such that,

sup

x∈S;
g∈supp(µ)

‖(Dg)x‖ 6M. (4.4.18)

The number ε is taken to satisfy that,

εM− (1− ε)
c̃

Ñ
< 0. (4.4.19)

We prove the lemma by contradiction. Suppose we can find positive

sequence βn → 0, directions [vn] ∈ PTxS, and Ωn ⊂ Ωx
0
, all with µN

-

measure at least 1−ε, such that, for everyω ∈ Ωn, Esω,x ∈ Cβn(x, [vn]).
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We take some convergent subsequence of [vn], which goes to the di-

rection [v∗]. Note that for any neighborhood U of [v∗], we can choose

some large n such that Cβn(x, [vn]) ⊂ U. It follows with probability at

least 1− ε, the stable direction Esω,x belongs to U.

Thus, we can get some subset Γx ⊂ Ωx, with µN
-measure at least

1− ε, such that, for everyω ∈ Γx, we have

Esω,x = [v∗]. (4.4.20)

Now we take (x, v∗) ∈ TS where v∗ is any choice of a unit vector in

the direction [v∗]. By definition of the pseudo-stable direction as in

Lemma 4.3.5, we have that, for anyω ∈ Γx,

lim sup

n→∞
1

n
log ‖(Dgnω)x(v∗)‖ = −λ(ω, x) 6 −

c̃

Ñ
. (4.4.21)

Then, we make the following computation. Note that for any n > 1,

we always write n = Ñk+ p, with p = p(n) < Ñ.

0 >

∫
Γx

−λ(ω, x)dµN(ω) +

∫
Γcx

MdµN(ω) (4.4.22)

> lim sup

n→∞
1

n

∫
Ωx

log ‖(DGn)x(v∗)‖dµN(ω)

= lim sup

n→∞ (
1

n
min

(x,v)∈T 1S

∫
log ‖(Dg)x(v)‖dµ∗p(g)

+
1

n

k∑
j=1

min

(x,v)∈T 1S

∫
log ‖(Dg)x(v)‖dµ∗Ñ(g))

>
c̃

Ñ
> 0,

where in the first inequality, we used Estimate (4.4.19), and in the

second inequality, we applied Fatou’s lemma.

This is a contradiction and the proof of the sublemma is complete.

Proof of Proposition 4.4.4. Suppose for contradiction that there is a se-

quence of positive numbers εn → 0, some (xn, [vn]) ∈ PTS, and

some subset Λxn,[vn] ⊂ Ωx
0
, with µN(Λxn,[vn]) >

1

100
, such that for

anyω ∈ Λxn,vn , we have

](Esω,xn
, vn) 6 εn. (4.4.23)
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By taking a subsequence if necessary, we can just assume that (xn, [vn])
has a limit (x∗, [v∗]), as n→∞. We claim that, this implies Esω,x∗ = [v∗]

for a subset ofwordswith probability at least
1

100
, whichwewill denote

as Λx∗,[v∗] ⊂ Ω.

Now we show the claim. It suffices to show that for any δ > 0, the

set of words

{ω
∣∣Esω,x∗ ∈ Cδ(x∗, [v∗])} (4.4.24)

has µN
-measure at least

1

100
. Recall Lemma 4.4.3, for any δ, we can find

some N
0
large, such that, for any x and ω ∈ Λx, the angles between

stable directions of the finite word and the infinite word is under

control.

]([sN
0
],Esω,x) <

δ

4

. (4.4.25)

Now for the point x∗, since for any ω ∈ Λx∗ , the map Gn(ω) is a

diffeomorphism. Then there exists a small neighborhoodU of (x∗, [v∗])
in PTx∗S, such that, for any (x, [v]) ∈ U ⊂ PTS,

|]([sN
0
(x∗)], [v∗]) − ]([sN

0
(x)], [v])| <

δ

4

. (4.4.26)

Then, by shrinking Λx∗ to some Λ ′x∗ , still with measure larger than

99

100
, we can find the neighborhood U as above to be uniformly taken

with respect to theseω ∈ Λ ′x∗ . Then, (4.4.25) gives us

]([sN
0
(x∗)],Esω,x∗) <

δ

4

(4.4.27)

]([sN
0
(x)],Esω,x) <

δ

4

. (4.4.28)

Combining the above three inequalities, we have

|](Esω,x, [v]),](E
s
ω,x∗ , [v

∗])| <
3δ

4

. (4.4.29)

Note that we can choose some (xn, [vn]) which is sufficiently close to

(x∗, [v∗]), and in particular, we can take (xn, [vn]) ∈ U, and it satisfies

that

](Esω,xn
, [vn]) 6 εn <

δ

4

. (4.4.30)

This implies our claim, since the set (4.4.24) contains Λ ′x∗ , which has

probability larger than
1

100
.
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From the claim, consider for any large N, the product space de-

composition Ω = Ω[1,N] ×Ω[N+1,∞). Note that the projections to the

N-long cylinder, πN(Λx
0
,[v

0
]) ⊂ Ω[1,N], satisfy that, by the property of

countable product measure,

lim

N→∞µN(πN(Λx0,[v0])) = µN(Λx
0
,[v

0
]) >

1

100

. (4.4.31)

Thus, we can take some N
0
∈ N, such that, for any N > N

0
,

µN(πN(Λx
0
,[v

0
])) 6 µ

N(Λx
0
,[v

0
])×

1

1− ε
. (4.4.32)

where ε is produced by Lemma 4.4.5. Fix one such integerN, then by

Fubini’s theorem, we can at least find one N-segment (g
0
, · · · ,gN−1

),
such that, the set

Γ∗ := {ω[N+1,∞]

∣∣ω ∈ Λx
0
,[v

0
];ω[1,N] = (g

0
, · · · ,gN−1

)} (4.4.33)

has µN
-measure at least 1 − ε. Note that, by taking h = gNω, for the

point x ′ = h(x
0
) and v ′ = (Dh)x

0
(v

0
), for any ω ∈ Γ∗, Esω,x ′ = v

′
. This

is a contradiction with Lemma 4.4.5.

Uniform Control for Sizes of Stable Curves and Absolute Continuity

Lemma4.4.6 (Absolute continuity of stablemanifolds andof theholon-

omy map). Suppose µ is a weakly expanding measure on G. For µN × vol-
almost every (ω, x) ∈ Ω × S, the Lebesgue measure vol is absolutely con-
tinuous with respect to the local foliationWs

ω. The Jacobian of the holonomy
map has the same form as is in the case of a single non-uniformly hyperbolic
diffeomorphism.

Proof. The proof is the same with the proof of the case of single diffeo-

morphism, see the book Barreira and Pesin [24]. See also Ledrappier

and Young [102] for this statement in the random transformations (in

higher dimension).

Remark 4.4.7. We now give more precise statements for the Jacobian

formula of the holonomy maps, and for absolute continuity of the

foliation, only in our setting, which is a bit simpler than the gen-

eral statement. Suppose we have some C1
-curve γ which intersects

transversally a family of local stablemanifolds {Ws
ω(x)}x∈A, with some
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fixed ω, and some index set A. Now we consider the intersecting set

T := γ ∩
⋃
x∈AWs

ω(x). We also write the set

Ws
ω(T) :=

⋃
x∈T

Ws
ω(x). (4.4.34)

Similarly, we can take another transversal γ ′, which we suppose inter-

sects transverally Ws
ω(x) for any x ∈ T . Denote by T ′ = γ ′ ∩Ws

ω(T).
The holonomy map πs is just a bĳection form T to T ′, defined by

πs(y) = Ws
ω(y) ∩ T ′. Write ω = (g

0
, · · · ,gn, · · · ). Now we can write

the Jacbobian Jac(πs)(y), as follows (See [[24], Section 8.3]).

Jac(πs)(y) =

∞∏
n=1

(Dgn−1
(ω)−1

∣∣
gnω(ω)(T ′)

)gnω(ω)(πs(y))

(Dgn−1
(ω)−1

∣∣
Gn(ω)(T)

)gnω(ω)(y)

(4.4.35)

= lim

n→∞
(Dgnω(ω)−1

∣∣
gnω(ω)(T ′)

)gnω(ω)(πs(y))

(Dgnω(ω)−1

∣∣
gnω(ω)(T)

)gnω(ω)(y)

.

Next, we give precise statement of absolutely continuity property

in terms of a integral formula, which is based on the Jacobian for-

mula given as above. Take any Ws
ω(T) as above and assume it has

positive vol-measure. Assume we have a family of transversals Tt,

with t ∈ [−δ, δ]. For simplicity, we suppose the set E ⊂ Ws
ω(T) is the

intersection E = Ws
ω(T) ∩ (

⋃
t∈[−δ,δ] Tt). Assume that E has positive

vol-measure.

Then, we can identify t ∈ [−δ, δ] with a single stable leaf Ws
ω(x0)

for some fixed point x
0
. Then there exist positive real value functions

h(y) for y ∈Wω(x0) and g(y, z) in z ∈ Ty, such that,

g(y, z)dµTy(z) and h(y)dµs,ω,x
0

(4.4.36)

are the fiber measure and the factor measure, respectively. Denote the

holonomy map from the transversal Tx
0
to Ty by πsx

0
y, and denote the

corresponding Jacobian by Jac(πsx
0
y).

In this setting, the absolute continuity theory says that

vol(E) (4.4.37)

:=

∫
Tx

0

h(y)

∫
Ws
ω(x

0
)

χE(y, z)g(y, z)Jac(π
s
x
0
y)(q)dµTx

0

(q)dµs,ω,x
0
(y).

This is the formula we will use to estimate the lower bound of the

volume of some set later.
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Definition 4.4.8. For a curve γ = γ(t) ⊂ R2
, with t ∈ [a,b]. Define the

angle change of γ to be the following quantity.

max

t,s∈[a,b]
](γ ′(t),γ ′(s)). (4.4.38)

Lemma 4.4.9 (Uniform Control of the Stable Manifold). Suppose the
measure µ is weakly expanding. There exist a constant `

0
> 0 such that

for all x ∈ S, there is a subset Λ∗x ⊂ Ω with µN-measure at least 99

100
. For

any ω ∈ Λ∗x, the size1 of Ws
ω(x) is larger than `0, and the angle change of

the curve exp−1

x (Ws
ω,`

0

(x)) are less than α
100

, where α is the small number
produced in Proposition 4.4.4.

Remark4.4.10. Wesay the stablemanifoldWs
ω(x) isuniform ifω ∈ Λ∗x

where Λx is defined as above.

By Lemma 4.3.5, we already know that, for every x
0
∈ S, and for

anyω ∈ Ωx
0
, the existence of the stable/unstable directions. Thus, we

can continue, by the usual Hadamard-Perron theorem, to construct

stable/unstable manifolds. More precisely, we define

Ws
ω(x) := (4.4.39)

{y ∈ S : lim inf

n→∞
1

n
logd(gnω(y),g

n
ω(x)) = −λ(ω, x

0
)}.

Moreover, we want to be precise about the size of each stable man-

ifold. Note that, we have already get some uniformity, both on the

contracting behavior and for the angle between contracting lines, for

large portion of words.

Proof. Apply Lemma 4.3.5, to get the subset Ωx
0
⊂ Ω. For any ω ∈

Ωx
0
, we have the splitting Tx

0
S = Euω,x

0

⊕ Esω,x
0

, and numbers
c̃

Ñ
<

λ(ω, x
0
) < λ(ω, x

0
) < M (some constant depending on µ), such that

lim inf

n→+∞
1

n
log ‖D(gnω)x0(v)‖ = λ(ω, x

0
), if v ∈ Euω,x

0

, (4.4.40)

lim sup

n→+∞
1

n
log ‖D(gnω)x0(v)‖ =− λ(ω, x

0
), if v ∈ Esω,x

0

. (4.4.41)

1
In Ws

ω,`0
(x), we use the subscript `0 to denote the local stable manifold of size

`0.
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Obviously, the angle]([Euω,x
0

], [Esω,x
0

]) > 0 for allω ∈ Ωx
0
. Thus, there

exists some small number δ > 0, such that, for at least µN
-measure

999

1000

ofω ∈ Ωx
0
, we have

]([Euω,x
0

], [Esω,x
0

]) > δ > 0. (4.4.42)

Nowby Lemma 4.4.2, there is probability
999

1000
subset ofwords, with

the exponential norm growth,

‖(Dgnω)x0(v0)‖ > exp(τn). (4.4.43)

Combining these two estimates, we conclude that there is someΛ∗x
0

⊂
Ω, with µN(Λ∗x

0

) > 998

1000
, such that, both (4.4.42) and (4.4.10) hold for

everyω ∈ Λ∗x
0

.

We need to do some more careful estimates. Recall the definition

of the martingale in (4.3.17), for fixed starting point (x
0
, v

0
),

Xk := log ‖(D(g(k−1)Ñ,kÑ
ω )x(v(k−1)Ñ)‖ (4.4.44)

−

∫
G

log ‖(Dh)x
(k−1)Ñ

(v(k−1)Ñ)‖dµ
∗Ñ(h).

Wedenote Tn =
∫
G
log ‖(Dh)x

(k−1)Ñ
(v(k−1)Ñ)‖dµ∗Ñ(h). Then, the large

deviation estimate (4.4.3) gives that, for sufficiently small ε, with prob-

ability larger than
999

1000
, it follows

‖(Dgnω)x0(v0)‖ ∈ (eTn−nε, eTn+nε) (4.4.45)

Then, Combining the law of angles (Lemma 4.4.4), we get with at

least probability of
98

100
of words, satisfying both the above estimate

and the following:

‖(Dgnω)x0(v0)‖ > Cα‖(Dgnω)x0‖. (4.4.46)

It follows that, by (4.3.24),

αn 6
‖(Dgn)xn‖

‖(Dgnω)x0‖‖(Dgn+1

ω )x
0
‖

(4.4.47)

6 Ce−2(Tn−nε)
.

Then,

](Esω,x
0

, [sn]) 6
∞∑
k=n

αn 6 Ce−2(Tn−nε)
. (4.4.48)
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Finally, we obtain the estimate

‖(Dgnω)x0(Esω,x
0

)‖ (4.4.49)

6C‖(Dgnω)x0(Esω,x
0

)‖|](Esω,x
0

, [sn])|

6Ce−(Tn−3nε)
.

In particular, whenwe take ε sufficiently small, the above gives uni-

form hyperbolicity for these choices of words. By inspecting carefully

the proof of the Hadamard-Perron theorem (see for example the book

[Katok and Hasselblatt [91],Chapter 6]), under the assumption of uni-

form hyperbolicity, the size of the local stable manifolds, as well as the

angle change within local stable manifolds, depend on the C1
-norm

change of the diffeomorphism locally.

Observe that supp(µ) is compact, we can choose a uniform small

number `
0
, such that, for any x ∈ S and for any g ∈ supp(µ), the C0

normofDg
∣∣
B(x,r)

is uniformly bounded by a prescribed small number.

Then, it follows that the graph obtained by the Hadarmard-Perron

method is basically a straight line, that is, with angle change smaller

than some ε. Now we observe that the wordsω are chosen such that,

the stable and unstable directions has a uniform lower bound (4.4.42).

Thus, one checks that within the local stable manifolds of size `
0
,

the angle change of Ws
ω,`

0

(x
0
) is always smaller than the prescribed

constant
α
100

.

Concluding the proof of Proposition 4.4.1

In Hopf [83], Eberhard Hopf gave a method to analyze the averages of

the Birkhoff sums of any continuous function along leaves of the stable

and unstable foliations. In particular, in Hopf [83], it was proved that

the geodesic flow for a compact, negatively-curved surface is ergodic.

This method in very influential and become kind of standard in order

to prove ergodicity of different systems in smooth ergodic theory. It

is referred to as “the Hopf argument". See a recent paper exploiting

this method, Hertz, Hertz, Tahzibi and Ures [80]. The ideas in the rest

of the proof is based on this method, using some classical arguments

in smooth ergodic theory.

Definition 4.4.11. Fix any measurable subset A ⊂ S. For constants

c > 0, ε
0
> 0, we say A is (c, ε

0
)-good if it satisfies the following
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property. For any x ∈ S, r ∈ (0, ε
0
), and for any small number r with

vol(B(x, r) ∩A) > 0, we have

vol(B(x, r) ∩A) > c · vol(B(x, r)). (4.4.50)

The setA is called good if it is (c, ε
0
)-good for some positive constants

c, ε
0
.

The point of this definition is through the following lemma.

Lemma 4.4.12. Any good set has either full vol-measure or zero vol-measure.

Proof. As was pointed out in [100], we can apply Lebesgue density’s

theorem in the setting of Riemannian manifold with the vol measure,

exactly the same as in the case of Euclidean space with the standard

Lebesgue measure, as we will do so in this proof.

Suppose A has positive vol-measure, and A is (c, ε
0
)-good, with

some fixed constants c and ε
0
. Suppose for contradiction that vol(A) ∈

(0, 1), then the complement set Ac has positive vol measure. Apply

Lebesgue’s density theorem. There is a full volmeasure subset (Ac)∗ ⊂
Ac, such that, for every x ∈ (Ac)∗, the following limit exists and equals

to 1.

lim

r→0

vol(Ac ∩ B(x, r))
vol(B(x, r))

= 1. (4.4.51)

Thus, there exists r
0
= r

0
(x) ∈ (0, ε) such that, for all r 6 r

0
, we have

vol(Ac ∩ B(x, r)) > (1−
c

2

)vol(B(x, r)). (4.4.52)

This is equivalent to the following inequality.

vol(A ∩ B(x, r)) 6 c

2

vol(B(x, r)). (4.4.53)

We take r
0
(x) as the supremum of the real numbers satisfying the

above inequality. Thus, we claim that for r
0
= r

0
(x), the left hand side

of the above inequality is strictly greater than 0. Suppose otherwise,

thenwe can increase r
0
a little, the Inequality (4.4.53) still holds, which

is a contradiction with our choice of r
0
(x). Now we let r

1
(x) denote

the supremum of the real numbers r such that

vol(A ∩ B(x, r)) = 0. (4.4.54)
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In order to get the final contradiction, we show that there exists

some x ∈ (Ac)∗ such that r
1
(x) < ε

0
. If not, r

1
(x) > ε

0
for any x ∈

(Ac)∗. Thenwe denote B(ε, (Ac)∗) the set of points which has distance

no larger than ε to the set (Ac)∗. It follows that vol(B(ε, (Ac)∗)) =
vol((Ac)∗)) < 1. This is absurd.

Thus, we find some x ∈ (Ac)∗, such that, there is a ball B(x, r)with

some r ∈ (r
1
(x), ε

0
). We get a contradiction to the assumption that A

is (c, ε
0
)-good.

Definition 4.4.13. Given a µ-stationary µ-ergodic measure ν, we call

the basin ofν for the subset B(ν) ⊂ S, satisfying the followingproperty.

For x ∈ B(ν), for any continuous function ϕ ∈ C0(S,R), and for µN
-

almost everyω ∈ Ω, we have

lim

n→∞
1

n

n−1∑
j=0

ϕ(xj(ω)) =

∫
S

ϕ(x)dν(x). (4.4.55)

Remark 4.4.14. Note that the map F : (ω, x) 7→ (σ(ω),G
1
(x)) is er-

godic with respect to the product measure µN × ν. Thus, by Birkhoff

ergodic theorem, for µN
-almost every ω ∈ Ω, and for ν-almost every

x, Equation (4.4.55) holds. It follows that, ν-almost every x is in B(µ).

Definition 4.4.15. For ω ∈ Ω, a starting point x
0
∈ S is called ω-

regular, if for µN
-almost every ω ′ ∈ Ω, and for any continuous func-

tion ϕ, we have

lim

n→∞
1

n

n−1∑
j=0

ϕ(xj(ω
′)) = lim

n→∞
1

n

n−1∑
j=0

ϕ(xj(ω)). (4.4.56)

Remark 4.4.16. If x
0
is ω-regular, then by definition, there is some

Ω ′ ⊂ Ω with full µN
-measure, such that, for any ω ′ ∈ Ω ′, it follows

x
0
is ω ′-regular. In this case, for any ω such that x

0
is ω-regular, we

denote νx0 for the following limit measure:

νx0 = lim

n→∞
1

n

n−1∑
j=0

δxj(ω). (4.4.57)

For any local stable manifold Ws
ω(x0), we use µs,x

0
,ω to denote the

Lebesgue measure induced by the Riemannian metric of the leaf (i.e.

the length). Now we have the following definition.
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Definition 4.4.17. A point x
0
∈ S is called regular if there exists a full

µN
-measure subset Rx

0
⊂ Ω, with the following properties. Firstly,

x
0
is ω-regular for any ω ∈ Rx

0
; moreover, µs,x

0
,ω-almost every point

y ∈Ws
ω(x0) isω-regular as well.

Lemma 4.4.18. vol-almost every point x ∈ S is regular.

Proof. For this proof, let us gather all the possible smooth µ-stationary

µ-ergodic measures, denoted as vol|Ai , i > 1. There are at most count-

ably many of them, and we have

S =
⋃
i>1

Ai, (4.4.58)

up to a zero vol-measure subset. Now for any fixed one of them,

namely Ai, with respect to the ergodic measure µN × vol|Ai , we apply

the Birkhoff ergodic theorem. For µN×vol|Ai-almost every (ω, x
0
), for

any continuous function ϕ on S, the limit

lim

n→∞
1

n

n−1∑
j=0

ϕ(xj(ω)) (4.4.59)

is a constant. This implies that, for vol-almost every x ∈ Ai, there is

a full µN
-measure subset of ω ∈ Ω, x is ω-regular. By considering all

Ai, the above statement is true for vol-almost every x ∈ S. Denote the

subset of such pairs as Q ⊂ Ω × S. So µN × vol(Q) = 1, and for all

(ω, x) ∈ Q, x isω-regular.

Now we denote the set of bad pairs as follows

B := {(ω, x)
∣∣µs,ω,x({y ∈Ws

ω(x)
∣∣y is notω-regular}) > 0}. (4.4.60)

Our objective is then to show µN × vol(B) = 0. Suppose otherwise,

then we can find a positive subset ofω ∈ Ω, such that the fiber

Bω := {x ∈ S
∣∣µs,ω,x({y ∈Ws

ω(x)
∣∣y is notω-regular}) > 0} (4.4.61)

has positive vol-measure. In other words, for a positive µN
-measure

of ω ∈ Ω, we have obtained a positive vol-measure subset Bω, which

fibers through the stable foliation {Ws
ω(x)}, and the intersection in the

leaf Ws
ω(x) ∩ Bω carries positive Lebesgue measure for positive vol-

measure of x ∈ S. This is a contradiction to the absolute continuity

property of the stable manifolds, combined with Fubini’s theorem,

since for almost every ω, the set of ω-regular points has full vol-

measure.
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Lemma 4.4.19. Suppose ν is a µ-stationary µ-ergodic measure andω
0
∈ Ω,

if x,y ∈ S are both ω
0
-regular and y ∈ Ws

ω
0

(x), then x ∈ B(ν) if and only
if y ∈ B(ν).

Proof. The proof of this lemma is a simple translation of the corre-

sponding definitions. Suppose x ∈ B(ν), then Identity (4.4.55) holds

for almost everyω. In particular, since x isω
0
-regular, Identity (4.4.55)

holds for ω
0
. Thus, the fact that y ∈ Ws

ω
0

(x) and that y is ω
0
-regular

imply that Identity (4.4.55) holds for the starting point y andω
0
. This

shows that y ∈ B(ν).

Proof of Proposition 4.4.1. We split the proof into some steps.

Step 1: Reduction to the Basin. By Lemma 4.4.12, we only need to

prove the subset A as in the statement of Proposition 4.4.1 is good.

Then it follows that A has full vol measure. Because after this, we can

take A = S, and therefore, ν = vol. The assertion is true.

Nowwe proveA is good. We claim that it suffices to show that the

basin B(ν) is good. To see this, we recall Remark 4.4.14, and observe

that ν-almost every point x is in B(ν). Thus that B(ν) is good implies

A is good. We will show B(ν) is (c, ε
0
)-good where both c and ε

0
are

to be determined.

Step 2: Finding a Good Stable Curve inside Every Disk. (the con-
stant ε

0
is decided) Note that Lemma 4.4.9 produces a small number

`
0
for the lower bound of the size of most stable manifolds. We take

a small number ε
0
< `

0
, with some additional properties. Firstly, we

require that for all x
0
∈ S, restricted to the ball B(0, ε

0
) ⊂ Tx

0
S, the

exponential map expx is well-defined and is C1
close to the identity.

To be more precise about the closeness, we ask the following. For any

x ∈ B(x
0
, ε

0
), and any C1

curve γ ⊂ B(x
0
, ε

0
) with x ∈ γ, if the angle

change of the curve exp
−1

x (γ) is smaller than
α
100

, where the number α

is from Prop 4.4.4, then, the angle change of exp
−1

x
0

(γ) is smaller than

α
99
. Even more, we require that for any two directions [v], [w] ∈ PTxS,

with x ∈ B(x
0
, ε

0
), if the angle ]([v], [w]) > α, then we have

]([D(exp−1

x
0

)x(v)], [D(exp−1

x
0

)x(w)]) >
α

2

. (4.4.62)

Now fix any r < ε
0
. Then fix any x ∈ S. Denote B∗ = B(x

0
, r).

Then we assume vol(B(ν) ∩ B∗) > 0. The goal is then to show this

vol-measure has a uniform lower bound c∗r2, for some constant c∗ > 0.
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By Lemma 4.4.18, there exist some point x ∈ B(ν) ∩ B∗ which is

regular. Consider the direction [v] ∈ PTxS which is perpendicular

to the geodesic connecting x
0
to x. By the law of the angles (Propo-

sition 4.4.4), there exists set Γx,[v], with µN
-measure at least

99

100
, such

that, for anyω ∈ Γx,[v], one has

](Esω,x, [v]) > α. (4.4.63)

Thus, by elementary planner geometry, there is a constant c
1
, not

depending on x
0
or r, satisfying the following properties. We denote

the connected component of the set Ws
ω(x) ∩ B∗ containing x by

(Ws
ω(x) ∩ B∗)CC. (4.4.64)

Then, it follows that the length of (Ws
ω(x) ∩ B∗)CC is at least c

1
· r. By

shrinking c
1
if necessary (still uniformly in x), we can indeed find a

segment

γx
0
,x ⊂ (Ws

ω(x) ∩ B∗)CC, (4.4.65)

whose length is at least c
1
r, and moreover, each point y ∈ γx

0
,x has

distance at least c
1
r to the boundary ∂B(x

0
, r).

Step 3: Find a Good Subset of the Good Curve. The main claim in

this step is formulated as a lemma below:

Lemma 4.4.20. There exist some ω,ω ′ ∈ Ω, and a subset T ⊂ γx
0
,x,

satisfying the following properties. Note in the statement, the subset γx
0
,x ⊂

Ws
ω(x) is chosen as explained above, which in particular depends onω.

1. Ws
ω(x) is uniform in the sense of Lemma 4.4.9. Moreover,

µs,x,ω(T) >
1

2

µs,x,ω(γx
0
,x) >

1

2

c
1
r. (4.4.66)

2. For any y ∈ T , Ws
ω ′(y) is uniform. Moreover, both µs,y,ω ′-almost

every point in Ws
ω ′(y) and y itself areω ′-regular.

3. For any point y ∈ T , y isω-regular, andω ′ ∈ Λ∗y.

4. ](Esω ′(y),Esω(y)) > α.
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Proof of the sublemma. First of all, since x is regular, there is a subset

Rx ⊂ Ω with full µN
-measure, for any ω ∈ Rx, both µs,x,ω-almost

every point y in Ws
ω(x) and x itself are ω-regular. Recall also the set

Λ∗x produced by Lemma 4.4.9 has µN
-measure at least

99

100
. Take and

fix anω ∈ Λ∗x ∩ Rx.

Now apply again Lemma 4.4.9, with respect to any y ∈ γx
0
,x which

is ω-regular, to produce the subset Λ∗y ⊂ Ω, with µN
-measure at

least
99

100
, such that for any ω ′ ∈ Λ∗y, the local stable manifold Ws

ω ′(y)
is uniform. It is clear that for any such local stable manifold, the

connected component

(Ws
ω(y) ∩ B∗)CC (4.4.67)

has length at least 2c
1
r.

By law of the angle (Lemma 4.4.4), for any such y ∈ γx
0
,x which is

ω-regular, there is a subset Γy ⊂ Ω with measure
99

100
, such that, for

anyω ′ ∈ Γy, we have

](Esω ′,y,E
s
ω,y) > α. (4.4.68)

Now, observe the following subset

{(y,ω ′)
∣∣y is ω-regular,ω ′ ∈ Λy ∩ Γy ∩ Rx} ⊂ γx

0
,x ×Ω. (4.4.69)

By Fubini’s theorem, it has µs,x,ω × µN
-measure at least

98

100
. Another

application of Fubini’s theorem implies that, for µN
-measure at least

48

50
ofω ′ ∈ Ω, the µx,s,ω-measure of the set

Tω ′ := {y
∣∣y is ω-regular, ω ′ ∈ Λy ∩ Γy ∩ Rx} (4.4.70)

is at least
1

2
. We define the good set

G := {(y,ω ′)
∣∣y ∈ Tω ′}. (4.4.71)

Note for any Tω ′ already satisfy all the properties (1), (3) and (4),

as well as the first assertion of property (2). It suffices to find a single

ω ′ to satisfy the second assertion of property (2), and define T = Tω ′ .
The proof of this fact is very similar to the proof of Lemma 4.4.18.

Again, define the set of bad pairs as follows

B :={(y,ω ′) ∈ G
∣∣

(4.4.72)

µs,ω,x({z ∈Ws
ω(x)

∣∣z is notω ′-regular}) > 0}.
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Note that, it suffices to show µs,ω,x × µN(B) = 0. Suppose for contra-

diction that µs,ω,x × µN(B) > 0. It follows that, for a positive measure

ofω ′ ∈ Ω, the fiber

Bω ′ :={z ∈ Tω ′
∣∣

(4.4.73)

µs,ω,y({z ∈Ws
ω(y)

∣∣z is notω ′-regular}) > 0}

has positive µs,ω,x-measure. Note that the set γx
0
,x is uniformly trans-

verse to Ws
ω ′(y) for any (y,ω ′) ∈ G. Note that by Fubini’s theorem

and by absolute continuity of the stable manifolds, we obtain that, for

a positive measure ofω ′, the set

K :=
⋃
y∈Tω ′

Ws
ω ′(y) (4.4.74)

has positive vol-measure. Note that each z ∈ K is notω ′-regular.

On the other hand, for almost every ω ∈ Ω, the set of ω-regular

points has full vol-measure, by Lemma 4.4.18. This is a contradiction

we are looking for.

Step 4: Final Estimate for the Measure (the constant c is decided).
By Lemma 4.4.19, since x ∈ B(ν), it follows that T ⊂ B(ν). By the

property (2) of the subset T , for any y ∈ T , we have µs,y,ω ′-almost

every point z ∈Ws
ω ′(y) is in B(ν). In particular, let us consder the set

U :=
⋃
y∈T

(Ws
ω ′(y) ∩ B∗)CC ∩ B(ν). (4.4.75)

To see B(ν) is good, it is left for us to show that the set U has vol-

measure with a uniform positive lower bound, with the form of some

constant multiplying r2. For this, we pull back everything to the tan-

gent space Tx
0
S = R2

. The transversal γx
0
,x is mapped to exp

−1

x
0

(γx
0
,x).

By our choice of ε
0
, we have the angle change of exp

−1

x
0

(Ws
ω(x)) and

exp
−1

x
0

(Ws
ω ′(y)) for y ∈ T are all smaller than

α
99
. Moreover,

]([exp−1

x
0

(Esω ′,y)], [exp
−1

x
0

(Esω,y)]) >
α

2

. (4.4.76)

Then, by shrinking a little the length of γx
0
,x, we can make the par-

allel transport to obtain a family of transversals. Thenwe use the same

exponential map expx
0

to push it back to S, to define the transversals
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Tv, where v ∈ Ws
ω ′,c

2
r(y0) for some fixed point y

0
, where c

2
r denotes

the size of this local stable manifold. Note that the following set

U ′ = U
⋂

(
⋃

v∈Ws
ω ′ ,c

2
r
(y

0
)

Tv) (4.4.77)

is a subset of U, and it suffices to estimate the volume of this subset.

Formula (4.4.78) gives us positive functionsh(v) for v ∈Ws
ω ′,c

2
r(y0)

and g(v, z) for z ∈ Tv, such that,

vol(U ′) = (4.4.78)∫
Ty

0

h(v)

∫
Ws
ω(x

0
)

χU ′(v, z)g(v, z)Jac(π
s
y
0
v)(q)dµTy

0

(q)dµs,ω ′,y
0
(v).

Recall in the proof of the above formula (See the book [24]), the

functions h(y) and g(v, z) are obtained by “rectifying" the smooth

foliation, and therefore, since each curve involved has angle change

uniformly controlled, we can choose these two functions to be uni-

formly bounded from below by some constant, say, c
3
> 0.

It is left to consider the Jacobian Jac(πsy
0
v)(q). For this purpose,

we observe Formula (4.4.35). Note that by Lemma 4.4.9 produces the

number λ and C
0
. There exists constnats C ′,C > 0, such that, for any

z ∈Ws
ω ′(y) with y ∈ T , it follows

C ′e−nλ 6 (D(gnω)
−1

∣∣
gnω(T)

)gnω(z) 6 Ce
−nλ

. (4.4.79)

Then we get the lower bound by some positive constant c
4
,

Jac(πsy
0
v) > c4. (4.4.80)

Then, we have

vol(B(ν) ∩ B∗) > 1

2

c2
1
c2
3
c
4
r2. (4.4.81)

This concludes the proof of Proposition 4.4.1, by taking the uniform

constant c∗ = 1

2
c2
1
c2
3
c
4
.

4.5 Keeping Away from the Expanding Points

Throughout this section,we consider the fixedweakly expandingmea-

sure µ onG, and fix the constants δ,η produced by Lemma 4.3.13. For
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any atomic µ-stationary measure ν, let I be the support of ν, which

is clearly a µ-invariant set. Then we obtain r by Lemma 4.3.13. We

denote Ur = {y
∣∣d(y, I) 6 r}, and Yr = S\Ur. Note that, for simplicity

of arguments, we replace µ∗Ñ by µ, then it holds that, for all y ∈ Ur\I,
it holds that ∫

G

u(g(y))dµ(g) 6 e−ηu(y). (4.5.1)

We can also take a constant M such that for any y /∈ I, and for any

g ∈ supp(µ),

e−M 6
d(g(y), I)

d(y, I)
6 eM. (4.5.2)

Keeping Away

In this subsection we will prove a proposition (Proposition 4.5.11),

which basically states that, starting from a point far away from the

exceptional set, and performing the random walk, the probability of

getting very close to the exceptional set can be as low as we want.

This kind of properties was proved in [63] by Eskin and Margulis,

and also used by Benoist and Quint in [28] to understand recurrence

properties in homogeneous spaces. Our argument here is more close

to Benoist and Quint in [31], which is an “almost sure" version of such

a property. See [[30], Chapter 6] and [[31], Chapter 3] for more general

discussions in the language of Markov operators, see also the survey

paper [29].

Definition 4.5.1. Starting from any point x
0
∈ Ic, define the first en-

tering time to the set Yr of the random walk xω,x
0
, as follows,

τYr,x0 = inf {n > 0

∣∣ xn ∈ Yr}. (4.5.3)

Also, τYr,x0 would take the value∞ if the walker never enters Yr.

Lemma 4.5.2. If x
0
∈ Yr, then for any n > 1, we have

Px
0
({τYr,x0 > n}) 6 e

−(n−1)ηeδM. (4.5.4)

If x /∈ Yr, then for any n > 1, we have

Px
0
({τYr,x0 > n}) 6 d(x0, I)

−δe−(n−1)ηeδM. (4.5.5)
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Proof. Recall the energy function u defined by u(x) = d(x, I)−δ. If

x
0
∈ Yr, then applying lemma 4.3.13 we have the following estimate,

Ex
0
(u(xn)χ{τYr ,x0>n}) (4.5.6)

6
∫
Gn−1

χ{τYr ,x0>n−1}

∫
G

u(ggn−1
· · ·g

1
x
0
)dµ(g)µ(gn−1

) · · ·µ(g
1
)

6e−ηEx
0
(u(xn−1

)χ{τYr ,x0>n−1})

6 · · ·
6e−(n−1)ηEx

0
(u(x

1
))

6e−(n−1)ηeδMu(x
0
).

where the constant M was defined to satisfy Inequality (4.5.2). If

x
0
∈ Yr, then u(x0) 6 r−δ, and by Markov’s inequality,

Px
0
({τYr,x0 > n}) (4.5.7)

=Px
0

(
{u(xn)χ{τYr,x0>n} > r

−δ}
)

6rδEx
0
(u(xn)χ{τYr ,x0>n})

6e−(n−1)ηeδM.

If x
0
/∈ Yr, then by the Markov inequality,

Px
0
({τYr,x0 > n}) (4.5.8)

6rδEx
0
(u(xn)χ{τYr ,x0>n})

6rδd(x
0
, I)−δe−(n−1)ηeδM.

Remark 4.5.3. Although we do not use the notation, the function u in

is lemma is a simple case of more general class of functions referred

to as “Margulis function" by many authors.

Lemma 4.5.4. For x
0
∈ Yr, the random variable τYr,x0 has a uniform finite

exponential moment. More precisely, there exists γ > 0 and positive number
K, such that for any x

0
∈ Yr

Ex
0
(exp(γτYr,x0)) 6 K. (4.5.9)



4.5. Keeping Away from the Expanding Points 193

Proof. For x
0
∈ Yr, by Lemma 4.5.2, and for any small γ > 0 (not

specified yet), we compute that

Ex
0
(exp(γτYr,x0)) (4.5.10)

= lim

m→∞
m∑
n=1

Px
0
({τYr,x0 = n})e

γn

= lim

m→∞
m∑
n=1

(
Px

0
({τYr,x0 > n})e

γn − Px
0
({τYr,x0 > n+ 1})eγn

)
=eγPx

0
({τYr,x0 > 1}) − lim

m→∞Px
0
({τYr,x0 > m+ 1})eγm

+ lim

m→∞
m∑
n=2

Px
0
({τYr,x0 > n})(e

γn − eγ(n−1))

6eγ − lim

m→∞ e−ηmeδMeγn + 2 lim

m→∞
m∑
n=2

e−η(n−1) · eγneδM.

Thus, we only need to take γ < η to get a uniform upper bound

K = eγ + 2eδM+γ
∑∞
n=1

en(−η+γ).

Now we consider some starting point x
0
/∈ I. We make some more

definitions on some stopping times we need.

Definition 4.5.5. For n > 1, define the n-th returning time to Yr by

τYr,x0,n := inf {k > τn−1

∣∣ xk ∈ Yr}. (4.5.11)

Note the function τYr,x0,1 is by definition the first entering time to the

set Yr, which takes values in positive integers.

Definition 4.5.6. For n > 1, define the n-th excursion time outside Yr
as

σYr,x0,n := τYr,x0,n − τYr,x0,n−1
. (4.5.12)

It is clear that σYr,x0,1 = τYr,x0 , that is, the first excursion time is just the

first entering time.

Definition 4.5.7. For n > 1 and for some large number T , define the

truncated n-th excursion time as follows.

σYr,x0,n,T := σYr,x0,nχ{σYr ,x0,n>T}. (4.5.13)

Again, special attention should be given to σYr,x0,1,T = τYr,x0χ{τYr ,x0>T}.



194 A Large Deviation Theorem

Remark 4.5.8. For simplicity of notations, from now on we denote by

τ = τYr,x0 , τn = τYr,x0,n, σn = σYr,x0,n and σn,T = σYr,x0,n,T , when the

starting point x
0
, the set Yr are all clear in the context.

Now for any finite µ-invariant set I, which is the support of a µ-

stationary µ-ergodic atomic measure ν on S, we choose r to satisfy

Inequality (4.5.2), with the constant M chosen uniformly for g ∈
supp(µ).

Lemma 4.5.9 ([31], Lemma 3.7). Choose arbitrarily a positive number
p� 1. Assume that the random variable τ

1
has a finite exponential moment.

Moreover, the exponential moment is bounded from above, uniformly in the
starting point x ∈ Yr. Then there exists some large number T∗, such that, for
all starting point x

0
∈ Ic, and for µN-almost every wordω ∈ Ω, we have

lim sup

n→∞
1

n

n∑
k=1

σk,T 6 p. (4.5.14)

Proof. By assumption, there are constants γ > 0 and K > 0, such that

for any starting point x ∈ Yr = Ucr ,

Ex(eγτ1) 6 K. (4.5.15)

In particular, it implies that Ex(τ1) 6 K
γ
, and therefore, the truncated

excursion time,

Ex(σ1,T ) = Ex(τ1χ{τ
1
>T}), (4.5.16)

would converge to zero as T goes to infinity. In particular, there is

some large number T∗ such that Ex(σ1,T∗) 6 p/3, for all x ∈ Yr. On

the other hand, for any x
0
∈ Uc\I, we recall the proof of Lemma 4.5.4.

Then, a similar estimate as ( 4.5.10) gives that, the bound

Ex
0
(exp(γτYr,x0)) 6 d(x0, I)

−δK. (4.5.17)

The constant K can be chosen the same for the bound as in (4.5.17).

Now we focus on a fixed starting point x
0
∈ Ic, possibly in the

neighborhood Ur. For this point, we apply Markov’s inequality to
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make the following estimate.

Px
0
({
1

n

n∑
k=1

σk,T∗ > p}) (4.5.18)

=Px
0
({eγ

∑n
k=1
σk,T∗ > eγnp})

6e−γnpEx
0

( n∏
k=1

eγσk,T∗ )
)

6e−γnpEx
0
(eγσ1,T∗ )

(
sup

x∈Yr
Ex(eγσ1,T∗ )

)n−1

.

Now, we observe a general inequality, that for all t > 0, it holds that

et 6 1 + t + t2et. The upper bound of the exponential moment gives

upper bounds for all finite moments for the random variable τ. Then,

in particular, for any x ∈ Yr, we can estimate that,

Ex(eγσ1,T∗ ) (4.5.19)

6Ex(1+ γσ1,T∗ + γ2σ2
1,T∗e

γσ
1,T∗ )

61+ γ
p

3

+ Cγ2

.

The constant C in the last expression depends only on the constant K.

Note we have not specified the constant γ. So, by taking γ possibly

smaller, we ensure that, the above expression is smaller than eγ
p
2 .

Then, for such choice of γ, by combining estimates 4.5.18 and 4.5.19,

we get

Px
0
({
1

n

n∑
k=1

σk,T > p}) (4.5.20)

6e−γnpKd(x
0
, I)−δeγ

p
2
(n−1)

6Kd(x
0
, I)−δe−γn

p
2 .

By Borel-Cantelli Lemma, the conclusion of the lemma follows imme-

diately.

Remark 4.5.10. There is a slight difference between this lemma and

Lemma 3.7 of [31], that is, here we allow the starting point to be out of

the compact set Yr, as long as it is not in the exceptional set. The proof

here essentially follows the original proof.
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In the next proposition, with respect to a fixed r, we also consider

Ur ′ with some smaller radius r ′ � r. With respect to the two radii r

and r ′, we define the number

T = Tr,r ′ =M
−1

log

r

r ′
. (4.5.21)

whereM is in (4.5.2).

Proposition 4.5.11. Assume µ is a weakly expanding measure on G. As-
sume I is a finite µ-invariant set. For any positive number p � 1, we can
choose a smaller neighborhood I ⊂ Ur ′ ⊂ Ur, such that, for any x

0
∈ Ucr ,

and for µN-almost every wordω ∈ Ω, it follows that

lim sup

n→∞
1

n

n−1∑
k=0

χUr ′ (xk) 6 p (4.5.22)

Proof. By Equation (4.5.2), at each step of the walk, induced by g ∈
supp(µ), the distance to I of the point can grow with rate at most eM.

Hence, if one has some point ywith d(y, x) < r ′ for r ′ < r, then, it has
to take at least N

0
> T = Tr,r ′ steps for the random walk in order that

the vector satisfies

d(gN0

ω (y),gN0

ω (x)) > r. (4.5.23)

Thus, we have the following upper bound estimate,

1

n

∣∣ {k 6 n
∣∣d(yk, I) 6 r ′}∣∣ 6 1

n

n∑
k=1

σk,T . (4.5.24)

Then, By taking T = T∗, produced in Lemma 4.5.9, and taking the

number r ′ accordingly, the conclusion of the proposition follows from

Lemma 4.5.9.

Limit points of stationary measures

In this subsection, we want to prove a proposition, stating that if we

take a limit of a sequence of ergodicmeasures, there should not appear

any new atoms anywhere.

We begin with some simple lemmas

Lemma 4.5.12. Any accumulation point of a sequence of µ-stationary mea-
sures is also a µ-stationary measure.
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Proof. Suppose νi is a sequence of µ-stationary measures, and νi → ν

as i goes to infinity. By definition of µ-stationary measures, for any

continuous function ϕ
1
on S, for all i, we have the equation∫

S

ϕ
1
(x)dµ ∗ νi(x) =

∫
S

ϕ
1
(x)dνi(x) (4.5.25)

Then, taking the weak
∗
limit of νi the same equation holds for the

limit measure ν. Thus, ν is also a µ-stationary measure.

Lemma 4.5.13. Suppose ν is a µ-stationary µ-ergodic probability masure,
supported on a countable set I, then ν(x) = ν(y) for any x,y ∈ I. In
particular, the countable set has to be finite.

Proof. Suppose x
0
∈ I carries the largest weight, say, a. Then by

definition,

ν(x
0
) =

∫
G

ν({g−1(x)})dµ(g). (4.5.26)

Thus, for any y
0
= g−1x

0
for some g ∈ supp(µ), consider the set

H = {g|g−1(x
0
) = y

0
}. We deduce that

a = ν(x
0
) (4.5.27)

=

∫
G

ν({g−1(x)})dµ(g)

µ(H)ν(y
0
) +

∫
G\H

ν(g−1(x))dµ(g)

6µ(H)ν(y
0
) + (1− µ(H))a.

It implies then ν(y
0
) = a. By ergodicity, for any y ∈ I, there exists

some g ∈ µ∗n for some n, such that y = g−1(x
0
). Thus, the conclusion

follows.

Proposition 4.5.14. Assume µ is a weakly expanding measure on G. Let
{νi}

∞
i=1

denote an infinite sequence of µ-stationary µ-ergodic atomic probabil-
ity measures. Then, any accumulation point of this sequence is the Lebesgue
measure vol.

Proof. By taking a subsequence if necessary, we suppose νi → ν. By

lemma 4.5.12, ν is µ-stationary. Suppose for contradiction that ν is

not the Lebesgue measure. Then, by Theorem 4.1.4, the measure ν
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has at least one ergodic component which is atomic, carrying positive

weight.

Suppose this atomic measure is denoted as ν ′, and it is supported

on a finite set I. Then, by choosing a subsequence if necessary, we

assume for all i, νi 6= ν ′. Since all νi and ν ′ are ergodic measures, we

denote the support of each νi as Ii, then this implies that I ∩ Ii = ∅
for all i > 1. In particular, one concludes that the limit measure ν of

vi has atoms in the set I, while none of the sequence of measures νi
does.

Suppose ν(I) > 2ε
0
> 0, then ν(Ur) > 2ε

0
for any Ur ⊃ I, r > 0.

Now, we take the number Ñ produced by Lemma 4.3.1, as well as the

radius r
1
smaller than the number r produced in Lemma 4.3.13. Now

recalling the energy function u = uI,δ, defined by u(y) = d(y, I)−δ, it
follows the estimate ∫

G

u(gy)dµ∗Ñ(g) 6 e−ηu(y) (4.5.28)

There are at most countably many choices of r such that the the

boundary ∂Ur carries positive ν-measure. So, we can assume that, by

shrinking a little bit the value of r, ν(∂Ur) = 0. Thus it holds that,

lim

i→∞νi(Ur) = ν(Ur). (4.5.29)

It follows that, except for atmost countablymany choices, for all r∗ < r,

and all sufficiently large i, we always have

νi(Ur) > 2ε
0
. (4.5.30)

this will be contradictory to the following lemma.

Lemma 4.5.15. There exist uncountably many r∗ such that, for all i > 1,

νi(Ur∗) < 2ε
0
. (4.5.31)

Proof. We apply Proposition 4.5.11 to produce the neighborhoodUr of

the finite µ-invariant set I, we obtain the number r∗ < r with respect

to the choice p = ε
0
. Denote again by Yr = U

c
r . Note that any smaller

r∗ works. So there are uncountably many choices for r∗. We fix any of

them.

We claim that eachmeasureνi cannot be supported on the setUr\I.

To see the claim holds true, take any point x
0
∈ Ur\I, which is in the
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support Ii of the measure νi. By Lemma 4.5.2, we have the estimate

that

Px
0
({τYr,x0 > n}) 6 d(x0, I)

−δe−(n−1)ηeδM. (4.5.32)

Denote the events An = {τYr,x0 > n}. Since the sum of the above

geometric series converges, by Borel-Cantelli lemma, with probability

1, only finitely many events from An happens. In other words, for µN
-

almost every wordω, the orbit starting from x
0
would enter the set Yr.

Since the Ii is a µ-invariant set, we conclude that νi is not supported

on Ycr . This proves the claim.

Suppose now the starting point is x
0
∈ Yr, with νi(x0) > 0. By

Proposition 4.5.11 with p = ε
0
, for µN

-almost every wordω ∈ Ω,

lim sup

n→∞
1

n

n−1∑
k=0

χUr∗ (xk) 6 ε0. (4.5.33)

By Fatou’s lemma, it follows that

lim sup

n→∞ Ex
0
{
1

n

n−1∑
k=0

χUr∗ (xk)} 6 ε0. (4.5.34)

Note that in the left hand side of the above inequality, before taking

the superior limit, the expression represents the quantity νn,i(χUr∗ ),
where the measure νn,i is by definition,

νn,i =
1

n
(δx

0
+ µ ∗ δx

0
+ · · ·+ µ∗(n−1) ∗ δx

0
). (4.5.35)

Note that, νn,i converges to νi in the weak
∗
topology, as n goes to

infinity, because the starting point x
0
is in the support of νi. Thus,

combining (4.5.34) and (4.5.35), one has the following.

νi(Ur∗) < 2ε
0
. (4.5.36)

Note the choice of i is arbitrary, then we finished the proof.

Remark 4.5.16. As in the proof of Proposition 4.5.11, when we take

limits for νn,i(Ur∗), we still need the condition that ∂Ur∗ has zero

measure. This does not make much trouble, because there are at most

potential bad choices of r∗, as we explained before.

Now we take a continuous function ϕ, with

∫
ϕdvol = 0 and a

small ε > 0. We put ψ = ϕ− ε
2
.
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Lemma 4.5.17. There exists a finite set of atomic µ-stationary measures,
written by Γ = {ν

1
, · · · ,νN}, such that, for any µ-stationary µ-ergodic

measure ν /∈ Γ , we have ν(ϕ) < ε
100

.

Proof. By assumption

∫
ϕdvol = 0. Suppose for contradiction that

there are infinitelymanyatomicµ-stationaryµ-ergodicmeasures atomic

measures {νi}
∞
i=1

, with νi(ϕ) > ε
100

. Then, by Proposition 4.5.14,

there exists some subsequence of these measures, whose limit is the

Lebesgue measure vol. Then, by taking limits, we get that∫
G

ϕdvol >
ε
0

100

, (4.5.37)

which is absurd.

Remark 4.5.18. Then for any ν /∈ Γ , we have

ν(ψ) < −
ε

2

+
ε

100

< −
ε

8

. (4.5.38)

Remark 4.5.19. Now, we specify I to denote the finite µ-invariant set

where all the measures ν ∈ Γ are supported. We call I = Iϕ,ε the

exceptional set with respect to the potential ϕ and the test number ε.

Observing the statement of theorem 4.1.1, this is the reason why we

have to choose the exeptional set after the choice of potential ϕ and

the constant ε.

Lemma 4.5.20. For the exceptional set I = Iϕ,ε, specified with respect to ϕ
and ε, and for any neighborhood Ur ⊃ I, there exists n0

> 1, such that, for
any starting point x

0
∈ Ucr , we have

Ex
0
[Sn

0
ψ] < −

n
0
ε

4

. (4.5.39)

Proof. Suppose for contradiction that for any n > 1 there exists some

x
(n)
0
∈ Ucr , satisfying that

1

n
E
x
(n)
0

[Snψ] > −
ε

4

. (4.5.40)

Now we consider the following sequence of measures

νn =
1

n
(δ
x
(n)
0

+ µ ∗ δ
x
(n)
0

+ · · ·+ µ∗(n−1) ∗ δ
x
(n)
0

). (4.5.41)
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By taking some subsequence of νn, we can assume it converges to

some µ-stationary measure ν. Then Equation (4.5.40) implies that

ν(ψ) > −
ε

4

. (4.5.42)

Comparing with Equation (4.5.38), this implies that ν contains some

ergodic component which is in Γ .

Suppose the measure ν ′ is such a component, which carries the

weight at least some number 2p. Moreover, ν ′ is is supported on

a finite set {y
1
, · · · ,yK} ⊂ I. Then, for any U ′ ⊂ Ur, we have that

ν(U ′) > 2p. Then, since νn → ν, we can take n sufficiently large,

satisfying that

1

n
E
x
(n)
0

(

n−1∑
k=0

χU ′(xk,x(n)
0

)) > p. (4.5.43)

However, this is a contradiction with Proposition 4.5.11.

Remark 4.5.21. Actually, the same arguments show that, we can find

infinitely many n
0
satisfying the conclusion. We are only interested in

one fixed n
0
in our proof of Theorem 4.1.1.

4.6 Large Deviation

In this section, we prove the main result, Theorem 4.1.1. Note that,

the proof can be reduced to the case when we replace the measure µ

by some convolution power µ∗n. This reduction is useful and greatly

simplifies the arguments. Before the proof formally begins, let us

collect results from previous sections, to specify all the constants with

respect to the statement of Theorem 4.1.1.

We start by choosing and fixing our continuous function ϕ = ϕ̃,

such that, for convenience,

∫
S
ϕ̃ dvol(x) = 0, and fix the constant ε̃ > 0,

denote ψ̃ = ϕ̃ − ε̃
2
, and ‖ψ̃‖C0 = K̃. Choose a positive number p

0
< 1

such that

1− 2p
0

p
0

>
2K̃

ε̃
. (4.6.1)

The choice is made such that, in particular, for any small number

αwith αε̃ < 1, it follows that

(1− 2p
0
) log(1−

αε̃

8

) + 2p
0
αK̃ < 0. (4.6.2)
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In the conclusion of Theorem 4.1.1, the constant δ is obtained from

Lemma 4.3.13. Note that Lemma 4.3.13 also provides with a constant

η for the engergy decaying rate.

Now we choose the exceptional set I
0
with respect to the potential

ϕ̃ and the test number ε̃, as in Lemma 4.5.17 (see also Remark 4.5.19).

After fixing the set I
0
, the constant r is produced by Lemma 4.3.13, too.

Then we have the set Ur ⊃ I0 as defined in Lemma 4.3.13.

Now we are ready to give the following

Proof of of Theorem 4.1.1. Apply Proposition 4.5.11 to get the neighbor-

hood Ur ′ , with respect to p
0
and Ur. We first deal with the case when

the starting point x
0
is taken from Ur ′ .

Apply Proposition 4.5.20 to Ur ′ to get the number n
0
. So we have

for any x
0
∈ Ucr ′ , it follows that

Ex
0
(Sn

0
ψ̃) 6 −

n
0
ε̃

4

. (4.6.3)

Now by Remark 4.5.21, we can ask n
0
possibly larger, such that, by the

proof of Proposition 4.5.11, for any starting point x
0
∈ Ucr ′ , and any

n > n
0
, we have

1

n
Ex

0
[

n−1∑
k=0

χUr ′ (xk(ω))] 6 2p
0
. (4.6.4)

Now the C
0
norm of n

0
partial sum Sn

0
ψ has a upper bound n

0
K̃.

We now take α satisfying

α < min(
ε̃

8K̃2

,

η

K̃
). (4.6.5)

By considering the bound et 6 1 + t + t2 for all real number t with

small |t|� 1, we have the estimate that,

Ex
0
(exp(

α

n
0

Sn
0
ψ̃)) (4.6.6)

61+
α

n
0

Ex
0
(Sn

0
ψ̃) +

α2

n2

0

Ex
0
(Sn

0
ψ̃)2

61−
αε̃

4

+ α2K̃2

61−
αε̃

8

.
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Note the last inequality in the above estimate is by the condition (4.6.5).

For any n� n
0
, let us denote n = `n

0
+ k, with k < n

0
. We make the

some estimates. Firstly,

Ex
0
(eαSnψ̃) 6 CEx

0
(eαS`n0ψ̃). (4.6.7)

The constant C in the above inequality depends only on n
0
, since we

are disregarding k 6 n
0
terms in the sum. Next, we make a splitting

of the terms of the sum, into blocks of length n
0
, as follows.

exp

(
αS`n

0
ψ̃(x

0
)
)

(4.6.8)

= exp

( α
n
0

(n
0
S`n

0
ψ̃(x

0
))
)

= exp

( α
n
0

(Sn
0
ψ̃(x

0
) + Sn

0
ψ̃(xn

0
) + · · ·+ Sn

0
ψ̃(xn

0
(`−1)))

)
× exp

( α
n
0

(ψ̃(x
0
) + Sn

0
ψ̃(x

1
) + · · ·+ Sn

0
ψ̃(xn

0
(`−2)+1

))

+ Sn
0
−1
ψ̃(xn

0
(`−1)+1

))
)

× · · ·

× exp

( α
n
0

(S̃n
0
−1
ψ̃(x

0
) + Sn

0
ψ̃(xn

0
−1
) + · · ·+ Sn

0
ψ̃(xn

0
(`−1)−1

))

+ ψ̃(xn
0
`))
)

Our purpose is to keep all the Sn
0
ψ̃(xt) as terms in the above expres-

sion, and bound all the rest terms. Observe that the total number

of rest terms is bounded by 2(n
0
− 1), and thus, we can enlarge the

constant C to bound the product of these terms.

Note then, the main terms become the following expression

exp

( α
n
0

n
0
(`−1)∑
t=0

Sn
0
ψ̃(xt)

)
. (4.6.9)

We also need to tell the difference of the orbit points xt lying in Ur
′

or not. Combining with the estimate we made of the probability of

the walker being in Ur
′
, as in (4.6.4), we finally have the following
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estimate:

Ex
0
(eαSnψ̃) (4.6.10)

6C× Ex
0

[
exp

( α
n
0

n
0
(`−1)∑
t=0

Sn
0
ψ̃(xt)

)]
6C× Ex

0

[ ∏
06t6(`−1)n

0

xt/∈Ur ′

(
exp(

α

n
0

Sn
0
ψ̃(xt))

)
·
∏

06t6(`−1)n
0

xt/∈Ur ′

(
exp(

α

n
0

Sn
0
ψ̃(xt))

)]
6C× (1−

αε̃

8

)(1−2p
0
)(`−1)n

0 × e2p0
αK(`−1)n

0

6C× exp

[
(`− 1)n

0

(
(1− 2p

0
) log(1−

αε̃

8

) + 2p
0
αK̃
]
.

Note the constantC depends onlyn
0
, and is uniform inn and x

0
∈ Ucr ′ .

Note also, if ` > 2, then
(`−1)n

0

n
> 1

2
. Thus, by Inequality (4.6.2), we

can choose the number

δ ′ = −
1

2

{(1− 2p
0
) log(1−

αε̃

8

) + 2p
0
αK̃} > 0. (4.6.11)

Thus the formula (4.1.5) is established for the case that the starting

point x
0
/∈ Ur ′ .

It remains to deal with the case when the starting point x
0
is in

Ur ′\I0. In this case, we make a more careful analysis and keep check

of the dependence of the constantC on the starting point x
0
. We stress

that in the end, the decaying rate δ̃we choose does not depend on the

starting point x
0
. In comparison, for the first case, both constants C

and δ does not depend on x
0
.

For the set Yr ′ = (Ur ′)
c
, recall the definition of the first entering

time

τ = τYr ′ ,x0 = inf {n > 0

∣∣xn ∈ Yr ′}. (4.6.12)

Note the estimates in Lemma 4.5.2, and consider integer n � 2n
0

(such that ` = [ n
n

0

]� 2). Using conditional probabilities, we split that

Ex
0
(exp(αSnψ̃)) = I+ II. (4.6.13)
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The second term is

II (4.6.14)

=Ex
0

[
χ{τ>n−2n

0
+1} exp

(
(αSn−kψ̃(xk)

)
× exp

(
αSkψ̃(x0)

)]
6d(x

0
, I)−δ exp

(
− η(n− 2n

0
+ 1)

)
exp

(
δM
)
exp

(
αnK̃

)
6Cd(x

0
, I)−δ exp(−n(η− αK̃)).

Note that the constant C only depends on n
0
. Then we estimate the

first term, which is based on our estimate in the first case, (4.6.10).

I =

n−2n
0∑

k=1

Ex
0

[
χ{τ=k} exp

(
(αSn−kψ̃(xk)

)
× exp

(
αSkψ̃(x0)

)]
6
n−2n

0∑
k=1

Px
0
({τ = k}) sup

x/∈Ur ′
Ex

0

(
exp(αSn−kψ̃(x)

)
× exp

(
αkK̃

)
=

n−n
0∑

k=1

Px
0
({τ > k}) sup

x/∈Ur ′
Ex

0

(
exp(αSn−kψ̃(x)

)
× exp

(
αkK̃

)
=

n−n
0∑

k=1

d(x
0
, I)−δe−(k−1)ηdδMeαkK̃e−δ(n−k)

6Cnd(x
0
, I)−δe−δ

′n
(4.6.15)

Finally, we have that

Px
0
(ω
∣∣ 1
n

n−1∑
j=0

ϕ̃(xj(ω)) > ε̃) (4.6.16)

=Px
0
(ω
∣∣eαSnϕ̃(x

0
) > eαnε̃)

6e−αnε̃Ex
0
(eαSnψ̃)

6Cnd(x
0
, I)−δe−αnε̃e−nδ

′
.

We take δ̃ = 1

2
αε̃ + δ ′. Note that for sufficiently large constant K, one

has the bound that for all n > 1,

ne−2δ̃n 6 Ke−δ̃n. (4.6.17)

Then we take C
0
= CK to conclude the proof.
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4.7 Proofs of the Remaining Results

Let us start by proving the law of large numbers.

Proof of Theorem 4.1.2. Take a dense sequence {ϕn}
∞
n=1

of continuous

functions on S with

∫
ϕn(x)dvol(x) = 0, and take εn = 1

n
. Now we

apply Theorem 4.1.1.

There exists δ > 0,with no respect ton > 1, satisfying the following

conditions. For εn and for {ϕ
1
, · · · ,ϕn}, we can take an increasing

sequence of finite sets, In ⊂ In+1
, and decreasing positive numbers

δ̃n 6 δ̃n+1
, such that, for any x

0
/∈ In, any i = 1, · · · ,n and for any

k > 1, the following holds,

P(ω
∣∣|1
k

k−1∑
j=0

ϕi(xj(ω))| > εn) < C0
e−kδ̃nd(x

0
, Ii)

−δ
. (4.7.1)

Define I∗ = ∪∞n=1
In, then fix any x

0
/∈ I∗. We first show the follow-

ing holds almost surely: for any ϕn from this list, we have

lim

m→∞
1

m

m−1∑
k=0

ϕn(xk(ω)) = 0. (4.7.2)

Suppose for contradiction that the above is not true. Then there exists

some ε
0
> 0, such that, with positive µN

-measure, we can find some

ϕi
0
, and some subsequence nk of integers, such that,

1

nk

nk−1∑
`=0

ϕi
0
(x`(ω)) > ε

0
. (4.7.3)

Now we observe Equation (4.7.1), for any ε` sufficiently large, such

that ε` 6 ε0 and that ` > i
0
, we choose increasingly some subsequence

nk` from the sequence nk, with respect to some fixed number ρ < 1,

such that,

P(ω
∣∣| 1

nk`

nk`−1∑
j=0

ϕi
0
(xj(ω))| > ε`) < ρ

` < 1. (4.7.4)

In particular, the events

A` = {|
1

nk`

kn`−1∑
j=0

ϕi
0
(xj(ω))| > ε`} (4.7.5)
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have probability forming a convergent series. Thus, by Borel-Cantelli

lemma, almost surely, there are only finitely many of the above events

happens, which is a contradiction with Equation (4.7.3).

This shows for all ϕn, Equation (4.7.2) is true almost surely. Now,

for any function ϕ(·) ∈ C0(S,R), by denseness of the list {ϕn}
∞
n=1

in

the set of zero-mean continuous functions, we take subsequence ϕnj ,

such that, in the C0
topology,

ϕnj → ϕ(x) −

∫
ϕ(x)dvol(x). (4.7.6)

Then, Equation (4.7.2) implies that, for µN
-almost everyω ∈ Ω,

lim

m→∞
1

m

m−1∑
k=0

ϕ(xk(ω)) =

∫
ϕdvol. (4.7.7)

This finishes the proof of the corollary.

Proof of Theorem 4.1.3. By the classical theory of products of random

matrices (see for example Goldsheid and Margulis [72]), the assump-

tion of Zariski denseness of the measure µ
0
implies that, the top Lya-

punov exponent λ
1
of the random product is positive (see also Theo-

rem 4.2.4). Moreover, note that we can identify all the tangent spaces

TxT2
. By Theorem 6.6 of Goldsheid and Margulis [72], for any v with

‖v‖ = 1, for µN
0
almost everyω ∈ SL(2,Z)N, one has

lim

n→∞
1

n
log ‖An · · ·A1

v‖ = λ
1
> 0. (4.7.8)

This implies, there exists some N > 0, such that,∫
SL

2
(Z)

log ‖A(v)‖dµ∗N
0

(A) > N
λ
1

2

> 0. (4.7.9)

Note that the projective space P(R2) is compact. Thus, we can take

the number σ sufficiently small, such that, for any measure µwhich is

σ-close to µ
0
, and for any (x, v) ∈ T 1T2

, it holds∫
SL

2
(Z)

log ‖Dfx(v)‖dµ∗N(f) > N
λ
1

2

> 0. (4.7.10)

In other words, the measure µ is weakly expanding. Thus, the conclu-

sion follows from Theorem ??.
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Definition 4.7.1. We call an Iterated Function System (IFS) for the semi-

group generated by a finite number of diffeomorphisms (on S), de-

noted as {g
1
, · · · ,g`}.

Definition 4.7.2. We say the IFS is minimal if the whole space S is

the only invariant set of the system. That is, if B ⊂ S satisfies that

gi(B) = B for all i, then B = S.

Corollary 4.7.3. [Corollary of Theorem 4.1.3] There exists an open subset
U ⊂ Diff2vol(S) × Diff2vol(S), with respect to the product C2 topology, and a
denseGδ subsetU∗ ⊂ U, such that, for any (f,g) ∈ U∗, the system IFS(f,g)
is minimal.

Proof. Consider the probability measure µ = 1

2
δf+

1

2
δg, for two gener-

ators f,g ∈ Diff
2

vol
(S). Then, the weakly expanding condition is that,

for any v ∈ TxSwith ‖v‖ = 1, there exists some n > 1, such that

1

2
n

∑
h

log ‖Dhx(v)‖ > 0, (4.7.11)

where the sum is over all the 2
n
possible words h of length n, com-

posed using f’s and g’s.

The subset U is taken as the subset of choices of pairs of diffeor-

morphisms (f,g) satisfying the above inequality for some n. This is

clearly an open property.

Now consider the following subsets

Fk := {(f,g)
∣∣fk and gk have some common fixed point}. (4.7.12)

The set Fk is a closed subset. It follows the set Gk = Fck is thus an

open set, consisting the pairs (f,g)with no common periodic point of

period k. Define G =
⋂∞
k=1

Gk which is a Gδ subset. Note that any

pair (f,g) ∈ G admit no common periodic points.

Now we take a Moser generic f ∈ Diff
2

vol
(S) (see Robinson [124] for

details). Consider the set

Hf := {g ∈ Diff
2

vol
(S)
∣∣(f,g) ∈ U}. (4.7.13)

Note that, since f is Moser generic, there are finitely many periodic

orbits of f, and each of them could be elliptic or hyperbolic. By Equa-

tion (4.7.11), it is easy to see, if there is any elliptic periodic point for



4.7. Proofs of the Remaining Results 209

f, then Hf = Diff
2

vol
(S). So we can assume f has only finite hyperbolic

periodic points. For this finite set of periodic points, there is an open

and dense subset Gf ⊂ Diff
2

vol
(S), such that, g ∈ Gf does not preserve

this finite set. Then, the set Gf ∩Hf is generic in Hf. Then, we define

U ′ = {(f,g) ∈ U
∣∣g ∈ Gf ∩Hf}. (4.7.14)

Note that U ′ ⊂ U ∩G, and U ′ is dense in U. Thus, we define

U∗ = U ∩G. (4.7.15)

Then U∗ is a Gδ subset of U. By definition, U∗ is clearly dense in U.

Note that, for any (f,g) ∈ U∗, the IFS(f,g) is minimal, which finishes

the proof.

In the following, we go further to find a locally open and dense

subset of the product space Diff
2

vol
(S)×Diff

2

vol
(S), with the minimality

property.2 To do this, we start by defining a new property, which is in

some sense to the contrary of our weakly expanding property.

Definition 4.7.4. We say the measure µ is directional contracting if for

any (x
0
, v

0
) ∈ TS with ‖v

0
‖ = 1, there exists some choice of word

ω ∈ G, and some n, such that,

‖(Dgnω)x0(v0)‖ < 1. (4.7.16)

Note that this is also an open property. Our purpose is to show the

following proposition.

Proposition 4.7.5. Suppose the measure µ is both weakly expanding and
directional contracting. Then, there exists someN such that, any µ-invariant
finite set I has at most N points.

Proof. Suppose I is a finite µ-invariant set. We claim that, there exists

some small number r such that, for any x ∈ I, the ball Br(x) contains
only one point of I. The claim clearly implies the conclusion of this

proposition.

Fix x
0
∈ I, and consider a direction v ∈ T 1x

0

S. By the property of

directional contracting, one can choose some wordω ∈ Ω and a small

positive number ε, such that,

‖(Dgnω)x0v‖ < 1− ε. (4.7.17)

2
These observations were made by Artur Avila during the Ph.D. defense of the

first author at IMPA.
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For this diffeomorphism gnω, we can find a small neighborhood of v

in the circle T 1x
0

S, such that the above inequality holds for any tangent

vector in this neighborhood. Then, we can choose finite directions,

and get similar neighborhoods, such that the union of them covers the

whole circle T 1x
0

S. Now it follows directly, there exists a neighborhood

Br(x0), such that, for any y ∈ Br(x0), we can choose someω ∈ Ω, with

d(gnω(y),g
n
ω(x0)) < (1− ε)d(y, x

0
). (4.7.18)

Now if some two points x
0
,y

0
∈ I have distance between them smaller

than r, then, we consequently choosing proper finite words, we can

find twosequenceofpoints {xn,yn}n>0
, such that, thedistanced(xn,yn)

converges to 0. This is a contradiction with the fact that I is finite and

all xn,yn ∈ I. This proves our claim.

The proof of Theorem 4.1.5 is an immediate consequence of the

proof of Corollary 4.7.3 and Proposition 4.7.5. In fact, we can show

the following

Corollary 4.7.6. There is an open subset of Diff2vol(S)×Diff2vol(S), such that,
for open and dense subset of pairs (f,g) in this set, the IFS is minimal.

Proof. We only need to notice that when both weakly expanding

property and directional contracting property are satisfied, the set

G =
⋂∞
k=1

Gk =
⋂N
k=1

Gk defined after (4.7.12) is an open subset.

4.8 Concluding Remarks

Onemightwant to prove some version of central limit theorems, based

on our results in this chapter. It would be interesting to try to establish

the fast decay of correlations, and then to go further, as was the case in

Dolgopyat [58], for deterministic partially hyperbolic systems, to prove

some limit theorems. For example, we can obtain central limit theorem

for the Lyapunov exponents (by considering a a special potential),

via a standard martingale approximation method. Some lines of the

classical Le Page [98] argument should also be applied.

Another related problem is as follows. Consider the space T2
,

and the group consisting of diffeomorphisms preserving the usual

Lebesgue measure. We will look at the probability space (T2
, Leb),

and ask for limit theorems for almost every word ω ∈ Ω. This was
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established for some linear case before (see for example Conze and

le Borgne and Roger [50]), but the tools used there are not applicable

for non-linear problems. We can formulate the problem firstly by

perturbations of linear maps, similar to our Corollary 4.1.3.
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