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Abstract

We propose a theoretical approach to solve the inverse problem of local volatility calibration

from quoted European option prices in Equity and Commodity markets. Based on the assump-

tion that local volatility surface evolves with the initial state, and varies with time, we achieve

a term structure calibration procedure for such surface. Thus, combining some Bochner and

Sobolev space properties with some techniques of parabolic PDE analysis we characterize the

direct problem and its related forward operator, as well.

We apply non-quadratic, convex regularization tools to the inverse problem leading to exis-

tence, stability and convergence rates results. Such convergence results are with respect to the

noise level and are based on the concept of Bregman distances. Using the same techniques we

establish a Morozov discrepancy principle for this problem.

We consider also a discretized set up, whose goal is to present convergence rates results

accounting separately to the contribution of different sources of uncertainties.

We apply all the above results to commodity and equity markets.

Finally, we implement algorithms and develop numerical tests with synthetic as well as with

real data from equity (SPX, MCD and PBR) and commodity (WTI Brent oil and HH natural

gas) markets. As an example of synthetic experiments, we calibrate the local volatility surface

from Heston model data.

Key words: Volatility Surface, Local Volatility Calibration, Convex Tikhonov Regularization,

Convergence Rates, Commodity and Equity Markets.
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Introduction

The valuation of financial instruments has been the subject of many practical and scientific

works, since stocks and its derivatives are at the core of risk management. The attention paid to

such problems increased substantially especially after the equity market crash of 1987. A crucial

topic in pricing theory is volatility calibration. Volatility has different definitions according to

the background of the researcher and the context. Intuitively it is understood as a synonym to

the nervousness of the market, or to its agitation. See for example [28]. It is associated to the

variance of the process along a moving window [28, 41, 45]. However, this is not the perspective

here, since we are concerned with risk-neutral pricing and hedging. Thus, we follow the so-called

sell-side approach and consider it as the aggregate diffusion coefficient given by traded prices of

derivatives.

There are at least three different meanings for the concept of volatility that permeate the

literature. The first one, and perhaps the original one concerns the historical volatility. It is

connected to time series analysis and econometrics. This one is used to postulate the classical

Black-Scholes model for stock prices. The second one is the so-called implied volatility. It is the

value of the volatility that should be used in Black-Scholes formula to give a quoted price. This

is a useful change of variable in one to one correspondence with prices, but in principle offers

little difficulty to apply. Finally, we have the volatility surface which is the subject of interest

of this thesis. Mathematically it can be seen as the diffusion coefficient of a parabolic PDE.

If we are able to accurately determine such volatility, we would be able to price different

financial instruments, including exotic derivatives in accordance with the market. Such instru-

ments are used in general to minimize risk in many different situations. As an example, we could

foresee the possibility of an oil company using future and other derivatives as hedging devices

in its strategic cash-flow management.

The classical reference presenting a way to price European vanilla options derived from a

given stock is the Black-Scholes-Merton model [8, 40]. It is based in no-arbitrage conditions

leading to a partial differential equation by assuming that volatility is constant in time and

different contracts. However, in practice such approach proved to be unrealistic. An evidence of

it is the implied volatility, which can be obtained from European vanilla options prices under the

Black-Scholes-Merton model. When time or the stock price vary, the implied volatility changes

a lot, it shows that Black-Scholes volatility is not constant.

Under certain hypotheses, following Derman and Kani [20], Dupire [21] and Gatheral [28], we

can describe local volatility as the unique state dependent diffusion parameter consistent with

European option prices. Such quantity can also be thought as the conditional expectation of all

1



2 Introduction

instantaneous volatilities, from stochastic volatility models [28]. In other words, local volatility

models are not separate from the the class of stochastic volatility models. Another interesting

aspect of such quantity is that it can depend heavily on the initial state price. See [28].

Therefore, following the ideas presented in [21, 28], we assume a initial state dependent local

volatility framework. Under these hypotheses, in order to characterize the direct problem, we

propose a theoretical approach based on Bochner and Sobolev spaces techniques [29, 52], using

also the usual parabolic PDE approach [23, 38]. More specifically, we define a parameter to

solution map

U : D(U) ⊂ U −→ V.

relating families of volatility surfaces with families of European vanilla option prices surfaces,

both indexed by the initial state prices. The generality of such characterization of the direct

problem allows us to use many different identification methods, in special convex regularization.

Having established the direct problem, we pass to the solution of the calibration problem.

In other words, we take a family of prices surfaces Ũ and search for a family of local volatility

surfaces A† ∈ D(U) satisfying

Ũ = U(A†).

However, we shall see that this inverse problem is ill-posed in the sense of Hadamard [35]. By

applying convex regularization tools [48] the original problem becomes the following minimiza-

tion problem:

argmin
{
‖Ũ − U(A)‖2V + αf(A)

}
subject to A ∈ D(U).

It leads us to obtain results concerning existence and stability of solutions. Note that, the

constant α is the regularization parameter and f : D(f) → [0,+∞] is a convex functional,

both have to be properly chosen. We obtain also a convergence analysis when we consider

data corrupted by noise, by using Bregman distance techniques [10, 48]. We establish results

concerning an optimal choice for the regularization parameter α in a very general setting [3, 42].

The optimality here means that, α is chosen in order to minimize the residual ‖Ũ − U(A)‖.
Furthermore, we consider all these methods under a discretized set up [44].

We observe that, considering indexed families of surfaces of prices and local volatilities can

be helpful since we increase the amount of data used in the calibration process. It becomes

better when we assume a smoother dependence on such index, like Hölder continuity with index

greater than 1/2. It can be thought as a non-Markovian dependence on the history of such

families.

Under a very general framework, we choose convex regularization in order to tackle this

inverse problem. It provides much more general tools than the standard quadratic Tikhonov

regularization. Such generality is useful, since it allows us to introduce desirable properties

concerning the solution, through the choice of the regularization functional. This idea is largely

used in statistical inverse problems. See [49]. For instance, this approach generalizes many

approaches presented in literature, as [17, 19, 23, 36, 39].

Another aspect explored in this thesis is the application of this framework to the context of
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commodity markets. Indeed, commodity futures and their derivatives have become key players

in the portfolios of many corporations, especially those in the energy sector. To the best of

our knowledge, this is the first time local volatility calibration with convex regularization is

considered to tackle this problem.

The main contribution of this thesis can be summarized as follows:

1. Extending regularization results for local volatility calibration to a more general framework

that incorporates the dependence of the local volatility surface on the current stock price.

2. Developing a convergence analysis in a general context for the above problem.

3. Establishing a Morozov discrepancy principle in order to find the regularization parameter

appropriately.

4. Considering a discretized setting, accounting separately for the uncertainties introduced

in this problem by different sources.

5. Applying the calibration techniques to commodity markets.

We illustrate the results established in this thesis by numerical tests. We seek to highlight

the robustness and reliability of the regularized solutions.

It is important to note that, we do not apply any filtering approach as Kalman filter [49]

or an econometric approach [41, 45]. The method presented in this thesis can be classified as a

non-parametric approach, since we are concerned with the search of a family of the functional

diffusion parameters known as local volatility surfaces.

The idea behind the direct problem is the pricing of European call option prices by a gen-

eralization of Black-Scholes-Merton model. Namely, consider a risk-neutral filtered probability

space (Ω,U ,F, P̃), where F = {Ft}t∈R. Assume that the prices of a given stock follow the Itô’s

dynamics {
dS(t) = r(t)S(t) +

√
ν(t)S(t)dW P̃(t, S(t)) for t ∈ [t0, Tmax]

S(t0) = S0
(1)

with r(t) the risk-free interest rate, ν(t) the stochastic volatility, W P̃ a P̃-Brownian motion

and S0 the deterministic initial stock price. In general, we do not observe ν. Strongly related

to stochastic volatility model is the well-known local volatility, which can be defined by the

following expected value [21, 28]:

σ(S0, T,K) =

√
EP̃[ν(T )|S(T ) = K]. (2)

Note that, since r(t) is known, it follows that the distribution of the stochastic process

{S(t)}t∈[t0,T ] with respect to P̃ is uniquely determined by ν, which remains unknown. During

this thesis, instead of trying to describe the stochastic volatility ν, we shall work with the local

volatility function σ(S0, t, S(t)).
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The simplest example of a derivative for such stock is an European call option with maturity

T and strike K. Such contract gives to its owner the right but not the obligation to buy at time

T a share of the underlying stock for the price K. Thus, if S(T ) > K the option has the positive

value S(T )−K. However, if S(t) ≤ K, it follows that the option is worthless. In other words,

the value of the option at maturity T with strike K is given by the payoff

C(T,K) = max(0, S(T )−K).

The present value of the option is assumed to be the mean in the risk-neutral measure of the

discounted payoff given the actual stock price, i.e.,

C(T,K, s, t) = e−r(T−t)EP̃[max(0, S(T )−K)|S(t) = s]. (3)

See Chapters 2 and 3 of [37]. It follows that, when ν(t) = σ(S0, t, S(t)) in (1) is a determin-

istic function of the time and the stock price, fixing maturity and strike, C(t, s) satisfies the

generalized Black-Scholes problem
∂C

∂t
+

1

2
σ2(t, s)S2∂

2C

∂s2
+ b

∂C

∂s
= 0, t ∈ [0, T ], s > 0

C(T, s) = max(0, s−K) , s > 0.

(4)

The model presented in [8] can be found by choosing σ constant.

The model developed by Dupire [21], which is assumed in this thesis, is based on the same

assumption of a functional deterministic volatility. As we mentioned above, he has shown that

σ(t, S) is the unique state dependent diffusion parameter consistent with European option prices

which can be obtained directly from such prices. However the formula stating this result is highly

unstable, since it is based on the differentiation of observed data. We shall see it in more detail

at the beginning of Chapter 1.

The plan of this thesis is the following:

In Chapter 1 we make a survey on the theory of local volatility calibration, presenting some

known results from literature, in special [17, 19, 23]. We first analyze the direct problem and

present some background properties of the forward operator. Then, we present results extracted

from [17, 19, 23], concerning Tikhonov regularization of such calibration problem. At the end

of the chapter we make a short literature review concerning local volatility calibration.

Chapter 2 is concerned with the direct problem. We first introduce the concept of Fourier

transform in L2(0, T,H1+ε(D)) and define the Bochner-Sobolev space H l(0, S,H1+ε(D)), where

D is the set where the direct problem is stated. Under such framework we prove some background

properties concerning the forward operator. The most important are continuity, compactness

and Frechét differentiability. At the end of this chapter we establish that our analysis can be

simplified by assuming that volatility is independent of the initial state of the stock price. It

implies that normalized prices for different initial states are obtained by the same diffusion

parameter.

Chapter 3 concerns the analysis of the inverse problem by applying Tikhonov regularization.
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Following the techniques of [48], we first present results concerning the existence and stability

of regularized solutions. After, making use of tools from convex regularization, we establish

a convergence analysis. Using the same techniques we also present a Morozov discrepancy

principle. We consider also a discretized set up whose goal was to account separately some

different sources of uncertainties in the convergence analysis.

In Chapter 4 we apply all the results of the previous chapters in the context of commodity

markets, considering European vanilla options on commodity futures. We base our analysis on

the assumption that risk-neutral future prices are martingales. In addition, we characterize the

direct problem in two different ways. In the first one, we consider the forward operator related

to a generalization of Black’s model. In the second one, we consider a Dupire’s equation for

options on futures. After we establish that such forward operators are particular cases of the one

studied in the previous chapters, we apply the previous results concerning existence, stability

and convergence rates to the related inverse problem.

The numerical results are presented in Chapter 5. There, we implement algorithms and

develop numerical tests with synthetic as well as real data from equity and commodity markets.

We first make a small description of the numerical solution to the inverse problem, by present-

ing a solution of the forward problem and a characterization of the conjugate gradient of the

Tikhonov functional. Then, we mention that the minimization problem can be solved by avail-

able optimization methods, as the conjugate gradient method with Wolfe’s conditions. In the

first set of experiments, we illustrate the robustness of the method by comparing reconstructed

volatility solutions with the original ones for different noise levels. In the second and third parts

of the numerical tests we present reconstructed volatility surfaces with MCD, PBR, SPX, HH

and WTI data.
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Chapter 1

A Short Survey of Local Volatility

Calibration

In this chapter, we first present the direct problem, the forward operator and its domain, which

in turn is defined by Dupire’s equation [21]. See for example [17, 19, 23]. After, we present

a small collection of results extracted from literature about properties of this operator and its

Frechét derivative, which are in the core of the theoretical analysis of inverse problems presented

in [17, 19, 23].

Then, we present some results about Tikhonov regularization as existence, stability, conver-

gence and convergence rates.

At the end of this chapter we present a small literature review about volatility calibration.

1.1 Dupire’s Equation: The Direct Problem

Let (Ω,U ,F, P̃) be a filtered probability space , with F = {Ft}t∈R a suitable filtration and P̃ the

risk-neutral measure. Thus, we consider a stock which prices are governed by the Itô’s dynamics

dS(t) = rS(t)dt+ σ(t, S(t))S(t)dW (t), for t ∈ [0, T ] and S(0) = S0 > 0 non-random. (1.1)

The process {W (t)}t∈R is a Brownian motion under P̃, r is the interest rate, which is assumed

constant for simplicity and σ is the volatility. Note that, following Dupire [21], σ = σ(t, s) is a

deterministic function of (t, s) ∈ [0,∞)× (0,∞).

Let us define the starting point of our analysis: Dupire’s equation (see [21]). Firstly, consider

an European vanilla option price C(T,K, t, S(t)) at time t written on the stock S(t) from (1.1),

with maturity T and strike K. Thus, when we fix t and S(t), writing t = 0 and S(0) = S0, it

follows that C(S0, T,K) satisfies Dupire’s equation:


−∂C
∂T

+
1

2
σ2K2 ∂

2C

∂K2
− rK ∂C

∂K
= 0 T > 0, K ≥ 0

C(T = t,K) = (S0 −K)+, for K > 0.

(1.2)

7



8 1. A SHORT SURVEY OF LOCAL VOLATILITY CALIBRATION

By the no-arbitrage condition implied by the risk-neutral framework, it follows that

∂2C

∂K2
> 0

and then, as K > 0 we have that σ(T,K) is defined by C(S0, T,K) through the formula

σ(T,K) =

√√√√√√2

∂C

∂T
+ rK

∂C

∂K

K2
∂2C

∂K2

. (1.3)

In other words, the formula (1.3) first presented in [21] shows a way to find directly σ as a

function of (t, S) when t = T and S = K, from quoted European vanilla option prices.

Unfortunately, such formula is not robust since it involves differentiation of data, which in

general is sparse and corrupted by noise, implying that, the expression in the square root signal

could be negative or even unbounded.

Therefore, we have to find an alternative way to reconstruct σ as it is of great importance

in the pricing of many financial instruments in financial and commodity markets.

In order to apply classical techniques of parabolic PDE theory (see [38]), we perform the

change of variables y := log(K/S0) and τ := T − t. Thus, we define

u(τ, y) := C(τ + t, S0e
y) and a(τ, y) :=

1

2
σ2(τ + t, S0e

y),

it follows that u(τ, y) satisfies
−∂u
∂τ

+ a

(
∂2u

∂y2
− ∂u

∂y

)
+ r

∂u

∂y
= 0 τ > 0, y ∈ R

u(0, y) = S0(1− ey)+, y ∈ R,

(1.4)

Note that, σ and a are assumed strictly positive and are related by a smooth bijection (under

suitable conditions). Thus, in what follows we shall work only with variance a instead of volatility

σ since it simplifies the direct and inverse problems analysis.

Let I ⊂ R be a probably unbounded open interval, denote by D = (0, T )× I the set where

problem (1.4) is defined. From [23] we know that (1.4) has a unique solution in W 1,2
2,loc(D), the

space of functions u : (τ, y) ∈ D 7→ u(τ, y) ∈ R such that, it has locally squared integrable weak

derivatives up to order one in τ and up to order two in y.

For latter purposes, we define now the set where a lives. Take scalar constants a1, a2 ∈ R
such that 0 < a1 ≤ a2 < +∞ and a fixed function a0 ∈ H1+ε(D), with ε > 0 and a1 ≤ a0 ≤ a2.
Define

Q := {a ∈ a0 +H1+ε(D) : a1 ≤ a ≤ a2} (1.5)
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Now, define the forward operator

G : Q ⊂ H1+ε(D) −→ W 1,2
2 (D)

a ∈ Q 7−→ u(a)− u(a0) ∈W 1,2
2 (D)

(1.6)

where u(a) and u(a0) are the unique solutions of (1.4) with diffusion parameter a and a0,

respectively. Note that a0 is fixed and given. It is necessary to introduce u(a0) in the definition

of operator G(·) because every solution u(a) of (1.4) for a given diffusion parameter a is in

W 1,2
loc,2(D). See [23, 38]. If we subtract it by u(a0), i.e, take u(a) − u(a0), then u(a) − u(a0)

is in W 1,2
2 (D). Such property follows by the linearity of equation (1.4), which implies that

u(a)− u(a0) satisfy a parabolic problem with homogeneous boundary conditions.

Therefore we can state now the Direct Problem:

Given a function a ∈ Q, construct G(a) = u(a) − u(a0), where u(a) is the unique solution of

(1.4) with diffusion parameter a.

1.2 Background Properties of the Forward Operator

Following [48], we present below some properties of the operator G(·) as weak-continuity, weak-

closedness and Frechét differentiability. They are required to implement Tikhonov regularization.

Such properties are extracted specially from [17, 19, 23].

Observe that, we have chosen the space H1+ε(D) with ε ∈ (0, 1] so that Q has nonempty

interior. See [19]. Furthermore, we have that Q is convex and weakly closed in H1+ε(D).

The following proposition states that calibrating local volatility from quoted European call

option prices is an ill-posed problem, since the forward operator is compact.

Proposition 1 (Proposition A2 and A3 of [23]). The operator G(·) is continuous and compact.

Moreover it is weakly (sequentially) continuous and weakly closed.

Now we state the differentiability of G(·).

Proposition 2 (Proposition 4.1 of [23]). The operator G(·) admits a one sided derivative at

a ∈ Q, in the direction h such that a+ h ∈ Q. Its Frechét derivative G′(a) can be extended as a

bounded linear operator on H1+ε(D), i.e., it satisfies

‖G′(a)h‖
W 1,2

2 (D)
≤ c‖h‖H1+ε(D).

Moreover, G′(a) satisfies the Lipschitz condition

‖G′(a)−G′(a+ h)‖L(H1+ε(D),W 1,2
2 (D)) ≤ γ‖h‖H1+ε(D)

for all a, h ∈ Q such that a+ h ∈ Q.

We observe that in [23] all the results were obtained with ε = 0 in H1+ε(D). However, as it

is stated in Section 1.3 of [19], Proposition 1 and 2 hold true with ε ∈ (0, 1].

Since the embedding W 1,2
2 (D) ⊂ L2(D) is linear and bounded, we have that Proposition 1

and 2 still hold true if we change from W 1,2
2 (D) to L2(D) in the definition of G(·). This is an
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important change in the topology of the range of G(·) as it is easier to work with 〈·, ··〉L2(D)

instead of 〈·, ··〉
W 1,2

2 (D)
.

The next two results present a characterization of the range of G′(a) as a subset of L2(D)

and G′(a)∗ as a subset of H1+ε(D). They are important players in the proof of convergence

rates results for Tikhonov regularization.

Proposition 3 (Lemma 1.4.1 of [19]). The Frechét derivative of G(·) is injective and compact.

Proposition 4 (Lemma 1.4.2 of [19]). The adjoint operator G′(a†)∗ of G′(a†), has a trivial

kernel. Thus, the range of G′(a†)∗ is dense in H1+ε(D).

Now we present a very important result, namely the tangential cone condition. It is a

sufficient condition to state results that guarantee the convergence of iterative regularization

methods. See Chapter 3 of [19].

Proposition 5 (Theorem 1.4.2 of [19]). The operator G(·) satisfies the local tangential cone

condition

‖G(a)−G(ã)−G′(ã)(a− ã)‖
W 1,2

2 (D)
≤ γ‖G(a)−G(ã)‖

W 1,2
2 (D)

, with γ < 1/2,

for all a, ã in an open ball B(a∗, ρ) ⊂ Q for some ρ > 0.

1.3 Volatility Calibration by Tikhonov Regularization

During the last section we have provided some remarkable properties about the operator G.

Continuing this survey, we present below some results extracted from literature about Tikhonov

regularization applied to the local volatility calibration of European call options.

As it was mentioned above, we are interested in solving the inverse problem of volatility

calibration, i.e., given a set of European call option prices traded at a given day t,

C(t) = {C(t, Tm,Kn) : m = 1, ...,M and n = 1, ..., N},

find its related local volatility surface σ, assuming the framework developed in Sections 1.1 and

1.2. In other words, we want to find a† ∈ Q satisfying

G(a†) = C(t)− u(a0). (1.7)

In addition we let the data be corrupted by a noise of level δ > 0, i.e.,

‖u(a†)− C(t)‖L2(D) ≤ δ.

We denote by uδ the noisy data C(t)− u(a0).

Roughly speaking, we consider a noisy data since for a given model there are many sources

of uncertainty. For example, there is a finite amount of option prices which are presented in a

sparse grid. In addition, the present model is continuous, which leads to uncertainties introduced

interpolation.
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Since there is no easy way to solving such problem directly we present below how Tikhonov

regularization helps us to find reliable approximations of a† and what happens when δ → 0.

Let fa0 : Q → [0,∞] be a convex and weakly lower semi-continuous functional. Define the

Tikhonov regularization functional

Fα,uδ(a) = ‖G(a)− uδ‖2L2(D) + αfa0(a). (1.8)

Instead of looking for ã, an element of Q satisfying (1.7), we shall find a minimizer for (1.8) in

Q. Assuming further that fa0(·) is coercive we have that for each c > 0, the set

Lα(c) = {a ∈ Q : Fα,uδ(a) ≤ c} ⊂ H1+ε(D)

is weakly pre-compact. Thus, from [48] we have the next three results.

Theorem 1 (Existence - Theorem 2.1.1 of [19]). If α > 0 and uδ ∈ L2(D), then there exists a

minimizer in Q for the functional Fα,uδ(·) defined in (1.8).

Theorem 2 (Stability - Theorem 2.1.1 of [19]). If α > 0 and {uk}k∈N ⊂ L2(D) is a sequence

converging strongly to u in L2(D), then every sequence of minimizers {ak}k∈N ⊂ Q of Fα,uk(·),
has a weakly convergent subsequence {akl}l∈N. The limit of such subsequence ã is a minimizer

of Fα,u(·). Furthermore fa0(akl)→ fa0(ã).

Theorem 3 (Convergence - Theorem 2.1.1 of [19]). If (1.7) has a solution in Q, then it has an

fa0-minimizing solution. Thus, assume that such solution for the noiseless problem with data u

exists and α = α(δ) > 0 satisfies

lim
δ→0

α(δ) = 0 and lim
δ→0

δ2

α(δ)
= 0.

Take a sequence {δk}k∈N converging to zero and assume further that uk ∈ L2(D) satisfies ‖uk −
u‖L2(D) ≤ δk. Denote αk := α(δk). Then, every sequence {ak}k∈N ⊂ Q with ak minimizing

Fαk,uk(·) has a weakly convergent subsequence {akl}l∈N with limit a† ∈ Q. Such limit is an

fa0-minimizing solution (1.7) and fa0(akl) → f(a†). Furthermore, if there is a unique fa0-

minimizing solution a† of (1.7), then the entire sequence {ak}k∈N converges weakly to a†.

1.4 A Convergence Analysis

Theorem 3 states the convergence of the regularized solutions when the noise level δ goes to

zero, given a suitable choice for the regularizing parameter α. However, it does not state its

convergence rate, hence this is the purpose of the present section.

Before starting the convergence analysis below, we have to introduce some fundamental con-

cepts in convex regularization as the Bregman distance (divergence) related to fa0 , q-coerciveness

and the source condition. Bregman distance is not a distance, in general, however it is a useful

tool to define a weaker sense of convergence than the norm one. q-coerciveness states a strong

relation between Bregman distances and the space norm, under certain hypotheses. The source
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condition is in the core of the characterization of the range of G′(a)∗ which is used to prove

convergence rates. A good reference on this topic is [48].

Now, we have the following definitions.

Definition 1. Let U be a Banach space and f : D(f) ⊂ U → [0,∞] be a convex functional with

sub-differential ∂f(a) in a ∈ D(f). The Bregman distance (or divergence) of f at a ∈ D(f) and

ξ ∈ ∂f(a) ⊂ U∗ is defined by

Dξ(b, a) = f(b)− f(a)− 〈ξ, b− a〉,

for every b ∈ D(f), with

〈·, ··〉 : U∗ × U → R,

the dual product of U∗ and U . Moreover, the set

DB(f) = {a ∈ D(f) : ∂f(a) 6= ∅}

is called the Bregman domain of f .

We remark that the Bregman domain DB(f) is dense in D(f) and the interior of D(f) is

a subset of DB(f). Furthermore, the map b ∈ D(f) 7→ Dξ(b, a) is convex, non-negative and

satisfies Dξ(a, a) = 0. In addition, if f is strictly convex, then Dξ(b, a) = 0 if and only if b = a.

For a survey on Bregman distances see Chapter I of [10].

Definition 2. For 1 ≤ q < ∞, the Bregman distance Dξ(·, a) is said to be q-coercive with

constant ζ > 0 if

Dξ(b, a) ≥ ζ‖b− a‖qU ,

for every b ∈ D(f).

The canonical example

f(a) = ‖a− a0‖2U ,

is 2-coercive with constant 1 since ∂f(a) = {2(a− a0)} for every a ∈ D(f) and

D2(a−a0)(b, a) = ‖b− a‖2U .

As in Section 2.1.2 of [19], in order to state Theorem 4 the following assertions are sufficient:

(i) The inverse problem (1.7) has at least one fa0-minimizing solution denoted here by a†,

which is in the Bregman domain associated to fa0 .

(ii) There exist constants β1 ∈ [0, 1), β2 ≥ 0 and ξ†, an element of the sub-differential of fa0

at a†, denoted by ∂fa0(a†), such that

〈ξ†, a† − a〉 ≤ β1Dξ†(a, a
†) + β2‖G(a)−G(a†)‖ (1.9)

for a ∈ Lβmax(ρ), with ρ > 0 and βmax satisfying ρ > βmaxfa0(a†).
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Note that the first assumption holds immediately for this specific problem (see Section 2.1

of [19]) and the second one follows by Lemma 2.

The following two Lemmas are concerned with the so-called source condition and q-coerciveness.

As it is mentioned above, such concepts are in the core of convergence analysis and rates. See

[48].

Lemma 1 (Lemma 2.1.1 of [19]). For every ξ ∈ ∂fa0(a†), there exists an ω† ∈ L2(D) and an

r ∈ H1+ε(D) satisfying the source condition

ξ = G′(a†) ∗ ω† + r (1.10)

with ‖r‖ arbitrarily small.

Lemma 2 (Lemma 2.1.2 of [19]). For every ξ ∈ ∂fa0(a†) take ω† and r as in Lemma 1, satisfying

c(C‖ω†‖+ ‖r‖) < 1

and denote such estimate by β1. Assume further that fa0 is 1-coercive with constant c. Then

(1.9) in assertion (ii) above holds.

As mentioned above, these lemmas are sufficient to ensure the convergence rates below.

Theorem 4 (Theorem 2.1.2 of [19]). If α = α(δ) ≈ δ then, for ξ ∈ ∂fa0(a†) and aδα minimizer

of (1.8) satisfy

‖G(aδα)− uδ‖ = O(δ) and Dξ(a
δ
α, a
†) = O(δ).

Moreover, there exists c > 0 such that fa0(aδα) ≤ fa0(a†) + δ/c for every δ > 0 satisfying the

estimate β(δ) ≤ βmax.

1.5 Local Volatility Calibration: A Micro Review

Due to its great importance in financial markets, volatility calibration has been the subject of

a huge amount of academic and practical works. Thus, in order to make a brief review in this

topic, we have chosen only a few works due to its importance and its strong connection with

this thesis.

Dupire in [21] introduced the local volatility framework and presented the closed formula (1.3)

reconstructing the local volatility surface from quoted European option prices. Such quantity

defines the unique risk neutral diffusion process compatible with these option prices. However,

this formula can not be used in practice since the available set of quoted prices are in general

too much sparse and noisy.

In [4], Avellaneda et al have proposed, under a risk-neutral framework, the following problem:

find a control function σ2 minimizing Kullback-Leibler entropy such that, the risk neutral call

option prices match the quoted prices. Thus, under certain hypotheses they found a Hamilton-

Jacobi-Bellman equation and hence a closed formula for such σ2 as a deterministic function of

maturity T and strike K. The drawback of such approach is that the resulting local volatility

surface, is in general non-smooth, which may vary abruptly.
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In [36], Jackson et al have proposed local volatility calibration from quoted European vanilla

option prices under the Black-Scholes framework. They have assumed that, for each time t

σ(t, S) is a spline whose weights are determined by the penalized (regularized) minimization of

the difference between quoted and Black-Scholes prices. By numerical examples, the method

proved to be robust despite not having any theoretical justification.

In [39], Lagnado and Osher have proposed a regularization approach to solve the inverse

problem of smile calibration from quoted option prices under a generalized Black-Scholes frame-

work. They have assumed that index volatility is a deterministic function of index level and

time.

In [17] and [23], following [39], local volatility framework was considered and the related

calibration problem was tackled by Tikhonov regularization. Moreover, in both papers results

concerning convergence rates are discussed.

Following the same ideas of Tikhonov regularization, but assuming that volatility depends

only on time, are [31, 34].

In [22], a Lagrangian optimal control strategy was proposed to solve the identification prob-

lem of Dupire’s local volatility. They presented a globalized sequential quadratic programming

(SQP) algorithm combined with a primal-dual active set strategy. They established results

concerning existence of local optimal solutions and of Lagrange multipliers. Furthermore, a

sufficient second-order optimality condition was proved. They also presented some numerical

results.

The thesis [19] presents two different regularization techniques in order to tackle such local

volatility calibration problem. The first technique is based on convex regularization tools, gener-

alizing results present in [17, 23]. In this context, making use of Bregman distance techniques a

convergence analysis with rates was established. The second technique was an iterative method,

which was based on a tangential cone condition. In the latter case, a discrepancy principle was

also stated.



Chapter 2

Forward Operators

Following Dupire’s framework [21, 28], we fix the current time and define the local volatility

surface as a function of time to maturity, strike price and the current stock price. Thus, when

time evolves, such local volatility surface changes with respect to the stock price. In this chapter

we define and present some basic properties of the forward operator which associates families of

local volatility surfaces to families of European call option price surfaces, both parameterized

by the underlying stock price. In other words, we shall define the map

U : {σ(S0) : S0 ∈ [Smin, Smax]} 7−→ {u(S0, σ(S0)) : S0 ∈ [Smin, Smax]} ,

where u(S0, σ(S0)) = u[S0, σ(S0)](t, St) is the call price given by the model at time t and

underlying price St. Note that, such operator is a generalization of the operator G(·) of Chapter

1.

Another important feature of this framework is the possibility of such dependence on the

stock price be non-Markovian, in the sense that, the (local) history of the process accounts for

understanding how the present state is.

In order to define rigorously such framework, we make use of Bochner space techniques. A

small survey of this topic can be found in Appendix A. The main reference for the first two

sections of the present chapter is [29].

2.1 Definitions

We define below the forward operators and its domains. Thus, it is necessary to define first the

spaces containing its domains and images, as well.

Given a time interval, say [0, T ], the realized prices S(t) vary within the interval [Smin, Smax]

with t ∈ [0, T ]. For technical reasons we perform the change of variables s = S(t) − Smin such

that s ∈ [0, Smax − Smin]. Hence, for each s ∈ [0, Smax − Smin] we denote a(s) := a(s, τ, y) the

squared variance divided by 2 for the stock price S(t) − Smin = s. In what follows, we shall

represent s by t and Smax − Smin by S.

Since we need some regularity of the volatility surface with respect to the stock price in

the analysis below, the following definition introduces the concept of the Fourier transform in

15
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Bochner spaces which is necessary in order to define some Sobolev-type Bochner spaces.

Definition 3. Given A ∈ L2(0, S,H1+ε(D)), with A : s 7→ a(s) (see Appendix), we define its

Fourier series Â = {â(k)}k∈Z by

â(k) :=
1

2S

∫ S

0
a(s) exp(−iksπ/S)ds+

1

2S

∫ 0

−S
a(−s) exp(−iksπ/S)ds.

It is well defined, since {s 7→ a(s) exp(−iks2π/S)} is weakly measurable and

L2(0, S,H1+ε(D)) ⊂ L1(0, S,H1+ε(D))

by the Cauchy-Schwartz inequality.

Now we present the definition of the space containing the domain of the forward operator.

Definition 4. We define H l(0, S,H1+ε(D)) as the space of A ∈ L2(0, S,H1+ε(D)), such that

‖A‖l :=
∑
k∈Z

(1 + |k|l)2‖â(k)‖2H1+ε(D)C
<∞,

where H1+ε(D)C = H1+ε(D)⊕iH1+ε(D) is the complexification of H1+ε(D). H l(0, S,H1+ε(D))

is a Hilbert space with the inner product

〈A, Ã〉l :=
∑
k∈Z

(1 + |k|l)2〈a(k), ã(k)〉H1+ε(D)C .

The following proposition is extracted from Lemma 3.2 of [29], it states the continuous

inclusion of H l(0, S,H1+ε(D)) into C(0, S,H1+ε(D)) when l > 1/2. For the proof see [29].

Proposition 6. For l > 1/2, each A ∈ H l(0, S,H1+ε(D)) has a continuous representative

and the mapping il : H l(0, S,H1+ε(D)) ↪→ C(0, S,H1+ε(D)) is continuous (bounded). Defining

〈A, x〉H1+ε(D) := {s 7→ 〈a(s), x〉} for x ∈ H1+ε(D) and A ∈ H l(0, S,H1+ε(D)), we have that

〈A, x〉H1+ε(D) ∈ H l([0, S]) and ‖〈A, x〉H1+ε(D)‖Hl([0,S]) ≤ ‖A‖l‖x‖H1+ε(D). Moreover, for every

A,B ∈ L2(0, S,H1+ε(D)),

〈A,B〉L2(0,S,H1+ε(D)) =
∑
k∈Z
〈â(k), b̂(k)〉H1+ε(D)C .

Now we define the set

Q := {A ∈ H l(0, S,H1+ε(D)) : a(s) ∈ Q, ∀s ∈ [0, S]}, (2.1)

i.e., each A in Q is the map A : s ∈ [0, S] 7→ a(s) ∈ Q. Note that Q is a generalization of Q

from Section 1, as it shall be the domain of the direct operator U(·).
One of the necessary conditions to state the existence of Tikonov regularization in what

follows is that U(·) has to be weakly closed. This requires that Q must be weakly closed as well.

Thus, we have the following proposition:
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Proposition 7. For l > 1/2, the set Q is weakly closed and it has a nonempty interior in

H l(0, S,H1+ε(D)).

Proof: Take a sequence {An}n∈N ⊂ Q weakly convergent to Ã ∈ H l(0, S,H1+ε(D)). We want

to show that, given a weak zero neighborhood U of H1+ε(D), then for a sufficient large n,

an(s) − a(s) ∈ U for every s ∈ [0, S]. A weak zero neighborhood U of H1+ε(D) is defined

by a set of α1, ..., αK ∈ H1+ε(D) and an ε > 0 such that g ∈ H1+ε(D) is an element of U if

maxk=1,...,K |〈g, αn〉| < ε.

Since the imersion H l([0, S]) ↪→ C([0, S]) is compact and H l([0, S]) is reflexive, it follows

that each weak zero neighborhood of H l([0, S]) is a zero neighborhood of C([0, S]). Further-

more, from Proposition 6 we know that 〈A, α〉H1+ε(D) ∈ H l([0, S]) with its norm bounded by

‖A‖l‖α‖H1+ε(D), for every n ∈ N and α ∈ H1+ε(D). Thus, we take the smallest closed ball cen-

tered at zero, B, which contains 〈Ã, αk〉H1+ε(D) with k = 1, ...,K and every 〈An, αk〉H1+ε(D) with

n ∈ N and k = 1, ...,K. Therefore, choosing ε > 0 as above, it is true that for each k = 1, ...,K,

there are fk,1, ..., fk,M(k) ∈ H l([0, S]) and ηk > 0, such that ‖f‖C([0,S]) < ε for every f ∈ B with

maxm=1,...,M(k) |〈f, fk,m〉| < ηk. Hence, we define Ck,m := αk ⊗ fk,m ∈ H l(0, S,H1+ε(D))∗ and

the weak zero neighborhood A = ∩Kk=1Ak of H l(0, S,H1+ε(D)) with

Ak := {A ∈ H l(0, S,H1+ε(D)) : |〈A, Ck,m〉| ≤ ηk, m = 1, ...,M(k)}.

As A is a weak zero neighborhood of H l(0, S,H1+ε(D)), it is true that for sufficiently large n,

An − Ã ∈ A, which implies that an(s) − ã(s) ∈ U for every s ∈ [0, S], i.e., {an(s)}n∈N weakly

converges to ã(s) for every s ∈ [0, S]. As Q is weakly closed, we have that ã(s) ∈ Q for every

s ∈ [0, S], which shows that Ã ∈ Q. The assertion that the interior of Q is nonempty follows

from the fact that H l(0, S,H1+ε(D)) ↪→ C(0, S,H1+ε(D)) is continuous and bounded (note that,

given ε > 0, Ã = {s 7→ ã(s)} with a + ε ≤ ã(s) ≤ a + ε for every s ∈ [0, S] is in the interior of

Q). �

We introduce now the forward operator U(·), which associates each path of the volatility

surface to a path of option prices surface. For this, it is necessary to define the operator F (·, ··)
which takes the pair (s, a) of a given stock price level and a volatility surface and associates

to u(s, a) a surface of option prices. We stress that, in what follows, we always assume that

l > 1/2. Thus, for a given a0 ∈ Q we define the following operators:

F : [0, S]×Q −→ W 1,2
2 (D)

(s, a) 7−→ u(s, a)− u(s, a0)

and
U : Q −→ L2(0, S,W 1,2

2 (D)),

A 7−→ {s ∈ [0, S] 7→ F (s, a(s)) ∈W 1,2
2 (D)}.

Note that, for each s ∈ [0, S], F (s, ·) = G(·).
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2.2 Properties

The next result is the first step towards a rigorous use of regularization techniques in inverse

problems analysis as it states, among other things, compactness and weak closedness of operator

F (·, ··). Such properties are at the core of a similar result for the main forward operator U(·).
Note that, compactness implies ill-posedness of the inverse problem and weak closedness is a

necessary condition to prove existence of a solution to the regularized inverse problem.

Proposition 8. The operator F : [0, S]×Q −→W 1,2
2 (D) is continuous and compact. Moreover,

it is sequentially weakly continuous and weakly closed.

Proof: Let {(sn, an)}∞n=1 ⊂ [0, S]×Q and {un}∞n=1 be such that un = u(sn, an) and (sn, an) →
(s, a) in the product topology of [0, S]×H1+ε(D). We know that un−u(sn, a0) ∈W 1,2

2 (D). Let

us introduce some notations, wn := un−u(sn, a0), w̃ := u(s, a)−u(s, a0), h
n = u(sn, a0)−u(s, a0)

and vn := wn − w̃n. By linearity, wn, w̃n and vn solve

−wnτ + a(wnyy − wny ) + bwny = −(an − a0)(uyy(sn, a0)− uy(sn, a0)),

−w̃τ + a(w̃yy − w̃y) + bw̃y = −(a− a0)(uyy(s, a0)− uy(s, a0)) and

−vnτ + a(vnyy − vny ) + bvny = −(an − a)(unyy − uny )− (a− a0)(hnyy − hny ),

respectively, with homogeneous boundary conditions. Thus, vn satisfies the estimate

‖vn‖
W 1,2

2 (D)
≤ C

(
‖an − a‖L2(D)‖un‖H1(D) + ‖a− a0‖L2(D)‖hny‖W 0,1

2 D

)
.

It remains to prove that ‖hny‖W 0,1
2 (D)

→ 0. As above, by linearity, hn solves

{
−hnτ + a0(h

n
yy − hny ) + bhny = 0

hn(0, y) = (S0(sn)− S0(t))(1− ey)+

and satisfies the estimates

|hn| ≤ |sn − s| and ‖hny‖W 0,1
2 (D)

≤ C,

with C depending only on the parameters. Thus hn → 0 almost everywhere in D as n → 0.

Thus, hn → 0 in W 1,2
2,loc(D), which implies that ‖hny‖W 0,1

2 (D)
→ 0, as this sequence is uniformly

bounded. Hence ‖vn‖
W 1,2

2 (D)
→ 0 which shows that F : [0, S]×Q −→W 1,2

2 (D) is continuous.

Let, {(sn, an)}∞n=1 ⊂ [0, S] × Q be such that (sn, an) ⇀ (s, a), i.e., in the product topology

defined by the standard topology of [0, S] and the weak topology ofH1+ε(D). Moreover, let un be

such that, un = u(sn, an). As Q is weakly closed, it follows that a ∈ Q and we set u := u(s, a).

We shall prove that F (sn, an) → F (s, a) in W 1,2
2 (D), where F (sn, an) = un − u(sn, a0) and

F (s, a) = u(s, a) − u(s, a0). If Dc ⊂ D is compact, then, by Sobolev embedding theorems

(see, e.g., [53]) an → a in L2(Dc). Take vn and hn as above. Set fn := (an − a)(uyy − uy) +

(a − a0)(hnyy − hny). Thus, we can split fn = fn1 + fn2 with fn1 = fnXDc , fn2 = fn − fn1 and
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Dc := [0, S]× [−M,M ]. Hence

‖vn‖
W 1,2

2 (D)
≤ C

(
‖an − a‖L2(Dc)‖uny‖H1(Dc) + ‖an − a‖L2(D\Dc)‖uny‖H1(D\Dc)+

‖a− a0‖L2(Dc)‖hny‖H1(Dc) + ‖a− a0‖L2(D\Dc)‖hny‖H1(D\Dc)
)
.

By Sobolev embedding, it follows that ‖an−a‖L2(Dc) → 0 and ‖hny‖H1(Dc) → 0. ‖uy‖H1(D\Dc) →
0 and ‖hny‖H1(D\Dc) → 0 as M →∞ due to its uniform boundedness. Therefore, F is compact,

and weakly continuous. The assertion of F being weakly closed follows from Q being weakly

closed and the weak continuity of F . �

We define now the concept of Frechét equi-differentiability for a family of operators, since it

is a fundamental concept in order to establish the Frechét differentiability of operator U(·). We

shall prove in the next proposition that {F (s, ·) : s ∈ [0, S]} is Frechét equi-differentiable.

Definition 5. We call a family of operators {Fs : Q −→ W 1,2
2 (D) | s ∈ [0, S]} as Frechét equi-

differentiable, if for all ã ∈ Q and ε > 0, there is a δ > 0, such that

sup
s∈[0,S]

‖Ft(ã+ h)−Fs(ã)−F ′s(ã)h‖ ≤ ε‖h‖,

for ‖h‖H1+ε(D) < δ and F ′s(ã) the Frechét derivative of Fs(·) at ã.

Proposition 9. The family of operators {F (s, ·) : Q −→ W 1,2
2 (D) | s ∈ [0, S]} is Frechét equi-

differentiable.

Proof: Given ã ∈ Q and ε > 0, define w = F (s, ã+ h)− F (s, ã)− ∂aF (s, ã)h, it is equivalent to

w = u(s, ã + h)− u(s, ã)− ∂au(s, ã)h. We denote v := u(s, ã + h)− u(s, ã). Thus, by linearity

w satisfies

−wτ + ã(wyy − wy) + bwy = h(vyy − vy),

with homogeneous boundary condition. Such problem does not depend on s, as ã is independent

of s. From the proof of Proposition 8, we have

‖w‖
W 1,2

2 (D)
≤ C‖h‖L2(D)‖v‖W 1,2

2 (D)

By the continuity of F , given an ε > 0 we can chose h ∈ H1+ε(D) with ‖h‖H1+ε(D) ≤ δ, such

that ‖v‖
W 1,2

2 (D)
≤ ε/C and thus the assertion follows. �

Finally, we present one of the principal results of this section, which states compactness

and weak closedness of the forward operator U(·). These properties are at the core of inverse

problems analysis [26, 48].

Proposition 10. The forward operator U : Q −→ L2(0, S,W 1,2
2 (D)) is well-posed, continuous

and compact. Moreover, it is sequentially weakly continuous and weakly closed.

Proof: Well Posedness: Take an arbitrary Ã ∈ Q, by the continuity of Ã (see Proposition 6)

and F , it follows that t 7→ F (s, ã(s)) is continuous and then weakly measurable. Therefore,

s 7→ ‖F (s, a(s))‖
W 1,2

2 (D)
is bounded, then U(Ã) ∈ L2(0, S,W 1,2

2 (D)), which asserts the well-

posedness of U(·).
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Continuity: As F : [0, S] × Q −→ W 1,2
2 (D) is continuous, it follows by Proposition 6 that the

set {F (s, ·) | s ∈ [0, S]} ⊂ C(Q,W 1,2
2 (D)) is uniformly equi-continuous, i.e., given ε > 0, there is

a δ > 0 such that, for all a, ã ∈ Q satisfying ‖a− ã‖ < δ, we have that

sup
s∈[0,S]

‖F (s, a)− F (s, ã)‖ < ε.

Thus, given ε > 0 and A, Ã ∈ Q such that sups∈[0,S] ‖a(s) − ã(s)‖H1+ε(D) < δ, then, by the

uniform equi-continuity of {F (s, ·), s ∈ [0, S]}, it follows that

‖U(A)− U(Ã)‖2
L2(0,S,W 1,2

2 (D))
=

∫ S

0
‖F (s, a(s))− F (s, ã(s))‖2

W 1,2
2 (D)

ds < ε2 · S,

which asserts the continuity of U(·).

Compactness: Assume that the set B ⊂ Q is bounded, we shall prove that

U(B) ⊂ L2(0, S,W 1,2
2 (D))

is pre-compact. As B is weakly pre-compact, given an ε > 0, it is sufficient to find a weak zero

neighborhood U of H l(0, S,H1+ε(D)) such that, if {An}n∈N ⊂ B converges weakly to Ã, then

for n sufficiently large An − Ã ∈ U and ‖U(An)− U(Ã)‖
L2(0,S,W 1,2

2 (D))
< ε. Thus, we shall find

a set of functionals Cn,m ∈ H l(0, S,H1+ε(D))∗, which defines such zero neighborhood.

By the compactness of F , we have that, given A ∈ B, take ρ ≥ sups∈[0,S] ‖a(s)‖ and define

B = B(0, ρ) ∩Q, where B(0, ρ) ⊂ H1+ε(D) is the open ball with center 0 and radius ρ. Thus,

by the weakly continuity of F (·, ··) we have that given an ε > 0, there are α1, ..., αN ∈ H1+ε(D)

and δ > 0, such that

sup
s∈[0,S]

‖F (s, a)− F (s, ã)‖ < ε

for all a, ã ∈ B with

max{|〈a− ã, αn〉H1+ε(D)| |n = 1, ..., N } < δ. (2.2)

By Proposition 6 it follows that 〈A, αn〉H1+ε(D) ∈ H l([0, S]) with its norm bounded by

‖A‖l‖αn‖H1+ε(D). Then, there is a closed and bounded ball

A ⊂ H l([0, S]) containing 〈A, αn〉H1+ε(D), for all n = 1, ..., N,

and A ∈ B. By the fact that H l([0, S]) is compactly immersed into C([0, S]), it is true that, each

weak zero neighborhood of H l([0, S]) is a zero neighborhood of C([0, S]). Thus, for n = 1, ..., N

and the same δ > 0 of (2.2), there are fn,1, ..., fn,M(n) ∈ H l([0, S]) and ξn > 0 such that,

‖f‖C([0,S]) < δ for every f ∈ A satisfying

max{|〈f, αn〉H1+ε(D) | m = 1, ...,M(n)} < ξn.

Now, we can define Cn,m := αn ⊗ fn,m, with n = 1, ..., N and m = 1, ...,M(n) as an element of
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H l(0, S,H1+ε(D))∗, where, for each A ∈ H l(0, S,H1+ε(D)), we have that

〈A, Cn,m〉l = 〈〈A, αn〉H1+ε(D), fn,m〉Hl([0,S]) =
∑
k∈Z

(1 + |k|l)2〈â(k), αn〉H1+ε(D)f̂n,m(k).

These functionals define the weak zero neighborhood U := ∩Nn=1Un with

Un := {A ∈ H l(0, S,H1+ε(D)) : |〈A, Cn,m〉l| < ξn, m = 1, ...,M(n)}.

Therefore, if {Ak}k∈N ⊂ B converges weakly to Ã ∈ B, then for a sufficient large k, Ak − Ã ∈ U
and by the definition of U , we have that for each n = 1, ..., N ,

ξn > |〈A − Ã, Cn,m〉l| = |〈〈A − Ã, αn〉H1+ε(D), fn,m〉Hl([0,S])|

for all m = 1, ...,M(n). By the choice of the fn,m ∈ H l([0, S]), it follows that

‖〈Ak − Ã, αn〉H1+ε(D)‖Hl([0,S]) < δ for all n = 1, ..., N.

Thus,

sup
s∈[0,S]

‖F (s, a(s))− F (s, ã(s))‖ < ε

which implies that ‖U(Ak)− U(Ã)‖
L2(0,S,W 1,2

2 (D))
≤ ε · T .

Weak Continuity: The weak continuity follows directly from the proof of compactness, as we

use the same framework, only changing the compactness of F , by the weakly equi-continuity of

{F (s, ·) : s ∈ [0, S]} on bounded subsets of Q.

Weak Closedness: It is true as Q is weakly closed and U(·) is weakly continuous. �

Continuing the analysis of the forward operator U(·), we now turn to results concerning the

regularity of the operator U(·) and properties of its Frechét derivative U ′(·), including Lipschitz

continuity. These are important conditions in order to establish a convergence analysis.

Proposition 11. The operator U(·) admits a one sided derivative at Ã ∈ Q in the direction H,

such that Ã+H ∈ Q. The derivative U ′(Ã) satisfies∥∥∥U ′(Ã)H
∥∥∥
L2(0,S,W 1,2

2 (D))
≤ c‖H‖Hl(0,S,H1+ε(D)).

Moreover, U ′(Ã) satisfies the Lipschitz condition∥∥∥U ′(Ã)− U ′(Ã+H)
∥∥∥
L(Hl(0,S,H1+ε(D)),L2(0,S,W 1,2

2 (D)))
≤ γ‖H‖Hl(0,S,H1+ε(D))

for all Ã,H ∈ Q such that Ã, Ã+H ∈ Q.

Proof: By Proposition 9, the family of operators {F (s, ·) : s ∈ [0, S]} is Frechét equi-

differentiable. Take Ã,H ∈ H l(0, S,H1+ε(D)), such that Ã, Ã + H ∈ Q. Thus, define the
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one sided derivative of U(·) at Ã in the direction H as

U ′(Ã)H := {s 7→ ∂aF (s, ã(s))h(s)},

where for each s ∈ [0, S], dropping t to easy the notation, ∂aF (s, ã)h is the solution of

−vτ + a(vyy − vy) + bvy = h(uyy − uy)

with homogeneous boundary conditions and u = u(s, a(s)). From Proposition 8 we have the

estimate

‖∂aF (s, ã(s))h(t)‖
W 1,2

2 (D)
≤ C‖h(t)‖L2(D)‖uyy(s, ã(s))− uy(s, ã(s))‖L2(D).

Where ‖uyy(s, a) − uy(s, a)‖L2(D) is uniformly bounded in [0, S] × Q. Thus, U ′(Ã)H is well

defined and∥∥∥U ′(Ã)H
∥∥∥2
L2(0,S,W 1,2

2 (D))
=

∫ S

0
‖∂aF (s, ã(s))h(t)‖2

W 1,2
2 (D)

ds

≤ C

∫ S

0
‖h(t)‖L2(D)‖uyy(s, ã(s))− uy(s, ã(s))‖L2(D)ds

≤ c

∫ S

0
‖h(t)‖2L2(D)ds = c‖H‖2Hl(0,S,H1+ε(D))

Therefore, U ′(Ã) can be extended to a bounded linear operator from H l(0, S,H1+ε(D)) to

L2(0, S,W 1,2
2 (D)).

Now, let Ã,H,G ∈ H l(0, S,H1+ε(D)) be such that,

Ã, Ã+H, Ã+ G, Ã+H+ G ∈ Q.

Denote, v := u(s, a(s) + h(t))− u(s, a(s)). Thus,

w := (∂au(s, a(s) + h(t))g(s)− ∂au(s, a(s))g(s))

satisfies

−wτ + a(wyy − wy) = −q[vyy − vy]− h[(∂au(s, a+ h)g)yy − (∂au(s, a+ h)g)y],

with homogeneous boundary conditions (dropping the dependence on s). As above, we have

∥∥∥U ′(Ã+H)G − U ′(Ã)G
∥∥∥2
L2(0,S,W 1,2

2 (D))
=

∫ S

0
‖w‖2

W 1,2
2 (D)

ds

≤ c1
∫ S

0
‖q(t)‖2L2(D)‖vyy(s, ã(s))− vy(s, ã(s))‖2L2(D)ds

+c2

∫ S

0
‖h(t)‖2L2(D)‖∂au(s, a(s) + h(s))g(s)‖2

W 1,2
2 (D)

ds

≤ C‖H‖2
Hl(0,S,H1+ε(D))

‖G‖2
Hl(0,S,H1+ε(D))

,
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which yields the Lipschitz condition. �

The following result is a consequence of the compactness of U(·).

Proposition 12. The Frechét derivative of the operator U(·) is injective and compact.

Proof: Take H ∈ ker
(
U ′(Ã)

)
. Thus, from the proof of Proposition 11, we have

h(s) · (uyy − uy) = 0.

However, for each t, G = uyy − uy is the solution of ∂τG =
1

2

(
∂2yy − ∂y

)
(a(s)G+ bG)

G |τ=0 = δ(y) ,

i.e. G is the Green’s function of the Cauchy problem above. Thus, G > 0 for every y,τ > 0 and

s ∈ [0, S]. Therefore h(t) = 0. As it is true for every s ∈ [0, S], then it yields the result. �

As in Section 1.2 we make use of the bounded embedding

L2(0, S,W 1,2
2 (D)) ⊂ L2(0, S, L2(D)).

Since it implies that U satisfies the same results presented above with L2(0, S, L2(D)) in the place

of L2(0, S,W 1,2
2 (D)). Thus, we characterize the range of U ′(A) as a subset of L2(0, S, L2(D))

and the range of U ′(A)∗ as a subset of H l(0, S,H1+ε(D)) in order to proceed in Chapter 3 the

convergence analysis.

Proposition 13. The operator U ′(A†)∗ has a trivial kernel.

Proof: For simplicity take b = 0. Denote

L := −∂τ + a(∂yy − ∂y)

the parabolic operator of equation 1.4 with homogeneous boundary condition and Guyy−uy the

multiplication operator by uyy−uy. Thus, for each s ∈ [0, S], we have ∂au(s, ã(s)) = L−1Guyy−uy ,
where L−1 is the left inverse of L with null boundary conditions. By definition of

U ′(Ã)∗ : L2(0, S, L2(D)) −→ H l(0, S,H1+ε(D)),

we have, 〈
U ′(Ã)H,Z

〉
L2(0,S,L2(D))

= 〈H,Φ〉Hl(0,S,H1+ε(D)),

∀ H ∈ H l(0, S,H1+ε(D)) and ∀ Z ∈ L2(0, S, L2(D)), with Φ = U ′(Ã)∗Z. Thus, given any

Z ∈ ker
(
U ′(Ã)∗

)
, it follows that

0 =
〈
U ′(Ã)H,Z

〉
L2(0,S,L2(D))

=

∫ S

0

〈
L−1Guyy−uyh(s), z(s)

〉
L2(D)

ds

=

∫ S

0

〈
Guyy−uyh(s), [L−1]∗z(s)

〉
L2(D)

ds =

∫ S

0

〈
Guyy−uyh(s), g(s)

〉
L2(D)

ds
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where g is a solution of the adjoint equation

gτ + (ag)yy + (ag)y = z

for each s ∈ [0, S], with homogeneous boundary conditions. Since z(t) ∈ L2(D), we have

that g(s) ∈ H1+ε(D) (see [38]) and g ∈ L2
(
0, S,H1+ε(D)

)
. Since G > 0, from the proof of

Proposition 12 and h ∈ H l(0, S,H1+ε(D)) is arbitrary, it follows that g = 0. Therefore Z = 0

almost everywhere in s ∈ [0, S]. It yields that ker (U ′(a)∗) = {0}. �

Remark 1. We remark that, from the last proposition we have

ker{U ′(Ã)} = {0} ⇒ R
{(
U ′(Ã)

)∗}
= H l(0, S,H1+ε(D)).

In other words, the range of the adjoint operator of the Frechét derivative of the forward operator

U at Ã is dense in H l(0, S,H1+ε(D)).

To finish this section we shall present below the tangential cone condition for U which is

a sufficient condition to state iterative regularization techniques as Landweber iteration. Such

result shall be used latter in Chapter 3.6. The present Theorem is based on a similar result from

Section 1.2, Proposition 5.

Theorem 5. The map U(·) satisfies the local tangential cone condition∥∥∥U(A)− U(Ã)− U ′(Ã)(A− Ã)
∥∥∥
L2(0,S,W 1,2

2 (D))
≤ γ

∥∥∥U(A)− U(Ã)
∥∥∥
L2(0,S,W 1,2

2 (D))
(2.3)

for all A, Ã in a ball B(A∗, ρ) ⊂ Q with some ρ > 0 and γ < 1/2.

Proof: Take A, Ã ∈ Q, then for each s ∈ [0, S] we have (see Theorem 1.4.2 of [19])

‖F (s, a(s))− F (s, ã(s))− ∂aF (s, ã(s))(a(s)− ã(s))‖
W 1,2

2 (D)
≤ γ ‖F (s, a(s))− F (s, ã(s))‖

W 1,2
2 (D)

thus, by the continuity of A, Ã and F (·, ··),

{t 7→ ‖F (s, a(s))− F (s, ã(s))− ∂aF (s, ã(s))(a(s)− ã(s))‖
W 1,2

2 (D)
}

and

{t 7→ ‖F (s, a(s))− F (s, ã(s))‖
W 1,2

2 (D)
}

are bounded. Thus,

{t 7→ F (s, a(s))− F (s, ã(s))− ∂aF (s, ã(s))(a(s)− ã(s))}

and

{t 7→ F (s, a(s))− F (s, ã(s))}

are weakly measurable and then they are in L2(0, S,W 1,2
2 (D)).



2.3. THE CASE σ(S0, T,K) = σ(T,K) 25

Therefore, we have ∥∥∥U(A)− U(Ã)− U ′(Ã)(A− Ã)
∥∥∥2
L2(0,S,W 1,2

2 (D))
=∫ S

0
‖F (s, a(s))− F (s, ã(s))− ∂aF (s, ã(s))(a(s)− ã(s))‖2

W 1,2
2 (D)

ds

≤ γ2
∫ S

0
‖F (s, a(s))− F (s, ã(s))‖2

W 1,2
2 (D)

ds = γ2
∥∥∥U(A)− U(Ã)

∥∥∥2
L2(0,S,W 1,2

2 (D))

�

Corollary 1. The operator U is injective.

Proof: Suppose that A†, Ã ∈ H l(0, S,H1+ε(D)) satisfy

U(A†) = U(Ã) = Ũ .

Then, by the Tangential Cone Condition it follows that

U ′(A†)(A† − Ã) = 0,

i.e.,

(A† − Ã) ∈ ker{U ′(A†)}.

By Proposition 12 ker{U ′(A†)} = {0}, implying that A† = Ã. �

2.3 The Case σ(S0, T,K) = σ(T,K)

Now we show what happens when we assume that local volatility is (locally) independent of the

initial state of the underlying asset price, i.e., σ(S0, T,K) = σ(T,K) assuming further that r

is constant in equation (1.4). Such hypothesis simplifies a lot our analysis, as the differential

operator is linear.

For a given set of European call prices surfaces parameterized by the underlying asset price

{u (S, a(S)) : S ∈ [Smin, Smax]}

normalize them by the asset prices, i.e., define v(S) := u (S, a(S)) /S. Then for each S ∈
[Smin, Smax], v satisfies

−∂v
∂τ

+ a

(
∂2v

∂y2
− ∂v

∂y

)
− r∂v

∂y
= 0, for (τ, y) ∈ D

v(0, y) = (1− ey)+, for y ∈ R,

(2.4)

with limy→−∞ v(s, y) = 1 and limy→+∞ v(s, y) = 0.

Since b is constant and a(S) = a is independent of S, it follows that v is also independent

of S, i.e., v(S, a(S)) = v(a). In other words, the normalized prices v satisfy the same equation

(2.4) for every S ∈ [Smin, Smax].
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Therefore, under such hypothesis, we can take quoted European option prices traded on

different values of S(t) and normalize them by the correspondent value of S(t) and then they

satisfy (2.4).

Such remark is justified since it is a way to increase the amount of input data in inverse

problems analysis presented, for example in Chapter 1 and in [17, 19, 23]. Hence we avoid to

use the framework of the last two sections. However,we must be carefull when doing things this

way since we might introduce more noise into the input data. Thus, the result would have as

much uncertainty as we were using the data for a single day.



Chapter 3

The Inverse Problem

Now, we tie up the inverse problem of extracting the local volatility surface from quoted Euro-

pean call option prices. Thus, following the notation of Chapter 2, we want to associate to each

set of European option prices surfaces the corresponding set of local volatility surfaces, both

parameterized by the underlying initial state of stock prices. In other words, we want to define

appropriately the inverse map

{C(S) : S ∈ [Smin, Smax]} 7−→ {σ(S) : S ∈ [Smin, Smax]}.

However, defining it is challenging due to its intrinsic ill-posedness. Note that, working with past

prices and local volatility surfaces allows us to incorporate more information into the evaluation

of the present value of σ.

In this chapter we shall see that the framework introduced in Chapter 2 is sufficient to state

results concerning existence, stability of solutions for the regularized problem and a convergence

analysis. Such results extend the latter ones presented in Chapter 1.

It is important to note that, the main contribution of this chapter are the following:

1. We establish a Morozov discrepancy principle, which is proved in details under a very

general setting.

2. We also consider a discretized setting, in order to quantify separately the uncertainties

related to different sources.

3.1 The Regularized Problem

As mentioned above, we are concerned with defining properly the inverse problem of local

volatility calibration under the framework of Chapter 2. It can be summarized as

Given a trajectory of European call option prices surfaces Ũ = {t 7→ ũ(t)} ∈ L2(0, S, L2(D)),

find the associated trajectory of local variances surfaces Ã = {t 7→ ã(t)} ∈ Q, satisfying

Ũ = U(Ã). (3.1)

27
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We call Ũ the observable variable and Ã the unknown. This is an idealized situation as the

model (3.1) has no uncertainties associated. Thus, to be more realistic, we assume that we can

only observe corrupted data Uδ, satisfying a perturbed version of (3.1),

Uδ = Ũ + E = U(Ã) + E (3.2)

where E = {t 7→ E(t)} compiles all the uncertainties associated to this problem and Ũ is the

unobservable noiseless data. We assume further that, the norm of E is bounded by the noise

level δ > 0. Moreover, for each t ∈ [0, T ], we assume that ‖E(t)‖ ≤ δ/T . These hypotheses

imply that

‖Uδ − Ũ‖L2(0,S,L2(D)) ≤ δ and ‖uδ(t)− ũ(t)‖L2(D) ≤ δ/T for every t ∈ [0, T ]. (3.3)

Proposition 10 says that U(·) is compact, implying that the associated inverse problem is

ill-posed. It means that such inverse problem cannot be solved directly in a stable way. Hence,

we must apply regularization techniques. This, roughly speaking, relies on stating the original

problem under a more robust setting. More specifically, instead of looking for an Aδ ∈ Q

satisfying (3.2), we shall search an Aδ ∈ Q minimizing the following Tikhonov functional

FUδA0,α(A) = ‖Uδ − U(A)‖2L2(0,S,L2(D)) + αfA0(A). (3.4)

We shall see later that, in this setting, such minimizers are in an appropriate sense good

approximations for solutions of (3.1). Note that, we allow the existence of more than one

solution.

We observe further that, in this framework, in order to regularize (3.2), we had to introduce

the term αfA0 where α and fA0 : Q → [0,∞] are known as regularization parameter and

regularization functional, respectively.

Roughly speaking, α controls how much regularization enters into the new framework and

thus, it has to be properly chosen according to the noise level δ. We present a way to find α in

Section 3.5.

The functional fA0 introduces some prior information concerning the solution of (3.2), as

convexity or smoothness. We also note that the value A0 in the function fA0 is an element of

Q, which can be thought of as an a priori approximation for a proper solution of (3.1).

The technical aspects concerned with the numerical solution of such minimization problem

and some numerical examples shall be presented in Chapter 5.

3.2 Some Properties of Minimizers

In this section we shall see that, under certain hypotheses on the regularizing functional fA0 , it

turns out that the functional (3.4) has stable minimizers. In other words, Tikhonov regulariza-

tion gives us solutions for (3.2) approximating solutions for (3.1), in a proper sense. Such result

is obtained by an appropriate choice of α as a function of the noise level δ.
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We assume that the regularizing functional fA0 : Q→ [0,∞] is convex, coercive and weakly

lower semi-continuous. A good reference on this topic is [25]. Note that, these assumptions

are not too strong as they are fulfilled by a huge class of functionals on H l(0, S,H1+ε(D)). A

canonical example is the squared distance between A and A0, fA0(A) = ‖A−A0‖2Hl(0,S,H1+ε(D))
,

which is used in classical Tikhonov regularization.

Thus, because of such properties of U and fA0 and since Q is weakly closed, it follows that

the sets

µα(M) =
{
A ∈ Q

∣∣∣FδA0,α(A) ≤M
}

are weakly pre-compact and the restriction of U to µα(M) is weakly continuous. From [48],

we have the following three theorems concerned with existence, stability and convergence of

minimizers for (3.4).

Theorem 6 (Existence). For every Uδ ∈ L2(0, S, L2(D)), there exists at least one element of

Q minimizing FUδA0,α
(·), the functional defined in (3.4).

Before stating the following theorem, we first introduce the concept of stability of minimizers

in the definition below.

Definition 6 (Stability). We say that the minimizers of (3.4) are stable if for small per-

turbations on the data U , say Uε, some minimizer of (3.4) with data Uε is an approxima-

tion of a minimizer of the same functional with data U . In other words, for every sequence

{Uk}k∈N ⊂ L2(0, S,W 1,2
2 (D)) converging strongly to U , the sequence {Ak}k∈N ⊂ Q of minimiz-

ers of FUkA0,α
(·) has a subsequence converging weakly to Ã, a minimizer of FUA0,α

(·).

Hence, we can state the following theorem.

Theorem 7 (Stability). The minimizers of (3.4) are stable in the sense of Definition 6. Fur-

thermore, if there exists a solution to (3.1), then there is at least one fA0-minimizing solution

for such problem.

The next result states that, when we have a proper choice for the regularization parameter α

in (3.4) as a function of the noise level δ, we can prove that it is possible to find a sequence of

minimizers of (3.4) converging weakly to an fA0-minimizing solution for (3.1), given that it has

a solution.

Theorem 8 (Convergence). We assume that (3.1) has a solution and the map α : (0,∞) →
(0,∞), satisfies

lim
δ→0

α(δ) = 0 and lim
δ→0

δ2

α(δ)
= 0. (3.5)

Moreover, we assume further that the sequence {δk}k∈N converges to 0 and the elements of

{Uk}k∈N, with Uk = Uδk , satisfy ‖Ũ −Uk‖ ≤ δk, with Ũ the noiseless data of (3.1). Denote α(δk)

by αk for every k ∈ N. Then every sequence {Ak}k∈N of minimizers of FUkA0,αk
(·), converges

weakly to A†, the unique fA0-minimizing solution of (3.1), with fA0(Ak)→ fA0(A†).
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By the three results above we conclude that Tikhonov regularization gives us, reliable ap-

proximate solutions for (3.1). Note that, all of them depend strongly on the magnitude of δ and

then on the choice of α and fA0 . Thus, Theorem 8 says the smaller δ is, the less dependent on

fA0 the solutions are, which makes them more reliable.

3.3 A Convergence Analysis

Making use of Convex Analysis techniques, since we have assumed that the regularization func-

tional fA0 is convex, weakly lower semi-continuous and coercive, we shall provide a convergence

analysis, aiming to state convergence rates. In order to proceed with such analysis, as in Chap-

ter 1, we need the concepts of Bregman distance related to fA0 , q-coerciveness and the source

condition.

For the definitions of Bregman Distance with some of its properties as q-coerciveness, the

reader is referred to Definitions 1 and 2 in Chapter 1.

In what follows we always assume that (3.1) has an fA0-minimizing solution which is an

element of the Bregman domain DB(fA0) (see Definition 1).

Before stating the result about convergence rates, we need the following two auxiliary lem-

mas. The first one introduces a so-called source condition, which is a necessary condition to

state convergence rates. See [48]. Note that, these results are generalizations of Lemma 1 and

Lemma 2 from Chapter 1.

Lemma 3. For every ξ† ∈ ∂fA0(A†), there exist

ω† ∈ L2(0, S, L2(D)) and E ∈ H l(0, S,H1+ε(D))

such that

ξ† =
[
U ′(A†)

]∗
ω† + E (3.6)

holds. Moreover, E can be taken such that ‖E ‖Hl(0,S,H1+ε(D)) is arbitrarily small.

Lemma 3 follows from the fact thatR(U ′(A†)∗) is dense inH l(0, S,H1+ε(D)), see Proposition

13 in Chapter 2. Observe also that, here we are identifying L2(0, S, L2(D))∗ with L2(0, S, L2(D))

and H l(0, S,H1+ε(D))∗ with H l(0, S,H1+ε(D)) due to the reflexivity of Hilbert spaces.

Lemma 4. Let ξ† be in ∂fA0(A†), by Lemma 3 it satisfies (3.6). We assume that there exist

constants C, c > 0 such that with ω† and E as in Lemma 3, we have that

β1 :=
1

c

(
C‖ω†‖+ ‖E ‖

)
is in [0, 1).

We assume further that the Bregman distance with respect to fA0 is 1-coercive with constant c.

Then it follows that the inequality

〈ξ†,A† −A〉 ≤ β1Dξ†(A,A†) + β2‖U(A)− U(A†)‖L2(0,S,L2(D)) (3.7)

holds with β2 ≥ 0.
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Proof: By (3.6), we have that

ξ† =
[
U ′(A†)

]∗
ω† + E ,

thus,

〈ξ†,A−A†〉 = 〈ξ† − E ,A−A†〉+ 〈E ,A−A†〉 = 〈ω†,U ′(A†)(A−A†)〉+ 〈E ,A−A†〉,

which implies that, denoting U := H l(0, S,H1+ε(D)) and V := L2(0, S,W 1,2
2 (D)),

|〈ξ†,A−A†〉| ≤
(
‖ω†‖V ∗‖U ′(A†)‖L(U,V ) + ‖E ‖U∗

)
‖A −A†‖U

≤
(
C‖ω†‖V ∗ + ‖E ‖U∗

)
‖A −A†‖U .

Since the Bregman distance with respect to fA0 is 1-coercive and by definition of β1, we have

from the last inequality

|〈ξ†,A−A†〉| ≤ β1Dξ†(A,A†) ≤ β1Dξ†(A,A†) + β2‖U(A)− U(A†)‖V , (3.8)

which shows (3.7). �

By [48] the theorem below, which states the convergence rates, is a consequence of Lemma

4, under the hypotheses presented during this Chapter.

Theorem 9 (Convergence Rates). Under the hypothesys of this section, let the map α : (0,∞)→
(0,∞) be such that α(δ) ≈ δ. Then

Dξ†(Aδ,A†) = O(δ) and ‖U(Aδ)− Uδ‖ = O(δ).

Moreover, there exists a constant c > 0, such that fA0(Aδ) ≤ fA0(A†) + δ/c for every δ with

α(δ) ≤ βmax.

Theorem 9 states how fast is the convergence of solutions obtained by Tikhonov regularization

to an fA0-minimizing solution of (3.1) when the noise level goes to zero. It can be seen as a

measure of reliability of solutions, since it quantifies how better solutions are when the noise

level decreases.

Remark 2. It is important to note that convergence rates in terms of Bregman distances imply in

rates in terms of norm convergence when we have q-coerciveness. See Definition 2 in Chapter 1.

One example is the quadratic functional

fA0(A) = ‖A −A0‖2Hl(0,S,H1+ε(D)),

which is 2-coercive with constant 1, since its Bregman distance is

D
2(Ã−A0)

(A, Ã) = ‖A − Ã‖2Hl(0,S,H1+ε(D)).

Thus, by Theorem 9 it follows that

O(δ) = D2(A†−A0)(A
δ,A†) = ‖Aδ −A†‖2Hl(0,S,H1+ε(D)).
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3.4 Kullback-Leibler: a Regularization Functional

Relative Entropy is a quantity extracted from Communication Theory which generalizes Shanon

entropy. See [16]. Roughly speaking, it can be thought as a measure of distance between two

probability distributions, thus, under many different contexts it has been applied in the place

of Euclidean measures. An important example can be found in Inverse Problems regularization.

In [18] there is a deep analysis comparing both measures when solving linear inverse problems.

Examples of applications of relative entropy to solve/regularize some inverse problems can be

found in [4, 19, 24, 47].

From our knowledge, the first work to use such distance as in the solution of local volatility

calibration problem is [4]. However, only in [19] such distance is applied as the regularization

functional in Tikhonov analysis to solve the same inverse problem.

Thus, following [19] we shall use Kullback-Leibler entropy in Tikhonov regularization. The

novelty here is that we are under the framework of Chapter 2 and thus we shall use an integrated

form of Kullback-Leibler entropy. As it was said earlier, such approach has the advantage of

incorporating past information to obtain the present one, as in on-line estimation (see [5]).

First of all, observe that Q ⊂ H1+ε(D) ∩ L∞>0(D) ⊂ L1(D), where L∞>0(D) is the class

of strictly positive L∞(D) functions. Thus, we can define the Kullback-Leibler (KL) relative

entropy as

KL : Q×Q −→ R+ ∪ {+∞}
(a, b) 7−→ KL(a, b)

(3.9)

where

KL(a, b) :=


∫
D
a(τ, y) log

(
a(τ, y)

b(τ, y)

)
− a(τ, y) + b(τ, y)dτdy, if it exists

+∞, otherwise.

(3.10)

Under the context of last section, this functional can be interpreted as the Bregman distance

of Shanon entropy

S(a) :=


∫
D
a(τ, y) log (a(τ, y)) dτdy, if it exists

+∞, otherwise.
(3.11)

See [16]. We remark that the domains of S and of its sub-gradient, are D(S) = L∞≥0(D), the

class of essentially bounded and non-negative functions, and D(∂S) = L∞>0(D), respectively.

We present below some properties of Kullback-Leibler relative entropy and Shanon entropy.

For its proofs, the reader is referred to [24] and [47].

Lemma 5. The following assertions hold:

1. D(∂S) is strictly included in L1
≥0(D) := {a ∈ L1(D) | a ≥ 0 a.e.} and has empty interior

under the norm topology of L1(D);

2. the map (a, b) 7→ KL(a, b) is convex;
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3. the maps a 7→ KL(a, b) and b 7→ KL(a, b) are weakly lower semi-continuous in L1(D);

4. for any C > 0 and b ∈ L∞≤0 the sets.

EC := {a ∈ L1(D) |KL(a, b) ≤ C }

are weakly closed and weakly compact in L1(D);

5. if D ⊂ R2 is bounded with Lipschitz boundary then

‖a− b‖2L1(D) ≤
(

2

3
‖a‖L1(D) +

4

3
‖b‖L1(D)

)
KL(a, b) (3.12)

note that, we assume here the convention 0 · (+∞) = 0; furthermore, for the sequences

{ak}k∈N and {bk}k∈N in L1(D), with one of them bounded, we have

lim
k→∞

KL(ak, bk) = 0 ⇒ lim
k→∞

‖ak − bk‖L1(D) = 0 (3.13)

As we are dealing with trajectories of elements of Q, we define below the integrated form of

Kullback-Leibler.

K L (A, Ã) :=

∫ T

0
KL(a(t), ã(t))dt, (3.14)

with (A, Ã) ∈ Q ×Q. This is the integrated version of Kullback-Leibler distance and it is the

Bregman distance of

S (A) :=

∫ T

0
S(a(t))dt, (3.15)

Lemma 6. The following assertions about K L (·, ··) hold for D ⊂ R2 bounded:

1. the map (A, Ã) 7→ K L (A, Ã) is convex;

2. the maps A 7→ K L (A, Ã) and A 7→ K L (Ã,A) are weakly lower semi-continuous in

L1(0, T, L1(D));

3. for sequences {Ak}k∈N and {Bk}k∈N in L1(0, T, L1(D)), with one of them bounded, we have

lim
k→∞

K L (Ak,Bk) = 0 ⇒ lim
k→∞

‖Ak − Bk‖L1(0,T,L1(D)) = 0 (3.16)

Proof: The first item follows directly from item one of Lemma 5. For the second item, we note

that, any weak zero-neighborhood of L1(0, T, L1(D)) is generated by f ⊗ γ ∈ L1(0, T, L1(D))∗

with f ∈ L∞[0, T ] and γ ∈ L∞(D). Moreover, for each γ ∈ L∞[0, T ], and A ∈ Q, 〈γ,A〉 =

{t 7→ 〈γ, a(t)〉} ∈ C[0, T ]. Now, given a sequence {Ak}k∈N ⊂ Q converging weakly to A0 ∈ Q in



34 3. THE INVERSE PROBLEM

L1(0, T, L1(D)). It is equivalent to 〈f ⊗ γ,Ak −A0〉 → 0, where

〈f ⊗ γ,Ak −A0〉 =

∫ T

0
f(t)〈γ,Ak −A0〉(t)dt

=

∫ T

0
f(t)

∫
D
γ(x)(ak(t, x)− a0(t, x))dxdt→ 0.

As f and γ are arbitrary, we have that {ak(t)}k∈N converges weakly to a0(t) t-almost surely.

Therefore, the weak lower semi-continuity of A 7→ K L (A, Ã) and A 7→ K L (Ã,A) follows

from the item 3 of Lemma 5. Finally, the third item follows from item 4 of Lemma 5. �

Lemma 7. Assume that U(·) is continuous in the weak topologies of

L1(0, T, L1(D)) and L2
(
0, T, L2(D)

)
.

Moreover, the set D ⊂ R2 is bounded with Lipschitz boundary. Fix a∗ ∈ DB(S) with a∗ 6= 0,

define A∗ := {t 7→ a∗}. Then, for any M > 0, the sets

µα,Uδ(M) :=
{
A ∈ DB(S )

∣∣∣FUδA∗,α(A) ≤M
}

are weakly pre-compact.

Proof: For M > 0 fixed, take a sequence {Ak}k∈N ⊂ µα,Uδ(M). By (3.13) it follows that

{‖Ak‖}k∈N is uniformly bounded in L1(D). Since

‖ak(t)‖2L2(D) =

∫
D
|ak(t, x)|2dx ≤ a2

∫
D
|ak(t, x)|dx = a2 · ‖ak(t)‖L1(D)

where the constant a2 > 0, from the definition of Q, is a superior bound for its elements. It

implies that

‖Ak‖2L2(0,T,L2(D)) ≤ a2‖Ak‖L1(0,T,L1(D)).

Thus, {Ak}k∈N has a weak cluster point Ã in L2(0, T, L2(D)). As Q is weakly closed and the

weak topology of L2(0, T, L2(D)) contains the weak topology of H l(0, S,H1+ε(D)), we have that

Ã ∈ Q.

In other direction, given γ ∈ L1(D)∗ and A ∈ L1(0, T, L1(D)), define

〈γ,A〉 := {t 7→ 〈γ, a(t)〉}.

It is in L1([0, T ]). As γ ∈ L∞(D) and D has bounded Lebesgue’s measure, it is in L2(D). Given

f ∈ L∞([0, T ]), it is in L2([0, T ]), and thus f ⊗ γ ∈ L1(0, T, L1(D))∗ and L2(0, T, L2(D)), where

〈f ⊗ γ,Ak − Ã〉 := 〈f, 〈γ,Ak − Ã〉〉 =

∫ T

0
f(t)〈γ, ak(t)− ã(t)〉dt.

This shows that, a weak zero-neighborhood of L1(0, T, L1(D)) is a weak zero-neighborhood of

L2(0, T, L2(D)). Hence, Ã is a weak cluster point of {Ak}k∈N in L1(0, T, L1(D)). Let {Akl}l∈N
be a subsequence of {Ak}k∈N converging to Ã. Thus, by the weak lower semi-continuity of the
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integrated Kullback-Leibler functional we have

K L (Ã,A∗) ≤ lim inf K L (Ak,A∗).

By the continuity of U(·) in the weak topology of L1(0, T, L1(D)), we achieve that

FUδA∗,α(Ã) = ‖U(Ã)− Uδ‖2L2(0,T,L2(D)) + αK L (Ã,A∗) ≤M,

that finishes the proof. �

The following result states the principal aspects of the Kullback-Leibler-Tikhonov regular-

ization technique.

Theorem 10. Let the set D ⊂ R2 be bounded. Then the functional

FUδA∗,α(A) = ‖U(A)− Uδ‖2L2(0,T,L2(D)) + αK L (A,A∗)

has a minimizer in Q. Moreover, the minimizers are stable and convergent in the sense of

Theorems 7 and 8.

The theorem above follows from standard Tikhonov regularization results (see [26, 48]) and

the Remark below.

Remark 3. By the boundedness of D, we have, Q ⊂ L2(D) ⊂ L1(D), Q ⊂ DBS. More-

over, W 1,2
2 (D) is continuously embedded into L2(D), which implies in the continuous embed-

ding of L2(0, T,W 1,2
2 (D)) into L2(0, T, L2(D)). Thus, by the weak continuity of U : Q →

L2(0, T,W 1,2
2 (D)) it follows that U : Q→ L2(0, T, L2(D)) is weakly continuous. Hence, Lemma

7 holds. Furthermore, for C > 0 sufficiently large, the convex set Q is a subset of EC , which

implies it is weakly closed under the topology of L1(0, T, L1(D)).

3.5 Morozov’s Principle

In Tikhonov regularization theory the choice of α(δ) is crucial, since it asserts how much the

prior information has to be taken into account in the presence of noise level δ. On one side, for

α too large, the influence of the prior could be larger than necessary, leading to biased solutions.

On the other side, if α is too small, the instability of the problem and the uncertainty caused

by the presence of noise will decrease the reliability of solutions.

Since this choice is fundamental to regularize the inverse problem appropriately, we can find

in literature many ways to find a proper α. See for example [26]. One of the most robust

techniques is the Morozov’s discrepancy principle (see [42]), which is the way we have chosen to

find α.

Following [42] and the notation of the present work, remember that δ > 0 is the noise level,

Ũ and Uδ are the noiseless and noisy data, respectively. In addition, they satisfy

‖Ũ − Uδ‖ ≤ δ. (3.17)
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From such relation we conclude that any A ∈ Q satisfying

‖U(A)− Uδ‖ ≤ δ (3.18)

could be an approximate solution for (3.1). If Aδα is a minimizer of (3.4), then we define the

map

g : R+ −→ R+

α ∈ R+ 7−→ g(α) := ‖U(Aδα)− Uδ‖
(3.19)

Morozov’s discrepancy principle says that the regularization parameter α should be chosen from

the condition

g(α) = ‖U(aδα)− Uδ‖ = δ (3.20)

when it is possible. In other words, the regularized solution should not satisfy the data more

accurately than up to the noise level.

Thus, let the noise level δ and the data Uδ be fixed. We have now the following definition.

Definition 7. Define the functionals

L : Q −→ R+ ∪ {+∞}
A ∈ Q 7−→ L(A) = ‖U(A)− Uδ‖,

H : Q −→ R+ ∪ {+∞}
A ∈ Q 7−→ H(A) = fA0(A),

and
I : R+ −→ R+ ∪ {+∞}
α ∈ R+ 7−→ I(α) = FUδA0,α

(Aδα).

We also define:

1. The set of all minimizers of the functional (3.4) for each α ∈ (0,∞)

Mα :=
{
Aδα ∈ Q : L(aδα) ≤ L(A), ∀A ∈ H l(0, S,H1+ε(D))

}
.

Note that we have extended L(A) to be equal to ‖U(A)−Uδ‖ when A ∈ Q and be equal to

+∞ otherwise.

2. The set L of all fA0-minimizing solutions of (3.2).

As in [3], we define more accurately the Morozov’s discrepancy principle.

Definition 8. For 1 < τ1 ≤ τ2 we choose α = α(δ,Uδ) > 0 such that

τ1δ ≤ ‖U(Aδα)− Uδ‖ ≤ τ2δ (3.21)

holds for some Aδα in Mα.

The following lemma states some properties of L(·), H(·) and I(·)., its proof is simple and

it can be found in Section 2.6 of [50], Lemma 1.
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Lemma 8. The functional H(·) is non-increasing and the functionals L(·) and I(·) are non-

decreasing with respect to α ∈ (0,∞). In other words, for 0 < α < β we have

sup
Aδα∈Mα

L(Aδα) ≤ inf
Aδβ∈Mβ

L(Aδβ),

inf
Aδα∈Mα

H(Aδα) ≥ inf
Aδβ∈Mβ

H(Aδβ),

I(α) ≤ I(β)

Lemma 9. The functional I : (0,∞)→ [0,∞] is continuous. The sets

M :=

{
α > 0

∣∣∣∣∣ inf
Aδα∈Mα

L(Aδα) < sup
Aδα∈Mα

L(Aδα)

}

and

N :=

{
α > 0

∣∣∣∣∣ inf
Aδα∈Mα

H(Aδα) < sup
Aδα∈Mα

H(Aδα)

}
are at most countable and coincide. Moreover, the maps L(·) and H(·) are continuous in

(0,∞)\M .

Proof: Let {αn}n∈N ⊂ (0,∞) be a convergent sequence converging to α∗. Thus, we can choose

a sequence {An}n∈N where, for each n ∈ N, An := Aδαn , a minimizer of 3.4 with α replaced

by αn. By the coerciveness of fA0 , {An}n∈N is bounded and thus, it has a weakly convergent

subsequence denoted by {Ak}k∈N with limit A∗.
As U(·) is weakly continuous, the norm of L2(0, S,W 1,2

2 (D)) is lower semi-continuous and fa0(·)
is weakly lower semi-continuous, we have

FUδA0,α∗
(A∗) ≤ lim inf

k→∞
FUδA0,αk

(Ak) ≤ lim sup
k→∞

FUδA0,αk
(Ak)

≤ lim
k→∞

FUδA0,αk
(A) = FUδA0,α∗

(A),∀ A ∈ Q,

which shows that A∗ ∈Mα∗ . Thus, by the monotonicity of I(·) we have that I(·) is continuous

at α∗.

If α ∈M there are A, Ã ∈Mα such that L(A) < L(Ã), as I(A) = I(Ã), we have

L(A)± αH(A) < G(Ã)± αH(Ã)⇔ I(A)− αH(A) < I(Ã)− αH(Ã)⇔ H(A) > H(Ã)

and M ⊂ N . The other inclusion is analogous. The countability of M follows by the fact that

for each α ∈M we can associate the interval Iα = (infAδα∈Mα
L(Aδα), supAδα∈Mα

L(Aδα)). By the

monotonicity of L we have that for each α, β ∈ M , Iα ∩ Iβ = ∅. Therefore, we can define an

injective map that associates each α ∈M to an element of Iα ∩Q.

The continuity of L and H with respect to α out of M follows by the same argument above

about the continuity of I, with {αn}n∈N and α∗ in (0,∞)\M . �
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The following lemma follows from the fact that the sets Mα are weakly closed.

Lemma 10. To each α > 0 there exist A1,A2 ∈Mα such that

L(A1) = inf
A∈Mα

L(A) and L(A2) = sup
A∈Mα

L(A)

For the remaining part of this Section, we assume that fA0(A0) = 0.

Proposition 14. Let 1 < τ1 ≤ τ2 be fixed. Suppose that ‖U(A0)−Uδ‖ > τ2δ. Then we can find

α1, α2 > 0, denoting A1 := Aδα1
and A2 := Aδα2

, such that

L(A1) < τ1δ ≤ τ2δ < L(A2).

Proof: First let the sequence {αn}n∈N converge to 0. Thus, we can find a sequence {An}n∈N
with An ∈Mαn for each n ∈ N. Now, let A† be an fA0-minimizing solution of (3.2). Hence, we

have

L(An)2 ≤ I(αn) ≤ FUδA0,αn(A†) ≤ δ2 + αnfA0(A†)

thus, for n sufficiently large we have L(An)2 < (τ1δ)
2, as αnfA0(a†) → 0 and for this n we can

set α1 := αn.

Now, we assume that αn →∞ and we take An as before, the

H(An) ≤ 1

αn
I(αn) ≤ 1

αn
FUδA0,αn(A0) =

1

αn
‖U(A0)− Uδ‖ → 0 as n→∞.

Thus, lim
n→∞

fA0(An) = 0, which implies that {An}n∈N converges weakly to A0. Then, by the

weak continuity of U(·) and the lower semi-continuity of the norm, we have

‖U(A0)− Uδ‖ ≤ lim inf
n→∞

‖U(An)− Uδ‖,

which shows the existence of α2 such that L(Aδα2
) > τ2δ. �

Now we require that, there is no α > 0 with A1,A2 ∈Mα such that

‖U(A1)− Uδ‖ < τ1δ ≤ τ2δ < ‖U(A2)− Uδ‖.

If such α exists, A1 would be a sufficiently good approximation for the solution of (3.2) give

that ‖U(A†)− Uδ‖ ≤ δ. Thus, we can state the theorem below.

The proof of the Theorem below is the same of Theorem 3.10 of [3].

Theorem 11. Under the assumption above and the assumptions of Proposition 14, we have the

existence of an α := α(δ) > 0 and Aδα ∈Mα such that

τ1δ ≤ ‖U(Aδα)− Uδ‖ ≤ τ2δ. (3.22)

We present now the first main result of this section. It states that, if we use (3.21) to choose

α = α(δ,Uδ), we have that such parameter satisfies the hypothesis (3.5) in Theorem 8, which
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states the weak convergence of the regularized solutions Aδα to an fA0-minimizing solution of

the inverse problem of local volatility calibration.

Theorem 12. Let δ > 0 and Uδ satisfy the hypothesis above. Then the regularizing parameter

α = α(δ,Uδ) obtained through Morozov’s discrepancy principle (3.21) satisfies (3.5), i.e., the

limits below

lim
δ→0+

α(δ,Uδ) = 0 and lim
δ→0+

δ2

α(δ,Uδ)
= 0.

hold.

Proof: Take a sequence {δn}n∈N in (0,+∞) converging to zero, fix the noiseless data Ũ and

denote αn := α(δn,Uδn) the regularizing parameter chosen from (3.21). Let An := Aδnαn be a

minimizer of (3.4) with δn, αn and Uδn . Thus we can define a sequence {An}n∈N. As fA0(·) is

coercive, such sequence has a weakly convergent subsequence, denoted by {Ak}k∈N with limit

Ã.

By the weak lower semi-continuity of ‖U(·)− Ũ‖ and fA0 we have the following estimates

‖U(Ã)−Ũ‖ ≤ lim inf
k→∞

‖U(Ak)−Ũ‖ ≤ lim inf
k→∞

‖U(Ak)−Uδk‖+ δk ≤ lim inf
k→∞

(τ2 + 1)δk = 0, (3.23)

i.e., Ã is a solution for the inverse problem. From (3.21), we have that

lim
k→∞

‖U(Ak)− Uδk‖ ≤ lim
k→∞

τ2δk = 0 (3.24)

Therefore, for every A† ∈ L we have the estimate

τ21 δ
2
k + αkfA0(Ak) ≤ ‖U(Ak)− Uδk‖2 + αkfA0(Ak) ≤ δk + αkfA0(A†), (3.25)

which shows that lim supk→∞ fA0(Ak) ≤ fA0(A†). It follows that

fA0(Ã) ≤ lim inf
k→∞

fA0(Ak) ≤ lim sup
k→∞

fA0(Ak) ≤ fA0(A†) (3.26)

for every A† ∈ L. As A† is an fA0-minimizing solution of the inverse problem, it follows that

Ã ∈ L and fA0(Ã) = fA0(A†). Furthermore, it implies that fA0(Ak)→ fA0(Ã).

We prove now the first limit in the theorem. Assume that there exists an α > 0 and a

subsequence {αk}k∈N such that αk ≥ α̃ for every k ∈ N. As above select a sequence {Ak}k∈N of

minimizers of (3.4) with δk, αk and Uδk . Define further the sequence {Ak}k∈N of minimizers of

(3.4) with δk, α and Uδk .

As L in non-decreasing with respect to α and by (3.21), it follows that

‖U(Ak)− Uδk‖ ≤ ‖U(Ak)− Uδk‖ ≤ τ2δk → 0 (3.27)

On the other hand,

lim sup
k→∞

αfA0(Ak) ≤ lim sup
k→∞

(
‖U(Ak)− Uδk‖2 + αfA0(Ak)

)
≤ lim sup

k→∞

(
‖U(A†)− Uδk‖2 + αfA0(A†)

)
= αfA0(A†),

(3.28)
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for every A† ∈ L, as U(A†) = Ũ , the noiseless data. By the coerciveness of fA0 , it follows that it

has a convergent subsequence, denoted by {Ak}k∈N, with limit Ã ∈ Q. Thus, by (3.26), (3.27),

the weak lower semi-continuity of ‖U(·)− Ũ‖ and fA0 , follows that

‖U(Ã)− Ũ‖ ≤ lim inf
k→∞

‖U(Ak)− Ũ‖ ≤ lim inf
k→∞

(
‖U(Ak)− Uδk‖+ δk

)
= 0 (3.29)

fA0(Ã) ≤ lim inf
k→∞

fA0(Ak) ≤ lim sup
k→∞

fA0(Ak) ≤ fA0(A†), (3.30)

for every A† ∈ L. As above, fA0(Ã) = fA0(A†) and thus fA0(Ak) → fA0(A†). From the above

estimates, we have

‖U(Ã)− Ũ‖2 + αfA0(Ã) ≤ lim inf
k→∞

(
‖U(Ak)− Uδk‖2 + αfA0(Ak)

)
≤ lim inf

k→∞

(
‖U(A)− Uδk‖2 + αfA0(A)

)
= ‖U(A)− Uδk‖2 + αfA0(A),

for every A ∈ Q, i.e., Ã is a minimizer for (3.4) with α and the noiseless data Ũ . Thus, by the

convexity of fA0 we have, for every t ∈ [0, 1),

fA0((1− t)Ã+ tA0) ≤ (1− t)fA0(Ã) + tfA0(A0) = (1− t)fA0(Ã).

On the other hand, from the above estimates it follows that

αfA0(Ã) = ‖U(Ã)− Ũ‖2 + αfA0(Ã)

≤ ‖U((1− t)Ã+ tA0)− Ũ‖2 + αfA0((1− t)Ã+ tA0)

≤ ‖U((1− t)Ã+ tA0)− Ũ‖2 + α(1− t)fA0(Ã)

This implies that αtfA0(Ã) ≤ ‖U((1− t)Ã+ tA0)− Ũ‖2. As Ũ = U(Ã), by Proposition 11 with

H = A0 −A, we have

αfA0(Ã) ≤ lim
t→0+

1

t
‖U((1− t)Ã+ tA0)− Ũ‖2 = 0

Therefore, fA0(Ã) = 0 which, by hypothesis, can only hold if Ã = A0. However, by hypothesis,

for every δ > 0, A0 is chosen such that ‖U(A0)− Uδ‖ ≥ τ1δ > δ. Thus,

‖U(A0)− Ũ‖ ≥ ‖U(A0)− Uδ‖ − ‖Uδ − Ũ‖ ≥ (τ1 − 1)δ > 0.

Therefore, we have achieved a contradiction with the fact that Ũ = U(Ã) = U(A0). We conclude

that α(δ,Uδ)→ 0 when δ → 0.

Now for the second limit, take the subsequence {Ak}k∈N of the sequence of the beginning

of the proof, with δk → 0. We know that this sequence converges weakly to an fA0-minimizing
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solution of the inverse problem A†, with fA0(Ak)→ fA0(A†). Thus, from (3.21), it follows that

τ21 δ
2
k + αkfA0(Ak) ≤ ‖U(Ak)−Aδk‖2 + αkfA0(Ak)

≤ ‖U(A†)−Aδk‖2 + αkfA0(A†)
= δ2k + αkfA0(A†).

This implies that

(τ21 − 1)
δ2

αn
≤ fA0(A†)− fA0(Ak)→ 0.

�

From the above theorem we conclude that choosing the regularizing parameter by Morozov’s

discrepancy principle, defined in (3.21) implies that the regularized solutions weakly converge

to a fA0-minimizing solution of the inverse problem.

Now we shall see in the theorem below that such choice of α as a function of δ implies the

convergence rates result of Theorem 9. This is the second main result of this section.

Theorem 13. Assume that Aδα is a minimizer of (3.4)and α = α(δ,Uδ) is chosen by Morozov’s

discrepancy principle (3.21). Then, Theorem 9 holds, i.e., we have the following estimates

‖U(Aδα)− U(A†)‖ = O(δ) and Dξ†(Aδα,A†) = O(δ), (3.31)

with ξ† ∈ ∂fA0(A†).

Proof: Assume that A† is an fA0-minimizing solution of (3.1) and Aδα ∈Mα. The first estimate

is trivial as

‖U(Aδα)− U(A†)‖ ≤ ‖U(Aδα)− Uδ‖+ ‖Uδ − U(A†)‖ ≤ (τ2 + 1)δ.

By (3.21) it follows that

τ1δ
2 + αfA0(Aδα) ≤ ‖U(Aδα)− Uδ‖2 + αfA0(Aδα)

≤ ‖U(A†)− Uδ‖2 + αfA0(A†) ≤ δ2 + αfA0(A†),

implying that fA0(Aδα) ≤ fA0(A†) as τ1 − 1 > 0. Hence, by the definition of Bregman distance

we have, for every ξ† ∈ ∂fA0(A†) satisfying the source condition,

Dξ†(Aδα,A†) = fA0(Aδα)− fA0(A†)− 〈ξ†,Aδα −A†〉
≤ |〈ξ†,Aδα −A†〉| = |〈U ′(A†)∗ω† + E ,Aδα −A†〉|
≤ ‖ω†‖‖U ′(A†)(Aδα −A†)‖+ ‖E‖‖Aδα −A†‖

≤ (1 + γ)‖ω†‖‖U(Aδα)− U(A†)‖+
1

ζ
‖E‖Dξ†(Aδα,A†)

(3.32)

The last inequality follows by the tangential cone condition and the 1-coerciveness with constant

ζ of fA0 . As ξ† can be chosen with ‖E‖ arbitrarily small, it follows that

1− 1

ζ
‖E‖ > 0
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and then, by (3.21)

Dξ†(Aδα,A†) ≤
ζ

ζ − ‖E‖
(1 + γ)‖ω†‖‖U(Aδα)− U(A†)‖ ≤ τ2

ζ

ζ − ‖E‖
(1 + γ)‖ω†‖ · δ.

�

Remark 4. For fA0 q-coercive with q > 1, a reasoning as the one used in (3.32), gives that

Dξ†(Aδα,A†) ≤ β1(Dξ†(Aδα,A†))1/q + β2‖U(Aδα)− U(A†)‖

≤ βq1
q

+
1

q
Dξ†(Aδα, α) + β2‖U(Aδα)− U(A†)‖.

Assume further that β1 = O(δ
1
q ). As

‖U(Aδα)− U(A†)‖ = O(δ)

it follows that

‖Aδα −A†‖q ≤
1

ζ
Dξ(Aδα,A†) = O(δ).

Therefore we can say that Morozov’s discrepancy principle is a very robust way to finding

α as a function of δ since such procedure fulfills all the hypotheses that concern the existence,

stability, convergence and convergence rates results. Furthermore, it can be easily implemented

as a numerical code.

3.6 A Discretized Approach

In this section we shall present a way to quantify uncertainties on data and model through a

discretized approach for Tikhonov regularization. Such framework is of interest since it allows

us to separate how each source of uncertainty corrupt solutions.

The main reference for this analysis is [44].

3.6.1 The Discrete Forward Operator

In what follows, to simplify notation, we denote H l(0, S,H1+ε(D)) by U and L2(0, S, L2(D)) by

V . Thus, we take a nested sequence {Un}n∈N of finite dimensional subspaces of U such that its

union is dense in U , i.e.,

∪n∈NUn = U,

Define the finite dimensional sub-domains

Qn := Q ∩ Un 6= ∅, for every n ∈ N.

An example of orthonormal basis generating a sequence of finite dimensional subspaces Un is

a finite element basis of bilinear functions in H1(D). Such example is of interest as the number

of elements is set equal to the number of observed points in the price surface, for each day.
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Now we present the discretized versions of the direct operators of Chapter 2. For m,N ∈ N,

take a partition 0 = t0 < t1 < ... < tN = T of the interval [0, T ]. Thus we define the approximate

operators

Fm : [0, T ]×Q −→ H1,2

(t, a) 7−→ Fm(t, a)
(3.33)

and
UmN : Q −→ L2(0, S,W 1,2

2 (D))

A 7−→

t 7→
N∑
j=1

Fm(tj , a(tj))X(tj−1,tj ](t)

 .
(3.34)

Note that, Fm(·, ··) and UmN (·) approximate F (·, ··) and U(·) from Chapter 2, respectively. More-

over, we assume that Fm is continuous.

In addition, we assume the estimates

‖Fm(t, a)− F (t, a)‖ ≤ εm for every (t, a) ∈ [0, T ]×Q and (3.35)

‖UmN (A)− U(A)‖ ≤ ρmN for every A ∈ Q. (3.36)

where the constants ρmN and εm depend only on (m,N) and m, respectively, with lim
m,N→∞

ρmN = 0

and lim
m→∞

εm = 0. In Chapter 5 we shall choose a Crank-Nicholson scheme to approximate the

operator F (·, ··).

3.6.2 Discrete Tikhonov Regularization

Now we are concerned with finding a minimizer for the Tikhonov functional

Fm,αUδ,a0(A) = ‖UmN (A)− Uδ‖2L2(0,S,L2(D)) + αfA0(A)

=

N∑
j=1

‖Fm(tj , a(tj))− uδ(tj)‖2L2(D) · (tj − tj−1) + αfA0(A)
(3.37)

subject to A ∈ Qn. In order to establish the analysis of this inverse problem, we first make the

following assumptions.

Assumption 1. (a) For every A ∈ U there exists a sequence {An}n∈N ⊂ U , with An ∈ Un
for every n ∈ N and An → A.

(b) The functional fA0(·) is weakly lower semi-continuous and coercive.

Lemma 11. 1. For every m,N ∈ N the operators UmN (·) and Fm(·, ··) are weakly closed.
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2. For every M > 0, α > 0 and every m,n ∈ N, the level sets

µmα,N (M) =

A ∈ Q

∣∣∣∣∣∣
N∑
j=1

‖F (tj ,A(tj))‖2 + αfa0(A) ≤M


and

νm,nα,N (M) =

A ∈ Qn

∣∣∣∣∣∣
N∑
j=1

‖Fm(tj ,A(tj))‖2 + αfa0(A) ≤M


are weakly pre-compact.

Proof: As the operators U(·) and F (·, ··) are weakly continuous and closed (see Section 2), the

first item follows by the reflexiveness of the spaces H1+ε(D), L2(D) and L2(0, S, L2(D)). As

Q and Qn are weakly closed, by the coerciveness and weakly lower semi-continuity of fa0 the

second item follows by the first one. �

Now we are ready to state the discretized versions of the theorems of Chapter 3.

Theorem 14 (Existence). For m,n,N ∈ N and α, δ > 0 fixed, assume valid the Assumption 1

and the estimates (3.35) and (3.36). Then there exists a minimizer for the functional (3.37).

Theorem 15 (Stability). Under the same hypothesis of Theorem 14, the minimizers of (3.37)

are stable, i.e., if the sequence {Uk}k∈N converges strongly to Uδ, then a sequence {Ak}k∈N of

minimizers of (3.37) with Uδ replaced by Uk, has a subsequence {Akl}l∈N converging weakly to

A∗, a minimizer of (3.37) with lim
l→∞

fa0(Akl) = fa0(A∗).

The proofs of the theorems above are the same of Proposition 2.3 of [44] and follows almost

directly from the Assumption 1 and the estimates (3.36), and (3.35). The following result is

more delicate, as it asserts convergence of regularized solutions to a fA0-minimizing solution of

the inverse problem (3.1) when δ → 0 and N,m, n→∞. Thus, we need an auxiliary lemma.

Lemma 12. Assume that Problem (3.1) has an fA0-minimizing solution A† in the interior of

Q. Furthermore, there is r > 0 small enough, such that, the open ball B(A†, r) ⊂ Q. Then,

there exists a sequence {An}n∈N ⊂ Q where, for n sufficiently large, An ∈ Qn ∩ B(A†, r),
‖An −A†‖ → 0 and fA0(An)→ fA0(A†) as n→∞.

Proof: The functional fa0(·) is convex and weakly lower semi-continuous. Furthermore, Q is

convex and closed. Thus, fA0(·) is in fact lower semi-continuous (see [25], Corollary 2.2). By

Corollary 2.5 of [25], fa0(·) is in fact continuous in the interior of Q. Thus, take the sequence

{An}n∈N of Assumption 1. By definition we have An → A†. Hence, for n sufficiently large,

An ∈ Un∩B(A†, r) ⊂ Qn. As fA0(·) is continuous in the interior of Q, we have that fA0(An)→
fA0(A†). �

Theorem 16 (Convergence). Let Assumption 1 be satisfied. Furthermore, assume that:

1. The parameter α = α(δ,m,N, n) > 0 is such that

lim
δ→0

m,N,n→∞

α(δ,m,N, n) = 0 and lim
δ→0

m,N,n→∞

(max{δ, ρmN , λn})
2

α(δ,m,N, n)
= 0, (3.38)
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where ρmN is defined in (3.36) and λn = ‖U ′(A†)(An − A†)‖, with An defined above and

lim
n→∞

γn = 0.

If (3.35) and (3.36) hold, then every sequence of minimizers of (3.37), {Ak}k∈N with Ak =

Aαk,δkmk,Nk,nk
and αk := α(mk, Nk, nk), where δk → 0, mk, Nk, nk →∞, has a subsequence {Akl}l∈N

converging weakly to Ã, an fA0(·)-minimizing solution of (3.2) with fA0(Akl) → fA0(Ã) as

l → ∞. Furthermore, if A† is the unique solution of (3.1), then the entire sequence {Ak}k∈N
converges weakly to A† with fA0(Ak)→ fA0(A†) as k →∞.

Proof: Let Aδ,mN,n be a minimizer of (3.37), which existence is guaranteed by Theorem 14. More-

over, take A† and {An}n∈N as in Lemma 12. Thus, we have

‖UmN (Aδ,mN,n)− Uδ‖2 + αfA0(Aδ,mN,n) ≤ ‖UmN (An)− Uδ‖2 + αfA0(An) ≤(
‖UmN (An)− U(An)‖+ ‖U(An)− U(A†)‖+ ‖U(A†)− Uδ‖

)2
+ αfA0(An) ≤(

ρmN + ‖U(An)− U(A†)‖+ δ
)2

+ αfA0(An).

By the continuity of U(·), the definition of An and the Tangential Cone Condition of U(·), we

have
‖UmN (Aδ,mN,n)− Uδ‖2 + αfA0(Aδ,mN,n) ≤ (ρmN + Cλn + δ)2 + αfA0(An)

≤ C (max{ρmN , λn, δ})
2 + αfA0(An),

where C :=
1

1− γ
and C is a suitable constant, independent of m,n,N and α. Thus, we achieve

the following inequality,

fA0(Aδ,mN,n) ≤ C
(max{ρmN , λn, δ})2

α
+ fA0(An),

which combined with Lemma 12 implies that

lim sup
δ→0

m,N,n→∞

fA0(Aδ,mN,n) ≤ fA0(A†) and lim
δ→0

m,N,n→∞

‖U(Aδ,mN,n)− Uδ‖ = 0.

Denote αk := α(δk,mk, Nk, nk) and Ak := Aδk,mkNk,nk
. Since the sequence {Fmk,αkUδk ,a0

(Ak)}k∈N is

bounded, by the coerciveness of fA0(·), {Ak}k∈N is bounded. Thus, by Lemma 11 it has a

weakly convergent subsequence {Akl}l∈N, converging to some Ã ∈ Q. Therefore, from the weak

lower-semi-continuity of fA0(·) and the estimate above, we have

fA0(Ã) ≤ lim inf
l→∞

fA0(Akl) lim sup
l→∞

fa0(Akl) ≤ fA0(A†).

Thus, by the weak continuity of U(·), and the lower semi-continuity of the norm, Ã is an fA0-

minimizing solution of (3.2). �

3.6.3 A Convergence Analysis

We are now concerned with the problem of stating how fast the solution obtained using Tikhonov

regularization converges to a solution of (3.2), when δ → 0 andm,N, n→∞. Another important
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feature of the following result is that it quantifies how much information is necessary to get a

reliable solution.

This leads to the following:

Theorem 17 (Convergence Rates). Let the hypothesis of Theorem 16, Lemma 12 and Lemma

4 be satisfied. Define γn := ‖An − A†‖, with {An}n∈N and A† as in Lemma 12. If α ∼
max{δ, λn, ρmN} and α · β1 < 1, with β1 from Lemma 4, then

Dξ†(A
δ,m
n,N ,A

†) = O(δ + λn + ρmN + ζn).

Proof: Take {An}n∈N and A† as in Lemma 12, then by the proof of Theorem 16, we have

‖UmN (Aδ,mn,N )− Uδ‖+ αfA0(Aδ,mn,N ) ≤ (ρmN + Cλn + δ)2 + αfA0(An).

We denote βn := (ρmN + Cλn + δ)2. Thus, by the definition of Bregman distance and the 1-

coerciveness of fA0(·), we have

‖UmN (Aδ,mn,N )− Uδ‖2 + αDξ†(A
δ,m
n,N ,A†) ≤ βn + α

(
fA0(An)− fA0(A†)− 〈ξ†,Aδ,mn,N 〉

)
= βn + αDξ†(An,A†)− α〈ξ†,A

δ,m
n,N −An〉 = βn + α

[
ζn − 〈ξ†,Aδ,mn,N −A†〉 − 〈ξ†,A† −An〉

]
≤ βn + α

[
ζn + β1Dξ†(A

δ,m
n,N ,A

†) + β1Dξ†(An,A†)
]

= βn + α(1 + β1)ζn + αβ1Dξ†(A
δ,m
n,N ,A

†).

The last inequality follows from the first inequality of (3.8) in the proof of Lemma 4. Thus,

‖U(Aδ,mn,N )− Uδ‖2 + α(1− β1)Dξ†(A
δ,m
n,N ,A

†) ≤ βn + α(1 + β1)ζn.

Therefore, if α ∼ max{ρmN , λn, δ}, then

Dξ†(A
δ,m
n,N ,A

†) = O(ρmN + λn + δ + ζn)

�

Thus, we have established Theorem 17 which states convergence rates accounting separately

different sources of uncertainties. It is important since we can now measure separately how

much a given discretization method affects the resulting volatility surfaces.



Chapter 4

Applications to Commodity Markets

Commodity futures and their derivatives have become key players in the portfolios of many cor-

porations, especially those in the energy sector. In order to apply the regularization techniques

presented in the past chapters we have to characterize the direct problem by making assump-

tions in the dynamics of commodity future contract prices and its derivatives. We shall see that

such assumptions lead us to a Dupire’s equation [21] and a generalization of Black’s model [7]

for European Vanilla options on futures.

4.1 Risk-Neutral Pricing of Commodity Future Contracts and

Another Derivatives

In this section we characterize the so called Direct Problem (DP). It defines the price of European

vanilla options on a future contract as a function of the local volatility surface of such futures.

Thus, we first define how the risk-neutral prices of a future contract evolves with time. Then,

since volatilities are assumed deterministic functions, we construct a generalization of Black’s

equation (see [7]) and an application of Dupire’s equation for futures. Such models are used

to define the forward operators. We further present some of background properties of such

operators that are necessary to state Tikhonov analysis.

4.1.1 Pricing Commodity Futures

Under the classical Black-Scholes framework, F. Black in [7] has shown that the risk-neutral

prices of futures contracts, with a fixed maturity, are martingales. Another related approach is

presented in [33], where the authors start from the hypothesis that future prices are martingales.

The authors use a change of numeraire, which implies that under this new currency, the price of

a futures contract is modeled as a zero-coupon bond following the Heath-Jarrow-Morton (HJM)

model [30]. In other words, the commodity market defined by future prices (which are described

by a martingale) is equivalent to a money market defined by a numeraire and a zero-coupon

bond. Note that, these results were achieved for electricity markets, however they can be easily

extended to oil and gas markets.

Here we assume that volatilities are deterministic functions of the current time t, maturity

47
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T and current future prices Ft,T . In what follows, we assume further that the risk-neutral prices

of future contracts are positive-valued martingales, i.e., for each fixed maturity T we shall have

that
dFt,T
Ft,T

= σ(t, T, Ft,T )dW (t) for 0 < t ≤ T <∞, with Ft,t = S(t)∀ t. (4.1)

with σ(t, T, f) in a admissible class of deterministic functions. Note that, Equation (4.1) implies

that Ft,T is a martingale. Moreover, (4.1) is an infinite family of stochastic differential equations

parameterized by maturity T . Existence results for such families have been established by

Pilipovic [43].

4.1.2 Pricing European Vanilla Options on Commodity Futures

We assume that the risk-neutral prices of a future contract F (t, T ) follows (4.1) with

0 ≤ t ≤ T ≤ T̃

and T̃ fixed. We shall present a PDE approach to price an European vanilla option

P = P (t, T ′, Ft,T ,K)

at time t written on Ft,T , with maturity T ′ ≤ T , strike K and payoff P (FT ′,T ,K).

Following the classical portfolio method used to find Black-Scholes equation (see [8]), assume

that, for instance, P = P (t, f) is of class C1,2. Thus, by Itô’s formula [37], it follows that

dPt =
∂P

∂t
dt+

∂P

∂f
dFt,T +

1

2

∂2P

∂f2
σ2(t, T, Ft,T )F 2

t,Tdt

=

(
∂P

∂t
+

1

2

∂2P

∂f2
σ2(t, T, Ft,T )F 2

t,T

)
dt+ σ(t, T, Ft,T )Ft,T

∂P

∂f
dW.

Hence, defining a portfolio Π with a long position in ∆ shares of Ft,T and selling an option

P (t, Ft,T ), we have

Πt = ∆Ft,T − P (t, Ft,T ). (4.2)

By the self financing assumption we have,

dΠt = ∆dFt,T − dP (t, Ft,T )

= ∆dFt,T −
(
∂P

∂t
+

1

2

∂2P

∂f2
σ2(t, T, Ft,T )F 2

t,T

)
dt− ∂P

∂f
dFt,T

= rΠtdt,

(4.3)

where the last equality holds only by the delta-hedging assumption ∆ = ∂P/∂f .

Since the long position at the Futures contract has no cash flow, it follows that dΠt =
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−rP (t, Ft,T )dt. Thus, we achieve the following PDE, known as Black’s equation (see [7]),

∂P

∂t
(t, f) +

1

2
σ2(t, T, f)f2

∂2P

∂f2
= rP (t, f) with 0 ≤ t ≤ T ′ ≤ T , f > 0, (4.4)

with terminal condition

P (T ′, f) = g(K, f). (4.5)

Since σ depends explicitly on the maturity T of the future contract, it follows that (4.4)-(4.5)

form an infinite family of Terminal Value Problems parameterized by T ∈ [0, T̃ ].

Making the change of variables τ = T ′ − t and y = log(f/K). We define further that

a(τ, T, y) := 1
2σ

2(T ′ − τ, T,Key) and v(τ, y) := P (T ′ − τ,Key), with τ > 0 and y ∈ I ⊂ R, an

open interval, not necessarily bounded. Hence, by (4.4)-(4.5) it follows that v(τ, y) satisfies
∂v

∂τ
(τ, y) = a(τ, T, y)

(
∂2v

∂y2
(τ, y)− ∂v

∂y
(τ, y)

)
, for τ ∈ (0,+∞) and y ∈ I

v(τ = 0, y) = g(K,Key), for y ∈ I.

(4.6)

For each T ∈ [0, T̃ ] and a in an admissible class, we shall see that (4.6), with initial condition

g(K,Key) = K(1 − ey)+, has a unique solution denoted by v(T, a) in W 1,2
2,loc(D), with D :=

(0,∞)× I. For a given a0 in the same class of a, we shall see further that u(T, a)− u(T, a0) ∈
W 1,2

2 (D).

Dupire’s Equation for Futures

We present now another important approach to price European vanilla options. It is an appli-

cation of Dupire’s Equation to European call options on Futures.

Firstly, we fix the current time t, the maturity of the future contract T ≤ T̃ and the current

price of the Futures Ft,T . Then, we let the price of an European call option C(t, T ′, Ft,T ,K) vary

with strike K > 0 and option’s maturity 0 ≤ T ′ ≤ T̃ . We now follow the same ideas presented

in [21] to find Dupire’s equation for European call options on spot prices. Recall that call prices

are ”discounted” expected values of the payoff (F0,T −K)+. Hence, assuming further that the

distribution of FT ′,T is absolutely continuous with respect to Lebesgue’s measure, it follows that

C(T, F0,T , T
′,K) = E[(FT ′,T −K)+|F0,T ]

=

∫ ∞
K

(FT ′,T −K)π(T, FT ′,T , T
′, F0,T )dFT ′,T

(4.7)

where π(T, FT ′,T , T
′, F0,T ) is the density of FT ′,T given that, at t = 0, the price of the future

contract is F0,T .

For each fixed T , if Ft,T follows (4.1), then the density π satisfy the Fokker-Planck equation

∂π

∂T ′
=

1

2

∂2

∂F 2
T ′,T

(
σ2F 2

T ′,Tπ
)
. (4.8)
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Differentiating C twice with respect to K, from (4.7) we have

∂2C

∂K2
(T ′,K) = π(T,K, T ′, F0,T ).

Now, differentiating C with respect to T ′ in (4.7), integrating by parts and using the equality

above we find

∂C

∂T ′
=

1

2
σ2K2 ∂

2C

∂K2
.

Note that we have omitted the dependence of C and σ on T , T ′ and K.

Therefore, we have the following Initial Value Problem,
∂C

∂T ′
=

1

2
σ2(T ′, T,K)K2 ∂

2C

∂K2
, for 0 < T ′ ≤ T and K > 0,

C(T ′ = 0,K) = (F0,T −K)+, for K > 0.

(4.9)

Note that, the term of first derivative disappeared as it is originated by the drift term which

from (4.1) is zero. The same equation was obtained for a forward contract in the first chapter

of [28].

Since future contracts are derivative contracts, we could assume that instead of σ being

dependent on the maturity of the future contract, it could depend on the current commodity’s

spot price S(0), even though it is unknown, in general.

Hence, making the change of variables y = log(K/F0,T ), with y ∈ I ⊂ R an open interval, we

define V (T ′, y) := C(T ′, F0,T ey)/F0,T and a(S(0), T ′, y) := 1
2σ

2(S(0), T ′, F0,T ey). Thus, V (T ′, y)

satisfies
∂V

∂T ′
(T ′, y) = a(S(0), T ′, y)

(
∂2V

∂y2
(T ′, y)− ∂V

∂y
(T ′, y)

)
, for 0 < T ′ ≤ T and y ∈ I,

V (T ′ = 0, y) = (1− ey)+, for y ∈ I,
(4.10)

which is the normalized Dupire’s equation for European call options on spot prices. Note that

(4.10) does not depend on F0,T . Therefore, this is an appealing approach as it permits us

to assume that options on future contracts with different maturities satisfy the same equation

(4.10), up to a normalization and a change of variables.

Figure 4.1 presents the resulting European call option prices surface on Brent oil (WTI)

futures. Note that such call prices are divided by the current commodity future price. Note also

that it is very similar to a surface of European call prices on spot prices. Figure 4.2 presents the

implied volatility surface obtained from this renormalized European call option prices of Figure

4.1.

Such result permits us to directly apply the techniques developed for options on spot prices,

in particular the theory of local volatility calibration presented in [17, 19, 23] and Chapter 3. In

Section 5.3.4 we shall present some numerical tests with local volatility calibration under this

framework.
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Figure 4.1: Normalized European call option prices on Futures of Brent oil (WTI) traded on
2011/03/16, where for each option’s maturity T ′, the call prices C(t, T, T ′) are divided by the
current futures price F (t, T )

Figure 4.2: Implied volatility obtained from European call prices on Futures of Brent oil (WTI)
traded on 2011/03/16 and presented in Figure 4.1.

4.1.3 Forward Operators

In what follows we shall apply part of the theory developed in [17, 19, 23] and in Chapter 3 on

the inverse problem of volatility calibration of European vanilla options on Future prices.

Such analysis can be performed by using both problems, (4.6) or (4.10). Each one has

intrinsic advantages. The first one can be used to evaluate the dependence of volatility on

Futures’ maturity whereas the second one can show us how volatility’s shape evolve as the

underlying commodity’s spot price change.

Thus, we shall precisely determine the forward operators related to each problem and then

some of its relevant properties necessary to make the subsequent analysis. Some of these prop-

erties are weak continuity, compactness and Frechét differentiability.

Black’s Forward Operator for Futures

In this section we are first concerned with stating a precise direct problem defined by (4.6).

Thus, given T̃ ≥ 0, an upper bound for maturities of future contracts, take T ∈ [0, T̃ ] as the
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variable representing the expiration of a future contract. The option’s maturity T ′ is always

in [0, T ] and the strike price is denoted by K > 0. We define D1 := [0, T̃ ] × I the set where

problem (4.6) is stated. Thus, take fixed positive constants a and a such that 0 < a ≤ a < ∞.

Furthermore, chose a0 ∈ H1+ε(D1) such that a ≤ a0 ≤ a. Now define the set

Q1 :=
{
a ∈ a0 +H1+ε(D1) : a ≤ a ≤ a

}
. (4.11)

From Chapter 1 we have that Q1 is convex and it has a nonempty interior when 0 < ε ≤ 1.

For T ′ ≤ T and K > 0 fixed, we denote t = T − T ′ and T̂ = T̃ − T ′, hence t ∈ [0, T̂ ].

Therefore, taking A ∈ Hs(0, T̂ , H1+ε(D)) with s > 1/2, we define the set

Q1 :=
{
A ∈ Hs(0, T̂ ,H1+ε(D1)) : a(t) ∈ Q1 ∀ t ∈ [0, T̂ ]

}
, (4.12)

which shall be the domain of the forward operator related to (4.6).

The following result shows the existence of a unique solution for problem (4.6) for an Euro-

pean Put option. This result follows almost directly from Proposition A1 of [23], which is based

on Theorem IV 9.2 of [38].

Theorem 18. If a ∈ Q1 then there exists an unique solution v ∈ W 1,2
2,loc(D

1) for problem (4.6)

with initial condition P (K, ey) = K(1− ey)+. Furthermore, it satisfies

|v| ≤ K and

∥∥∥∥∂v∂y
∥∥∥∥
W 0,1

2 (D1)

≤ C, (4.13)

with C depending on the bounds of the norm of a.

Proof: Observe that, whenO defines one European put option we have that P (K, ey) = (K−ey)+

in (4.6). Thus, if we define the function

v(τ, y) =
1√
4πτ

∫ logK

−∞
e−

(y−x)2
4τ K(1− ex)dx,

which, for each (τ, y), is bounded in modulus byK and we have that v is an element ofW 1,2
2,loc(D

1).

Now, assume formally that, v is a solution of (4.6), thus w := v − v satisfies

− ∂w

∂τ
+ a

(
∂2w

∂y2
− ∂w

∂y

)
=
∂v

∂τ
− a

(
∂2v

∂y2
− ∂v

∂y

)
(4.14)

with homogeneous boundary conditions. Note that, the right side of (4.14) defines an element

of L2(D1). Thus, Proposition A1 of [23] says that there exists a unique function w satisfying

(4.14) with homogeneous boundary conditions and the estimate

‖w‖
W 1,2

2 (D1)
≤
∥∥∥∥∂v∂τ − a

(
∂2v

∂y2
− ∂v

∂y

)∥∥∥∥
L2(D1)

. (4.15)

From (4.15) we have the estimate (4.13). �

Note that, from Put-Call parity and Theorem 18, we have automatically the existence of Call
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prices. Having stated the existence of solution, proceeding as in Chapter 2, we define now that

forward operators related to (4.6): Thus, we define the forward operators related to Equation

(4.6).

G1 : Q1 ⊂ H1+ε(D1) −→ W 1,2
2 (D1)

a ∈ Q1 7−→ v(a)− v(a0),
(4.16)

F1 : [0, T̂ ]×Q1 ⊂ [0, T̂ ]×H1+ε(D) −→ W 1,2
2 (D1)

(t, a) ∈ [0, T̂ ]×Q1 7−→ v(t, a)− v(t, a0),
(4.17)

with v(t, a) solution of (4.6) with futures maturing at T = t+ T ′ and

U1 : Q1 ⊂ Hs(0, T̂ ,H1+ε(D1)) −→ L2(0, T̂ ,W 1,2
2 (D1))

A ∈ Q1 7−→ U = {t 7→ F1(t, a(t)) = v(t, a(t))− v(t, a0)}.
(4.18)

Note that, as in (4.11) a0 ∈ Q1 is fixed. Furthermore, for each t ∈ [0, T̂ ], F1(t, ·) = G1(·).
It follows that for each futures’ maturity T , the problem (4.6) for an European put is a

particular case of (1.4). Just take r = 0 and S0 = K in (1.4) to obtain (4.6). It permits us to

directly apply all the results obtained for the forward operator of Chapter 1 and [17, 19, 23] to

the operator G1(·) from (4.16). Such results are summarized in the following theorem:

Theorem 19. The operator G1 defined in (4.16), has the following properties:

(i) G1 is compact, weakly (sequentially) continuous and weakly closed (Proposition A.2 and

A.3 of [23]).

(ii) G1 is continuous and admits a one sided derivative at each a ∈ Q1, in direction h such

that a+ h ∈ Q1 (Proposition 4.1 of [23]).

(iii) G′1(a) can be extended to a bounded linear operator on H1+ε(D1) (Proposition 4.1 of [23]).

(iv) G′1(·) is Lipschitz continuous in Q1, injective and compact (Proposition 4.1 of [23] and

Lemma 1.4.1 of [19]).

(v) The operator G′1(a
†)∗ has a trivial kernel (Lemma 1.4.2 of [19]).

(vi) G1 satisfies the local tangential cone condition

‖G1(a)−G1(ã)−G′1(ã)(a− ã)‖
W 1,2

2 (D1)
≤ γ‖G1(a)−G1(ã)‖

W 1,2
2 D1 , with γ <

1

2
, (4.19)

for all a, ã in an open ball B(a∗, ρ) ⊂ Q1 with some ρ > 0 (Theorem 1.4.2 of [19]).

Now, by proceeding as above, we apply some results from Chapter 2 to the operators F1(·, ··)
and U1(·). We summarize such results in the next theorem. Before stating the theorem, we

note that from Proposition 7 the set Q1 is weakly closed and has a nonempty interior in

H l(0, Ŝ,H1+ε(D1)) for s > 1/2. We observe also that the operators F1 and U1 are particu-

lar cases of the operators F and U from Chapter 2, respectively.
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Theorem 20. The operators F1 and U1 defined in (4.17) and (4.18), respectively, have the

following properties,

(i) F1(·, ··) is continuous, compact, weakly continuous and weakly closed (Proposition 8 of

Section 2).

(ii) The family {F1(t, ·) : Q→W 1,2
2 (D) : t ∈ [0, T̃ ]} is Frechét equi-differentiable (Proposition

9 of Section 2).

(iii) U1 is continuous, compact, weakly (sequentially) continuous and weakly closed (Proposition

10 of Section 2).

(iv) U1 has an one sided derivative at Ã ∈ Q1 in direction H, such that A+H ∈ Q1 (Proposition

11 of Section 2).

(v) U ′1(A) can be extended to a bounded linear operator on H l(0, Ŝ,H1+ε(D1)) (Proposition

11 of Section 2).

(vi) U ′1(·) is Lipschitz continuous in Q1, injective and compact (Proposition 11 and Proposition

12 of Section 2).

(vii) U ′1(A†)∗ has a trivial kernel (Proposition 13 of Section 2).

(viii) U1(·) satisfies the local tangential cone condition∥∥∥U1(A)− U1(Ã)− U ′1(A− Ã)
∥∥∥
L2(0,Ŝ,W 1,2

2 (D1))
≤ γ

∥∥∥U1(A)− U1(Ã)
∥∥∥
L2(0,Ŝ,W 1,2

2 (D1))

(4.20)

for all A, Ã in an open ball B(A∗, ρ) ⊂ Q1 with some ρ > 0 and γ < 1/2 (Theorem 5 of

Section 2).

The item (i) of the last two theorems above states the compactness of operators G1 and

U1. In other words, the inverse problem of calibrating local volatility from quoted European

put option prices on Futures contracts is ill-posed. Thus, we have to apply some technique

of regularization to find a reliable approximation to the local volatility surface related to such

prices. Note that, many of the properties presented in Theorems 19 and 20 are useful tools to

state Tikhonov analysis and we shall use them in sections 4.2 and 4.3.

Dupire’s Forward Operators for Futures

Under the framework of Section 4.1.2 we assume that normalized European call option prices on

futures satisfy (4.10). Thus, following the analysis presented in Chapter 2, we assume that local

variance a depends on the current commodity spot price, instead of its Futures price. Thus, at

a fixed time t, options depending on Futures with different maturities satisfy the same equation.

Under such hypotheses, the present problem is a particular case of the one that motivated

Chapter 2. Thus, we shall use the operators G, F and U of the chapters 1 and 2 as well as

its properties within the present context. Therefore, all the results obtained in Chapters 1 and

Chapter 2 follow for the present direct problem. It is summarized in the theorem below.
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Theorem 21. Under the hypothesis above we have that Theorem 19 follows for G(·) in the

place of G1(·) and Theorem 20 follows for F (·, ··) and U(·) in the place of F1(·, ··) and U1(·),
respectively.

As we mentioned above, such analysis is important to identify the way local volatility surfaces

evolve with commodities spot prices. Moreover, if such dependence is non Markovian, i.e., if the

past measures account for the present or even for the future ones, then, when we incorporate

such information into the analysis, it could improve our results.

Note that, the commodity spot price does not appear explicitly in our analysis, thus, we

shall not present any model in order to obtain it from futures prices, since they are, in general,

unknown.

4.2 Volatility Calibration by Tikhonov Regularization

In this section we shall apply the same techniques developed in Chapter 3. It can be performed

as we shall assume the framework presented in Section 4.1 concerned with its forward operators.

It was stated that these operators are particular cases of the operators from Chapter 1 and

Chapter 2, among other things.

4.2.1 Regularized Inverse Problems

We first assume that the hypothesis of Sections 4.1.2 and 4.1.3 are fulfilled. It follows that local

volatility surfaces depend on the maturities of the underlying future contracts. As it is the case

of Chapter 3, we shall present a way to reconstruct the whole trajectory

{A : t ∈ [0, T̂ ] 7→ a(t) ∈ H1+ε(D)}.

Proceeding as in Chapter 3, the inverse problem can be summarized as, given a set of

European put option prices Ũ , we have to find an A† ∈ Q1 such that

Ũ = U1(A†). (4.21)

Furthermore, we assume that the data is corrupted by (unknown) noise E = {t 7→ E(t)} of level

δ > 0, i.e., instead of U1(Ã) we consider

Uδ := Ũ + E , (4.22)

with supt∈[0,T̂ ] ‖E(t)‖ ≤ δ. Under such assumptions, following Tikhonov analysis [48], instead

of solving (4.21), we are now concerned with finding a minimizer A ∈ Q1 for the Tikhonov

functional
FδA0,α

(A) =
∥∥Uδ − U1(A)

∥∥
L2(0,T̂ ,L2(D))

+ αfA0(A)

=

∫ T̂

0
‖uδ(t)− u(t, a(t))‖L2(D)dt+ αfA0(A).

(4.23)
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Observe that, finding a minimizer for (4.23) is a more stable way to presenting an approxi-

mate solution for (4.21).

Although the conceptual difference between the operator U related to Dupire’s equation

(4.10) and the operator U1 related to Black’s model (4.6), it follows that the Tikhonov functional

associated to U is (4.23) with U in the place of U1.
Note that, from Section 4.1.3 we can directly apply the Tikhonov analysis of Chapter 3

following [48]. Thus, the following results are immediate consequences of the equivalent results

stated in Chapter 3. We list them here for the sake of completeness.

4.2.2 Existence of a Minimizer

In this section we show that the functional (4.23) has minimizers. Moreover, we shall see that

when the noise level δ goes to zero, such minimizers converges to a solution for (4.21). Hence, in

order to starting such analysis, we have to make some hypotheses on the regularization functional

fA0(·).
As in Section 3, we assume that fA0(·) : Q → [0,∞] is convex, coercive and sequentially

lower semi-continuous. Such hypotheses implies that the level sets

µα(M) :=
{
A ∈ Q : FδA0,α(A) ≤M

}
(4.24)

are weakly pre-compact. Theorem 20 implies that the restriction of U1 (and U) to µα(M) is

weakly continuous. Now from Section 3.2 of [48], we have the following results:

Theorem 22 (Existence and Stability). For every U1 ∈ L2(0, T̂ , L2(D)), there exists a min-

imizer of the functional (4.23) within the set Q1. Such minimizers are stable in the sense of

Definition 6 from Chapter 3. Furthermore, when the inverse problem has a solution, then it has

an fA0(·)-minimizing one.

For a proof, see Theorems 3.22, 3.23 and 3.25 of [48].

The next theorem shows that when the noise level δ goes to zero, it follows that the regular-

ized solutions obtained by minimizing (4.23) are (at least in a weak sense) good approximations

for an fA0(·)-minimizing solution for the inverse problem (4.21). A proof for such result can be

found at [48], Theorem 3.26.

Theorem 23 (Convergence). Assume that there exists an Ã ∈ Q solving the inverse problem

with U(Ã) = Ũ and the map α : (0,∞)→ (0,∞), satisfies

lim
δ→0

α(δ) = 0 and lim
δ→0

δ2

α(δ)
= 0. (4.25)

Moreover, assume that the sequence {δk}k∈N converges to 0 and the elements of {Uk}k∈N ⊂
L2(0, T̂ ,W 1,2

2 (D)), with Uk = Uδk , satisfy ‖Ũ − Uk‖ ≤ δk. Denote α(δk) by αk for every

k ∈ N. The minimizers of FδkA0,αk
(·) with k → ∞ form a sequence {Ak}k∈N, with a subse-

quence converging weakly to A†, an fA0(·)-minimizing elment of Q, satisfying U(A†) = Ũ , with

fA0(Ak)→ fA0(A†). In addition, if A† is the unique fA0(·)-minimizing solution for the Inverse

problem, then the entire sequence {Ak}k∈N converges weakly to A†.
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By Theorem 21 and Chapter 3 we have the following theorem.

Theorem 24. Under the hypothesis of Theorem 21 it follows that Theorems 22 and 23 remain

valid with U(·) in the place of U1(·).

4.2.3 A Convergence Analysis

As above, we apply directly results from the Chapter 3 to the present inverse problem. Thus,

making the same hypotheses of Section 3.3, we shall present an estimate of how fast the min-

imizers Aδ of (4.23) converges to A†, an f(A0, ·)-minimizing solution for the inverse problem

(4.21), when the noise level δ goes to zero.

Note that, in order to apply such results, some fundamental concepts in convex regularization

theory are necessary, thus, the reader is referred to Chapter 1 (e.g. Definitions 1 and 2 presents

the concept of Bregman distance related to fA0(·) and q-coerciveness with constant ζ > 0).

With such concepts in mind, we can state the following theorem.

Theorem 25 (Convergence Rates, from [48]). Assume that U , fA0(·), Q, Hs(0, T̂ , H1+ε(D))

and L2(0, T̂ ,W 1,2
2 (D)) satisfy the conditions of Theorems 22 and 23. Furthermore, let the map

α : (0,∞)→ (0,∞) be such that α(δ) ≈ δ. Then

Dξ†(Aδ,A†) = O(δ) and ‖U(Aδ)− Uδ‖ = O(δ).

Moreover, there exists a constant c > 0, such that fA0(Aδ) ≤ fA0(A†) + δ/c for every δ with

α(δ) ≤ βmax.

Corollary 2. The same rate of convergence of Theorem 25 is achieved for U in the place of U1.

In other words, under the concept of Bregman distance, we can measure how far a minimizer

of (4.23) is from an fA0(·)-minimizing solution of the inverse problem (4.21). Such distance is

of order
√
δ with the noise level δ representing all the uncertainties related to the data Uδ1.

Note further that, all the results concerned with Morozov’s discrepancy principle and Kulback-

Leibler regularization of Chapter 3 remain valid in the present context.

4.3 A Discretized Setting

We present now a discretized setting for Tikhonov analysis, applying results from Section 3.6.

Such approach is interesting since it allows us quantifying how far (in an appropriate sense) a

discretized solution is from a true one. It uses the same techniques of standard convex Tikhonov

analysis from [48] combined with the property that general elements of separable Hilbert spaces

can be approximated by finite dimensional ones. We put such analysis here as we have to work

with discrete sets of data and discrete models as finite difference schemes to solve PDEs. We

shall see in Chapter 5 that the discretized direct problem can be solved by a Crank-Nicholson

scheme with a regular grid in time and space.
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4.3.1 Discrete Forward Operators

First of all, the analysis presented here is based on [44] with a suitable change of notation. As in

Section 3.6, denote Hs(0, T̂ , H1+ε(D)) by U and L2(0, T̂ ,W 1,2
2 (D) by V . Take a nested sequence

{Un}n∈N of finite dimensional subspaces of U such that

∪n∈NUn = U.

Define the finite dimensional sub-domains

Qn := Q ∩ Un 6= ∅, for every n ∈ N.

For m,N ∈ N, take a partition 0 = t0 < t1 < ... < tN = T of the interval [0, T ]. The discrete

case of operators (4.17) and (4.18) is presented below.

Fm : [0, T ]×Q −→ W 1,2
2 (D)

(t, a) 7−→ Fm(t, a)
(4.26)

and
UmN : Q ⊂ U −→ V

A 7−→

t 7→
N∑
j=1

Fm(tj , a(tj))X(tj−1,tj ](t)

 .
(4.27)

Note that Fm is continuous since it is a composition of two continuous functions.

The following estimates are assumed for further application,

‖Fm(t, a)− F (t, a)‖ ≤ εm for every (t, a) ∈ [0, T ]×Q and (4.28)

‖UmN (A)− U(A)‖ ≤ ρmN for every A ∈ Q. (4.29)

with ρmN and εm depending only on (m,N) and m, respectively and lim
m,N→∞

ρmN = 0. Furthermore,

lim
m→∞

εm = 0.

4.3.2 Discrete Tikhonov Regularization

Instead of (4.23) we shall look for a minimizer in Q for

Fm,αUδ,a0(A) = ‖UmN (A)− Uδ‖2
L2(0,S,W 1,2

2 (D))
+ αfA0(A)

=

N∑
j=1

‖Fm(tj , a(tj))− uδ(tj)‖2H1,2 · (tj − tj−1) + α.fA0(A)
(4.30)

Here we assume valid the hypotheses of Section 3.6. Note that Assumption 1 and thus,

Lemma 11 are true. In order to establish the analysis of such inverse problem, we first assume

that fA0(·) is weakly lower semi-continuous, coercive and convex. Therefore, as in Section 3.6,

we get discretized versions of Theorem 22 and Theorem 23 of Section 4.2.
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Theorem 26 (Existence). For m,n,N ∈ N and α, δ > 0 fixed, assume valid Assumption 1 and

the estimates (4.28) and (4.29). Then there exists a minimizer for the functional (4.30).

Theorem 27 (Stability). Under the same hypothesis of Theorem 26, the minimizers of (4.30)

are stable, i.e., if the sequence {Uk}k∈N converges strongly to Uδ, then a sequence {Ak}k∈N of

minimizers of (4.30) with Uδ replaced by Uk, has a subsequence {Akl}l∈N converging weakly to

A∗, a minimizer of (4.30) with lim
l→∞

fA0(Akl) = fA0(A∗).

The proofs of the theorems above are the same of Proposition 2.3 of [44] and follow almost

directly from Assumption 1 and estimates (4.29) and (4.28). The following lemma and theorem

were proved in Section 3.6. See Lemma 12 and Theorem 16.

Lemma 13. Assume that problem (3.2) has an fA0-minimizing solution A† in the interior of

Q. Furthermore, there is r > 0 small enough, such that, the open ball B(A†, r) ⊂ Q. Then,

there exists a sequence {An}n∈N ⊂ Q where, for n sufficiently large, An ∈ Qn ∩ B(A†, r) and

‖An −A†‖ → 0 as n→∞.

Theorem 28 (Convergence). Let Assumption 1 be satisfied. Furthermore, assume that

1. the parameter α = α(δ,m,N, n) > 0 is such that

lim
δ→0

m,N,n→∞

α(δ,m,N, n) = 0 and lim
δ→0

m,N,n→∞

(max{δ, ρmN , λn})
2

α(δ,m,N, n)
= 0, (4.31)

where ρmN is defined in (3.36) and λn = ‖U ′(A†)(An − A†)‖, with An defined above and

lim
n→∞

γn = 0.

If (3.35) and (3.36) hold, then every sequence of minimizers of (3.37), {Ak}k∈N with Ak =

Aαk,δkmk,Nk,nk
and αk := α(mk, Nk, nk), where δk → 0, mk, Nk, nk →∞, has a subsequence {Akl}l∈N

converging weakly to Ã, an fA0(·)-minimizing solution of (3.2) with fA0(Akl) → fA0(Ã) as

l → ∞. Furthermore, if A† is the unique solution of (3.2) then the entire sequence {Ak}k∈N
converges weakly to A† with fA0(Ak)→ fA0(A†) as k →∞.

Hence, we obtained a reliable discrete solution for the inverse problem by applying Tikhonov

analysis.

4.3.3 A Convergence Analysis

As in Section 4.2 we present convergence rates, however, due to discretization effects, there are

more uncertainty sources in addition to the noise level which have to be quantified. It can be

interpreted as how much information is necessary to get a reliable solution with these techniques.

As it is mentioned above, we have no difference between the problem treated here and the

one from Section 3.6, in a theoretical sense. Thus, using the framework of Bregman distances

and convex analysis, we can state the following theorem:
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Theorem 29 (Convergence Rates). Let the hypothesis of Theorem 28, Lemma 13 and Lemma

4 be satisfied. Define γn := ‖An − A†‖, with {An}n∈N and A† as in Lemma 13. If α ∼
max{δ, λn, ρmN} and α · β1 < 1, with β1 from Lemma 4, then

Dξ†(A
δ,m
n,N ,A

†) = O(δ + λn + ρmN + ζn).

Such result states that we can measure how far a discretized solution is from a fA0(·)-
minimizing solution of (4.21), under the concept of Bregman distances. Such distance is of order√
δ + λn + ρmN + ζn, when δ is sufficiently small and m, n and N are sufficiently large. Note

that, each quantity under the square-root signal represents a different source of uncertainty

present in this model.



Chapter 5

Tikhonov Regularization in Practice:

Numerical Results

In this chapter we present some numerical examples illustrating the theory developed in the past

chapters. We first use Tikhonov regularization in order to reconstruct a known volatility surface

from simulated data and make a comparison between the resulting surface and the original one,

for different noise levels. After this with real data from equity and commodity markets we

analyze through a graphical exposition the reconstructions of volatility surfaces.

5.1 A Numerical Solution for the Direct Problem

Recall that, for each t ∈ [0, T ], F (t, a) = u(t, a) − u(t, a0), where u(t, a) is the solution of (1.4)

and a0 is given and fixed. In what follows we shall make use of the Crank-Nicholson scheme.

See [51].

Now, we consider the same basis {φk}Kk=1 of bilinear finite elements presented in Example

4.3 from Chapter II of [9], where a regular triangular mesh on [0, T ]× [Ymin, Ymax] with K nodes

is taken. Such basis is used here in order to find a discretization for A at each time t ∈ [0, T ].

Thus, for each t ∈ [0, T ], we define the discrete volatility surface

aK(t, τ, y) :=
K∑
k=1

〈a(t), φk〉φk(τ, y)

and the discrete case of A, AK := {t 7→ aK(t)}.

5.2 Solving the Minimization Problem

We shall use a gradient approach to solve numerically the minimization problem obtained by

Tikhonov regularization. Thus, we present below a characterization of the conjugate of the

gradient of the residual ‖U(·)− Uδ‖2. We shall see also that such characterization implies that

a conjugate problem has to be solved at each iteration of this minimization method.

61
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Defining the functional

Jδ(A) := ‖U(A)− Uδ‖2L2(0,S,L2(D)) =

∫ T

0
‖F (t, a(t))− uδ(t)‖2L2(D)dt (5.1)

it follows that the Tikhonov functional (3.4) can be written as

FUδa0,α(A) = ‖Uδ − U(A)‖2L2(0,S,L2(D)) + αfa0(A) = Jδ(A) + αfa0(A).

Hence, it is necessary to evaluate the gradient of J(·) to perform the minimization of (3.4).

Then, we can represent the gradient ∇Jδ(A) by

〈∇Jδ(A),H〉Hl(0,S,H1+ε(D)) = 2〈U(A)− Uδ,U ′(A)H〉L2(0,S,L2(D))

= 2

∫ T

0
〈F (t, a(t))− uδ(t), ∂aF (t, a(t))h(t)〉L2(D)dt

= 2

∫ T

0
〈F (t, a(t))− uδ(t),L−1Guyy−uyh(t)〉L2(D)dt

= 2

∫ T

0
〈(L−1)∗(F (t, a(t))− uδ(t)),Guyy−uyh(t)〉L2(D)dt

= 2

∫ T

0
〈v(t, a(t)),Guyy−uyh(t)〉L2(D)dt

= 2

∫ T

0

∫
D
{[v(uyy − uy)h(t)](t, a(t))}(τ, y)dτdydt

(5.2)

Note that, in the last four equalities above we used the fact of ∂aF (t, a(t))h(t) is the solution of

−wτ + a(wyy − wy) + bwy = h(t)(uyy(t, a)− uy(t, a))

with homogeneous boundary condition, where L represents the differential operator of the equa-

tion above and Guyy−uy is the operator of multiplication by uyy−uy (see the proof of Proposition

13). We further note that the term v of the two last equalities above is the adjoint state which,

for each t, is the solution of

vτ + (av)yy + (av)y + bvy = u(t, a)− uδ(t) (5.3)

with homogeneous boundary condition. We also have that v ∈ L2(0, S,W 1,2
2 (D)). In order to

solve Equation (5.3) numerically we shall apply a Crank Nicholson scheme.

Now, we consider a given initial set of volatility surfaces A0, and define Jδ(Aj) and ∇Jδ(Aj)
by (5.1) and (5.2), respectively. Thus, we perform iterations like

Aj+1 = Aj − βj
[
∇Jδ(Aj) + αf ′a0(Aj)

]
(5.4)

until a discrepancy principle

τ1δ ≤ ‖U(Aj)− Uδ‖2L2(0,S,W 1,2
2 (D))

≤ τ2δ (5.5)
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is reached.

Note that the parameter βj can be chosen at each step, for example, by a steepest decent+Armijo’s

rule.

We observe also that fa0(·) is not necessarily Gateaux differentiable.However, such calcu-

lations are made in a discretized setting, simplifying all the theoretical issues related to this

problem. A good reference for such subject is [26].

5.3 Numerical Results

We present now a series of numerical results obtained with synthetic as well as real data. We

first present the results with synthetic data illustrating some results from previous chapters.

After we present some reconstructions of volatility surface obtained from real data in equity and

commodity markets. We present reconstructed volatility surfaces for MCD, PBR, SPX, WTI

Brent oil and HH natural gas.

5.3.1 Synthetic Data

We are now concerned with presenting reconstructions of volatility surfaces from simulated data.

Thus, we compare the resulting surfaces with the original ones presenting the relative local error

for different noise levels.

Such tests were performed as follows:

We first define the volatility surface:

σ(s, u, x) =

{
0.4(1− 0.4e−0.5(u−s)) cos(1.25π log(x/s)), if (u, x) ∈ (0, 1.25]× [−0.4, 0.4],

0.4, otherwise.

(5.6)

After we use Fm with m large in order to generate the (almost) continuous noiseless data

Ũ . Then to be consistent with real situations and avoiding the so called inverse crime [49], we

consider prices in a scarcer grid. Roughly speaking, we generate the continuous data Ũ but we

chose only a small set of data denoted by Uδ, which is restricted to a smaller range of strikes

and maturities. Thus, in order to test the sensitivity of the method with respect to the noise

level, we increase the amount of price data.

As an example, for the first test, whose results are presented in Figure 5.1, we choose the

following set of maturities (in years) and strikes (in log-moneyness variable) to collect the data

Uδ:
{(0.08, 0.16, 0.24, 0.40, 0.64, 1.2)× (−0.4,−0.3,−0.2,−0.1, 0, 0.1, 0.2, 0.3, 0.4)}.

The minimization process is done with the same grid we have used to generate Ũ .

Another possible way to generate Ũ is by using a Monte Carlo integration method with the

risk-neural pricing formula

C(T,K) = EP̃
[
e−r(T−t)(ST −K) |St = s

]
, (5.7)

combined with the Euler method to simulate a large number of paths of (1.1). See [32]. Note
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that, time t is fixed, r is the constant interest rate, P̃ is the risk-neutral measure and s is the

current value of the stock price.

In order to perform such tests, we have chosen:

• The interest rate is r = 3% per year.

• The stock price is S0 = 1.

• The log-moneyness domain is [−5, 5].

• The time to maturity domain is [0, 1.2].

• The time and log-moneyness step sizes are ∆t = 0.004 and ∆y = 0.1, respectively. Such

choice respects the CFL condition ∆t/(∆y)2 < 1/2.

• The first regularizing functional is

fA0(A) = ‖A −A0‖2L2(D) + ‖L1(A−A0)‖2L2(D) + ‖L2(A−A0)‖2L2(D)

where L1 and L2 are discrete versions of the operators ∇ of first derivatives and ∆ of

second derivatives, respectively. More specifically, L1 is the centered first derivative in

time and space and L2 is the centered second derivative in space only.

• The regularization parameter is chosen to be approximately 0.5% of the noise level δ.

Some reconstructions can be found in Figure 5.1, Figure 5.2, Figure 5.3 and Figure 5.4. For

each one a different noise level is considered. Here we only consider uncertainties related to

discretization. For each case we take a different number of maturities, and consequently the

noise level is inversely proportional to the number of maturities considered.

In each figure we have three different images, the first present the original volatility surface

at the grid where the inverse problem is solved. The second shows the reconstructed surface at

the grid where data is collected. The last one presents the relative local error of volatility for

the first six maturities of the set taken for each case.

Comparing the reconstructions with the original surface at each figure, we can see that the

solutions are getting better as the noise level decreases. It can be thought as an illustration of

theorems concerning convergence. It is important to observe that, for every time we increase

the number of maturities considered, we use the resulting surface of the previous case as the

initial guess.
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Figure 5.1: The first image shows the true volatility surface, the second is the reconstructed one
and the third is the relative error.

Figure 5.2: The first image shows the true volatility surface, the second is the reconstructed one
and the third is the relative error.

Figure 5.3: The first image shows the true volatility surface, the second is the reconstructed one
and the third is the relative error.

Figure 5.4: The first image shows the true volatility surface, the second is the reconstructed one
and the third is the relative error.
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5.3.2 Equity Market Data

Now we shall perform tests with real data. In this first part we consider only data from equity

markets for the MCD, PBR and SPX prices traded at different days in the New York Stock

Exchange during the years of 2009, 2010 and 2011. The reconstructed solutions respects many

of the financial properties expected by practitioners of market. We would like to thank again to

Bernardo Lima and Carlos Eduardo Moura who provided us the data used.

Mc.Donald’s (MCD)

We consider here European call options on the MCD equity prices traded during the year of 2009.

We first extracted the implied volatility surface from such prices and calculated the arithmetic

mean of its values. This mean was used as the constant a priori and the initial guess for the

volatility surface. We did not use directly such surface since it presented many outliers. We have

chosen two different regularization functionals, in the first case, the regularization functional and

parameter were chosen as above. In the second case, we used Kullback-Leibler entropy as the

regularization functional, with the result obtained in the first case as the prior. In the latter

case, we have performed a Morozov’s discrepancy choice for the regularization parameter α.

The reconstructions can be found in Figure 5.5 and Figure 5.7. In each figure we have four

pictures, the first shows quoted and experimental call prices. The second presents the relative

local error for call prices. The third and fourth present the reconstructed local volatility. We

depicted it in two different views, first we present it for each maturity and then we present the

surface.
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Figure 5.5: Day 4: The first image shows quoted and simulated MCD call option prices. The
second one displays the relative error between such simulated and quoted prices. The third and
fourth ones present the reconstructed local volatility.
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Figure 5.6: Day 4: The first image shows quoted and simulated MCD call option prices. The
second one displays the relative error between such simulated and quoted prices. The third and
fourth ones present the reconstructed local volatility. Solution obtained with Kullback-Leibler
entropy as the regularization functional.
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Figure 5.7: Day 13: The first image shows quoted and simulated MCD call option prices. The
second one displays the relative error between such simulated and quoted prices.The third and
fourth ones present the reconstructed local volatility.
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Figure 5.8: Day 13: The first image shows quoted and simulated MCD call option prices. The
second one displays the relative error between such simulated and quoted prices.The third and
fourth ones present the reconstructed local volatility. Solution obtained with Kullback-Leibler
entropy as the regularization functional.
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Petroleo Brasileiro S.A (PBR)

We present below some results obtained for quoted European call option prices on PBR equity

prices traded during the year of 2009 at NYSE. We proceed in the same way as for MCD. Thus,

the results are presented in the same configuration.

Figure 5.9: Day 248: The first image shows quoted and simulated PBR call option prices. The
second one displays the relative error between such simulated and quoted prices.The third and
fourth ones present the reconstructed local volatility.
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Figure 5.10: Day 248: The first image shows quoted and simulated PBR call option prices. The
second one displays the relative error between such simulated and quoted prices.The third and
fourth ones present the reconstructed local volatility. Solution obtained with Kullback-Leibler
entropy as the regularization functional.
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Figure 5.11: Day 250: The first image shows quoted and simulated PBR call option prices. The
second one displays the relative error between such simulated and quoted prices.The third and
fourth ones present the reconstructed local volatility.
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Figure 5.12: Day 250: The first image shows quoted and simulated PBR call option prices. The
second one displays the relative error between such simulated and quoted prices.The third and
fourth ones present the reconstructed local volatility. Solution obtained with Kullback-Leibler
entropy as the regularization functional.
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Standard and Poor’s (SPX)

We present below some results obtained for quoted European call option prices on SPX index

traded during the year of 2010 and 2011 at NYSE. We proceed in the same way as for MCD.

Thus, the results are presented in the same configuration.

Figure 5.13: Day 233: The first image shows quoted and simulated SPX call option prices. The
second one displays the relative error between such simulated and quoted prices.The third and
fourth ones present the reconstructed local volatility.
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Figure 5.14: Day 233: The first image shows quoted and simulated SPX call option prices. The
second one displays the relative error between such simulated and quoted prices.The third and
fourth ones present the reconstructed local volatility. Solution obtained with Kullback-Leibler
entropy as the regularization functional.
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Figure 5.15: Day 238: The first image shows quoted and simulated SPX call option prices. The
second one displays the relative error between such simulated and quoted prices.The third and
fourth ones present the reconstructed local volatility.
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Figure 5.16: Day 238: The first image shows quoted and simulated SPX call option prices. The
second one displays the relative error between such simulated and quoted prices.The third and
fourth ones present the reconstructed local volatility. Solution obtained with Kullback-Leibler
entropy as the regularization functional.
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5.3.3 An Example with Heston Model

A very popular model in practice is the Heston model [28]:

dS(t) = rS(t)dt+
√
ν(t)S(t)dW1(t) with t ≥ 0

dν(t) = κ(θ − ν(t))dt+ η
√
ν(t)dW2(t)

S(0) = S0 and ν(0) = ν0,

(5.8)

where W1 and W2 are correlated P̃-Brownian motions, with constant correlation parameterρ.

Note that the constant parameters

(ν0, θ, κ, η, ρ)

are usually estimated from market data.

A natural question concerning the widespread use of Heston by practitioners, is

How would the local volatility surface look like if our prices were given by Heston model? Thus,

we try to answer this question by estimating the local volatility from price data generated in

the following way:

1. Use the parameters

(ν0, θ, κ, η, ρ)

to simulate (5.8).

2. Evaluate the formula

C(S0, T,K) = EP̃[(S0 −K)+]

by a Monte Carlo integration in order to interpolate real data.

3. Use this interpolated data as Uδ in the analysis presented above in order to find the family

of local variance surfaces Ã.

Now we compare reconstructions obtained with interpolated and non-interpolated data.
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Figure 5.17: Local volatility reconstruction: The first picture was obtained by Tikhonov regu-
larization directly from SPX data. For the second one we have used the same SPX data, but
now interpolated with the help of Heston model.

Figure 5.18: Local volatility reconstruction: The first picture was obtained by Tikhonov regu-
larization directly from PBR data. For the second one we have used the same PBR data, but
now interpolated with the help of Heston model.
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5.3.4 Commodity Markets

We analyze the volatility surfaces calibrated from real data of commodity markets. We use

European call option prices on futures data for Henry Hub natural gas and WTI Brent oil. Such

data were traded during the year of 2011.

Since call prices with different maturities are functions of futures with different maturities,

we have to perform some normalizations and make some assumptions. We first assume that

such call prices satisfy the Dupire equation (4.9) and local volatility depends on the unknown

spot price, which is the same for futures traded at the same day with different maturities. We

assume also that volatility does not depend on futures’ maturity. After, the change of variables

y = log(K/F (t, T )) we consider the normalized call prices

C̃(t, T ′, T, y) = C(t, T ′, T,K = F (t, T )ey)/F (t, T ),

where T ′ is option’s maturity, K is option’s strike and C represent real call prices. It follows

that these prices satisfy the same problem, namely (4.10).

After performing such normalizations, we proceed as in the case of equity markets. For each

day we use such normalized data as Uδ in the minimization procedure. We first extract the

related implied volatility surface, calculate the mean of its values and use them. The implied

volatility surface is used directly as the initial guess of a = σ2/2 and its mean is used as the

constant a priori. We choose the same regularization functional and parameter of the case of

equity markets.

WTI Brent Oil

During this paragraph we use renormalized WTI Brent oil data. The numerical results are

presented below. They are distributed as in the paragraph of equity market data, i.e., the first

picture presents simulated and real call prices, the second is the local relative error for such

prices. The third and fourth present local volatility.
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Figure 5.19: Day 242: The first image shows quoted and simulated WTI oil call option prices.
The second one displays the relative error between such simulated and quoted prices.The third
and fourth ones present the reconstructed local volatility.
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Figure 5.20: Day 242: The first image shows quoted and simulated WTI oil call option prices.
The second one displays the relative error between such simulated and quoted prices.The third
and fourth ones present the reconstructed local volatility. Solution obtained with Kullback-
Leibler entropy as the regularization functional.
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Figure 5.21: Day 244: The first image shows quoted and simulated WTI oil call option prices.
The second one displays the relative error between such simulated and quoted prices.The third
and fourth ones present the reconstructed local volatility.
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Figure 5.22: Day 244: The first image shows quoted and simulated WTI oil call option prices.
The second one displays the relative error between such simulated and quoted prices.The third
and fourth ones present the reconstructed local volatility. Solution obtained with Kullback-
Leibler entropy as the regularization functional.
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Henry Hub Natural Gas

Proceeding as in the previous paragraph we present some results for Henry Hub natural gas

data.

Figure 5.23: Day 239: The first image shows quoted and simulated HH natural gas call option
prices. The second one displays the relative error between such simulated and quoted prices.The
third and fourth ones present the reconstructed local volatility.
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Figure 5.24: Day 239: The first image shows quoted and simulated HH natural gas call option
prices. The second one displays the relative error between such simulated and quoted prices.The
third and fourth ones present the reconstructed local volatility. Solution obtained with Kullback-
Leibler entropy as the regularization functional.
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Figure 5.25: Day 241: The first image shows quoted and simulated HH natural gas call option
prices. The second one displays the relative error between such simulated and quoted prices.The
third and fourth ones present the reconstructed local volatility.
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Figure 5.26: Day 241: The first image shows quoted and simulated HH natural gas call option
prices. The second one displays the relative error between such simulated and quoted prices.The
third and fourth ones present the reconstructed local volatility. Solution obtained with Kullback-
Leibler entropy as the regularization functional.
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Chapter 6

Conclusions and Future Directions

6.1 Conclusions

Making use of the Dupire framework [21], we considered models that allow the local volatility

surface to depend on the initial state price [28]. In this context we defined the direct problem

and deduced some background properties of the parameter to solution map. It relates families

of volatility surfaces in H l(0, S,H1+ε(D)) with families of prices surfaces in L2(0, S,W 1,2
2 (D)),

both indexed by the initial state price. In our context, the most relevant properties of the

forward operator U are weak continuity, compactness and Frechét differentiability, since weak

continuity is of fundamental importance in order to apply convex regularization. Compactness

leads to the ill-posedness of the inverse problem. Frechét differentiability is important in order

to develop iterative methods and to solve the regularized inverse problem by a gradient method.

We note that the direct problem was stated in a very general setting, that allows us to apply

many different identification techniques. However, we have chosen to apply convex regularization

tools, since it leads to robust identification techniques. Another motivation is that it generalizes

many approaches found in literature as [17, 19, 23, 36, 39].

Thus, by applying regularization techniques, we established results concerning existence

and stability of such families of volatilities solving the regularized inverse problem, even in the

presence of noise. Concerning noise, we have stated a convergence analysis with rates based on

the concept of Bregman distances for the case when the noise level goes to zero. Furthermore,

we considered a discretized setup, presenting, under the same framework a convergence analysis

with rates accounting separately the contribution of different sources of uncertainties.

We have stated also a very general Morozov discrepancy principle, which presents an opti-

mal choice for the regularization parameter. It is a very useful tool since it states how much

regularization is required for a given noisy data. This is the first time that this principle was

stated for the volatility calibration problem.

In order to apply such techniques in the context of commodity markets, we made some

assumptions on the evolution of risk-neutral prices of futures and its European vanilla options,

obtaining two parabolic PDE approaches. The first one was a generalization of Black’s model [7],

where we have assumed that volatility is independent of the initial state but on the commodity

futures’ maturity. The second one was an application of Dupire’s framework [21], based on the
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assumption that local volatility is dependent on the initial spot price instead of initial future

price. In both cases, these assumptions were necessary to make some normalization and change

of variables procedures. In the first case it allowed us to assume that options with different

strikes derived from the same future to satisfy the same PDE. In the second case, it allowed

us to assume that options derived from futures with different maturities satisfy the same PDE.

Under these assumptions we stated for both cases that the identification procedures mentioned

above apply within commodity futures context.

Note that all the results we have mentioned above were obtained for the identification of

families of local volatilities surfaces indexed by the initial state price.

The numerical results with synthetic data illustrated the convergence to the solution when

the noise level goes to zero. The resulting volatility surfaces reconstructed from real data were

very satisfactory in both cases, with equity and commodity markets data. We observe that, with

commodity data, we performed tests only with the framework related to Dupire’s equation.

Therefore, by the theoretical results established in Chapter 3 and which were illustrated

in Chapter 5 by numerical experiments, we can conclude that convex regularization is a good

way of finding families of approximate local volatility surfaces. Another conclusion is that, such

framework can be easily adapted to commodity markets, since we have found very interesting

volatility surfaces in Chapter 5, proceeding ”innocent” normalizations. However, such results

have to be better understood under a financial viewpoint

6.2 Future Directions

We present below a short list of possible future directions:

• Implementing algorithms using Galerkin methods [2, 9] in order to solve the primal-dual

parabolic PDE with an adaptative mesh.

• Making a comparison between quoted and simulated data for more general financial deriva-

tives using the volatility surface obtained by these methods.

• Using the present framework with more identification techniques. In special Quasilin-

earization [6] and On-line estimation in a classical context [5] and in a statistical setup

[49].

• Developing a similar analysis for a more general class of parabolic integro-differential op-

erators related to jump-diffusions. See [13, 14, 15].

• Establishing a similar analysis to the case of American options, where we have to identify

simultaneously the diffusion parameter and the related free boundary interface under a

parabolic variational inequality problem. See [1, 2, 11, 12].



Appendix A

Technical Results and Notations

Here, we introduce some notation and present some technical results.

A.1 Banach Space Valued Maps

Let B be a Banach space, now we recall the notion of measurability for mappings with the form

f : [0, T ] −→ B (see for example, [27, 46, 52]).

Definition 9. (i) A function s : [0, T ] −→ B is called simple if it has the form

s(t) =

m∑
j=1

XAj (t)yj , t ∈ [0, T ]

where the sets Aj ⊂ [0, T ] are Lebesgue measurable and yj ∈ B with j = 1, . . . ,m.

(ii) A function f : [0, T ] −→ B is strongly measurable if there exists a sequence of simple

functions as in (i) {sk}, such that ‖sk(t) − f(t)‖B → 0 as k → ∞, for almost every

t ∈ [0, T ].

(iii) A function f : [0, T ] −→ B is weakly measurable if for each γ ∈ B∗, the map t 7→ 〈γ, f(t)〉
is Lebesgue measurable.

(iv) A function f : [0, T ] −→ B is almost separably valued if there exists a subset A ⊂ [0, T ],

with |A| = 0, such that {f(t) : t ∈ [0, T ]−A} is separable.

Theorem 30 (Pettis). f : [0, T ] −→ B is strongly measurable if f is weakly measurable and is

almost separably valued.

Definition 10. (i) if s(t) =
∑m

j=1XAj (t)yj is a simple function, we define

∫ T

0
s(t)dt =

m∑
j=1

|Aj |yj
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(ii) We say that f : [0, T ] −→ B is summable if there exists a sequence of simple functions

{sk}, such that

lim
k→∞

∫ T

0
‖sk(t)− f(t)‖Bdt = 0.

(iii) If f is summable, we define ∫ T

0
f(t)dt = lim

k→∞

∫ T

0
sk(t)dt.

Theorem 31 (Bochner). A strongly measurable function f : [0, T ] −→ B is summable if and

only if t 7→ ‖f(t)‖ is summable. In this case∥∥∥∥∫ T

0
f(t)dt

∥∥∥∥
B

≤
∫ T

0
‖f(t)‖Bdt

and 〈
γ,

∫ T

0
f(t)dt

〉
=

∫ T

0
〈γ, f(t)〉dt

for each γ ∈ B∗.

Definition 11. Let H be a Hilbert space, we can denote by L2 ([0, T ], H) the space of equivalence

classes of strongly measurable functions f : [0, T ] −→ B which satisfy

‖f‖2L2([0,T ],H) :=

∫ T

0
‖f(t)‖2Hdt <∞,

and we can define the scalar product

〈f, g〉L2([0,T ],H) :=

∫ T

0
〈f(t), g(t)〉Hdt,

for every f, g ∈ L2 ([0, T ], H).

If B = H, a separable Hilbert space, then we have the following theorem.

Proposition 15. Let H be a separable Hilbert space. A map f : [0, T ] −→ H is weakly measur-

able if and only if it is strongly measurable. Furthermore, L2 ([0, T ], H), with the above scalar

product, is a Hilbert space.

A.2 Equi-Continuity

Let X and Y be locally convex spaces. Fix the sets BX ⊂ X and M ⊂ C(BX , Y ). M is called

equi-continuous on BX if for every x0 ∈ BX and every zero neighborhood, V ⊂ Y there is a

zero neighborhood U ⊂ X such that G(x0) − G(x) ∈ V for all G ∈ M and all x ∈ BX with

x− x0 ∈ U . Furthermore, M is called uniformly equi-continuous if for every zero neighborhood

V ⊂ Y there exists a zero neighborhood U ⊂ X such that G(x)−G(x′) ∈ V for all G ∈M and

all x, x′ ∈ BX with x− x′ ∈ U .
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From [29] we have the technical result:

Proposition 16. Let F : [0, T ] × BX −→ Y be a function, and BX , X and Y be as above.

If M1 := {F (t, ·) : t ∈ [0, T ]} ⊂ C(BX , Y ), M2 := {F (·, x) : x ∈ BX} ⊂ C([0, T ], Y ) and M1

(respectively M2) is equi-continuous, then F is continuous. Reciprocally, if F is continuous,

then M1 is equi-continuous and if additionally BX is compact, then M2 is equi-continuous, too.
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[15] , Retrieving Lévy processes from option prices: regularization of a nonlinear inverse

problem, SIAM Journal of Control and Optimization 45 (2006), no. 1, 1–25.

[16] Thomas Cover and Joy Thomas, Elements of Information Theory, second ed., John Wiley

& Sons, 2006.

[17] Stephane Crepey, Calibration of the local volatility in a generalized Black-Scholes model

using Tikhonov regularization, SIAM Journal of Mathematical Analysis 34 (2003), 1183–

1206.

[18] Imre Csiszár, Why Least Square and Maximum entropy? An Axiomatic Approach to Infer-

ence for Linear Inverse Problems, The Annals of Statistics 19 (1991), no. 4, 2032–2066.

[19] Adriano De Cezaro, On a Parabolic Inverse Problem Arising in Quantitative Finance: Con-

vex and Iterative Regularization, Ph.D. thesis, IMPA, Rio de Janeiro, 2010.

[20] Emanuel Derman and Iraj Kani, Riding on a smile, Risk 7 (1994), 32–39.

[21] Bruno Dupire, Pricing with a smile, Risk Magazine 7 (1994), 18–20.
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