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Abstract

The purpose of this work is to investigate several questions about the initial
value problem (IVP) associated to some Boussinesqg-type equations.

In Chapter [I, we study the long-time behavior of solutions (without small-
ness assumption) of the initial-value problem for a generalized Boussinesq
equation. Here we do the reciprocal problem of the scattering theory, we
construct a solution @ with a given scattering state B(t)h, where B(:) is
the unitary group associated to the linear system and his given in suitable
spaces.

Next, we study the local well-posedness of the initial-value problem for the
nonlinear generalized Boussinesq equation with data in H*(R") x H*(R"),
s > 0. Under some assumption on the nonlinearity f, local existence results
are proved for H*(R")-solutions using an auxiliary space of Lebesgue type.
Furthermore, under certain hypotheses on s, n and the growth rate of f
these auxiliary conditions can be eliminated. All these results are proved in
Chapter 21

In the sequel, we study the local well-posedness of the (IVP) for the
nonlinear “good” Boussinesq equation with data in Sobolev spaces H*(R) x
H*Y(R) for negative indices s. Local well-posedness for s > —1/4 and ill-
posedness (in the sense that the flow-map data solution cannot be C? at
the origin) for s < —2 are proved in Chapters B and @], respectively.

The last chapter is devoted to study the (IVP) for the nonlinear Schrédinger-
Boussinesq system. Local existence results are proved for initial data in

Sobolev spaces of negative indices. Global results are also obtained with
data in L*(R) x L*(R) x H™(R).

Keywords
Boussinesq equation. Scattering. Large data. Local well-posedness.
[l-posedness.  Schrodinger-Boussinesq system.  Global well-posedness.
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“Anyone who has never made a mistake has
never tried anything new.”

Albert Einstein, 1879-1955.






Introduction

In this work, we consider the Boussinesq Equation (NLB)

{utt—Au—i-AQu—i-Af(u):O, reR™t>0, (0.1)

’LL(iIZ‘,O) = ¢7 ut(xa O) = w

where f is a nonlinear function and ¢ and v are real valued functions.

Equations of this type in one dimension, but with the opposite sign in the
bilaplacian, were originally derived by Boussinesq [§] in his study of nonlinear,
dispersive wave propagation. We should remark that it was the first equation
proposed in the literature to describe this kind of physical phenomena. The
equation (L)) was also used by Zakharov [44] as a model of nonlinear string.
Finally, Falk et al [16] derived an equivalent equation in their study of shape-
memory alloys.

In one dimension, equation ((0.I) can also be rewritten in the following

equivalent system form

{“t - (0.2)

v o= (u— U — f(u)),, v€R,t>0.

Since the generalization to higher dimensions of this system is not straight-

forward, we, in fact, will work with the system (SNLB)

{“t = Av (0.3)

vy = u—Au— f(u), x€R"t>0.

Concerning the local well-posedness question in one dimension, several
results has been obtained for the equation (.I). Hereafter, we refer to the
expression “local well-posedness” in the sense of Kato, that is, the solution
uniquely exists in a certain time interval (unique existence), the solution has
the same regularity as the initial data in a certain time interval (persistence),
and the solution varies continuously depending upon the initial data (continuous

dependence). Global well-posedness requires that the same properties hold for all
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time ¢ > 0.

Using Kato’s abstract theory for quasilinear evolution equation, Bona and
Sachs [5] showed local well-posedness for the system ((.2)), where f € C* and
initial data ¢ € H***(R), ¢ € H*™(R) with s > 1 . Tsutsumi and Matahashi [39]
established similar result when f(u) = |[u|’"!u, p > 1 and ¢ € H'(R), ¥ = Xue
with x € H'(R). These results were improved by Linares [29]. Working directly
with the equation (0.1]) he proved local well-posedness when f(u) = |ul|P~'u, p > 1,
¢ € H'(R), ¢ = h, with h € L*(R) and f(u) = [u|P"'u, 1 < p <5, ¢ € L*(R),
¢ = h, with h € H '(R). Moreover, assuming smallness in the initial data, it
was proved that these solutions can be extended globally in H*(R). The main
tool used in [29] was the Strichartz estimates satisfied by solutions of the linear
problem.

Another problem studied in the context of the Boussinesq equation is
scattering of small amplitude solutions. Roughly speaking, the problem is as
follows: given a initial data with small norm in a suitable space, the outcoming
solution wu(t) is global in time and there exists initial data Vi such that

i [Ju(t) — us(t)x = 0
where u(t) is the solution of the linear problem associated to the Boussinesq
equation (that is, f = 0 in (0I])) with initial data Vi and X is an appropriate
functional space.

This question was investigated by several authors, see, for instance, Linares
and Scialom [32], Liu [33] for results in one dimension and Cho and Ozawa [I1] for
arbitrary dimension. We should remark that in all the situations above we need
some regularity on the initial data to obtain the scattering.

In the present work, we are interested with the reciprocal problem, that is,
to construct solutions to (0.1]) with a given asymptotic behavior. In other words,
given a profile V' in a suitable space let uy (t) be the solution of the linear problem
with initial data V. Then there exists a solution u(t) of (0.Il), defined for large

enough times, such that
Jim [fu(t) =y (6w = 0 (0.4

in some functional space W. We refer to this problem as the construction of a
wave operator.
In Chapter [Il we construct a wave operator for initial data V' in appropriate

functional spaces. Our scheme of proof used is based in the one implemented by
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Cote [15] in the context of the generalized Korteweg-de Vries equation. The main
interesting point in these results is that the smallness assumption can be removed
in this context and we are able to construct a wave operator for any possible large
profile V' in certain functional spaces.

In Chapter 2] we will consider first the local well-posedness problem. Using
the integral equation (.22 below, we prove that (0.1]) is locally well-posed for
initial data ¢ € H*(R), ¢ = 1., with n € H*(R) and s > 0. To do this, we
observe that the integral formulation ([0.22]) is very similar to the Schrédinger
equation’s structure. Therefore applying well known results for this last equation
we construct auxiliary spaces such that the integral equation ((.22]) is stable and
contractive in these spaces. By Banach’s fixed point theorem we obtain a unique
fixed point to the integral equation in these auxiliary spaces. A natural question
arise in this context. Is it possible to remove these auxiliary spaces? In other
words, is it possible to prove that the uniqueness holds, in fact, in the whole space
C([0,T]; H*(R™))? If the answer for these two questions is yes, then we say that
(0.1) is unconditionally well-posed in H*(R").

This question was introduced by Kato [24] in the context of Schrédinger
equation and further developed by Furioli and Terraneo [I8]. Based in these
results, we establish unconditional well-posedness for the generalized Boussinesq
equation ([0.1]), under certain hypotheses on s, n and the growth rate of f.

Another problem considered here is the local well-posedness for the Boussi-
nesq equation (0.I) in one dimension and f(u) = w?. This equation is called

“good” Boussinesq equation. For future reference we rewrite this equation below

{ Uy — Ugy + Upgzr + (u2>zz - O, T e th > 07 (05)

u(0) = ¢; wy(z,0) = ¥y

We should notice that all the local well-posedness results found in [5], [39]
and [29] also hold for ([L5). A natural question arises in this context: is it possible
to prove local well-posedness for less regularity data then L2??

In this work, we answer partially this question, showing both local well-
posedness and ill-posedness for the “good” Boussinesq equation ((L5]) with initial
data in Sobolev spaces with negative indices of s.

The local well-posedness for dispersive equations with quadratic nonlinear-
ities has been extensively studied in Sobolev spaces with negative indices. The
proof of these results is based in the Fourier restriction norm approach introduced

by Bourgain [6] in his study of the nonlinear Schrodinger equation (NLS)
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iy + Ugy + ululP~? =0, with p >3 (0.6)
and the Korteweg-de Vries equation (KdV)
Up + Upgy + Uyt = 0. (0.7)

This method was further developed by Kenig, Ponce and Vega in [26] for the
KdV equation ([0.7) and [27] for the quadratics nonlinear Schrédinger equations

iU+ Upy +u* = 0 (0.8)
iUy + Uy +utt = 0 (0.9)
i+ Upy +0* = 0, (0.10)

where u denotes the complex conjugate of w, in one spatial dimension and in
spatially continuous and periodic case. Using this method, in Chapter B, we
improve the result in [29], proving local well-posedness for the nonlinear “good”
Boussinesq equation (L) for initial data in Sobolev spaces H*(R) x H*~}(R) with
s> —1/4.

The next chapter is devoted to the ill-posedness result, which states that
the flow-map data solution can not be of class C? for s < —2. This problem was
studied by Bourgain [7] (see also Tzvetkov [40]) in the context of the KAV equation
([@). The same question was studied by Molinet, Saut and Tzvetkov [35]- [30],

for the Benjamin-Ono equation
uy + Huge + uu, =0 (0.11)
and for the Kadomtsev-Petviashvili 1 (KP1) equation
(w + Uty + Uggy )y — Uyy = 0, (0.12)

respectively.
In the last chapter, we consider the initial value problem (/V P) for the
Schrodinger-Boussinesq (SB) system

Uy + Uyy = VU,
Vgt — Ugg + Ugpga = (‘u|2)xx7 (013)
u(z,0) = uo(z); v(z,0) = vo(x); ve(x,0) = (v1)a(),
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where z € R and ¢ > 0.

Here u and v are respectively a complex valued and a real valued function
defined in space-time R2. The S B-system is considered as a model of interactions
between short and intermediate long waves, which is derived in describing the
dynamics of Langmuir soliton formation and interaction in a plasma [34] and
diatomic lattice system [42]. The short wave term u(z,t) : R xR — C is described
by a Schrodinger type equation with a potential v(x,t) : R x R — R satisfying
some sort of Boussinesq equation and representing the intermediate long wave.

The nonlinear Schrédinger (NLS) equation models a wide range of physical
phenomena including self-focusing of optical beams in nonlinear media, propaga-
tion of Langmuir waves in plasmas, etc. For a introduction on this topic, we refer
the reader to [31].

Our principal aim here is to study the well-posedness of the Cauchy problem
for the SB-system (LI3). Concerning the local well-posedness question, some
results are obtained for the SB-system ((LI3]). Linares and Navas [30] proved
that (0.I3) is locally well-posedness for initial data ug € L*(R), vy € L*(R),
vy = h, with h € H'(R) and up € H'(R), vy € H'R), v; = h, with
h € L*(R). Moreover, by using some conservations laws, in the latter case the
solutions can extended globally. Yonggian [43] established local well-posedness
when uy € H*(R), vg € H*(R), v; = hy, with h € H*(R) for s > 0 and assuming
s > 1 these solutions are global.

Here we considerably improve the previous ones [30]- [43]. Local and global
well-posedness for the S B-system is obtained for initial data (ug, vy, v1) € H*(R) x
H*(R) x H*'(R) with s > —1/4 and (ug,vo,v1) € L*(R) x L*(R) x H'(R),
respectively. The scheme of proof used to obtain these results is in the same spirit
as the one implemented by Ginibre, Y. Tsutsumi and Velo [2I] and Colliander,
Holmer, Tzirakis [14] to establish their results for the Zakharov system

W + Upe = VU,
OVgt — Ugy = (‘u|2)xﬂc7 (014)

u(0,2) = ug(x); v(z,0) = vo(x); ve(z,0) = vy,

where x € R and ¢ > 0.






Preliminaries

Notations

In the sequel, ¢ denotes a positive constant which may differ at each
appearance.

For any positive numbers a and b, the notation a < b means that there exists
a positive constant 6 such that a < 6b. We also denote a ~ b when, a < b and
b <a.

In the following, we denote by a+ a number slightly larger the a.

Finally we define {a) = (1 + |a|?)"/? and {(a) = 1 + |a|. Note that {a) ~ (a).
Despite of this fact, we decide to use this two notations in this work. This is

justified by the fact that {-) (resp. (-)) is more convenient to prove our results in
Chapter [ (resp. Chapters BHT).

Functional Spaces

We start with the well-known (generalized) Sobolev spaces.

Definition 0.0.1 Let s € R, 1 < p < oo. The homogeneous (generalized) Sobolev
space and the inhomogeneous (generalized) Sobolev space are defined respectively

as the completion of S(R™) with respect to the norms

1.f1

sy = 1D°flle@n),

[ fll s ey = [I° fll Loy,
where D* = FYE1SF and J* = F1{E)*F.
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Remark 0.0.1 We recall that if N > 1 is an integer and if 1 < p < oo then there
exists ¢ > 0, such that for all g € HY (R")

+ llgllo@ny < cllgllmy @ny-
Lr(R")

1 =~ o~
E||g||Hgy(Rn) < Z 9N Y
j=1 J

See [4] Theorem 6.2.3.

For convenience, we denote H; by H”.

Now we recall the definition of homogeneous Besov spaces. Let n € C°(R")
such that suppn C {£ : 278 < &€ < 2}, n(€) > 0 for 271 < € < 2 and
ZjeZ n(277¢) =1 for £ # 0. Define a frequency projection operator P; for j € Z
by

po = = [o(£)d] miez-t,
P = 1-) P
j=1

Remark 0.0.2 For convenience we choose n such that P; = ]SJPJ where Iﬁj =
Pj1+ Pj+ Py

We have the following definition

Definition 0.0.2 Let s € R, 1 < p,q < 0o. The homogeneous Besov space and

the inhomogeneous Besov space are defined respectively as follows:

B;’q(R”) - fesS®RY/P: ||f”5’57q = (ZQjSijqu) <00y,

JEZ

q
By o(R") feS®R) :Ifllsy, = I1Pofllee + (ZQjSij%p) <00,

i>1
where P is the space of polynomials in n variables.

It is well-known that BSQ(R") — H;(R™). For further details concerning the
Besov and (generalized) Sobolev spaces we refer the reader to [4].

Finally, we define the mixed “space-time” spaces
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Definition 0.0.3 Let X be a functional space , 1 < r < 400 and T > 0, the
Lo X and L X spaces are defined, respectively, by

T 7
LorX = {f:Xx[O,T]—ﬂR or C:HfHLE,TXE(/O Hf(,t)HrX) <oo}.

T

L. X = {f:Xx[T,+oo]—>]R or (C:||f||LrTXE</ ||f(7t)||;()T<oo}

Linear equation

First, we consider the linear Boussinesq equation

{Utt—um+umm—0, reRt>0, (0.15)
u(z,0) = ¢, w(x,0) = 1,.
It is well known that the solution of ([0.I5]) is given by
u(t) = Ve()o + Vi(t)s (0.16)
where
Vit)o = (m e 5(5)) v
Vit)e = ( NGNS %(5)) :
By Duhamel’s Principle the solution of (0.5]) is equivalent to
u(t) = Ve(t)p + Vi(t)be + /Ot Vit — ') (u?) e (t)dt'. (0.17)

Another way to write an integral equation associated to (0] is as follows.

First, we consider the following modified equation
uy + A%+ A(g(u)) = 0. (0.18)

For the linear equation
U + A2U = O,
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the solution for initial data u(0) = ¢ and u;(0) = An, is given by

u(t) = Be(t)¢ + Bs(t)An

where
Ultyuy = (—nlfm) (0.19)
Bt) = 5 WU +U(-) (0.20)
and
B(NA = L(U() - U(~1) (0.21)

Remark 0.0.3 Note that ((19) is the unitary group associated to the linear
Schrédinger equation (see, for example, [31l] Chapter 4).
By Duhamel’s Principle the solution of ([0.I]]) is given by

u(t) = Be(t)¢ + Bs(t)An + Bi(g) (0.22)

where Bz (g fo (t — Y Ag(u)(t)dt'.
We also have this kind of representation when we write the Boussinesq

equation as a system. In this case, the linear system is represented by

{“t = Av (0.23)

vy, = u—Au, reR"t>0

and its solution, for initial data uy = (w1, uo2), is given by
oo t — £l sin(t -
B, = [ e ( cos(lS(E))  —GsmUED Y = e o

9 gin(tlel(e))  cos(tlel(e))

o0

where 1?0 = (%71, aog).
Therefore, using the Duhamel principle, the solutions of (0.3]), with initial

data 1y, can be written as

u(t) = B(t)tdp + /Ot B(t—1t)

—

(d(t"))dt’

where f(ﬁ) = (0, f(u)).
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For the Schrédinger-Boussinesq system ((LI3]), again by Duhamel’s principle,

the solution is equivalent to the following system of equations

u(t) =U(t)ug — z/ Ut —t")(vu)(t)dt',
0 (0.25)

v(t) =Ve(t)vo + Va(t)(v1)2 + /0 Va(t = ) (|ul*)za(t')dt

where U (t) is given by (0.19).






Chapter 1
Large data asymptotic behavior

1.1 Introduction

In this chapter, we consider the Boussinesq Equation ((.3]), where for a given

a > 1 the function f satisfies the following assumptions

— f € Cl(R) (denoting [a] the integer part of a);

— |fO(v)| < |v|*~! for all integers [ varying in the whole range 0 < [ < a.

As it was mentioned in the introduction, we are interested in constructing
solutions to (0.3) with a given asymptotic behavior. In other words, we want to
construct a wave operator for a given profile V' in suitable spaces (see equation
).

This problem was studied for other dispersive models. In the case of
Schrodinger related equation we refer the reader to Ginibre and Velo [22] for
a detailed review. For the generalized Korteweg-de Vries equation it was studied
by Cote [15]. The central idea introduced in this last work is that any scheme of
proof which allows to prove global well-posedness and linear scattering for small
data can be applied successfully to construct solutions with a give linear profile,
small or large. In other words, the smallness assumption can be removed in this
context and we are able to construct a wave operator for any possible large profile
V' in certain functional space, where the small data linear scattering holds.

Another feature that the dispersive equation must have in order to apply
the arguments of Cote [15] is that the solution associated to the linear equation
can be expressed in terms of the action of a unitary group over the initial data.
For this reason we use the system formulation (0.3]) instead of (0.

The plan of this chapter is as follows: in Section 2, we introduce some
notation and state our main results. We derive some linear estimates useful in
the proof of the main results in Section 3. Section 4 will be devoted to prove

Theorems [L.2Z.IHT.2.4
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1.2 Notations and main results

To give precise statements of the main results we need to introduce some

notation. Based in the Sobolev spaces we have the following definition.

Definition 1.2.1 Let s € R, 1 < p < oco. The inhomogeneous initial data spaces
s 1,1 s __ s —17r7s—1 1,1 __ 1 —1r7r—1
Y and Y, are defined by Y, = Hy x D™ H;™" and Y, = H, x D™ H_". The

norm of these spaces are given respectively by

1BIB: = bl + [DhallZs,
1AI00 =l + 1Dha ]l

where D = F~¢|F.

For convenience, we denote Y5 by Y, therefore

1R)15s = l|hallFs + | Dho|l3en

Remark 1.2.1 In view of (0.24) it is easy to see that, for all s € R

IB(t)R]lys = |||

ve. (1.1)

Other spaces which will be useful for our purposes are given in the next

definition.

Definition 1.2.2 Let s € R, 1 < p < 00. The spaces LP and ]:l;H are defined by

LP x P and H;,, x Hj, respectively, with the following norms:

7112
IdiF®

IR]1%,
p+1

1hallZe + 212,
1Pl os + (17 hall .

Based in the Besov spaces we introduce some spaces that will be useful to

treat the (SNLB) in arbitrary spatial dimension.

Definition 1.2.3 Let s € R, 1 < p,q < oo. The nonhomogeneous initial data
space DleS is defined respectively as the completion of S(R™) with respect to

pq
the norm

1 llprisy, = (Z(Dl<2ﬂ'>’<2ﬂ'>8u1%fum>q>q (1.2)

where Dy = F~! [(%} 2 F
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Remark 1.2.2 Since Dy € L™, we have
B, D" VBs
pg = 1 P,q°

Definition 1.2.4 Let s,l € R, 1 < p,q < oo. The wnitial data spaces fBésq and
Bl are defined by

p,q
wls Ss+nl —1l s -1 Ss+nl —l s
B = (BynDi'B;,) < Dt (B0 D'B;,).
s —1 s -1 —1 s
By, = (7npr'B,) < byt (L0 Dr'B;,).
Furthermore, the norm of these spaces are given respectively by

Villge = [l

By + ||h1”D;lB;,,q + ||D2h2|

et + ||D2h2HDle§7q (1.3)
and

1Pl = Nallee + Il prgg , + [1D2holle + ([ Dahall g, -

where Dy = F~1 [%] F.

Now we are in position to give a precise statement of the main results of this

chapter. The first two theorems are concerned with the one dimensional case.

Theorem 1.2.1 Let a = 4/y, p = % and v € (0,4/5). For any h =
(hi,he) € (DTHY™T(R) x DT HI(R)) NY? there ewist Ty = To(h) € R and
i € L>([Ty, +00),Y?) solution of (I.3) such that

lim ||i(t) — B(t)h|yr = 0. (1.4)

t—o00

= ; ; [} 1,1 ooy 1
Moreover, u is unique in L3, Y,»" N LY.

2
Theorem 1.2.2 Let & > ap = 2+ V7, 8 = 1 — 1 and q such that
Q@

1/qg+1/(a+1) = 1. For any h = (hy, hs) € Y NY?' there exist Ty = Ty(h) € R
and @ € L ([T, +00), Yy, NYY) solution of (03) such that

Jim [Jai(t) - B(t)h||yr = 0.
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Moreover, u is the unique solution in L%;Yl such that

B8
3

supl|(1+ )4 (1), < oc.

t>Tp
Remark 1.2.3 To apply Kato’s abstract theory for quasilinear evolution equation
Bona and Sachs [J] wrote the one dimensional Boussinesq equation in the equiv-
alent system form (02). To prove Theorems [L2.MI1.2.3, we will work with the
system ((0.3) instead of (0.3), since the generalization to higher dimensions of the
latter one is not straightforward. However, it is possible to prove (with the same

a) that the ezistence and convergence statements in the above theorems are valid
in H' x L.

Remark 1.2.4 Theorem[I.21] generalizes Theorem[1.2.3 in the sense that it holds

for more values of o in the nonlinearity.

The next two theorems treat the construction of the wave operator for

(SNLB) in arbitrary dimension.

Theorem 1.2.3 Let 2 < r < oo, %+7%:1, 5> 7, 92%(1—%) and o > s,
— .12 n -

o > 2 +max(1,3). For any h € ’Bi,’{” NY* there exist Ty = To(h) € R and

u € L*>®([Ty, +00),Y?) solution of (0-3) such that

lim a(t) B(t)h]|y- = 0.
Moreover, i is the unique solution in L7Y® such that

supll(1 + 007 < .
t>To

For the next theorem define y(n) = 1+ 8/(n — 2+ vn?+12n+4) and
B(n) =ocif n=1,2and §(n) = 22 if n > 3.

Theorem 1.2.4 Let s > 0, s < a and § = F(1 — QLH) If v(n) < a < B(n)

~ —

- 1_L73 ~ ) .
then for any h € %Lﬁf; N HS | there exist Ty = To(h) € R and 4 €

L>([Ty, +00), HS ) solution of (03) such that

lim ||i(t) — B(t)h]

t—o00

= =0.
Heta
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Moreover, u is the unique solution such that

supl| (1 + t)'@() s, < oo

We remark that the appropriate functional spaces where we can construct
a wave operator come from the scheme to obtain linear scattering for small data.
Moreover, if one can prove that the linear estimates, in Section 3, hold for a large
class of functions, then we can construct an associated wave operator following
the same arguments given in the proofs of the Theorems [[L2.THT.2.4]

We recall that the linear scattering for small data obtained in Linares
and Scialom [32], Liu [33] and Cho and Ozawa [11] are based in different (but
equivalent) ways to write the integral equation associated to the Boussinesq
equation. In the paper [33], Liu worked with the system ((.2]), while in [32]
and [11] the authors worked directly with the equation (0.I) in one and arbitrary
dimension, respectively.

To standardize our results we will work only with the system (03] which is
associated to the unitary group B(-) in Y*. The existence of such unitary group
is essential for our construction of the wave operator (see the proof of Proposition
[L4T]). Therefore, to prove the relevant linear estimates in our context (see Section
3), we need to modify the hypothesis on the initial data given by [32], [33] and [11].
For instance, to obtain the small data linear scattering in [32] and [33], the
authors assume that the initial data belongs to D3 H'*3(R) x D'*7 H3(R) and
(HY(R) x L*(R))N(H}, (R) x L*TY(R)), respectively. Note that these functional
spaces are different from the ones in Theorems [[L2.IHT.2.2l In fact, for the data
hy, they are the same, but for hy we do not have any inclusion relation between
them. Similarly, the comparison of the Theorems with the results found
in [I1] can also be considered, but to do that we will need to introduce much more

notation, therefore we decide to omit it.

1.3 Linear estimates

In this section we derive some linear estimates for the one parameter group
B(-) introduced in (0.24). First, we treat the one dimensional case. Define the

following operator

V(t)g(z) = /OO e@‘(ﬂ&l(&)ﬂ&)’fé()@ ”
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Lemma 1.3.1 Ify€[0,1], p= 13—7 and p' = 1—2k_~/ then

IV (#)gllze < ct[lgll -

Proof See [32] Lemma 2.6.

Lemma 1.3.2 Let h = (hy, hy) € DTH™#(R) x D-'*1H1(R) then
lim [|(B(t)A)1lzgmy = 0.

T—o0

Proof It is sufficient to prove that
[(B@)h)1 Lopo,00):m) < 00-

Using the definition of B(:) we have

0o 6it|£\(£)_’_€*it‘f|(5) —~
) = / &7 5 ) (€)d€

o GHIERD o=t ||y (€)
_/_ooe A 2i NG

Then, by the proof of Proposition 2.8 in [32] it follows that

(B | e (oooytryy < 1D 75 hallgiesa + [ DY 3 B gosa

34

The next two results are the analogous of Lemmas 2.2 and 2.3 in [33] for the

linear system associated to (0.3)).

Lemma 1.3.3 Fort # 0 we have

+o0
sup| (it +2)| < (m—% n |t|—%> ,

x€ER — 0

Proof Since the proof is similar to that in [33], we will omit it.

2
Lemma 1.3.4 Letk € R and f =1— ——, then
a+1

IB(®)hllyy,, < c(t]™2 +1t173) [ hllvz,
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1 1
where — + =1
q a+1

Proof By definition of B(-) we have for all k£ € R

IBOhllye = [Ki(t,)* (J*hi) (@) — Ka(t,-) % (J* Dhy)(@)|| 1 +
| Ks(t, ) % (J*h)(z) + Ki(t, ) * (J*7 Dhy) (3) | o,

where

) it]€]{€) —it|£](¢)
K(tz) = /e”f(e +26 )df,

, itlE{E) _ p—itl€l{€)
Ky(t,z) = / e (6 2,6 ) d
n i

Thus, by Young’s inequality and Lemma [[.3.3, we obtain

IBORlve < e (1075 +1675) Il

Interpolating this inequality with (L) we obtain the desired inequality.

|
2
Lemma 1.3.5 Let a > 2+ /7 and =1 — T and
!
I(T) = sup(1 4+ )5 [Z[(|t — /|72 + [t — ¢/|73) (1 + t')~5]Pat'),
t>T
H(T) = sup|(|¢[~2 + |¢[73)(1 +1)3]°,
t>T
K(T) = [X(1+t)"Fdt.
Then
(i) I(T) — 0 when T"'— oo,
(i1) There exists M > 0 such that supH (T') < M,
T>1
(111) K(T) — 0 when T — oc.
Proof Since this is only a calculation we omit the proof.
|

In the remainder of this section we will consider the n-dimensional Boussi-

nesq equation. To obtain linear estimates in this case we will use Besov spaces.
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Lemma 1.3.6 For all j € Z we have

sup < clt|"2 Dy (2%).

TeR™

/ il £ e
Rn 2

Proof See [11] Lemma 3.
|

The next two lemmas are inspired on Lemmas 4-5 of [11]. The difference here
is that we are working with system ((0.3]) while Cho and Ozawa directly worked
with equation (0.1). Therefore, we have to state and prove the relevant estimates

in this context.

Lemma 1.3.7 Let 2 <r < o0, s > 75 and § = n(% — %) Then, for go = (0, 9),

we have

(i) [(BOM = < (1 +[t)lIhl 2.0,

/1
(it) |1 B(t)gollz < c(1 +[t)~?llglls, ,-
Proof

(i) Using that P; = Ingj, the definition of D, Holder’s inequality (1/r+1/r" =
1) and Hausdorff-Young’s inequality we have for all ¢ € R (in particular, for
it <1)

IPBO e < [ (BRIO]+ BTl o 5 ) g

(1.5)
< @) (| Byl e + |1 P Dsha| )
) n 2 n :
Then since — +n (1 — —) = —, we obtain
r r T
IBOR= < ¢ (Il +IDahll 5 ). (1.6
r’ 1 1

On the other hand, by Fubini’s theorem we have for |¢t| > 1
P (Bt || ee < || Pyl % Ks(t, )|l 1o + cl| Py Daho % Kalt, )| ree (1.7)

where

7GR it
) = [ (SO ()
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(i)
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itl€1(E) _ o—it(S)
_ iz € € é
Ky(t,z) = /ne ( 5 )n<2j>d§.

Then using Lemma [[.3.6] and Young’s inequality we obtain

1B ((BOR)) Iz < cltl™2 Dy@)(1Bjhllor + | PiDshallzs).— (1.8)
Interpolating (LH) (with " = 2) and (L.8)), we have for 1 <" <2

1P ((BORN e <elt] ™G DDy @) F (|| By

_ (1.9)
1Py e )

Since Dy (2771) ~ D1(27) ~ D{(27*1) and using definition (L2)), we obtain
IBOR iz <t (Wl ot e +1Dshal oo, J110

Then (L6), (II0) and (L3]) yield

- (i 1y >
I(BO e < e+ [H) "= Al

%T/,l

2 n.
Tr

By estimates (LH), (I9) and the fact that Dy € L*°, we have for [ = 1,2
IR (BOGN e < e2)7 (I1Bygll e + 1B Dagll )
and

= (i1 S n ~ ~
IP(BWOG e < cltl 5D @)F (1Pl + 1P Daglly )

Therefore, summing with respect to j after squaring, we obtain

r’
/2

1B@al~ < <(laly + 10w, )

— _np(i_1
L (PR LN
r,2 r,2

Since Dy is a multiplier in L' (see [4] page 149) we known that it is a

multiplier in LP with 1 < p < oo. Therefore, using that Dy commute with
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Pj and B}, € B}, (see [4] Theorem 6.3.2) we have for s > %
1B(#)gollze < (1 +1t) =" llgll 5

/2

1 1
Lemma 1.3.8 Let2<r <oo,s>0 and§ = n(E — —), then
T

(i) I(B®)Go)ill s, < cltl~llgllgs, ,» for i =1,2,

(ii) (B®)do)illss, < cltl’lgllss, . fori=1,2,

(iii) 1(BO s, < cltl IRl 1-z...

2
/2
Proof

(i) Let B(t)go = (B1(t)g, Ba(t)g). Applying the arguments already used in the
proof of (L7), Lemma and Young’s inequality, we obtain

IP;B1(t)gll > < clt|™2 D1(2)]| P Dagl s (1.11)
and

1P, B2 (t)gll < clt] 2 Dy(27) ]| Pyg o (1.12)

Since Dy € L, Dy commute with ]33 and is a multiplier in L', we obtain

fori=1,2 o~
1P Bi(t)gll e < clt] (| Pigl 1. (1.13)

On the other hand, by Parseval we have for i = 1,2
1P Bi(t)gl 2 < cl| Pgl - (1.14)

and -
1P Bi(t)gllrz < cl| PyDagl| 12 (1.15)

Interpolating (LI3) and (L.I4]), and using the fact that 2971 ~ 27 ~ 27F1
we have for all s € R and ¢ € [1, o0]

_p(l_1
1Bi(t)gll s, < eltl ™" llglls, (1.16)

Taking ¢ = 2 and s = 0 in (LI6]) we obtain (7).
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(i)

(iii)

1.3. Linear estimates

By using Bgz — L', for r € [2,00), L" — BB}Q, for r € (1, 2] (see [37] page
12) and (I.I6), we have
1B:(0)gller < ele ™ lgll (L.17)

Therefore by By, = LTﬂvaz, (LI6) and (I.I7), we conclude that for i = 1,2

1Bi(t)g]

_n(l_1
pe, <t gllss,

2

With the notation of the previous items, we have

I(BOMlz:, < I Ba(&)hnll g, + 1Bi()hl 51, (1.18)

Interpolating (LI2)) with (TI4) and (LIT]) with (TI5]), we obtain

_p(l_1
|Ba(tllgy, < et Gl gy (1.19)
»q Dl T Bi,’q

IBi()hal 5, < clt| (3 %)

|D2h2||D,(1,%) ,

BS
1 r.q

Now combining the argument used in the proof of (LI7) with (T.I9) and
the fact that D, € L*™°, we have

1Bs ()| e < 6] | | (1.20)

Since BS, = L" N BZ, and (L20) we conclude that

n&umﬂmgswr“*”(mww+wmu4_U_>. (1.21)
D "B,

1

By an analogous argument

[|B1(t)hel

_p(i_1
5y, < el @r>00mmUAWDmﬁ_@ﬁy >-aam
D "B,

r2
1

The inequalities (L2]]) and (L22) together with (LIK) prove (ii).
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Lemma 1.3.9 For all s € R we have

I(B()R): || oerrs < ||

YS.

Proof By definition of the space Y* and since B(-) is a unitary group we

have

I(B@Mllms < 1B@)Allys = |17l

YS.

1 1
Lemma 1.3.10 Let 2 <r < oo, § = 2(1—2), 7' > 1 such that — + — =1 and
roor

J(T) = sup(1 + t)"/ 1+t =01+ ¢) oeDay, (1.23)
t>T t
L(T) = sup / (1+ ¢~y (1.24)
t>T Jt

If a > 2 + max(1, 3) then
(1) J(T) — 0 when T — oo.
(ii) L(T) — 0 when T — 0.

Proof Since this is an elementary calculus fact, we omit the proof.

]
Lemma 1.3.11 Let § = %(1 — 225) and
M(T) = sup(1 + ¢)° / t— 01+ ). (1.25)
t>T t

If s <aand y(n) < a < #(n) (See Theorem[I.2.4) then M(T) — 0 when

T — 0.

Proof Again since this is an elementary calculus fact, we omit the proof.
[
Before finishing this section, we will enunciate a result proved in [24] by

Kato (see also [12] and [20]), concerning estimates for fractional derivatives.
Lemma 1.3.12 Let 0 < s < a, then

(i) 1D f ()l < ellullfty,, D],

L(e=1)ry

1 1 1
where — = — 4+ —, r; € (1,00], 79 € (1,00) .
T T1 T2
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(i) [|D*(wo) || < e (| D*ullnf[v]l ez + ([l Lo [ D*0][ r2),

1 1 1 1 1
where — = —+ — = —+ — r; € (1,00), ¢; € (1,00], i =1, 2.
r T Qg2 g T2

1.4 Proofs of Theorems 1.2.1H1.2.4

Following the ideas introduced by Cote [15], our task is to find a fixed point

of the operator

—

@zw@——+—[w (t — ) F((t') + B(#)Rydr.

In the next proposition we verify that in fact this fixed point generates a
solution of (0.3)).

Proposition 1.4.1 Let w be a fized point of the operator ® and define
@(t) = B(t)h + w(t). (1.26)

Then @ is a solution of ((.3) in the time interval [Ty, 00).

Proof We need to verify that

(t) = B(t — To)d(Ty) + / Bl — ) fla))dt.

To

—

But @(t) = — [ B(t — ') f(@(t') + B(t')h)dt, then using (L.26)

ernw:—[w<%—w1<> B()R)dt
—a(To) + | BT~ ) f(@(t) + Bl)R)dr (1.27)

To

=mww/“<o—w1<»

To
Now, applying B(t — Tp) in the both sides of (L21) we obtain
t

wsza—%waw+/ Bt — 1) Fla(t'))dt

To
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then adding the term B(t)h we have

t
B(t)h+4(t) = B(t)h+ B(t — To)w(Ty) + / B(t —t') f(u(t"))dt
To
t
= B(t—Ty)[B(To)h + W(Ty)] + / B(t —t')f(u(t"))dt'.
To
Using again (L20]) we finish the proof.
|
Proof of Theorem [1.2.3] To prove that ® has a fixed point let us first

introduce the following closed subset of a complete metric space

Br(0.a) = 4 TELET +00); Y1) N LO([T, +00); V1Y) -
7(0,a) = - -~ .
AT(w) = ||w||L§9Y1 + Hw”L%Yz}’l <a

Lemma 1.4.1 There ezist positive numbers T,a so that ® maps Br(0,a) into

Br(0,a) and becomes a contraction map in the Arp(-)-metric.

Proof To simplify the notation we set #(f) = w(t) + B(t)h. Using
that B(-) is an unitary group, the definition of f, Parseval, Holder’s inequality
(1/2=7/2+ (v —1)/2) and the fact that H, C L=/

o@Dl < e / 1 o0)e ()] 2t < ¢ / ol or (#) ] ot
t t
< o [ @ et <c [ )5
t t

On the other hand, by Lemma[[.371] Holder’s inequality (1/p' = (147)/2 =
7/2+ 1/2) and the fact that H! C L**~1/7 we have

(@Ol < [l = 1wy + 10 F ) )t

! o (1.28)

< csuplonln [ 1t~ ¢l .
tlzt t P

Applying the Hardy-Littlewood-Sobolev Theorem (see [38]) we obtain for
allt > T

. —1
[P(@) Ol < esup lloalr a2

Since @i(t) = (i(t) + B(t)h); by Lemma and the fact that a®~'b <
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a® 4 b* for a,b,a > 0 we obtain

Ar (@) < cllvillfen (lollzg ey + o]l cgemn)
< d[|[(B(t)h) ||LaH1(||fl||Y1 + (Bl gm) (1.29)
+ ST @) || Rllyr + A ().

But by Lemma 32 the term H(B(t)ﬁ)lug;;,;(|yﬁ|yyl +(B(t)h)1]l gy can
be chosen small enough (for 7" large), so it is possible to choose a small enough
such that ® maps Br(0, a) into Br(0,a).

Now we have to prove that ® is a contraction (for suitable choice of a and
T). Set #(t) = @ (t) + B(t)h and #(t) = Z(t) + B(t)h, then for all t > T

— —

<I>(u7)(t)—<1>(5)(t)=—/too (t = t)(f(0(t) = f(7(t)dt".

Using that B(-) is an unitary group, the definition of f. Plancherel and

adding the terms =+|r;|* 'v; , we have

— —

[@(@)(t) = () ()l < /tOOH (@(t") = f(F () v, dt!

IN

o/ T 10u(F 1) = Fr)) (E) ol
C(/too (o |*72 4 | *72) (01 = r1)von) ()| r2dt’ +

[ = )2t
t
ol +I7).

IN

Moreover, using Holder (1/2 = v/2+ (1 —~)/2), H} C L**~Y/7 and Holder
(1=(a—1)/a+1/a) we have for all t > T

B e [ Il o = n )@l
t

C/ 2 ()15 1 (or = 70) () |t
t

< C(||7"1||%;25||U1—7“1||L%H,§)-

IN

For the other term, using Holder (1/2 = 1/p +1/q + (o — 2)/q where g =
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21y [ C L7 and Holder (1 = (a—1)/a+1/aand 1 = (a—2)/a+1/a+1/a)

p—2
we obtain for all t > T

L < 0/ (s ()Za ™ + Iz ) (or = ) (@) 2o o2 (¢) [ 2odt
t

C/ (5" + M E N o @) )l (01 = rO) () Ly
t

(HlemHl + H7’1HL&H1HUlHLaHl)HUl - TlHLﬂHl

IA

IA

Then for all ¢t > T

(W) — (2) || Levy < C(||U1||LaH1 + ||7“1||La}{1)||vl —11llLom (1.30)

+ ||7"1||LaH1 Hf‘]1||LaH1 |1 — 7alHLaHl
On the other hand, by the same argument used in (L.28)) we obtain
90) = (@, < [l O~ St +
t

—w[‘w—ﬂrwmauwn—ﬂmMMMf
= ol +13).

Using the Mean Value Theorem, Holder’s inequality (1/p" = (1 +7v)/2 =
1/2 4 7v/2) and H} C L**D/7 we can easily obtain

Iy < cllvy — | e /too |t — t’ﬁ/Q(HUlH?{;l + HrlH?Igl)dt/'
Applying the Hardy-Littlewood-Sobolev theorem we have
NIz < cllvr = rillzgemn (ol 2y + lIrall g m)-
To estimate I3 we first add £|r1|* 'v;, to obtain
I < C/too [ =772 ((or |72 4 72 (01 = 1)) () | v dE +
+e /too [t =172 (11 (Ve = ) () | s dt’).

Using Holder’s inequality (1/p" = y(a — 2)/2(a — 1) +v/2(a — 1) + 1/2),
H! C L**=Y/7 for the first term and Hélder’s inequality (1/p = v/2 + 1/2),
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H; C L2@=D/7 for the second term we obtain
o0
B o< e[ 1=t g+ Rl - bl +
! o
+C/ ’t—t/‘ffy/zﬂrlu?fgluvl —lelHldt/.
¢

The Hardy-Littlewood-Sobolev theorem and Hoélder’s inequality in the time
variable ((a — 1)/a =1/a+ (o — 2)/a) yield

150 < ellvillgagn + Il Ze i) lonlzge e lor = rill gy
tellrill g mllvr = rillogem-
Thus,
12() = @(2) gy, < clllonlzgm + Irillgemllvillge mllor = rillzgm

v (1.31)

+ c(llvillfa g + Il Ze ) llvr = rillzge s
In view of (L30) and (L31]) we conclude that

A (@) — @(2)) <

IA

C(||U1||LaH1 + ||7“1||LaH1 + ||7“1|’La12q;||Ul||L%H;)AT(lU —Z)+
+C(||Ul||LaH1 + ||7“1||LaH1)||Ul||L%°H1AT(IU —Z)+
+e(llvill g + lIrill7e ) Ar (@ — 2)

A+ As + As.

Using the fact that a®~'b < a® + b® for a,b,a > 0 we can reduce A; into As
so we need to treat only the last two terms. By the definition of ¥, 7 and Lemma
1.5.9

Ay < cl(BOR IS, +a™ ) a+ [Flly)Ar(d - 2),
A5 < e(l(BORN [k + 0 Ar(d — 2).

IA

Since by Lemma [[L3.2 we can choose T' such that the term ||(B(t)h):]] Lo.L?
is small enough. It is straightforward to choose a such that ® is a contraction.

Then ® has a unique fixed point, which we denote by .
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|

To finish the proof of Theorem [[LZ1] we need to prove (L4). In view of

Proposition [L41] @ defined in (L26) is a solution of ([0.3) in the time interval
[T, 0). Now by (L29) we have for all T > T,

Ar(@) = Ar(®(@) < ell(BOMIT  (1llys + [(BOR)lgay) +
+ AGTHD) |[h]|yr + AS()]-

Since a > 2 and Ar(-) < Ag,(+), we can choose a sufficient small such that

for @/ € Br,(0,a) we have
Na—1(7 \« ]' —
c(Ar(@)* [hllyr + Ar(@)®) < S Ar ().
Therefore, by Lemma [[.3.2] when 7" — oo we obtain

[Ty < [l ger

L B} (1.32)
< (B Ggm (Ihllys + 1(B@®):ll2gmy) — 0.

Remark 1.4.1 In fact, we prove that

[@]| zevs + 0]l gy10 — 0, when T' — oo.

2
Proof of Theorem 1.2.21 Set § = 1 — )
«

closed subset of a complete metric space

and define the following

we L=([T,400); Y, NY!):

Xr(0,a) = D (@) = sup{ (1 + )5/3|]1f|y1
t>T

+ @]y} <a

a+1

We first will prove an analog of Lemma [[.Z.1]

Lemma 1.4.2 There ezist positive numbers T, a so that ® maps Xr(0,a) into

Xr(0,a) and becomes a contraction map in the I'r(-)-metric.

Proof Set 9(t) = w(t) —|—B(t)ﬁ, then by Lemmal[l.3.4land applying Holder’s



47 1.4. Proofs of Theorems[I.Z1H1.2.]]

inequality (1/¢=a/(a+1)=(a—1)/(a+ 1)+ 1/(a+ 1)), we obtain

[2(@)()llyz,, < C/ (Jt =272+ [t =17 o | 3ok |0 || ot
t
< c/ (1t = |72 + [t = ¢ PP ) dt'
t «

Therefore, for all t > T

+1

sup(1 + )72 (@) (t)[lyz,, < el(T)sup(1 + )| a(1)][5
t>T t>T

where

I(T) = sup(1 + t)ﬁ/g/ ([t =72+ |t = #172) (1 + ¢) ) dt ).
t

t>T

Then by the definition of ¢ and Lemma [[.3.4] we obtain

sup(1 + )@ (@) (t) |2, < eI (T)(T5() + (H(T)|hlly;)®) (1.33)

>T
where 1/¢+1/(1+ «) =1 and

H(T) = S1>1:1fp)[(|t|_1/2 + [tV (1 4+ 1)/35. (1.34)

On the other hand, using that B(-) is a unitary group, Parseval and Holder’s
inequality (1/2 = (o —1)/2(ac+ 1) +1/(a + 1)) we have

[S(@) ()l < C/ 1 () o 10501 (E) [ Levsr it
t

Set # = 1/2(a+ 1), by the Gagliardo-Nirenberg inequality we have
ull p2torn < [t | Zas el 1255 (1.35)
Therefore we obtain

l@(@)®)llvr < ¢ (K(T)T5@) + (HT)|lly,)) (1.36)

where

K(T) = /Too(l + 1) By (1.37)
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By (I33) and (L36) we obtain
Pr(@(@) < e (IT)TH@) + (HD)Hly)*)
+E (T)(T5(@) + (HDIFlv)))

Hence Lemma [I.3.5] implies that we can choose a and T" such that ® maps

X7(0,a) into X7(0,a).
We need to prove that ® is a contraction. Set o/, 7" like in the proof of Theorem

21

[@(@0) (1) = () (D) llyz,, <

e [t =72+ [t =75 (Joa]* Y = ] ) pn || padt!
e [ =172 4 [ —t]73) | (Bpor — Dyt | padt

By the Mean Value Theorem and the Holder inequality (1/¢ = a/(a+1) =
(a=2)/(a+1)+1/(a+1)+1/(ax+1)) for the first term and Holder’s inequality
(1/g=af(a+1) =(a—1)/(a+1)+1/(a+ 1)) for the second, together with

Lemma [[.3.4] we obtain

sup(1+ 1) (@)(1) = () (D), <

< el(T)(T§H (@) + D51 (@) + 2(H(T) |l )* ) Tr(@ - 2).
On the other hand, by Remark [0.0.1]

[2(@)(t) = @(2)()[yr < C/ [(Joa] 7 =[] pvn | ot
t
+C/ |HT’1‘O¢71(6ZEU1 + @ﬂ“ﬂ”pdt’
t

(I) + (IT).

For (I) we use the Mean Value Theorem and Holder’s inequality (1/2 =
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(o —1)/2(a+1)+1/(a+ 1)) to obtain

(e}
1) = e [ Tl o = il sl e
t
o0
v [ 1m0 = rllm 10utn .
t L o=

Let ¢ > a+ 1 and set § = 1/(a+ 1) — 1/q, by the Gagliardo-Nirenberg

inequality we have
lull o <l | Zoer luall 25 (1.38)

Remark 1.4.2 The inequality (1.38) is still true for ¢ = oo

Since a > 3 we have % > a + 1 so applying (L38) it follows that

T Sa=1 |17 _ 7
< [T+ 15 1l
For (I7) we use Holder’s inequality (1/2 = (o — 1)/2(a+ 1) + 1/(a + 1))

and (L.33]) to obtain

(D) < / 715" 116 = 7y,
t

Using the last two estimates together with the definitions (IL.34]) and (37
it follows that

sup [|@(@)(t) — @(2)(t)[lyr < K (T) (T (W) + Tg (2)+

t>T

+2(H(D)|lly;) ) D@ = 2).

Thus by Lemma [[L3.5] we can choose a and T such that ® is a contraction.
Moreover, using a similar argument as the one used in (L32]) we can prove that
|W(T)|lyr — 0, when T' — oc.

|

Remark 1.4.3 Notice that, we have prove

sup(L+ 0"y, + @] — 0, when T — o
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Proof of Theorem [1.2.3] To prove that ® has a fixed point we introduce

the following metric space

@ € L®([T, +00): L® NY*) :

Lr () = sup(L + 1) [@(0)|| o + supll@(®)]ly= <a [
t>T t>T

d(i,7) = sup [l —yo.
t>T

Lemma 1.4.3 (EZ’%, d) is a complete metric space.

Proof This result follows using the same arguments as in [11] page 14.
|

Thus we need to prove the following result.

Lemma 1.4.4 There exist T and a so that ® maps EZ’}HT into EZ:OT and becomes

a contraction map in the metric d.

Proof Set #(t) = w(t) + B(t)h, then using Lemma [[3.7 (i), HS — By,
for 7 € (1,2] (see [4] Theorem 6.4.4), H5 = L" N H?, for s > 0 (see [4] Theorem
6.3.2), Holder’s inequality (1/r' = (r — 2)/2r + 1/2) and Lemma (i) with

ry =2r/(r —2), ro = 2, we obtain

o0
[(@(t)) Iz < C/ A+ [t =D (S oD o 4+ 11D° f(or () ) dt’

t

< C/ (41t =) (Hor]* gz lvr || L2+
t

+ o[l paeso—o va s ) @t

> 1\—6 a-2 -1,

< cof @A+[E=t)" ol [lonllf2 dt'.
t

Therefore, by Lemma [37 (i), Lemma and the fact that a®b® <
a®*? 4+ b8 for a, b, o, 3 > 0, we obtain

sup(1 + )| @(w(t))l| = < ¢ (F%(IU) a1 P o (1
t>T B T

r’1

‘{‘fs) J(T)

where J(T') was defined in (L23)).
On the other hand, using that B(-) is an unitary group, the definition of Y*
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and Lemma [I.3.12] with vy = oo, ro = 2, we have

(@@ < C/too(Hvl(t')H%Zolel(t’)HLQ+Hvl(t’)l\%o’olHstl(t’)HLz)dt’

c / ()5 )]

IN

o) dt’.

Therefore by the definitions of vy, EZ’}GT and (I.24), we have

T
/1

Sup [@(@(t))llys <c (F‘%(lﬁ) + Hﬁllgl_g o+ [17] %) L(T).

So, since o > 2, by Lemma [[L3.10 it is clear that we can choose a and T
such that ® maps ZZ’% into ZZ’?F.

Now we prove that ® is a contraction in the metric d. Indeed, for v =
@ + B(-)h and ¥ = Z+ B(-)h, we have by the Mean Value Theorem, (I24) and
Lemma [[.3.7] (4)

d(®(w), d(7)) < C/TOO (loallz=" + izt N (or = r) ()] 2’

< cd(w = 2)L(T) (F%_l(w) +I771(2) + \\7&\\‘7}13,,;) :

r/1

By Lemma [[.L3.10, 7" and a can be chosen such that & is a contraction in the
d metric. So ® has a unique fixed point, which we denote by w. Moreover, using
a similar argument as the one in (L32]) we can prove that ||@(7T)|ys — 0, when

T — oo.
[ |

Remark 1.4.4 We actually proved that

sup(1 + t)°|@]| 7o + |@]| L2eys — 0, when T — oo.
t>T

Proof of Theorem [1.2.4] In this case we define the following metric space

@ € L([T, +00); H,)
o = ) Ap(@) =sup(1+ )iz <a [
tZT a+1

—

A, ) = sup(l+8)°7 = e
t>T
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Lemma 1.4.5 (= O‘H, d) is a complete metric space.

Proof Sece [11] page 14.

Now we will prove an analog of Lemma [[.4.4] that is

s,a+1 —s,a+1

Lemma 1.4.6 There exist T,a > 0 such that ® maps =7 into =7 and

becomes a contraction map in the Ar(-)-metric.

Proof Set #(t) = @(t) + B(t)h, then using B} 19 — H;,, (see Theorem
6.4.4 of [4]), Lemma [L3.§ (4), Hi+1 — Ba+1 (see Theorem 6.4.4 of [4]), HS,, =

a1 1

L% N Ha+1 (see Theorem 6.2.3 of [M]) and Lemma L3312 (i) with r = = r) =
atl o — o 4 1, it follows that

a—17

1 (<o)

< o[-t )W e,
t

o0
< ¢ / 1t — 17 (Jor () Sus+
t
o () h D on ()| o)
[ee]
/11—0 ANIEe] /
< o 1=t Il

Finally, the definition of Az, Bj,,, — Hj,; (see Theorem 6.4.4 of [4]),
Lemma 3.8 (i77), the fact that t79¢ < ¢(1 +¢)7% for all + > 1 and definition

(L25]) we have

Ar(®(@) = sup(L+ 1)’ @(@)z,,

IN

eM(T) | Af (@) + |[Al|%, - 2
B

a+1 2

Thus, since o > 1, by Lemma [[.3.11] it is clear that we can choose a and T’
—s,atly ~ msatl
such that ®(2;7"") C Z7.
Set ¥ and 7 as in the proof of Theorem [L23l Using By, , < L**' (See [37])

and Lemma [[.3.8 (i), we have

— —

J8(0) ~ 2EO s < ¢ [ 1B OFT) = FEDC
< o [ =) = SOy,
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We know that L% — BQH P (See [3 ]) Therefore, applying the Mean

Value Theorem and Holder’s 1nequahty (-2 = 2= + —L-) we obtain

at+l a+1 a+1
I8@(0) ~ 2ED e < ¢ [ It = Sl
t
[ =1 ol ) o=l
t

o
[ =t ol = e+
t

IN

IN

00
+C/ ‘t—t/|79HT’1HLQ+1H’01 TlHLa‘*‘ldt/
t

a—1
¢ sup ((1 + t)0||vl||Lo<+1 +(1+ t)0||r1||La+l)
t>T

IN

d(zB,Z)/ £ — 01+ )
t

Finally, since H:,, C Lo, B, 1o C€ H;,, (see Theorems 6.3.2 and 6.4.4
of [4]), Lemma [L3.8 (¢ii) yields

d(@(@) — ®(7)) = sup(l+)"[D(w(t)) — (Z(t))l|7ass

¢ (@ AM(T) (|1 + 0 w5z,
I+ 021 F5ks , + 20+ O (BRI, )
¢ d(w, Z)M(T )(A“ @) + A7 (E)+

21+ 0 (BORFr,, )
e e, M) (57(0) + A5+

IN

IN

IN

t>T B

+2sup (t—9(1 +t)9) ||ﬁ||~1%s) .

Since t=(1+t)? < cforallt > 1 and M(T) — 0 when T — oo (see Lemma
[L3TT) it is clear that a and T can be chosen such that ® is a contraction in
d-metric.

Moreover, by similar estimates as the one used in (L.32]) we can show that

sup(1 + t)9\|7ﬂ||g;+1 — 0, when T" — oo.
t>T






Chapter 2
Local solutions and unconditional well-
posedness

2.1 Introduction

In this chapter we consider the generalized Boussinesq equation (0.]), where

the nonlinearity f satisfies the following assumptions
(f1) f € CFI(C,C), where s > 0 and [s] denotes the smallest positive integer

2 5

(f2) 1f@(w)| < |Jv|*! for all integers [ varying in the whole range 0 < < [s] < k
with £ > 1;

n
3) f s< —-thenl< k<1 .
(£3) 8_2 L is +n—2s

Here we will consider first the local well-posedness problem. By Duhamel’s
principle, one can study the problem by rewriting the differential equation (0.1I)
in the integral form (0.22). Then we analyze the equation by a fixed point
technique. That is, we find 7" > 0 and define a suitable complete subspace of
C([0,T]; H*(R™)), for instance =, such that the integral equation is stable and
contractive in this space. By Banach’s fixed point theorem, there exists a unique
solution in =,.

However, to define the subset =, we will need some auxiliary conditions,
which is based on the available Strichartz estimates for the linear Schrodinger
equation

i+ Au =0

(see, for example, [31] chapter 4).

Definition 2.1.1 We call (q,7) an admissible pair if they satisfy the condition:
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where

2<r<oo , ifn=1,

2<r<oo , ifn =2,
2

2<r< " ifn>3.
n—2

Remark 2.1.1 We included in the above definition the recent improvement, due

to M. Keel and T. Tao [25], to the limiting case for Strichartz’s inequalities.

Now, we can define the following (auxiliary) space

Y, = (1-A)2 (ﬂ {LIL" : is an admissible pair})
= ﬂ {LYH? : (q,r) is an admissible pair} .

With these notations and definitions, we have the following answer to the

local existence problem

Theorem 2.1.1 Assume (f1) — (f3) and s > 0. Then for any ¢ € H*(R") and
W = An with n € H*(R™), there are T > 0 and a unique solution u to ({(01]) with
the following properties

(1) uwe C([0,T]; H*(R"));
(11) u € Y.

The next two results are related with the life span and blow-up of the

solutions given by Theorem 2. 1.1

Theorem 2.1.2 Let [0, T*) be the mazimal interval of existence for w in Theorem
211 Then T* depends on ¢, n in the following way

(1) Let s > 2 and o > 0 such that = < o < s. Then T™* can be estimate in

terms of ||¢||ge and ||n||g- only. Moreover,

T* — oo when max {||é|| g, [|[n||g} — 0. (2.1)

(17) Let s < g and o > 0 such that

o e [0,%)0[%—%,5]; (2.2)
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n
17 I > - — —
(iia) If o 5 T T 1
|D?n||L2 only. Moreover,

, Then T* can be estimate in terms of ||D? |2 and

T* — oo when max {||D°@||rz2, || D2} — 0.

2
(iib) If o = g— 1 the time T™ can be estimated in terms of D¢, D°n €

L?, but not necessarily of their norms.

Theorem 2.1.3 In Theorem[21.2, suppose that T* < co. Then
(a) In case (i), max{||u(t)|| go, |A  us(t)|| e} blows up at t = T* for all o such
that g <o<s;
(b) In case (iia), max{||Du(t)[|z2, [| DA™ uy()||22} blows up at t = T* for all
o+ g - and satisfying (2.2).

k—1

Note that part (ii) of Theorem 2.I.1] is essential; without such a condition,
uniqueness might not hold. In this case, following [24], we say that (0.I) is
conditionally well-posed in H*(R™), with the auxiliary space Y.

A natural question arise in this context: Is it possible to remove the auxiliary
condition? In other words, is it possible to prove that uniqueness of the solution
for (0.)) holds in the whole space C([0,T]; H*(R™))? If the answer for these two
questions is yes, then we say that (L)) is unconditionally well-posed in H*(R™).

The next two theorems are concerned with this latter notion.

Theorem 2.1.4 Assume (f1) — (f3) and let s > 0. Uniqueness for ((01]) holds
in C([0,T]; H®) in each of the following cases

n
NS
OFESs
1
1) =1,0< —and k < :
(i1) n=1, Ss<gandk< o,
1
(iii)n:2,0§s<1andk<i+ ;
— s
n 4 25+ 2
) >3,0<s<—,k<min«1 1 .
(i) nz23,0<s 2’ _mm{ T +n—23}

The fundamental tool to prove Theorem [2.1.4] are the classic Strichartz
estimates satisfied by the solution of the Schrodinger equation. We remark that

parts (i), (iz), and (iii) of the above theorem are identical, respectively, to (i),
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(7i1), and (23) for n = 2 of [24], Corollary 2.3. However, for n > 3, we include the
high extreme point for the value of k, in the range of validity of the theorem. This
is possible due to the improvement in the Strichartz estimates proved by Keel and
Tao [25].

For the particular case where f(u) = |u[f~1u, with k > 1 we can also improve

Theorem 2.T.4] for a large range of values k. This is done in the following theorem.

Theorem 2.1.5 Let n > 3, 0 < s < 1 and f(u) = |ulf"tu, with k > 1
satisfying (f3). Uniqueness for (01d) holds in C([0,T]; H®) if k wverifies the

following conditions

(1) k> 2

2s n-+2s 4s+2
2) k>1+— k<1 1 :
(2) k> M +mm{n—2s’n—23}7
3) k<1 :
(3) T
(4) k<14 b2

n+ 2s

Remark 2.1.2 Note that the restriction k < seems natural. In fact, this

n—4s

1 (R™), which ensures that the equation

assumption implies |u|*'u € L}

Uy — Au+ A%u+ A (]u\k_lu) =0, reR"t>0,
u(z,0) = ¢, uy(x,0)=An

makes sense within the framework of the distribution.

Theorem is inspired on the unconditional well-posed result proved by
Furioli and Terraneo [18] for the case of nonlinear Schrodinger equation. As in [18],
the proof of this theorem relies in the use of Besov space of negative indices.

The plan of this chapter is as follows: in Section 2, we prove some linear
estimates and other preliminary results. The local existence theory is established in
Section 3. Finally, the unconditional well-posedness problem is treated in Section
4.

2.2 Preliminary results

In the sequel, we will use the integral formulation ([.22]). To treat this

integral equation, we need to obtain estimates for the operators B.(-) and Bg(-)A
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defined in (0.20) and (Q2T]), respectively. Let us recall the well-known Strichartz

inequalities for solutions of Schrodinger Equation.

1 1
Lemma 2.2.1 Ift#0, —+ — =1 and p’ € [1,2] then we have that
p p

WUz < et Al

Proof See, for instance, [31] Chapter 4.

[ |
Lemma 2.2.2 Let (q,r) be an admissible pair and 0 < T < oo, then
t
sup || [ U900t | <l
[7T7T] 0 L2 0T
Proof Again we refer the reader to [31] Chapter 4.
[ |

As a consequence of Lemmas 2.2.1H2.2.9] we can prove Strichartz-type
inequalities for the operators B.(-) and Bs(-)A. More precisely,

Lemma 2.2.3 Let (¢,7) and (v, p) be admissible pairs and 0 < T < co. Then

() 1BeC)hllg e + 1B AR g < ellbllze;

< el

i t / Y,
(i) || o Bt = ¥)2g (-, )t o

where (v, p') denotes the dual of (v, p).

Proof We will prove only the second inequality (item (i) follows from (i7)
and a duality argument). Let (¢, r) be an admissible pair. In view of Lemma 2Z.2.T]
we have
1

= /t Ut—t)-U@t—1t))g(-t)at

<
-2

t
/ Ba(t — 1) Ag(-, )t
0

L L

0
t
< o NUE=)gC e+ 1UE=1)g( 1) rdt
0

& 1
< )] dt
< c/w‘t_t,,augu )

where o« =

|3

)
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Thus applying the Hardy-Littlewood-Sobolev theorem we obtain

where (¢/,7’) denotes the dual of (¢, r).

< gl
L gL

/t By(t —t)Ag(-,t)dt' (2.3)

!
q !
LO’TL

Combining Lemma 2.2.2] with the definition of B(-)A we obtain the follow-

ing inequality

sup

< ro 2.4
0,71 — CHgHLg,TLT ( )

t
/ Ba(t — 1) Ag(-, )t
0

L2
Now, let (7, p) be another admissible pair. Without loss of generality we can
assume p € [2,7). Therefore, interpolating (2.3) and (2.4]), we have

To finish the proof, an argument of duality allows us to write

For the question of unconditional well-posedness, we will need Strichartz-

t
/ Bu(t — 1) Ag(-, )t
0

< cllgll oy
Lg g Le ok

t
/ Bu(t — 1) Ag(-, )t
0

<
Lo CHgHLngU’

type inequalities in Besov spaces, that is;
Lemma 2.2.4 Let (q,r) and (v, p) be admissible pairs. Then

(i) |1 Behl g 5o, + 1B Al gg s <l

i |15

Proof Since the above estimates are valid for the Schrodinger group
(see [I0] Theorem 2.2), using (0.20) and (021)) the lemma follows.

Hss

S(t—t)Ag(-,t")dt!

B < C”g”L&/TB;/’2

q
L r,2

0,T
[ |

Remark 2.2.1 These Strichartz inequalities are still valid if we replace B;’Q by
the homogeneous Sobolev spaces H; (see [10] page 814).

Another important result are the estimates for the fractional derivatives.

Lemma 2.2.5 Assume (f1)-(f2) and for 0 < s < k, define D* = F~YE|°F, then
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(i) 1D*f(w)llz- < cllull o, 1Dl

1 1 1
where — = — + —  r; € (1,00], 3 € (1,00);
r 1 T2

(i) [|D*(wo)||r < e ([ D*ullr [0l oz + [Jull Lor [[ D*0]| =)

1 1 1 1 1 .
where — = — 4+ — = —+ — r, € (1,00), ¢; € (1,00, i =1,2.
r T 4 q T2

Proof See [24] Lemmas Al-A4.

|
. |n 1 s 1
Lemma 2.2.6 Letk > 1,s>0,p € [l,00), s <min¢ —, kp and — — — < —.
P p n k
Let a = n . Then there exists ¢ > 0 such that for all g € H;’(R”), we
n
s+k (— — s)
p
have
(i) lllgl**gllzy < cllgliy,;
P
(ii) Mgl < clglly,-
Proof See [18] Lemma 2.3 and the references therein.
|

Before finishing this section, we present some numerical facts that will be

important in the local existence result proof.

Lemma 2.2.7 Let k > 1, there is ¢ > 2 and (v, p) an admissible pair, such that

Proof In the case n > 3, we have to satisfy the following system

1 (k—1)

q
2n
n—2’

N | =

2
<p<

thus it is enough to choose ¢ > max{n(k — 1), 2}.
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In the case n = 1,2 it is sufficient to satisfy the following system
1 (k-1
2 q

< p < oo.

N> | =

It is clearly satisfied for every ¢ > max{2(k — 1), 2}.
|

2
Now by (f3) we have g ~ T3 <s g, then it is always possible to

choose o > 0 satistying (2.2]).

IN

Lemma 2.2.8 Assume (f3). Then, for all o satisfying (2.3) there exist (p1,ps)
and (q1,q2) such that

(1) (p1,p2) is an admissible pair;
(i1) There exists an admissible pair (g1, B2) such that:

1 1 o

Q2_52 n’

(4ii) p1 < q1;
, 1 1 k-1
(w) If —=—+
Ty Di i
dual of an admissible pair and

1 1 n n 2
_<_7 ] e 07_> __—7 ;
m e e [ 2 ﬂ(z k—ls]
11

,i=1,2, then there exists sy > 1 such that (s1,rs) is the

Proof To obtain the points p1, p2, ¢1, g2, 32,71, 72 and s; we need to solve
the system of equations corresponding to conditions (i) — (iv). We consider several

cases separately.

() n>20e[0.2)N (E—L s}
Set

q1 = 00,

1 k—1 1 o 1 1 k—1/1 o
— = nl-——), —==——(=——1.
P 4 2 n) py 2 2 2 n

1
2
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(b)

(d)

2.2.  Preliminary results

Then, for 5y = 2, it is easy to verify properties (i) — (éi7). On the other

hand, according to (vi), (ry,r2) are given by

1 k—1 1 o 1 1 n k—1/(1 o
— = nl=——J), —==+—1[=-—-—.
™ 4 2 n) py 2 2 2 n

1 k—1 1
Setting — = 1— n (— — f) , we have that (sq,77) is the dual of (pq, po)
S1 n

4 2

n 2
d — < —,ifandonlyifo > - — ——.
an - 51’1 and only if o > o — - ——
n 2
n>3o=s=—-—-——-—2>0
2 k-1
In this case we can easily verify properties (i) — (iv) for the points
n(k—1)
1 =00, 2= —5—
2
L, 111
b1 = 7p2_2 TL,
52:27
1 1 1
P =2 — =4~

To 2 n
Note that (rq1,rq) is the dual of (pq, p2).

n=2o0c=s=1—-—2>0

k—1"7

For n = 2 the pair (2, 00) is not admissible. So in this case we choose

q1 ZQ2:2(k_1>S

p1 =3, p2 = 6;
6 3
7"1:5,7“225.

1 1 1

Now it is easy to verify properties (¢) — (¢v) hold for — = = — ————
y Y prop (1) = (iv) 5 "2 3kt 1)

that k > 3, thus (zi¢) holds. Moreover, (ry,r) is the dual of the admissible

pair (6, 3).
1 1 2
nzl,O'E {0,5)“(5—575}

In this case we consider two possibilities.

. Note

If £ > 3 set

1 1/1 1 1/1
—=-|z=0),—==(=z—0).
q1 4\ 2 ,QQ 2\ 2

If £ < 3 then there exists m € N—{1,2} such that 1+
Then, set

8
>k>1+—.
+2m

2m—1 -




Chapter 2. Local solutions and unconditional well-posedness 64

1 1 /1 1 1 1 1
_—= — — — 0 _—= —_ — — 0 .
0 om \ 9 ? 0 om~—1 2

For (py,p2) set, in both cases

1 _k-1/1 N\ 1 _ 1 k—-1/1
nmo o8 \2 )24 \27 %)

A simple calculation shows that (i) — (iv) hold for

1/1
1 §(§—U>+U ,k>3,
By 1 1 _
1—2m71 57 + o0 , otherwise
and
E—1/1
[,
s 1 31
51 l—(k—1)|=z—0)|=—= , otherwise.
2 g 2m
(e) n—1 12 .
e)n=1lo0=s=-— ——
7 2 k-1-
Set
4
Ch:g(k’—l),%:?(k—l);
p1 =9, p2 = 10.
Therefore
1 3 20 5
=-————,rn=—andnr=—_.
b=y oy T g =g

)
We have that (r1,73) is the dual of the admissible pair (20, 5) Moreover,

(#i1) is verified since k > 5.

2.3 Local well-posedness
Proof of Theorem [2.1.7]

Case (i) s > g

Choose o € (g, s} and define

X% = {’U, c LS?THS . ||u||L8?THa < N and |’DSUHL8?TL2 < K}
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By the Sobolev embedding we have for all ¢ > 2 and v = g _r (note that
<2 ) '

[u()llze < e[ DTut)ll2 < cflu(®)la--

Then, we obtain

||u||L8<,>TLq S cN.

We need to show that N, K and T' can be chosen so that the integral operator

B(u)(t) = Bu(t)d + Ba(t)An + / Bu(t — )A(f(u) — u)()dt'  (2.5)

maps X® into X* and becomes a contraction map in the L§% L*-metric.
Remark 2.3.1 Note that X*® with the LS?TLQ-metm'c s a complete metric space.

Since D? commute with B., By and By (see (.22])), we have

A

1P(W)llrgeme < cl|®(u)l[pge 2 + | D7 P ()l rge, r2

¢ (0o + nlle + 1 Br(F () = ) g, o+

+ IBI(D7(f (1) = ) 3,12

¢ (I9llae -+ Inllie + 1B (@)l gy + I BH(D70) 155,22

B )2y + I Br(D F () 23y 12) -

IN

IN

So using Lemma 223 (), we have for all (v, p) admissible pair

l@@llzzyme < e (Il + Inllae + luly o2 + 1Dl 1y,
F1F @)y o+ 1D7F @y )
¢ (ol + nllae + Tl ) +

+e (£ @)y or + 107 F @)l 5,10 )

IN

Let g, and p be given by LemmaR.2.7. Then, using (f2), Holder’s inequality
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1 k-1
P2 q

) and Lemma 2.2.5 we obtain

l@(@)lsgeyie < € (I9lle + Wnllze + Tl ) +
+ e (ullrge, oS5 o + 11Dl ull st 1)
< c (I8l + linlle + Tl ) + (2.6)
e (e ulz 1)
< c(I9lle + lInlle) + N (T +T7' N1
By an analogous argument, we obtain
ID* ()12 < (1D 0llz + 1D llz2) + ek (T + TV NF1).
Since vy # 1, it is clear that we can choose N, K and T such that ® maps
X* into X°.
Now we have to prove that ® is a contraction in the L% L*-metric. Indeed,
using Lemma 227 (i) and Holder’s inequality we have

[@(w) = @(0)llzge, 2 < [1Br(f(w) = fF(0)lzge 2 + 1Br(u = v) e, r2

< (@) = FOllgzr g+ lu = vy, 22)
1
< el /f/()\u+(1—>\)v)(u—v)d)\ +
0 L L
7w = vllzg0,12)
1
< o [1rous 4=l ue0)
flu = vll g2 + T llu = vl| g, 12
< (T (lullizh o+ 0l o) + ) lu = ollige, 22

< C<T1/’Y’Nk—1_|_T> ||U,—'U||L8?TL2.

Then @ is a contraction in Lgf’TLQ—metric for suitable N and 7" and by stan-
dard arguments there is 7' > 0 and a unique solution v € C([0,T]; H*(R™)) N Vs
to (0.I) with u(0) = ¢ and u(0) = An.

Remark 2.3.2 If ®(u) = u € X*, then by the proof of (2Z.8), we have
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lellzg i < Il + Inlls) + (TN + K) + T NSUN +K)) - (27)

for all (q,7) admissible pair. Therefore u € Y.

2
Case (ii) s < g,a € [0,2) N (g — E,S:|

Consider (py,p2) and (g1, ¢2) given by Lemma [2.2.8 and define the following

complete metric space

we (1—A)"2 (LgpL? N LY LP2)

lullrge, 22, ||UHL5}TLp2 < L;

Y® =
1D%ul| ey 2, [ Dl pee < K
||DUU||L3?TL2) ||DUU||L§]’}TLP2 <N
d(u,v) = |ull g2 + [lull L2y, 12

By Sobolev embedding, we have

1 1 o
o . L g
||UHLg}TLq2 <c|D u||Lg}TL62 . where 5 @ + -

Recall that (¢, 52) is an admissible pair. Therefore, in view of Lemma 228
(#11), we can interpolate between Lg% L* and L{';LP* and find 0 < a < 1 such

that

lull gy zon < clD7ull}2 2 D7l 1y < €N, (2.8)

Moreover, by Lemma [Z2.§ (iv) together with Lemma 223 (¢) there exists
6 > 0 such that

H(I)(U)HL&TL" < HBC(t)(bHLgYTLb + ||B8(t>A77HLgyTLb + |1 Br(f(u) — U)HL&TLZ’
< e (Il +nllse + IBrF@) g0 + 1 Br (@)l g )

< o (ol + s + TSy s+ il )
where (CZ, b) € {<OO7 2)7 (plap2)}-

Now using (f2), the definition of (r1,72) in Lemma 228 and Holder’s

inequality, we obtain

l@@llzg, 10 < e (1llz2 + Il Tl gl + T ull gz, 22) o

< c(lgllze + lInllze + T°N*'L+ TL).
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Following the same arguments, using the estimates for fractional derivatives
(remember that ps # o0) and the fact that D® and D? commute with By, B. and
B,A, we have

[ D*®(u) ||Lg,TLb

IN

c (| D*¢|r2 + || D02 + T°N* 'K + TK), (2.10)

ID7® () a0 < c(|ID7¢||2 + || D02 + T'N*'N +TN) . (2.11)

On the other hand, from an argument analogous to the one used in case (i),
we have for (a7 b) € {(007 2)7 (p17p2)}

IN

1@(w) = @)1, 0 < IBi(f () = F@Dllgg 20+ [ Brlu = v)llsg 10

e (TS ) = )iy s + N = vl 12

c <T9

7w = vll1z,12)

IA

IN

+

L T
LO,TL 2

/0 fAu+ (1= Nv)(u—v)dA

IN

e (Il oy + ol 10 ) e =0l gy 100 +
+cT'[lu = vl| e r2

< (TN +T)d(u,v).
The proof follows by choosing suitable L, N, K and T

Case (iii) s < g,azg ]

Let 7 < 1 and (p1,p2), (p1,p2) be given by Lemma 2.2.8 Define the following
complete metric space
we (1—A)"2 (LgpL? N LYp L)

[ullrge, 2, HUHLg}TLpz < L;

YT-S - S S
1D ull e, 2, 1 D*ull gy, e < K
I1D7ull e, 2 < N5 [[D7ull gy o <TN < N
d(u,v) = ullge, 22 + llull gy, 1o

Then we can show, following the same arguments of (Z8]), that there exists



69 2.3.  Local well-posedness

0 < a < 1, such that

lull o1, o2 < el D7ull 2

LE?TLQHDUUH%E)}TLPQ S cTt®N.

As in the inequalities (29) and (2I0), we have for (a,b) € {(00,2), (p1,p2)}

12(w)llzg o0 < e (@l + [l ze + (F*N)*'L+TL), (2.12)
and
ID*® ()l gy 10 < ¢ (ID*Ollz2 + | D*nllpe + (r*N)* 'K + TK) . (2.13)
The inequality (2.I1)) should be replaced by the following two estimates
ID°®(u) || rgep2 < ¢ (1Dl 2 + | D7l 2 + T+ EINE - TN) - (2.14)
and

107 ()13, 10w < (I1BID g 1o + [ BACD ] 13,102

(2.15)
T (T1+a(k71)Nk + TN) )

Taking 7" small the terms ||BC(-)D"gb||L1871TL1[,2 and ||BSA(-)l)"77||Lz&1TL,,2 can
be made small enough (note that p; # oo ). So it is clear that the operator ®
maps Y into Y* (choosing suitable L, N, K, T, 7). Since the reminder of the proof
follows from a similar argument as the one previously used it will be omitted.

Finally, we remark that once we established that ® is a contraction appro-

priate spaces the proof of continuous dependence is straightforward.

|
Proof of Theorem
(i) By (2.6) we have to choose N, T such that
co (max{ |6, Inll=}) + coN (T +T7 N<1) < . (2.16)

Setting N = 2¢ (max{||¢||ge, ||n]|g-}) this inequality becomes

T+ T (2¢o max{||¢]| e |0l 1) < 1/2¢0.
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This inequality is clearly satisfied for

1 . "(1—
T= Emm{l,Q(maX{\WHHU, Inllz= )}

Now setting ¢ = 1/4¢o and 6 = 1/+" we have
1-k
T = ¢ (min {1,2 max {6, Inlln- )7 }).

Note that (ZI]) does not follow direct from the inequality above. To prove
(1) we will use an iterative argument. Set T' = T = 1/2¢. Thus, inequality

(ZI6) becomes
co (max{||¢|| e [0l }) + el N*1 < N/2 (2.17)

for some ¢; > 0.

It is clear that (ZI7) has a solution N if max{||@||ge, [|n| g} is sufficiently
small. In fact, we have more than that. An application of the implicit
function theorem tell us that there are 6 > 0 and A > 1 such that if
max{||¢| ze, |||lz-} < 6 < § then N < A, where N is the solution of

&1D).
It follows that if max{||¢| s, ||7||z-} < A~™6 then we can find N; < A™"*1§

such that the solution exists in the interval [0, T]. Moreover by construction

u(T) || e < Ny < X716,

We want to repeat this argument. Therefore, we first need to control the
growth of ||A™ u(t)]|fo. Since u(t) is given by (0.22)) we have that

A u(t) = B8~ B0 - | Bt — )(f(u) — u)(¥)dt"

Thus, applying the same argument as the one used in (2.0), we obtain

A w(Dllie < 1A wD) g
< co (max{[|¢] e, 1]l ae}) + N/2 + e N*.
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(iia)

(iib)

2.3.  Local well-posedness

Since Nj is the solution of (2I7) we also have

IA w(T) || e < Ny < A6,

Now, solving equation (0.I]) with initial data u(T) and A~'u,(T), we can find
Ny < A7"*2§ such that the solution exists in the interval [T, 277]. Moreover,

max { ||u(2T)| e, [|A™ w (2T) || g } < AT"F26.

Repeating this process, we can find N;, ¢ = 1,...,n, such that the solution
exists on the intervals [0, T}, ..., [(n — 1)T,nT], so that T* > T. Thus T* is

arbitrarily large if max{||@|| o, ||n||z-} is sufficiently small.

The proof is essentially the same as (i) using inequality (2.11]) instead of (2.6])
(that is, just replace max{||¢|| g, ||7||z-} by max{||D?¢||r2, [|Dn||r2}).

In this case, in view of (2.14) and (2.I5]), we have to choose N, T, 7 such
that

¢ (max{|| D7¢l| 2, | D7nll 2} + 7T ETINE £ TN) < N
and
¢ (max{By, Bo} + r' T UN* + TN) < 7N,

where By = [|B.(-) D70/l 1 and By = [ BAC)D ]|z, 10
But the sizes of By and By depend on T and D¢, D°n (but not necessarily

on their norms). That is why 7% cannot be estimated only in terms of
1076|112 and || D7n2.

|
Proof of Theorem We use an argument first used by [41] (see

also [10] page 826).

(a)

Let T* be given by Theorem and t < T*. If we consider u(t) and
A~'u,(t) as the initial data, the solution cannot be extended to a time
> T*. Setting D(t) = max{||u(t)| s, |A™ us(t)| 5o}, it follows from (2.6])
and the fixed point argument that if for some N > 0,

D(t) + cN ((T ) (T — t)l/V’NH) <N
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then T" < T™.
Thus for all N > 0, we have

eD(t) + cN ((T* — )+ (T" - t)l/V’N’f-l) > N.

Now, choosing N = 2¢D(t) and letting ¢t — T we have the blow up result.

(b) Since the argument is similar to part (a) it will be omitted.

2.4 Unconditional well-posedness
The aim of this section is to prove Theorems 2.T.4] and 2.5 but before

doing that we need to establish some preliminary lemmas.
Lemma 2.4.1 Let (p1,p2) and (q1,q2) such that
(1) (p1,p2) is an admissible pair;

(it) There exists 6 € [0, 1] such that

1 1—90 1 1—0 6
— > and — = + 53
p1 ‘il P2 @ 2
1 1 k-1 . .
(1ii) If — = — + ,i=1,2, then there exists sy > 1 such that (s1,r2) is the
ri o Pi

7 7
dual of an admissible pair and s1 < rq.
Then uniqueness holds in X = Lg% L* N L L%

Proof The proof follows the same ideas of Lemma 3.1 in [24].

Using Hoélder’s inequality and interpolation we have, in view of (i7), that
X C Lg,lTLm.

Returning to the uniqueness question, suppose there are two fixed points

u,v € X of the integral equation (2.5]). Then w = u — v may be written as
w = Bi(f(u) = f(v)) = Br(u —v).

But for (a,b) € {(c0,2), (p1,p2)}, we have by Lemma 223 (i7) that

IN

cllu— UHLlTL? (2.18)

CT”U—UHL%OLZ (219)

| Br(u — U)HL?FL’)

IA



73 2.4. Unconditional well-posedness

It remains to estimate the term B;(f(u) — f(v)). Suppose first that s; < r;.

In this case, using (i), Lemma 2.2.3] (i), the Mean Value Theorem and Hélder’s

1 _

inequality, we obtain for 6 = o

L>90
r1

IBr(f(u) = f()lrgre < cllf(w) = f(v)

L3 L2

< NS = £
< I (Juf oY) (u— O)llripe
< o (Il + Nl ) e = vl on

When s; = r; we have § = 0 in the above inequality. To overcome this
difficulty we use an argument introduced by Cazenave (see [9] Proposition 4.2.5.).
Define

= sy (Fw) = f(v),
v = Lguspeny (f(u) — f(v)).

Therefore by Lemma (17) we have for (a,b) € {(00,2), (p1,p2)} that

IBrfnllpary < eN*"Hu =l

< CNk_lT”'LL - /UHL%OLQ-

On the other hand, using (iii), Lemma 223 (i7), the Mean Value Theorem

and Holder’s inequality, we obtain

k—1
1B g < e (s Gl + 10D o) N = 0llzze oo

Since |u| + |v| € L% L%, it follows by dominated convergence that
||1{|u|+|v|>N}(|u| + ‘UDHLZ}L‘?Q — 0, when N — oo.
By choosing N large enough, we can find ¢ > 0 such that

lw = vll 22 o + [l = 0l pgere < ETN*"Hjuw — 0| e 2.
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Set d(w) = |lw|[ o + [[w]|zger2. Therefore, in both cases we can find a
function H(T') such that H(T) — 0 when 7" — 0 and

d(w) < H(T)d(w).

Taking Ty > 0 small enough such that H(7,) < 1, we conclude that d(w)
must be zero in [0, Ty]. Now, since the argument does not depend on the initial
data, we can reapply this process a finite number of times to extend the uniqueness

result in the whole existence interval [0, 7.
|

Lemma 2.4.2 We have three cases:

(i) If n =1 uniqueness holds in L% (L* N LY) for all

q > max{k,2};
(ii) If n = 2 uniqueness holds in L (L* N LY) for all

< m 1 1
min{ =, —— ¢ ;
- 27k—1]"

(iii) If n > 3 uniqueness holds in L% (L* N L) for all

1< ) 1+1 11 2
—<min (=+-]-, =, —— 7.
q - 2 n)k’ 2 nlk-1)

Proof Affirmations (i) and (i7) follow from Corollary 2.2 (see also Theorem
2.1) in [24]. On the other hand, the proof of (éi7) is a little bit different from Kato’s

1 1
- < = and
q k

|

n
proof since we have one more admissible pair, namely (2, —2) . So we will give
/”L —

a detailed proof of this. We consider several cases separately

2
(a) 1<k§1+;

Set (p1,p2) = (q1,q2) = (00,2). It is easy to see that there exists s; > 1
satisfying (7) — (¢i¢) of Lemma 2.4.1] (with 6 = 0). Then uniqueness holds in
2
L&y L? and therefore in Lo, L*NL{ L% for all (g1, ¢2). Note that if k = 1+—,
? ? K /’fL
1
we have that (ry, ) must be given by r; = co and — = 5 + —. Therefore,
T2 n

2
(2,72) is the dual of the admissible pair (2, nz).
n —



75

(b)

2.4. Unconditional well-posedness

2 4
1+—<k<l+——
n n—2

1 1\1 1 1 1
Let by = | = + — | —. By the restriction on £ we have — — — < b, < —.
2 n)k 2 n 2

Therefore there exists an admissible pair (ay, 8x) such that 8 = o Let
k

1
(00, q) such that — < b. By interpolation we obtain
q
Lo L? N LS LY C LS L? N LS LP.

If uniqueness holds on Lg% L* N Lgf’TLﬂk, then it holds, a fortiori, in Lg%L* N
L L?. Therefore, we just need to verify that (pi,p2) = (ou, Br), (q1,¢2) =
(00, B) satisfy the hypotheses of Lemma 24Tl Indeed, in this case (i) — (i)

can be easily verified (for § = 0). On the other hand, (r1,72) must be given
1 1 1

by —=—and — = —.
e g re Oy

2
Thus, (s1,71), with s = 2 is the dual of the admissible pair (2, n )

n—2
Moreover
<1y = Lon(l_1 = k<1l+
s1<r —>— (=== —
P 27 2\2 3 —
k>1+
n p—
In this case 92 1 1 1
— < - - <. 2.20
nk—1) —2 n 2 (220)
1 2
Let (o0, q) such that — < m By the same argument as the one used
qg Nk -
in item (b) it is sufficient to prove that uniqueness holds in L¥L* N L LA,
1 2 2
where 7 = m Therefore, we need to verify that (p1,p2) = (2, - _n?),

(q1,q2) = (00, q) satisfy the hypotheses of Lemma 24Tl It is clear that ()
holds. On the other hand, in view of (2Z20) we can find § € [0, 1] such that

(77) holds. Now, we turn to property (i2i). The pair (ry,ry) must be given

1
by r1 = 2 and — = B + —. Then, (s1,79), with s; = 2 is the dual of the
T n
2
admissible pair (2, n )
n—2
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Now we can prove our next main result.

Proof of Theorem [2.1.4] This is an immediate consequence of the last

lemma. Using Sobolev Embedding and decreasing 7" if necessary we have
C([0,T]; H*) C Lgf’T(L2 N L9)

where
2n/(n —2s) if s <n/2;
g=1{ anyg<oo if s=mn/2;
00 if s >n/2.

So we have only to verify that uniqueness holds in Lgf’T(L2 NL7), but Lemma
2.4.2] tell us when it happens.

[
Now, we turn to the proof of Theorem First of all, define H(u,v) by

1
H(u,v) = / A+ (1 — Mot (2.21)
0
We will need the following lemmas.

2n — 2
Lemma 2.4.3 Letn>3,0<s<1,k>2andk <1+ n 28
n—2s

n

with T = m ) . If k also verifies the following conditions:

s+(k—1)<§—s

. Let h € H3(R")

2
(i) k>1+ i

n—2s’

4s + 2 4 n+ 2s
n—2s'n—2s n—2s

I

W)k<1+mm{

n+2—2s
i) <14 —M——,
(1ii) kK <1+ —

n n
Then there exist o, p verifying o — — = s — — and

2

(1) s—=1<o0<s;

(2) —s <o <0y

(3) s—(k:—l)(%—s) §0§min{s+1,g}—(k—1)(g—s>.
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Such that if g € BY,(R"), then gh € B1‘Z2(R") with

lghllzs, < lgllgs IRl

where—,:——l— 2 and i <7 <2.
r p

n n+2 -

Proof See [18] Lemma 3.8.
|

Lemma 2.4.4 Letn > 3, k> 2,0< s < g and s < k — 1. Suppose also that

1 .
(k—1) <§ - f) <1 and define T = n Mfu,v € LgpH?, then
n s+ (k— 1)(5 —s)
. ) , 2n — 2s
H(u,v) € LEpHE. Moreover, 7 > 1 if and only if k < 1+ 5
’ n—2s
Proof By definition of H(u,v), we have
Iy = [t 0= 0 < e (1l i)

and using Lemma [2.2.6] (i7) we have the desire estimate.

Furthermore, we have the following embedding

Lemma 2.4.5 H® — B;Q forallo < s and o — L g Moreover, there

exists v > 1 such that (vy,p) is an admissible pair if and only if s —1 < o < s.

Proof See [37] for the first part. The second part is an easy consequence
of admissible pair’s definition.
|

Now we have all tools to prove our last main result of this chapter.

Proof of Theorem First, we recall that ng = H°, H* C H°
for all 0,s € R and o0 < s. Then, using Lemma 245 we conclude that
( v) € Ly B" NLg: BQQ, where o and p satisfy conditions (1) — (3) of Lemma
2.4.3. Moreover, in view of Lemma and condition (1) of Lemma 2.4.3 there
exists v > 1 such that (v, p) is an admissible pair.
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Thus, by Lemma 2:2.4] (i), we have for (a,b) € {(00,2), (v,p)}

lv = vllze  Be 1Br(f(w) = F)llzg 5y, + 1Brlw = 0)llLe pe

0,7Pb,2 0,7Pb,2 ,T50b,2

IA

< Alf) = Oy, o+l — vl o,
< ¢||(u—v)H(u, U)HLg'TB“, ] +cT||u — UHL(L;?TBS’2
n
11 (k=1 (— - 5) 2
where — = — + 2 and " < ¢’ < 2. Recall that this last
r! P n n+2

condition implies that (¢’,7’) is the dual of an admissible pair.

Then by Lemma 2.4.3] we obtain:

Ju— vl g, < ellle = ollgg G 0) sl + eTllu = ol g,

Thus

Butl_lzl_u(ﬁ
2

p —s>5«9>Osincek;<1+
qg 2

n—2s
lu — U“L&TBg2 < eT|lu— UHL&TB;QHH(% U)HLngHﬁ + cIlu— UHLngBgQ-

Set w(u,v) = ||lu — 1)||L(¢;T,Tj_ﬁ;gy2 + [|u — UHL&TBZ,z’ therefore we conclude that

w(u,v) < ¢ (T H (w,0)l| g s + T) i, v).

Hence, for Ty > 0 small enough, u(t) = v(t) on [0,75] and to recover the
whole interval we apply the same argument as the one used in the proof of Lemma
241

[



Chapter 3
Local solutions in Sobolev spaces with
negative indices

3.1 Introduction

In this chapter we consider initial value problem (IVP) for the “good”
Boussinesq equation ([0.5)).

Our principal aim here is to study the local well-posedness for low regularity
data. Natural spaces to measure this regularity are the classical Sobolev spaces
H*(R), s € R. The best result available in the literature was given by Linares [29],
who proved local well-posedness for initial data ¢ € H'(R), ¢ = h, with
h € L*(R). In this work, we improve the result in [29], proving local well-posedness
with s > —1/4 for the “good” Boussinesq equation.

To obtain this result we use the Fourier restriction norm method introduced
by Bourgain [6] to study the nonlinear Schrodinger equation (0.6) and the KdV
equation (7). This method was further developed by Kenig, Ponce and Vega
in [20] for the KdV equation and [27] for the quadratics nonlinear Schrédinger
equation ((IL8)-(0I0) in one spatial dimension and in spatially continuous and
periodic case.

The original Bourgain method makes extensive use of the Strichartz inequal-
ities in order to derive the bilinear estimates corresponding to the nonlinearity. On
the other hand, Kenig, Ponce and Vega simplified Bourgain’s proof and improved
the bilinear estimates using only elementary techniques, such as Cauchy-Schwartz
inequality and simple calculus inequalities.

Both arguments also use some arithmetic facts involving the symbol of the
linearized equation. For example, the algebraic relation for quadratic nonlinear

Schrodinger equation ((L8) is given by

26—l < IT =&+ [(r—m) = (§ = &)’ +|n — €. (3.1)

Then splitting the domain of integration in the sets where each term on
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the right side of (B is the biggest one, Kenig, Ponce and Vega made some
cancellation in the symbol in order to use his calculus inequalities (see Lemma
B.3.1]) and a clever change of variables to established their crucial estimates.

Here, we shall use this kind of argument, but unfortunately in the Boussinesq
case we do not have good cancellations on the symbol. To overcome this difficulty
we observe that the dispersion in the Boussinesq case is given by the symbol
\/m and this is in some sense related with the Schrodinger symbol (see
Lemma below). Therefore, we can modify the symbols and work only with
the algebraic relations for the Schrédinger equation already used in Kenig, Ponce
and Vega [27] in order to derive our relevant bilinear estimates. We should remark
that in the present case we have to estimate all the possible cases for the relation
7+ &% and not only the cases treated in Kenig, Ponce and Vega [27].

To describe our results we define next the X ; spaces related to our problem.
These spaces, with b = %, were first defined by Fang and Grillakis [I7] for the
Boussinesq-type equations in the periodic case. Using these spaces and following
Bourgain’s argument introduced in [6] they proved local well-posedness for ((L5])
with the spatial variable in the unit circle (denoted by T) assuming u(0) € H*(T),
u(0) € H7275(T), with 0 < s < 1 and |f(u)| < clulP, with 1 < p < 32 if
0<s<iandl <p<ooif§ <s <1 Moreover,ifu(0) € H'(T), u,(0) € H *(T)
and f(u) = Mu|"'u — |u[P7u, with 1 < ¢ < p and A € R then the solution is
global.

Next we give the precise definition of the X} spaces for the Boussinesqg-type

equation in the continuous case.

Definition 3.1.1 For s,b € R, X, denotes the completion of the Schwartz class
S(R?) with respect to the norm

£

X = 71 = YENE) Fll 2,

where v(§) = 2+ &4, (a) = 1+ |a| and ~ denotes the time-space Fourier

transform.
We will also need the localized X spaces defined as follows

Definition 3.1.2 For s,b € R and T > 0, ngb denotes the space endowed with

the norm
fullxr, = inf {lwlx,, : w(t) = u(t) on 0,77}
’ w s,b
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Now we state the main results of this chapter.

Theorem 3.1.1 Let s > —1/4 and u,v € X, _,. Then, there exists ¢ > 0 such

that ‘ (|f%<f, >)

< clully,, o], (3.2)
Xs,fn‘

2iy(§)

where ~~1 denotes the inverse time-space Fourier transform, holds in the following

cases
(i) s>0,b>1/2 and 1/4 <a < 1/2,
(ii) =1/4 <s<0,b>1/2 and 1/4 < a < 1/2 such that |s| < a/2.

Moreover, the constant ¢ > 0 that appears in (3.2) depends only on a,b, s.

Theorem 3.1.2 For any s < —1/4 and any a,b € R, with a < 1/2 the estimate

(32) fails.

Theorem 3.1.3 Let s > —1/4, then for all € H*(R) and p € H*"Y(R), there
exist T = T(]|¢| ||| gs-1) and a unique solution w of the IVP ((4) such that

Hs,
ue C([0,T]: H*(R)) N X7,

Moreover, given T'" € (0,T) there exists R = R(T") > 0 such that giving the
set W = {(§,8) € HO(R) x H(R) : [l — 6l + 16— 0l ray < R} the
map solution

S:W — C([0,T]: H(R)) N XL, (¢,) — u(t)

18 Lipschitz.
In addition, if (¢,v) € H¥ (R) x H¥ Y (R) with s' > s, then the above results

hold with s instead of s in the same interval [0,T] with

T =T([9ll s, [[¥]

Hs—l).

The plan of this chapter is as follows: in Section 2, we prove some estimates
for the integral equation in the X, space introduced above. Bilinear estimates
and the relevants counterexamples are proved in Section 3 and 4, respectively.

Finally, the local well-posedness question is treated in Section 5.
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3.2 Preliminary results

By Duhamel’s Principle the solution of (ILH) is equivalent to the integral
equation (0.I7)). Let 6 be a cutoff function satisfying # € Cg°(R),0<6<1,0=1
in [—1,1], supp(d) C [-2,2] and for 0 < T < 1 define 07(t) = 6(t/T). In fact, to

work in the X, spaces we consider another version of (0.I7), that is

u(t) = 0(t) (Ve(t)o + Vi(t)y) + 01(t) /Ot Vit — ') (u?) 4 () dE. (3.3)

Note that the integral equation (B3] is defined for all (z,t) € R% Moreover
if u is a solution of (B3]) than @ = u|p ) will be a solution of ([0.I7) in [0, T].

In the next lemma, we estimate the linear part of the integral equation (3.3)).

Lemma 3.2.1 Let u(t) the solution of the linear equation

{ Utt — Uggy + Ugzgr = O,

with ¢ € H® and 1 € H*~*. Then there exists ¢ > 0 depending only on 0, s,b such

that
[0ullx,, < c(llo|

e+ lle) (3.4)

Proof. Taking time-space Fourier transform in 6(t)u(z,t) and setting

v(&) = /& + &%, we have

Ot)u(z, )~ (1) = M(é(f)+w>

2 7€)
T (506 %) |

Thus, setting hy(§) = gB(&) + €O anq ha(€) = gE(f) _ 80 we have
g(s,b S

< [0 O (f*;°<|f| ey
) o) (ff;°<|fl I

A (€D 4+(€) ‘2 dT) it
2

; 2
O(r—v(E)+0(T+7(8))
Lol ‘ dT) dg.
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Since ||7| — v(€)| < min{|r —~(€)|, | + ()|} and 0 is rapidly decreas-
ing, we can bound the terms inside the parentheses, and the claim follows.
|

Next we estimate the integral part of (3.3)).

Lemma 3.2.2 Let —3 <V <0<b<V +1and0<T <1 then

() [|orto) fi o)t

L ST gl s

t
-1

< T1-(-V) (];—(Z) (6, T) ) )

(i) ||or(®) fy Vit =) fu)(#)dt T )

X,y
Proof.
(1) See [19] inequality (3.11).

(77) A simple calculation shows that
t Nw)
(6200 [ it = 150000 (6t =
0

— £t (g th 7'd/)_—itv(§)(9 th ,'d')
e (o0te) [ mate. oy ) — 19 (6r(0) [t

= O (g, 1) — e Oy (€, 1),

e*it”Y(ﬁ)f/\(z) (57 t’)
2iv(€)

0 f (¢, ¥)

where hy(&,t') = 2iy(§)

and hy(&,t') =

Therefore

(0x0 [ A i) e

Now using the definition of X, ; we have

2
<
Xs,b

o) | Vil = ) Fu)(E)de
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+oo oo
= C/Oo /OO (I + (&) =€) (€)*wi (€, 7)|*drdg
+C/_OO /_OO (IT = ()] = 7€) (&)**[wa(€, 7)|*drde

Since y(§) > 0 for all £ € R, we have

max{||7 + (&) =y ()|, [IT = ()] = ([} <7l

Thus applying item (i) we obtain
M < cz / (€)% g1y
/ +Oo
< CTl (b—0") Z/ QS’h ||Hb’

| )|

e,

Since ||7| — ()| < min{|T —~(&)|, |7 +v(£)|} and ¥ < 0 we obtain the
desired inequality.
|
The next lemma says that, for b > 1/2, X, is embedding in C(R : H®).

Lemma 3.2.3 Let b > % There exists ¢ > 0, depending only on b, such that
lullo@:nsy < cllullx,,

Proof. First we prove that X, € L*(R : H®). Let u = uy + us, where

U = UX{r<0}, U2 = UX{r>0} and x4 denotes the characteristic function of the set
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A. Then for all t € R

lua (1)

e
HS

At X
= H/ “W(f) )/\(z))v(z)> ®) (37, T)eztrd,r

/Oo H(( ztv(&)( )/\(ac))v(z)>/\(t> (z,7)

HS

dr.

Hs

IN

Using the Cauchy-Schwarz inequality we obtain

[ (2)]

s () (1 g+ el )

On the other hand, similar arguments imply that

1/2

fus) e < (S 2) " (S = = (@€ ate, ) Prde)

Now, by the fact that b > 1/2, |7 + ~v(&)| = ||7| — v(§)| for 7 < 0 and
|7 —v(&)| = ||| = v(§)| for T > 0 we have

[l @y < cllullx, .-

It remains to show continuity. Let ¢,# € R then

lur (£) = ua(t')]

Hs —

At . L
H/ zt’Y f) )/\(z))v(z)> ® ([L’, 7_)<€th — et T)dT (35)

HS

Letting ¢ — ¢, two applications of the Dominated Convergence Theorem

give that the right hand side of ([B.5) goes to zero. Therefore, u; € C(R
H?®). Of course, the same argument applies to uy, which concludes the proof.
|

3.3 Bilinear estimates

Before proceed to the proof of Theorem [3.1.Il we state some elementary

calculus inequalities that will be useful later.
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Lemma 3.3.1 For p,q > 0 and r = min{p,q,p + ¢ — 1} with p+ q > 1, there

e dz ¢
/—oo = ay(e—A)r = {a— By (3.6)

Moreover, for ag,a1,as € R and g > 1/2

/ +OO do <e (3.7)

oo {ag + a1z + ag?)d

exists ¢ > 0 such that

Proof. See Lemma 4.2 in [21] and Lemma 2.5 in [3].

Lemma 3.3.2 There exists ¢ > 0 such that
1 1+ |z —y
— < sup <ec. 3.8
€ zeRy>0 1+ |z — \/y? + y| (3:8)
Proof. Since y < \/y?+y < y+1/2 for all y > 0 a simple computation

shows the desired inequalities.

Remark 3.3.1 In view of the previous lemma we have an equivalent way to

compute the X, p-norm, that is

|

Xow ~ 7] = €€ WS, 7)1z

This equivalence will be important in the proof of Theorem[3 1.1 As we commented
in the introduction the Boussinesq symbol \/W does not have good cancela-
tions to make use of Lemmal3.3.1. Therefore, we modify the symbols as above and
work only with the algebraic relations for the Schréodinger equation already used

in Kenig, Ponce and Vega [27] in order to derive the bilinear estimates.

Now we are in position to prove the bilinear estimate (3.2)).
Proof of Theorem B.1.7l Let u,v € X, and define

fl&1) = (rl=)eyal, ),
(I7] = €2)"()"v(¢, 7).

Q
—~
o
\‘
~
Il

Using Remark B.3.T] and a duality argument the desired inequality is equiv-

alent to
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W(f,9.)] < cllfllzz llgllsz I6llsz (3.9)

where

B (e
Wit = [ G —a)

5 g<€177_1)f<5_5177—_7—1)&(577—) ddedgldTl.

(Il = e)(Iml = &) {m —nl = (€ = &)?)°

Therefore to perform the desired estimate we need to analyze all the possible

cases for the sign of 7, 7, and 7 — 7. To do this we split R* into the regions

Fl :{
ry = {¢1,6,n ER427120,T—7'1<0,7'20},

(3 JERY: 7 < 0,7 — 7 <0},
( )
I3 = {(,n&4,mn)eR i >0,7—7 <0,7 <0},
( )
( )
(€ )

T, 5177-1

I'y = {§T§17 T1 ER4I7'1<07T—7'120,7'20},
s = {(,7,&,n)€eR i1 <0,7—7 >0,7 <0},

I'e = {(&71,&4,n €R4:7120,T—7120}.

Thus, it is sufficient to prove inequality ([B9) with Z(f,g,¢) instead of

_ €2 g, m)f(&,m)e(E 7) e dr
20,00~ [ Teiar oo i den

with & =€ — &, 9 =7 — 11 and 0, 01, 05 belonging to one of the following cases

() o=7+&, or=m1+&, o2=7+&,
(II) o=7—-&, o1=71—&, oa=7a+&3,
(III) o =7+E&% oy=11—&, 09 =7+ &2,
(IV) o=7—-&% oy=11+&, oy=1— &2,
(VY o=7+8&, o= +&, o9=1—&,
(VI) o=7-& oy=11—-&, o9=7—&.

Remark 3.3.2 Note that the cases 0 =T+ &%, oy =71 — &2, 09 =70 — &5 and
o=17-8&, oy =n+E&, 09="7+E& cannot occur, since 7y < 0,7 — 1 <0

mmplies 7 < 0 and 71 > 0,7 — 71 > 0 implies 7 > 0
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Applying the change of variables (§,7,&, 1) — —(&,7,&,71) and observing that
the L?-norm is preserved under the reflection operation, the cases (IV), (V), (VI)
can be easily reduced, respectively, to (II1), (IT), (I). Moreover, making the
change of variables 7, = 7 — 1y, §& = £ — & and then (£, 7,8, ) — —(&, 7, &, T2)
the case (/1) can be reduced (I1I). Therefore we need only establish cases (/)
and ([I1). We should remark that these are exactly two of the three bilinear
estimates that appear in [27], but since it is important to have the inequality
B3) with a < 1/2 < b such that a + b < 1 to make the contraction arguments
work (see the proof of Theorem B.1.3]) we reprove these inequalities here.

We first treat the inequality ([B.9) with Z(f, g, ) in the case (). We will

make use of the following algebraic relation
—(T+ &)+ (n+ &)+ (T — 1) + (£ — &)*) = 26(& — &) (3.10)
By simmetry we can restrict ourselves to the set
A= {(677—7 5177_1) € R4 : ’(7— - 7_1) + (5 - 51)2‘ S ’7—1 + §%|}

We divide A into three pieces

Al = {(57776177—1) c€A: ‘51‘ S 10}7
Ay = {(&1,&,m) € A |&] > 10 and 28 — €| > [&1]/2},
As = {({,1.&4,1) € A |&] > 10 and |§ — €| > |&]/2}-

We have A = A; U Ay U As. Indeed
[§1l > 126 =& + 6 — &l = (26 — &) — (& — | =&l
Next we split Az into two parts

Azp = {E &) € A n+ & < Im+ &7,
A3,2 = {(57775177—1) € A3 : |T+£2| S |7—1 +§%|}

We can now define the sets R;, i = 1,2, as follows

Rl = A1 U AQ U A371 and RQ = A3’2.
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In what follows x g denotes the characteristic function of the set R. Using

the Cauchy-Schwarz and Holder inequalities it is easy to see that

2] < WMQMMQWﬁz

« // XR1d§1dTl
51 25 §2 23 O'1>2b<0'2> b [ oo

+ﬂm|mmnmm

y // Xr, (€ stgdr
51 25 0-1 2b 52 2s >2b

oo
L§1’T1

Noting that (€)% < (&)%51(&)%, for s > 0, and (&) < (&)21(¢) 25, for
s < 0 we have <€>2s
AEEEEL (&40
where
(s) = 0, ifs>0
TEN 4l ifs<o0

Therefore in view of Lemma B.3.1H{3.6]) it suffices to get bounds for

_ 1 (€)1 dey
Hen = o | et o

(&) d§
(01)% (11 — & +286,)%

Jz(fbﬁ) =

In region A; we have (£,)7) < 1. Therefore for @ > 0 and b > 1/2 we obtain

e < / de < 1.
[€1]1<10

In region Ay, by the change of variables n = 7 + £2 + 262 — 2£€; and the
condition |2& — &| > |£1|/2 we have

1 &) 'y(s
J1(§7T) g 0—>2a/‘2£1 2b 77

1 5 s) 1
< <a>2a/ 1(>n>2b sl

fora > 0,b>1/2 and s > —1/4 which implies v(s) < 1.
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Now, by definition of region Az ; and the algebraic relation (3.10) we have
(€)?* Slal’ Sl -9l < o).
Therefore by Lemma B.3.1+(B.7)

(61
(& + 2 — 26

L(E) < / e,

1
< d§; S
~ /(T+§2+2§% — 2661)* s
fora > 1/4, b >1/2 and s > —1/4 which implies y(s) < 4a.

Next we estimate Jo(&;, 71). Making the change of variables, n = 7—&242££,,

using the restriction in the region Aj ., we have

In| S 1T —71) + (= &)+ |7+ & < (o1).

Moreover, in As 5

&7 S (& — 9| S (o).

Therefore, since |;| > 10 we have

|€1|W(S)/ dn
J. 577— 5 T \9p
) (01)% Jini<ion [E1l{m)?®

v(s)—1
<01>2b+2a—1 ~

for0 <a<1/2,b>1/2and s > —1/4.
Now we turn to the proof of case (I11). In the following estimates we will

make use of the algebraic relation

T+ &)+ (n = &)+ (T —m) + (€= &)°) = —268. (3.12)

First we split R* into four sets

B = {({7,&,m) e RG] <10},

By = {(&,7,6,m) eR 1|6 > 10 and [¢] < 1},

Bs = {(¢1,&4,1) € R? - |&1] > 10, €] > 1 and [€] > |&1]/2},
By = {(&7.6,m) €R':|a] > 10,[¢] > 1 and [¢] < |&/2}.
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Next we separate B, into three parts

Bii = {(&7&,m) € Ba:lm—&LI(r—m) + (€ = &)? < 7+ €21},
Biz = {(&7.&,1) €By:|[r+&|(r— 1)+ (- &) < Im — &1},
Bis = {(&n&,m) €Ba:|n =& Ir+& <|(r—m) + (€ - &)}

We can now define the sets R;, i = 1,2, 3, as follows
Sl = Bl U Bg U B471, SQ = BQ U B472 and Sg = B473.

Using the Cauchy-Schwarz and Holder inequalities and duality it is easy to
see that

2] < IIfIIiz Hg|liz Nollz: .

// X, d&1dmy
fl 23 52 25 01>2b<02> b

Lgs,
+||f||L2 ||g||L2 ol
X )25 (g, )2 / / X5225<£ QSddeQb

51 01 52 < Lg .

HIF Iz HgHLz Niglzz .
y // Xg, (&1 + &)*d€rdm
52 2s 0-2 2b 51 2s 0-1 2a >2b

where o, 01, 0y were given in the condition (//7) and

o0
L§2,Tz

3. c (€2,72,61,m1) €RY 1 [&] > 10, & + & > 1,[& + & < |&]/2 and
e n=&Lln+m)+ @+ <In+8l [

Therefore from Lemma B.3.1}H(3.6) and (B.11)) it suffices to get bounds for

Ki(§T) = 1 /( A on Si,

o | e -2
_ (&) dg
e = U [ aaime o

B 1 <£1>7(5)d£1 ~
Balbrm) = <02>2b/<¢2+§§+2g§+2£152>2a on
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In region B; we have (£,)7®) < 1. Therefore for a > 0 and b > 1/2 we obtain
Kiens [ dasu
|€1/<10

In region Bs, the change of variables n = 7 + £2 — 2££; and the condition

€] > [61l/2 give
1 < 1)7(8)

<a>2a/ @

NG

(0% / O

fora > 0,b>1/2 and s > —1/4 which implies y(s) < 1.
Now, by definition of region By; and the algebraic relation (8:12) we have

Kl(fﬂ—) S

(&) S &l S 16l S (o).

Therefore the change of variables n = 7+ &2 — 2££; and the condition |£| > 1

yield
L e
K < d
&7 % oy [ jeipm
Gy o
< <
ST / A

fors > —1/4,b>1/2 and a € Rsuch that 2|s| <a < 1/2,ifs<0or0 <a<1/2,
if s > 0.

Next we estimate Ky(£;, 7). Making the change of variables, n = 7 — & +

2&£, using the restriction in the region Bs, we have

nl < I — &l + 166 < lonl + 6.

Therefore,

|§1|V(5) dn
Ky(&,m) S / E 7%
(@) Jimi<on+ie) [§11{m>

& [ (e) =2 & )t <1
(012 (oy)2b+2a—1
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for s > —1/4,b>1/2 and 0 < a < 1/2 such that v(s) < min{1, 2a} = 2a.
In the region By s, by the algebraic relation (3.12]) we have

(&) Sl&a] S 1&gl S (m—&5).

Moreover, the change of variables n = 71 — £ + 2££;, the restriction in the
region B, and ([B.12) give
nl < {o1)-

Therefore,

Ky(&,m) S <€1>7(5)/ e
\

(1)® Jii<ion 162](n)>

v(s)—1
|£1| < 1
<O-1>2b+2a71 ~

for s > —1/4,b>1/2 and 0 < a < 1/2 such that v(s) < 1.
Finally, we estimate K3(&1,71). In the region Bys we have by the algebraic

relation (B.12]) that
(&) S &l S 166 + &) S (o2).

Therefore Lemma B.31HB7) implies that

<&W*%/< ! e,

Ty + €2 + 283 + 2£,65)%0
< 1

K3(§1, Tl)

N

fora>1/4,b>1/2 and s > —1/4 which implies y(s) < 2b.
]

We finish this section with a result that will be useful in the proof of Theorem
0. 1.0l

Corollary 3.3.1 Let s > —1/4 and a,b € R given in Theorem [311l. For s’ > s

we have

(e2)”

Proof. The result is a direct consequence of Theorem BT and the

< cllullx,, lvllx,, +cllul

wolloly, - (313)

Xs/,—a

inequality

(€) < (O (6™ + ()% (€ — &),
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3.4 Counterexample to the bilinear estimates
(3.2))
Proof of Theorem Let Ay denote the set
,T) ER?:(E,7) = (N, N?) + aif + 87

(
Ay=d 0Sa<N, 0<B<NTY
(1,2N) (2N, —1)

JIrave T /I ane

and define fn(&,7) = xay, gn(&, T) = x—a, Where

=
Il

_AN = {(5,7’) S R2 : —(f,T) S AN} .
It is easy to see that

Inllez, = lonllzz, = 1. (3.14)

Now, let un,vn € X, such that fn(£,7) = (7] — )Y *un (&, 7) and
gn(§,7) = (|7 = E)2(E)*un (€, 7).

Therefore, from Lemma B:3.2+(B.8) and the fact that

17| = &% < min{|7 — €|, |7 + £}

we obtain
<|s|2m<5m>>“” _
2i7y(§) . . B

_ H €7 (¢ /fN §1,7)(&) 9N (§ — &1, 7 — 1 )(€ — 1) *dnid
- ENIT| — 52 (|7 = 71| =& = &0))°(|Im| — v(&1))? 12,
> H HES / SN, m){€) 9N (§ — &, 7 — T )(€ — &1)"*dnidé
~ 7—52 (=714 (€= &) (n —&)° 12,
= By.

From the definition of Ay we have
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(i) If (&1, 71) € supp fy and (§ — &, 7 — 71) € supp gy then there exists ¢ > 0
such that
=&l <cand [r—n+(E-6)° <c

(H) f * g(ga 7_) > XRy (57 T)?
where Ry is the rectangle of dimensions ¢N x (¢N)™' with a vertice in the

origin and longest side pointing in the (1,2N) direction.

(iii) There exists a positive constant ¢ > 0 such that
N§§1§N+C, N§§1—£§N+C

and, therefore [£| ~ c.

Moreover, combining the following algebraic relation

(T—m+E-&a))+(n-&)—(r-8)=26& -9

with (i) and (iii) we obtain

T — & < N. (3.15)
Therefore [B.14), (i), (ii), (iii) and (BI5) imply that
e
1 2 By 2 — =X
N Nea 7(5) i L2,

N72s <// )1/2
> 2
~ a XR (577—)

N =12y
Z N—QS—CL'

Letting N — oo, this inequality is possible only when —2s — a < 0 which
yields the result since a < 1/2.
|

3.5 Local well-posedness
Proof of Theorem [3.1.3l

1. Existence.

For (¢,v) € H*(R) x H* }(R), with s > —1/4, and T' < 1 we define the

integral equation
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t
Lr(u)(e) = 6(0) (Va(0)0 + Va(t)) + 01(t) [ Vit =€) )alt)a' (3,10
0
Our goal is to use the Picard fixed point theorem to find a solution

Cr(u) = u.

Let s > —1/4 and a,b € R such that Theorem B.IJ] holds, that is,
I/d<a<1/2<band1—(a+b)=06>0.

Therefore using (3.4]), Lemma B.22}(i7) with ' = —a and (3.2]) we obtain

T (w)]

Xop S U@l + (|91 mro-s+

| rerae
o ( 2i7(€) > (3.17)

Xs,—a.
2
Xs,b )

< ¢ (6l + el + T Jul

Xop S Jut ol lu—vlly,, -

|Tr(u) — Lr(v)|

We define
Xop(d) = {u € Xop : |Jullx., < d}

where d = 2c(||¢|| g5 + [|¢|

Hs—l).

Then choosing

. 1
0<T<m1n{W,1}

we have that I'r : X;,(d) — Xu(d) is a contraction and therefore there
exists a unique solution u € X;,;(d) of (B10).

Moreover, by Lemma .23, we have that @ = uljo 7 € C([0,T] : H*) N X],
is a solution of (0.I7) in [0, 7.

. If s' > s, the result holds in the time interval [0, T] with
T =T(|ollas, 19l mro—)-
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Let s > —1/4 and a,b € R given in Theorem Bl For s’ > s we consider
the closed ball in the Banach space

W= {ue Xon: fulle =

Xoo + Blullx,,, < +oo}

| s + ||| o1
e

where (§ =

Hslfl

In view of estimate (B.I7) we obtain

1T (w)]

o <0 (10l + et + T ).

Now by Corollary B.3.1] we have

Xs,b)

ITr(u)llx,, < C(H(bHHS/+H¢HHS’—1+T5HUHXS/’b |

C
S 3 (1l + Nl zs=s + T2 |l ) -

Therefore

T ()l < 2 (19]lm + s + T |full) -

The same argument gives

ITr(w) = Tr(v)lls < 2¢7° lu+ vl flu = vl -

Then we define in W the closed ball centered at the origin with radius

d" = 4c(||o]lms + ([

ms—1) and choose

. 1
0<T<mln{W,l}.

Thus we have that Fr is a contraction and therefore there exists a solution
with 7' = T'([[¢| s, [|¥]

Hs, Hsfl).

. Uniqueness. By the fixed point argument used in item 1 we have uniqueness

of the solution of the truncated integral equation (B.16) in the set X ;(d).
We use an argument due to Bekiranov, Ogawa and Ponce [3] to obtain the

uniqueness of the integral equation (0.I7) in the whole space ng.
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Let T'> 0, u € X, be the solution of the truncated integral equation (3.16])
obtained above and ¥ € X[, be a solution of the integral equation (0.I7)
with the same initial data. Fix an extension v € X, therefore, for some
T <T <1 to be fixed later, we have

v(t) = 0(t) (Ve(t)¢ + Vi(t)s) + 07(¢) /Ot Vi(t = ¢)(0%)au(t)dt
for all t € [0,77].
Fix M > 0 such that

max { [[ullx,, [vlx,, } <M. (3.18)

s,b7?

Taking the difference u— v, by definition of Xs »» we have that for any € > 0,
there exists w € X, such that for all ¢ € [0, 7]

w(t) = u(t) —v(t)

and
lwllx,, < llu—=wvlxr; +e (3.19)

Define
B(t) = e (1) /0 Vot — ) (w()ul) + w()o(t'))u (t')dE.

We have that, w(t) = u(t)—v(t), for all ¢ € [0, T"*]. Therefore, from Definition
| Lemma B.2.2-(i4), (32)) and (B.I8)) it follows that

lu = vllxr < flwllx,,
’ (3.20)
< 2eMT* wllx,, -

Choosing T* > 0 such that 2cMT* < 1/2, by [3.19) and ([3.20), we have
el <=
Therefore u = v on [0, T*]. Now, since the argument does not depend on the

initial data, we can reapply this process a finite number of times to extend

the uniqueness result in the whole existence interval [0, T'].
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3.5.  Local well-posedness

4. Map data-solution is locally Lipschitz. Combining an identical argument to
the one used in the existence proof with Lemma [B.2.3] one can easily show

that the map data-solution is locally Lipschitz.






Chapter 4
Ill-posedness for the “good” Boussinesq
equation

4.1 Introduction

Since scaling argument cannot be applied to the Boussinesq-type equations
to obtain a critically notion it is not clear what is the lower index s where one has
local well-posedness for the “good” Boussinesq equation ((L5]) with initial data
(p,0) € H*(R) x H*Y(R). In this chapter we answer, partially, this question.
In fact, our main result is a negative one; it concerns in particular a kind of
ill-posedness. We prove that the flow map for the Cauchy problem ((.3]) is not
smooth (C?) at the origin for initial data in H*(R) x H*'(R), with s < —2.
Therefore any iterative method applied to the integral formulation of “good”
Boussinesq equation ((L3)) always fails in this functional setting. In other words,
if one can apply the contraction mapping principle to solve the integral equation
corresponding to (0L5) thus, by the implicit function Theorem, the flow-map data
solution is smooth, which is a contradiction (cf. Theorem [1.1.2]).

Tzvetkov [40] (see also Bourgain [7]) established a similar result for the KdV
equation (7). The same question was studied by Molinet, Saut and Tzvetkov [35]-
[36], for the Benjamin-Ono equation (0.1I]) and Kadomtsev-Petviashvili 1 (0.12])

Before stating the main results let us define the flow-map data solution as

S: H(R)x H'(R) — C([0,T]: H*(R))
(¢, ) = u(t)

where u(t) is given in (0I7).
These are the main results

(4.1)

Theorem 4.1.1 Let s < —2 and any T > 0. Then there does not exist any space
X7t such that

ulloqo,ryerrs gy < ¢l » (4.2)
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for alluw € Xp

Ve + Vel < ¢ (16lrey + 11l s-108)) (43)
for all p € H*(R), v € H*'(R) and
\ | ve= @] < clul, o, (1.4)
Xr

for all u,v € Xrp.

Remark 4.1.1 We recall that in Chapter [3 we construct a space X such that
the inequalities {{.9), ({-3) and ({{.4) hold for s > —1/4. These are the main tools
to prove the local well-posedness result stated in Theorem [ 1.3.

Theorem 4.1.2 Let s < —2. If there exists some T > 0 such that [03) is locally
well-posed, then the flow-map data solution S defined in ({{1) is not C* at zero.

In all the ill-posedness results of Tzvetkov [40], Molinet, Saut and Tzvetkov
[35]- [36] it is, in fact, proved that for a fixed ¢ > 0 the flow map S; : ¢ +— u(t) is
not C? differentiable at zero. This, of course, implies that the flow map S is not
smooth (C?) at the origin.

Unfortunately, in our case we cannot fix ¢ > 0 since we don’t have good
cancellations on the symbol W. To overcome this difficulty, we allow the
variable ¢ to move. Therefore, choosing suitable characteristics functions and
sending t to zero we can establish Theorems .1.TH4.1.21 We should remark that

this kind of argument also appears in the ill-posed result of Bejenaru, Tao [2].

4.2 Proof of Theorems 4.1.1H4.1.2

Proof of Theorem [4.1.7] Suppose that there exists a space X satisfying
the conditions of the theorem for s < —2 and 7' > 0. Let ¢, p € H*(R) and define

u(t) = V.(t)o, v(t) = Vo(t)p. In view of (A.2), (L3), (£4) it is easy to see that the
following inequality must hold

sup
1<t<T

<cl¢|

H*(R)

/0 Vit = ) (Ve(t)pVe(t) p)aa (1) dt! we@) 1Pl sy - (4:5)

We will see that (L5 fails for an appropriate choice of ¢, p, which would
lead to a contradiction.
Define

¢(§) = N7°X[-n-n41) and p(&) = N7 X(n41,n+2),
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where x 4(-) denotes the characteristic function of the set A.

We have

16010 coy 1y ~ 1.

Recall that v(§) = /&2 +&* By the definitions of V., Vi and Fubini’s

Theorem, we have

e

( /0 t Vi(t =) (Ve(t)pVe(t) p)m@/)dt/) () =

Y e P
= (€ — &)p(&1) K (t, €, 61)d6

e B(E)
- |£|2 NfQSK d
/A g s
where
Ac= {61 & € supp(7) and £ — & € supp()}
and

K(t,§,61) = /0 sin((t — t')7(§)) cos(t'y(€§ — &) cos(t'y(&))dt".

-~

Note that for all £ € supp(p) and & — & € supp(¢) we have

(€ —€),7(6) ~N?and 1 < € < 3.

On the other hand, since s < —2, we can choose £ > 0 such that
—2s —4 —2e¢ > 0. (4.6)

Let t = then for N sufficiently large we have

cos(t1(€ — &), cos(t'y(61) = 1/2

and
sin((t — ¢')y(€)) > c(t — t')v(),

forall 0 <t <t,1<¢<3and & € supp(p).
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Therefore

K66 [ (=0 2218 g7

For 3/2 < ¢ < 5/2 we have that mes(A¢) 2 1. Thus, from (4.5) we obtain

/0 Va(t = 1) (Ve(t)Ve(t') p)aa(t)dt!

1 = sup
1<t<T H*(R)

9 1/2

5/2
> sup /3 (1+[eP)° dt

1<t<T /2

> N7Z7472 forall N> 1

|£|2 N—QSK d
/Ag 87({) (t?€>€1) 51

which is in contradiction with (4.6]).
]
Proof of Theorem Let s < —2 and suppose that there exists T" > 0
such that the flow-map S defined in [{1)) is C?. When (¢,v) € H*(R) x H*'(R),
we denote by us ) = S(¢, 1) the solution of the IVP (0.T), that is

t
o (t) = Vel)s + Vi + [ Valt = )(u o).
0
The Fréchet derivative of S at (w, () in the direction (¢, ¢) is given by

dis.6)S(w, Q) =Ve(t) + Vi(t) put

t (4.7)
2 [ V=) 0 ()5S0 sl

Using the well-posedness assumption we know that the only solution for

initial data (0,0) is w0 = S(0,0) = 0. Therefore, (£7) yields

di4,5)5(0,0) = Ve(t)d + V(1) Pa-

Computing the second Fréchet derivative at the origin in the direction
((¢, ®), (p, p)), we obtain

2 _
@4.6),02°(0,0) =
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=2 [ V= ) [0+ Va8Vt + Vil )

Taking ¢, p = 0, the assumption of C? regularity of S yields

< cll¢|

H*(R)

su a) 12| s
lgé’T ey 10l s wy

/Ot Vit =) (Ve(t)@Ve(t') p)as (t')dt!

which has been shown to fail in the proof of Theorem E.T1.T]






Chapter 5
Local and global solutions for the nonlin-
ear Schrodinger-Boussinesq system

5.1 Introduction

In this chapter we consider the initial value problem (IVP) associated to the

Schrodinger-Boussinesq system (hereafter referred to as the SB-system), that is

U + Upe = VU,
Vgt — Ugg + Vgpga = (‘u’)m:a (51)
u(z,0) =uo(z); v(z,0) = vo(x); ve(z,0) = (v1)a(),

where z € R and ¢ > 0.

Here u and v are respectively a complex valued and a real valued function
defined in space-time R?. The SB-system is considered as a model of interactions
between short and intermediate long waves, which is derived in describing the
dynamics of Langmuir soliton formation and interaction in a plasma [34] and
diatomic lattice system [42]. The short wave term u(x,t) : RxR — C is described
by a Schrédinger type equation with a potential v(x,t) : R x R — R satisfying
some sort of Boussinesq equation and representing the intermediate long wave.

Our principal aim here is to study the well-posedness of the Cauchy problem
for the SB-system (5.]) in the classical Sobolev spaces H*(R), s € R.

Concerning the local well-posedness question, some results have been ob-
tained for the SB-system (5.1]). Linares and Navas [30] proved that (5.1)) is locally
well-posedness for initial data uy € L3(R), vy € L*(R), v; = h, with h € H™}(R)
and ug € H'(R), vo € H'(R), v; = h, with h € L?(R). Moreover, by using
some conservations laws, in the latter case the solutions can be extended globally.
Yonggian [43] established similar result when ug € H*(R), vy € H*(R), v1 = hy,
with h € H*(R) for s > 0 and assuming s > 1 these solutions are global.

Since scaling argument cannot be applied to the Boussinesq-type equations
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to obtain a criticaly notion it is not clear what is the lower Sobolev index s for
which one has local (or maybe global) well-posedness. To obtain some idea on
which spaces we should expect well-posedness, we recall some results concerning
the Schrodinger and Boussinesq equations.

For the single cubic nonlinear Schrodinger (NLS) equation with cubic term
iU+ Uge + [ul?u = 0, Y. Tsutsumi [40] established local and global well-posedness
for data in L?(R). Moreover, by using the scaling and Galilean invariance with
the special soliton solutions, it was proved by Kenig, Ponce and Vega [28] that
the focusing cubic (NLS) equation is not locally-well posed below L?*(R). This
ill-posed result is in the sense that the data-solution map is not uniformly
continuous. Recently, Christ, Colliander and Tao [13] have obtained similar results
for defocusing (NLS) equations. For the case of quadratics (NLS) Kenig, Ponce
and Vega [27] have proved local well-posedness for data in H*(R) with s > —3/4
for (O.8)-(0.I0) and s > —1/4 for ([L9). This result is sharp, in the sense that we
cannot lower these Sobolev indices using the techniques of [27].

Now we turn to the “good” Boussinesq equation (0.5). In Chapter B we
prove local well-posedness for initial data in H*(R) x H*"}(R) with s > —1/4.
Again, this last result is sharp in the same as above.

Taking into account the sharp local well-posedness results obtained for
the quadratic (NLS) and Boussinesq equations it is natural to ask whether
the SB-system is, at least, locally well-posed for initial data (ug,vo,v1) €
H*(R) x H*(R) x H*'(R) with s > —1/4. Here we answer affirmatively this
question. Indeed, we obtain local well-posedness for weak initial data (ug, vg,v1) €
HF(R) x H*(R) x H*~!(R) for various values of k and s. The scheme of proof used
to obtain our results is in the same spirit as the one implemented by Ginibre, Y.
Tsutsumi and Velo [21] to establish their results for the Zakharov system (0.14]).

In [1], it was shown that by a limiting procedure, as ¢ — 0, the solution
u, to (0.I4]) converges in a certain sense to the unique solution for cubic (NLS).
Hence it is natural to expect that the system (0.14)) is well-posed for ug € L*(R).
In fact, for the case o = 1, in [21] it is shown that ((ILI4]) is local well-posedness for
(ug, v, v1) € L2(R) x H=Y/2(R) x H~3/2(R). Moreover, Holmer [23] shows that the
one-dimensional local theory of [21] is effectively sharp, in the sense that for (k, s)
outside the range given in [21], there exists ill-posedness results for the Zakharov
system (LI4). In particular, we cannot have local well-posedness for the initial
data in Sobolev spaces of negative index.

Note that the system (0.14]) is quite similar to the S B-system. In fact, taking
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o =1 and adding v, on the left hand side of the second equation of (0.14]) we
obtain (B.]). In other words, the intermediate long wave in ((L14)) is described by
a wave equation instead of a Boussinesq equation.

Despite such similarity, there are strong differences in the local theory.
According to Theorem .11l below, it is possible to prove that the system (5.1])
is locally well-posed for initial data (ug, vo,v1) € H¥(R) x H*(R) x H*}(R) with
s > —1/4, which is not the case for the system (0I4]). Therefore, in the sense
of the local theory, we can say that the SB-system (5.0]) is better behaved than
the Zakharov system ((.I4]). This is due basically to the fact that (.I3) has more
dispersion then (0.14]).

To describe our results we define next the X7, and X7 spaces related to
the Schrodinger and Boussinesq equations, respectively. The spaces X fb were
introduced in Chapter Bl Here we set the indices S, B to emphasize that the

spaces are related to the Schrodinger and Boussinesq equations, respectively.

Definition 5.1.1 For s,b € R, Xﬁb denotes the completion of the Schwartz class
S(R?) with respect to the norm

1Flls, = 17 + €37€)" Flla,
where ~ denotes the space-time Fourier transform and (a) =1+ |al.

Definition 5.1.2 For s,b € R, be denotes the completion of the Schwartz class
S(R?) with respect to the norm

1Fllxz, = 17| = 7€) (€) Fllz,
where y(§) = /&2 + &~
We will also need the localized X2, and X7, spaces defined as follows

Definition 5.1.3 For s,b € R and T > 0, XELT (resp. Xfl;T) denotes the space

endowed with the norm

lull sy = inf {llwllxs, : w(t) = u(t) on (0,71}

s,b
(resp. with X B, instead of X%,

Now state the main results of this chapter.
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Theorem 5.1.1 Let1/4 < a < 1/2 < b. Then, there exists ¢ > 0, depending only

on a,b, k,s, such that

(i) Nuvllys < ellullgg, lollcs,

holds for |k| — s < a.

(ii) Nwrdsllys < cllulls, luallys,

holds for

~-s—k<a,ifs>0andk > 0;
~ s+2|k| <a, 2|k| >a,ifs>0and k <0;
- s+ 2|k| <1/2, 2|k| > a, if s <0 and k < 0.

Theorem 5.1.2 Let k > —1/4. Then for any (ug,vy,v1) € H*¥(R) x H*(R) x
H*"YR) provided

(i) k| —1/2 <s<1/2+ 2k for k <0,

(it) k—1/2<s<1/2+k fork >0,

there exist T = T(||uol| g, ||vo] |vi||zrs-1), b > 1/2 and a unique solution u of

the IVP (51), satisfying

Hs»

we C([0,7): H*R)) N X}y and v € C([0,T]: H*(R)) N X"

Moreover, the map (ug,vo,v1) — (u(t),v(t)) is locally Lipschitz from HF(R) x
H*(R) x H*"YR) into C([0,T] : H*(R) x H*(R)).

Next we obtain bilinear estimates for the case s = 0 and b, b; < 1/2. These

estimates will be the main tool to establish global solutions.

Theorem 5.1.3 Let a,ay,b,by > 1/4, then there ezists ¢ > 0 depending only on
a,ay, b, by such that

i) Nuvllgs . < cllullxg, Tollxs,
(i) Nwislxp < cllmll, luslys, -

These are the essential tools to prove the following global result.
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Theorem 5.1.4 The SB-system (2.1]) is globally well-posed for (ug,vo,v1) €
L*(R) x L*(R) x HY(R) and the solution (u,v) satisfies for all t > 0

— n2) 1o |12
oz + (=)o 071 < 210020 masc {[|vg, vy |1, [uol| 2}

The argument used to prove this result follows the ideas introduced by
Colliander, Holmer, Tzirakis [14] to deal with the Zakharov system. The intuition
for this theorem comes from the fact that the nonlinearity for the second equation
of the SB-system (5.1]) depends only on the first equation. Therefore, noting that
the bilinear estimates given in Theorem hold for a,a;,b,b; < 1/2, it is
possible to show that the time existence depends only on the ||ugl| 2. But since
this norm is conserved by the flow, we obtain a global solution.

The plan of this chapter is as follows: in Section 2, we prove some estimates
for the integral equation in the X ;S:b and X fb space introduced above. Bilinear
estimates are proved in Section 3. Finally, the local and global well-posedness

results are treated in Sections 4 and 5, respectively.

5.2 Preliminary results

By Duhamel’s Principle the solution of the S B-system is equivalent to ([(0.25]).
Let 6 be a cutoff function satisfying § € CP(R), 0 < 6 < 1,6 =1 in [-1,1],
supp(f) C [—2,2] and for 0 < T < 1 define 6r(t) = 6(t/T). In fact, to work in the

S B . . .
X2y and X7 we consider another version of ([0.23)), that is

u(t) =07 (t)U(t)ug — i67(t) / Ut —t')(vu)(t)dt
0 (5.2)

v(t) =0r(t) (Ve(t)vo + Vi(t)(v1)2) + 02 (1) /O Va(t = t)([uf*)oo ()t

Note that the integral equation (5.2) is defined for all (x,t) € R% Moreover
if (u,v) is a solution of (5.2) than (@,7) = (u|pm,v|p,r) Will be a solution of
@28) in [0,T].

Before proceed to the group and integral estimates for (5.2 we introduce
the norm

s+ 01l

2%5 = [|vo]

||anvl|

For simplicity we denote B° by 9B and, for functions of t, we use the

shorthand

e = (0@ 7 + 1(=2)" 20 () 7o

lv(®)]
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The following lemmas are standard in this context. The difference here is on
the exponent of T that appears in the group estimates. This exponent together

with the growth control of the solution norm ||v||g will be important for the proof
of Theorem .14 in L.

Lemma 5.2.1 (Group estimates) Let T < 1.

(a) Linear Schridinger equation

(i) 1S(@®)uollc@:rre) = [uol
(i1) If 0 < by <1, then

HS.

16-(5)S(E)uollxs, < T~ o]l -

(b) Linear Boussinesq equation

(i) [IVe(t)vo + Va(t)(v1)zllo@:ms) < |lvollzs + [[v1]
(i) ||Ve(t)vo + Vs(t)(v1)ello@s) = [Jvo, v1
(111) If 0 < b <1, then

Hs—1.

B

102(2) (Ve(t)vo + Va(t) (v1)e) | x5, S 7270 (||

Hs + ||1)1| Hsfl) .

Remark 5.2.1 We should notice that the first inequality of item (a) and the
second one of item (b) do not have implicit constant multiplying the right hand
side. This will be important in the proof of the global result in L? stated in Theorem
since we will make use of an iterated argument to control the growth of the

solution norm.

Proof.

(a) The first inequality comes from the fact that S(-) is a unitary group. The
second one with 0 < b; < 1/2 can be found, for instance, in [I14] Lemma
2.1(a). The case 1/2 < by < 1 can be proved using the same arguments as the
one used in the previous case. Since in (b) we apply these same arguments

in the context of the Boussinesq equation, we omit the proof of (ii).

(b) By the definitions of V,.(-) and V(+) it is easy to see that for all t € R

IVe(t)vol

e < |[vol[ms and [[Vi(t)(v1)a]

ms < [Jv1]

Hs—1.
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Let f(z,t) be a solution of the linear Boussinesq equation

(5.3)

{ ftt - fmm + fmwzz =0,
f(@,0) =vo, fi(x,0) = (v1)s

Recall that J* = F~1(1 + [£]?)*/2F, for s € R. Applying the operators
(=A)~! and J7! to the equation (5.3), multiplying by J~!f; and finally
integrating with respect to z, we obtain (after an integration by parts) the

following
d -
a7 UAIZ + 1(=2) 72 fillF } =0

which implies for all t € R

IVe(t)vo + Vi(t)(01)a ]l = l[vo, vilss-

Now we turn to the proof of the second inequality in (b). A simple compu-

tation shows that

(Or(t) (Ve(t)vo + Vi(t)(01)2))7 (€, 7) =

—

Or(r —(6)) ( - €0 (€)\ | Or(r +(€) [~ Q€01 (€)
2 (UO@H v(§) >+ 2 (UO(O_ Y(§) )

Thus, setting hy(§) = 0p(§) + % and hy(§) = 1o(§) — if(lg), we have

167 (Ve(t)vo + Vi) (v1)a)lIx,, <

< [rUEH I (€) (ff::<|r| e

~ 2
IrG—(©)
rrae)| dT) de

e (€2 (ff§<|T| L

—~ 2
GT(T;W(O)‘ dT) de.

Since [|7| = 7(§)] < min{|7 = (&), |7 +v(£)[} we have

s+ [ he

107 (Vo(t)vo + V&) () x., S (Il

S )
S (ol

o) (107

10770

as + v
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To complete the proof we note that (since 7' < 1)

S 107l + 1107
S T2 60l + T2 (164 e
S T )00 e -

167]] zp

Next we estimate the integral parts of (5.2]).

Lemma 5.2.2 (Integral estimates) Let T < 1.
(a) Nonhomogeneous linear Schréodinger equation

(i) If 0 < a; < 1/2 then

(1) If0 <a; <1/2,0<b; and a; + by <1 then

STV 2l xs

/t Ut —t")z(t)dt

C([0,T]:H*®)

ST

S
Xs,bl

Or(t) /0 t Ut —t)2(t)dt’

(b) Nonhomogeneous linear Boussinesq equation

(1) If 0 < a < 1/2 then

t
/ Vot — 1)z, (¢)dt!
0

C([0,T]:89%)

(1)) If0<a<1/2,0<banda+b<1 then

00 (1) /0 Vit — )2 ()

B
Xs,b

Proof.

s,—ay

S .
Xs,fal

STV

STzl

114

(a) Again we refer the reader to [I4] Lemma 2.2(a). Since in (b) we apply these

same arguments in the context of the Boussinesq equation, we omit the

proof of this item.
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(b) We know that (see [14] inequality (2.13))

eﬂﬂA}WMﬂL

First, we will prove that

STV fll e - (5.4)

HGT fo ') 240 () dl e

(11 ||or (o)~ W@L (= )erat] STV

L Hs s—a

€

7(€)

To prove (I), we observe that SUpger — < 0. Therefore, using Minkowski

inequality and (B.4]) we obtain

Or(t) /Ot Vi(t — t') 2 () dt

L HS

9T(t)/0 O+ [¢?) 2 e (g, ¢ dt!

2
L

t
0z (1) / e~ (1 4 |£[2) /250 (¢, 1)t
0

< TV ([l + 1) O FE

+ |l = 7N,z ) -

Since ||7] — v(&)| < min{|T —~v(&)|,|7 +v(£)|} and @ > 0 we obtain in-
equality (7).

To prove (1) we note that

07 (t)(—A)Y20, / t Vit — t') 2g (') dt!
0

Lo Hs—1

-1 2\ (s—1)/2 cos((t —t')v()) 2, A g,
HH\@ (14 1€Y1 20, (1 /0 — D g jgnene,

2
Lell pgo

Therefore the same arguments used to prove inequality (1) yield (I7).
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Now, we need to prove the continuity statements. We will prove only
for inequality (I), since for (II) it can be obtained applying analogous

arguments.

By an €/3 argument, it is sufficient to establish this statement for z belonging
to the dense class S(R?) € X ,. A simple calculation shows

t t
00 [ Vit O)zeal)at = [ Vit =)zl
0 0

Moreover, with essentially the same proof given above, inequality (I) holds
for Vo(t —t') and ||zz||xs  instead of V,(t —t') and ||z||x5 , respectively.

Therefore, by the fundamental Theorem of calculus we have for ¢, ¢y € [0, T

/Otlvs(tl— ") zae (t)dt’ —/Obvs(b_ Nann ()t

/: ( /Ot Ve(t = t')%(ﬂ)dt’) dt B

S (ta—t)||0r(2) /t Vo(t — ") zpe (8" dt!

S (k- tl)Hzm“Xf’,a

HS

L°Hs

which proves the continuity.

It remains to prove the second assertion, but this can be done applying the

same arguments as the ones used in the proof of Lemma B.2.2}(i7) together
£J?

with the fact that supecg —~ ’ | < 00

7(€)
m

We recall that, for b > 1/2, X7 and X[, are embedding in C'(R : H*). For
the spaces associated to the Schrodinger equatlon this result is well know in the
literature. For the X fb spaces, this embedding was proved in Lemma B.2.3]

We finish this section with the following standard Bourgain-Strichartz

estimates.

Lemma 5.2.3 Let Xﬁb denote the space with norm

IPllxs, = Ir = €4 Flz .

Therefore
I3

lullxs

lullzs, < cmin{{fullxs 5

0,1/4+"
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where a+ means that there exists € > 0 such that a+ = a + <.

Proof. This estimate is easily obtained by interpolating between

-~ (Strichartz) [lull 5, < emin{llullgs, . ullxs, , ).
-~ (Definition) [Jullz, = ulls, = llullgs,-

5.3 Bilinear estimates

Again, our main tools to obtain the desired estimates are Lemmas[3.3.TH3.3.2]

stated in the previous chapter.

Proof of Theorem [G5.1.1]

(i) For u € X}, and v € X, we define

(r+&%)%e)ru(g, ),
(7] = (€)' (€)D(&, 7).

2 =
M
49
S~— S~—
1/l

By duality the desired inequality is equivalent to

(WS g, 0)l <cllfllez_llglez lIollrz (5.5)
where
_ (&F  g(&,m)f(&,m)0E, T)
U0 = | TR e e
and

=&, o=T—Ti, (5'6)
o=7+&, o1=|nl—-7&), oc2=71+E.

In view of Lemma B:3.2, we know that {|7| —v(&)) ~ (71| — &2). Therefore
splitting the domain of integration into the regions {(&,7,&,7) € RY 1 1y <
0} and {(&,7,&,71) € RY: 7y > 0}, it is sufficient to prove inequality (5.5)
with Wi (f, g,¢) and Ws(f, g, ¢) instead of W (f, g, ®), where

B (€F  g(&,m)f(&,m)e(E,T) e dr
Wi(f,9.0) = /R EV G (o)elm 1 oyt GedTdErdn
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and
_ ©F  g(&,m)f(&,m)oE, )
Wa(f,9.9) —/W EVEE () (m = o) dédrdg,dr.

Let us first treat the inequality (B.5) with Wi(f, g, ®). In this case we will

make use of the following algebraic relation
—(TH+E) + (n+&) + (T =) + (£ = &)%) = 26(& — &) (5.7)

By simmetry we can restrict ourselves to the set
A= {(577_7 5177_1) € R4 : ’(7— - 7_1) + (5 - 51)2‘ S ’7—1 + f%’}
First we split A into three pieces

Al = {(§7Ta 6177—1) €A: |€1| S 10}7
A2 = {(57776177—1) € A ‘51| 2 10 and ‘251 - §| 2 ‘51‘/2}7
Az = {(¢7,&,n) € A 6] > 10 and [§ — & > [61]/2}.

We have A = A; U Ay U As. Indeed
& > 126 — &+ & — & > [(26 — &) — (& — )| = [&i]-

Next we divide A3 into two parts

Asn = {(n.&,m) €A In+ & < |T+ &},
A3,2 = {(57776177-1) € A3 : |7—+£2| < |7-1 +§%|}

We can now define the sets R;, i = 1,2, as follows

Rl = A1 U AQ U A371 and RQ = A3’2.
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Using the Cauchy-Schwarz and Holder inequalities it is easy to see that

f? < ||f||iz lgllzz Nz

Qk // X R, d&1dT
(£1)25(&,) 2k (11 +£1>2b<02> 2b

+Hf||L2 Hglly Niolzz

X32 2kd§d7’
§1 25 7-1 +§1 2b >2b

Noting that (€)% < (61)2 (€)%, for k > 0, and (&)~ < (6)?¥(¢)~, for
k < 0 we have 2%
O
()2 ()%

Therefore in view of Lemma B.3.1] it suffices to get bounds for

1 (€1)7 1 ~2de,
Ji(€,7) = (o) / (T + 62 +267 — 266)

_ <€1>2|k|—2s dé‘
wer) = e | g o e

Lg?T

oo
L§1,T1

7 < (&) (5.8)

on Ry,

In region A; we have (&)2*=2* <1 and since a > 0, b > 1/2 we obtain

nEn) < / de < 1.
[€11<10

In region Ay, by the change of variables n = 7 + £ 4 2¢2 — 2££; and the
condition [2&; — &| > |£1|/2 we have

1 2|k\ —2s
J1<€7T) 5 O‘>2a/|2§1

1 2|k| 25 1
S dn 1
(o) / (m)?

since a > 0, |k| —s < 1/2 and b > 1/2.

Now, by definition of region As; and the algebraic relation (5.17) we have

(&) Slal Sla& =91 < (o).
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Therefore by Lemma [3.3.1]

(€)1l 2ot
&) 5 / (r + €2 + 26 — 266

dg,

1
/ oy et agmi s !

since a > 0, |k| —s < 2a and b > 1/2.

Next we estimate Jo(&;, 71). Making the change of variables, n = 7—&7+2£&4,

using the restriction in the region Aj ., we have
] ST —7) + (€ = &)?| + |7+ & S (n + &)

Moreover, in Aj 5

G S 166 = Ol S (n+ &),

Therefore, since |£;] > 10 we have

’51’2|k|—2$ d77
hE,n) S —H—— S
2b (i + €2 Jipi<imaren [ELl(n)2

’§1|2|k|—2s—1 <
<7-1 + §%>2b+2a—1 ~ 1

in view of a > 0, |k| —s <1/2 and b > 1/2.

Now we turn to the proof of inequality (5.5]) with Ws(f, g, ¢). In the following

estimates we will make use of the algebraic relation
T+ )+ (-G H (T -+ (E-&)) =268 (5.9)

First we split R* into four sets

By = {(&7,&,m) e RY:|&] <10},

By, = {(&7.&,m) € R 1 [&] > 10 and €] < 1},

By = {(&,7,6,m) €RY: 6] > 10,]¢| > 1 and [¢] > |61]/2),
By = {(&,7,6,m) € R ;& >10,]¢ > 1 and |¢] < |&]/2).
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Next we separate B, into three parts

Biy = {(&,7,&,m) €By:|n =& (T —m) + (£ —&)% < |7+ €},
Biz = {(&7.&,1) €By:|[r+ & (7 —m)+ (- &) < ;- €11},
Bis = {(&n&,m) €Ba:|n—&LIr+ & <|(r—m) + (€= &)}

We can now define the sets R;, i = 1,2, 3, as follows

Sl = Bl U Bg U B471, SQ = BQ U B472 and 83 = B4,3.

Using the Cauchy-Schwarz and Holder inequalities and duality it is easy to
see that

Wal* < (IflIzz llgllzz llelz:

‘ % // X5, d€1dT
(£1)25(E5) 2k (1 — €2)2(g5) 2

L

+I£1I72 ||9HL2 Nolzz.

" // X3, (€ 2kd§d7’
(€25 (r, — ) (E5)2F( o2)2b L.

+If 11z ||9||L2 Nollz:

" // Xg, (&1 + &)* d&idn
&Pl J] e - @,

where o, 09, &, T were given in (5.0 and

3. c (&, 70, &1,m1) €ERY & > 10, |6 + &| > 1,16 + & < |&]/2
' and |1 — &), |(m+7) + (G + &) < |+ [

Noting that (& +&)2F < (&)2F(&)2%F, for k > 0, and (&) 2 < (&)2H(¢, +
&) 7% for k < 0 we have

(& +52>22k < (&) k-2,

(€1 (&)
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Therefore in view of Lemma B3] and (5.8]) it suffices to get bounds for

1 5 2\k\—2sd§
Blen = o / <T<+1>g2—2££11>2b o
f 2|k|—2s df
Ky(§1,m) = <<Tll>_ §%>2b/<7-1_§%+2§€1>2a on 5,

_ 1 (&) =20de, g
K3(&,mn) = (09)20 / (To 4 &3 + 262 + 2£,&5)%0

In region B; we have (£)2*=25 <1 and since a > 0, b > 1/2 we obtain

K\ (€,7) 5/ de <1,

|€1]<10

In region Bs, the change of variables n = 7 + &2 — 2££; and the condition
€] = |&]/2 imply

Ki(&7) < ! /<51>2|k|_28dn

(a)2a | J€l(m)?
<£1>2\k|72571 1
s P | gt

since a > 0, |k| —s < 1/2 and b > 1/2.

Now, by definition of region B,; and the algebraic relation (5.9) we have
(€1) S &l S 168l < (o).

Therefore the change of variables n = 7+ &2 —2££; and the condition [£| > 1

we have

1 <§1>2\kz\—25
I el

<€1>2|k|—25—2a 1
< <
s S e

since @ > 0, |k| —s <a and b > 1/2.

Next we estimate Ky(£1, 7). Making the change of variables, n = 7, — &7 +

2£&, and using the restriction in the region By, we have

nl < Im =&l + 16l S Im = &+ &
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Therefore,

| & |22 dn
K2(€177—1) 5 T ~o\on T 1/ \o,
(11 =& Jini<im—ey4ie) 161l(m)*

|§1|2|k|72872a |£1|2\k\72371

=g " (-

since a > 0, |k| —s < min{1/2,a} and b > 1/2.

In the region By, from the algebraic relation (5.9)) we obtain
(&) Slél S1aél S (n—&).

Moreover, making the change of variables, n = 7 — &2 + 2££;, using the

restriction in the region By and (5.9), we obtain

nl S (= &7).

Therefore,
(&) IHI—2s dn
K(&,m) S o T
(=& nl<(m—e2) |§1]{m)>
|§1’2|k|—2s—1

<1
(1 — £%>2b+2a—1 ~

since @ > 0, |k| —s < 1/2 and b > 1/2.

Finally, we estimate K3(&1, 7). In the region B, 3 we have by the algebraic
relation (0.9) that

(&1) S 16l S 166+ &)| S (02).

Therefore in view of Lemma B.3.1] we have

(6)2k1-2-2 / : 1 e,

K
3(&1, 1) Ty + €2 + 283 + 2£,65) %0
<1

AN

since a > 1/4, |[k| —s <band b > 1/2.
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(ii) For u; € X}, and uy € X}, we define

-
—~
m
\“
S~—
Il
—
\]
+
Iy
AV
~
=
—
m
~
=
2
=
~~
A
\‘
:_/

g(&,7) = (T + ) (g 7).

By duality the desired inequality is equivalent to

12(£,9.9)| < el fllzz lglzz 16z (5.10)
where
£)° W&, m)f(&, T Qg %
2000 [ e o oo
and

h(ﬁ,&) =g(—1,-&), &L =¢§-&, m=T-—T,

o=l =7, oi=n—&, =1+,
Therefore applying Lemma [B8.3.2] and splitting the domain of integration
according to the sign of 7 it is sufficient to prove inequality (BI0) with

Zi(f,9,0) and Zs(f,g,¢) instead of Z(f, g, ¢), where

_ (€ W&, ) f(&2,m)0(E,7) e dr
Zl(f?.gJ ¢) - /']R4 <§1>k‘<§2>k‘ <7_ +€2>a<0-1>b<0-2>b déd déld 1

and
_ (&) (&, 1) f(&,m)e(E,7) e dr

Remark 5.3.1 Note that Zi(f, g, ) is not equal to Wi(f, g, @) since the
powers of the terms (€) and (&) are different.

First we treat the inequality (5.10) with Z;(f, g, ¢). In this case we will make

use of the following algebraic relation

—(T+ &)+ (=) + (T —n) + (= &)°) = —26¢. (5.11)
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We split R* into five pieces

Ay = {(&7,6,1) € R €] <10 and |&| < 100},

Ay = {(&,7,6,1) € R*: [€] <10 and [&| > 100},

Az = {(&7&,m) eRY ¢l > 10 and [|&] < 1or [&] < 1]},

4 = JEnE ) ER 21006121 16 21 }
and [|&] > 2|&| or [&] > 2(& ]

A _ <€7T7£17Tl) € R4 : |€’ Z 107 ’gll Z 17 |£2| Z 1
’ and |&]/2 < &) < 20&| [

Next we separate Ay into three parts

Ash = {En&,n) €A n = &L —7n)+ (€ -&)% <|r+ &},
A5,2 = {(577—75177-1) € A5 : |7-+£2|’ |(T _7-1) + (g _51)2’ < |7-1 _£%|}7
Ass = {(&n&,m)€ls: |In—&LIr+& <|(r—7)+ (- &)}

Therefore by the same argument as the one used in the proof of (7) it suffices

to get bounds for

1 6 —2k 5 —2k 5 25d€
L) = ke [
1 5 —2k 5 —2k g 2Sdf
L2(§1,7—1) = <0.1>2b/<<17>_1_<§%2>_i_ 25<§1>>2a on VV27
_ 1 (€1) 72 (Ea) () > dEy =
Blaomn) = o / o+ Gregr26ge
where
‘/1:143UA4UA5,1, ‘/2:A1UA2UA572
and

N (§2,72,&1,m1) € R & + & > 10, 6] > 1,
Vi C & > 1, |61]/2 < |&] < 2|4
and |1y — &, [(1 4+ 72) + (& 4+ &)?| < |2 + &

First we estimate L;(&, 7). In the regions Az or A4 it is easy to see that
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max{[&1], €|} ~ [¢], therefore

(&) F (&) THE) S ()W
where

s+ 2k, k<0
k:
(k) {s—h it k>0

Remark 5.3.2 Note that € = N + 1 and & = N belong to As, for all
N > 100. In all of this cases |&| = 1. Therefore, we cannot expect, in

general, that both || and |&| are equivalent to |€|. Because of this fact we
define v(k) = s — k, for k > 0.

Then, making the change of variables n = 7 + £2 — 2££;, we have

(&)™) dn
LEN R e / s ~ !

since @ > 0, b > 1/2, and (k) < 1/2, that is, s — k < 1/2, if £ > 0 and
s+ 2lk| <1/2,ifk<0.

In region A5 we have

(&) THE)THE® S (&)R) (5.12)
where
0, ifs<0,k>0
2|kl ifs<0,k<0

s — 2k, ifs>0,k>0
s+2|kl, ifs>0k<O0.

Moreover, the restriction in the region As;, the condition || > 10 and the

algebraic relation (5.I1I) give us

(&) Slal S 1ag S(r+¢€).
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Therefore

27(sk)—2ad
fm) S /@m T
dn

ifa>0,b>1/2and v(s,k) < a, that is, 2|k| < a ,if s <0, £ < 0 and
s —2k <a,if s > 0.

Next we estimate Ly(&;,71). In region A; we have (£,)72K(&) 72 (£)? <1

and since a,b > 0, we obtain

Lo(é1,m) < / de < 1.
|€|<10

In region Ay, we have [£;| ~ |&], therefore

(1) 7TR(E)TRE) < (&)W,

where

0 if k>0
oy =4 o NN~
2k|, ifk<O0.

Making the change of variables, n = 71 — &2 + 2££;, using the restriction in

the region A,, we have

nl < Im =&l + 166l S Im = &1+ &)

Therefore,
(£1)%™) dn
Ly(&,m) S =
2eb (11 51) nl<(r—e2)+ler | €] ()
ST n &8 <1
(m1 — §f>2b (r — &F)Pt2a-1 ™

since @ > 0, b > 1/2 and (k) < min{1/2,a}, that is, |k| < min{1/4,a/2},
it £ <0.
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Now we turn to the region As,. From (5.11]) and the condition |£| > 10 we

have

(&) Slal S 1&gl S (m— &)

and
Il Slm =&+ [€a] S (n = €D).

Therefore, making the change of variables, n = 71 — £ + 2££;, and using

(512)), we obtain
{&)neh / _dn
(i =& Jisim—ezy [6al(n)>

<€1>2’y(s,k)—1

(11 — €%>2b+2a71 ~

A

Lz(fl, Tl)

since a > 0, b > 1/2 and (s, k) < 1/2.

Finally, we bound L3(&;, 7). Again, we use (B.11), so in the region A5 we
have (£;) < (02).From Lemma B3] it follows that

2v(s,k)—2b 1
L3(€17T1) S <£l> ' / <T2 + 5% + 25% + 25152>2ad£1
< 1

since @ > 1/4, b > 1/2 and (s, k) < b.
Now we turn to the proof of inequality (5I0) with Z(f,g,¢). First we

making the change of variables 7 =7 — 71, & = £ — & to obtain

B (e
2(1.9.9) = 44@—QW@»k

o hE— &~ ) (6 ) T)
(r= (T — ) — (€~ &)r+ G

then changing the variables (§,7,&2,m2) — —(&,7,&,72) we can rewrite

Z2(f797¢) as

) (e
%(1.9.9) ‘.445—6%@;k

% k(f—fzﬁ—ﬁ) (52772)@( )
(TH+EH)UT =1+ (§ = L)) — &)°

dedrdéydr

Sdedrdesdr,

where
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5.8. Bilinear estimates

k(a7 b) = h(-(l, _b)7 l(CL, b) = f(_aa _b) and d}(av b) = ¢(—a, _b)
But this is exactly Zi(f,g,¢) with &, h, f,¢ replaced respectively by

&, 1, k, 1. Since the L?-norm is preserved under the reflection operation the

result follows from the estimate for Zi(f, g, ¢).

[
Now we turn to the proof of the bilinear estimates with b < 1/2 and s = 0.

Proof of Theorem 5.1.3

For u € X(ibl and v € X(fb we define

(T + &), 7),
(IT| = 7(&))v(€, 7).

o
—~~
AL
53
S~— S~—
I Il

By duality the desired inequality is equivalent to

R(f,9,0) <l fllzz llglzz lollzz. (5.13)
e (&1, 71) f (&2, m2) (€, 7)
_ g\s1, T1 2, T2 )
E(f.9,9) = /R (o) (o) oah dédrdé,dm
and

§o=8—&, m=T—T, (5.14)
o=7+E, o1=n|—7(&), oo =10 +E.

Without loss of generality we can suppose that f, g, ¢ are real valued and

non-negative. Therefore, by Lemma B3.3.2] we have

981, 1) f (&2, T2)H(
wrod) < [ GG

£,
2
9(&, 1) f (&2, 72) (€, 7)
4 /R ot i dEdrdedn
= Ri+R_.

) dedrde,dm
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Applying Plancherel’s identity and Holder’s inequality we obtain

e _/Rz ( T(jg% > (M)N (M)Nl dédr

(am) B ‘ (jfgfm )

Now, the fact that aq,b,b;y > 1/4 together with Lemma yields the

result.

3 3 3
La:,t Lz,t La:,t

(i1) For uy € X3, and uy € X3, we define

(r+ €)M (E,7),
(T + &%) (8, 7).

S =
medm
S0
S~— N~—
(11—l

By duality the desired inequality is equivalent to

150,00 < ellfluz Nolsz, Iz, (5.15)
where )
R R
and

=& T=17—T,

o=1t|—79(&), o1=n+E&, ca=m+E.

We note that the estimate above is the same as the stated in item (%),
replacing &, 7, b, ay by &1, 71, a,by and f, g, ¢ by g, ¢, f, respectively. Therefore

we need the restriction a,b; > 1/4.

5.4 Local well-posedness

Proof of Theorem [5.1.2. The proof proceeds by a standard contraction
principle method applied to the integral equations associated to the IVP (G&.1]).
Given (ug, vo,v1) € H¥(R) x H*(R) x H*"}(R) and T < 1 we define the integral
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operators

T3 (u, v)(t) =00 ()U (t)ug — i67(t) / t Ut —t')(vu)(t')dt’
0 . (5.16)
D7 (u, 0)(t) =07 (t) (Ve(t)vo + Vi(t) (1)) + 07 (t) /0 Vit — ") (Jul*)za(t)dt'.

Our goal is to use the Picard fixed point theorem to find a solution

I3 (u,v) = u,
r2(u,v) = w.
Let k, s satisfy the conditions (i) — (iz) of Theorem [B.1.2] It is easy to see that
we can find € > 0 small enough such that for b = 1/2+¢ and a = 1/2—2¢, Theorem

E.1.1 holds. Therefore using Lemmas 5.21H5.2.2] Theorem E.T.1 and T < 1, we

have

I3 )l s, < e lluollm + T Jluvl| s

< clluollmr + T lull g, 10l xe, »

||F$(U7U)||be < c||vo, v1||sgs + T ° Hul—tﬂxfﬂ

< cllvo, vaflae + T Julks,

Similarly,
105, 0) = T5 (2,0 g, < T (lullis, o = wllce,
= 2lls, ol )
1T, v) = Tz, 0) s, < eT° (llull s, + 2lxs,)
X lu — Z||X]ib .
We define

Xf(ds) = {uwe i lullxg, < dsf.

xE(dp) = {vexE:lollxs, <ds},

where dg = 2¢||ug|| g+ and dg = 2¢||vg, vy |

BS .

Then choosing
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1 1 dg 1 1
0< T < -mi —_— 5.17
s4s 4mm{cd3’cd%’c(dg+d3)’20d5} (5.17)

we have that (I, %) : X7, (ds) x X5, (dp) — X} ,(ds) x XB,(dp) is a contraction
mapping and we obtain a unique fixed point which solves the integral equation

(5.16) for any T that satisfies (5.17)).

Remark 5.4.1 Note that the choice of suitable values of a,b is essential for our
argument. In fact, since 1 — (a+b) = > 0, the factor T° can be used directly to

obtain a contraction factor for T sufficient small.

Moreover, by Lemma [3.2.3] we have that @ = uljr € C([0,7] : H®) N X,be
and 0 = v, € C([0,T]: H*) N Xfl;T is a solution of (0.25)) in [0, 7.
Using the same arguments as the ones in the Uniqueness part of Theorem
3. 1.3 we one can, in fact, prove that the solution (u,v) of ([0.25) obtained above
is unique in the whole space X ;j ;‘F X Xf,;T. Finally, we remark that since we
established the existence of a solution by a contraction argument, the proof that
the map (ug, vo,v1) — (u(t),v(t)) is locally Lipschitz follows easily.
|

5.5 Global well-posedness
Proof of Theorem [5.1.4l. For (ug, vy, v1) € L*(R) x L*(R) x H'(R) and
T < 1 we consider the integral equations given by (5.I6]). Therefore, applying
Lemmas and Theorem [5.1.3], we obtain
I3 (u, 0)llxg, < T2 w2 + T Jluo]] s
s ,—aq

< TV || g2 + T (@) ||“||X§,b1 ||v||X£b,

(5.18)
P2, 0) xp, < T2 o, vl + T~ uit] s
< T2 g, oy s + T s
and also
05, 0) = T (2 w)ll s, < T (Jullgg, o= wllg,
= lxs, Il ) 510

DA, 0) = DR w)xg, < e (Jullg, + 2l )

X llu—2llxs, -
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We define

Xip(d) = {ue XS, :llullyg, <di},

Xpd) = {vexf:ulxp, < d} ,
where d; = 2¢T/27% |Jug||z2 and d = 2¢TY27||vg, vy || -

For (I'3,T'%) to be a contraction in X§, (di) x X$,(d) it needs to satisfy

di /2 + T @), d < dy & T3P @0t 140 4 || < 1, (5.20)
d/2 + T2 < d o 732020140112, < vy, v |, (5.21)
2T @) < 1/2 & T3/27 @t 1001 15 < 1, (5.22)
ocT (@t < 1/2 & 7324201011 > < 1. (5.23)

Therefore, we conclude that there exists a solution (u,v) € X(fbl x X%,

satisfying
lullxs, < 267" fugllze and  Jlvlxz, < 2e727||vg, v (5.24)

On the other hand, applying Lemmas we have that, in fact,
(u,v) € C([0,T] : L?) x C([0,T] : L?). Moreover, since the L?*-norm of u is
conserved by the flow we have ||u(T")||z2 = ||uo||Lz-

Now, we need to control the growth of ||v(t)||s in each time step. If, for
all t > 0, [lo(t)|ls S |luoll32 we can repeat the local well-posedness argument
and extend the solution globally in time. Thus, without loss of generality, we
suppose that after some number of iterations we reach a time t* > 0 where
[o() | > [Juoll7--

Hence, since T' < 1, condition (5.21]) is automatically satisfied and conditions
(E20)-(5.23) imply that we can select a time increment of size

T~ fJo(th)]| ! ¢ttt (5.25)
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Therefore, applying Lemmas B2.1(0)5.22(b) to v = T'E(u, v) we have

lo(t" + T)lls < Jo(t) s + T2 200 [lug 7.

Thus, we can carry out m iterations on time intervals, each of length (525,

before the quantity ||v(t)|ls doubles, where m is given by
T2 g ||72 ~ [Jo(t") |-

The total time of existence we obtain after these m iterations is

o)
T‘l/2—(a+2bl)||u0||%2

o)
ol * T g,

AT =mT

~

Taking a, b, ay, by such that

(I+261 - 1/2
(3/2 - (a1 +b1 +b>>

(for instance, a = b = a; = by = 1/3), we have that AT depends only on ||ug|| L2,
which is conserved by the flow. Hence we can repeat this entire argument and

extend the solution (u,v) globally in time.
Moreover, since in each step of time AT the size of ||v(t)||es will at most

double it is easy to see that, for all T>0

1o(T) |l S exp ((In2)uo|72T) max {[|vo, o1 s, uol 12} (5.26)



Bibliography

1]

H. Added and S. Added. Equations of Langmuir turbulence and
nonlinear Schrodinger equation: smoothness and approximation. J.
Funct. Anal., 79(1):183-210, 1988.

. Bejenaru and T. Tao. Sharp well-posedness and ill-posedness results
for a quadratic non-linear Schrodinger equation. J. Funct. Anal.,
233(1):228-259, 2006.

D. Bekiranov, T. Ogawa and G. Ponce. Interaction equations for short
and long dispersive waves. J. Funct. Anal., 158(2):357-388, 1998.

J. Bergh and J. Lofstrom. Interpolation spaces. An introduction.
Springer-Verlag, Berlin, 1976. Grundlehren der Mathematischen Wis-
senschaften, No. 223.

J. L. Bona and R. L. Sachs. Global existence of smooth solutions and
stability of solitary waves for a generalized Boussinesq equation.
Comm. Math. Phys., 118(1):15-29, 1988.

J. Bourgain. Fourier transform restriction phenomena for certain
lattice subsets and applications to nonlinear evolution equations. I
and II. The KdV-equation. Geom. Funct. Anal., 3(3):107-156, 209-262,
1993.

J. Bourgain. Periodic Korteweg de Vries equation with measures as
initial data. Selecta Math. (N.S.), 3(2):115-159, 1997.

J. Boussinesq. Théorie des ondes et des remous qui se propagent
le long d’un canal rectangulaire horizontal, en communiquant au
liquide continu dans 21 ce canal des vitesses sensiblement pareilles
de la surface au fond. J. Math. Pures Appl., 17(2):55-108, 1872.



[10]

[11]

[12]

[13]

[14]

[17]

[19]

Bibliography 136

T. Cazenave. Semilinear Schrodinger equations, volume 10 of Courant
Lecture Notes in Mathematics. New York University Courant Institute of
Mathematical Sciences, New York, 2003.

T. Cazenave and F. B. Weissler. The Cauchy problem for the critical
nonlinear Schrédinger equation in H®. Nonlinear Anal., 14(10):807-836,
1990.

Y. Cho and T. Ozawa. On small amplitude solutions to the generalized
Boussinesq equations. Discrete Contin. Dyn. Syst., 17(4):691-711, 2007.

F. M. Christ and M. I. Weinstein. Dispersion of small amplitude
solutions of the generalized Korteweg-de Vries equation. J. Funct.
Anal., 100(1):87-109, 1991.

M. Christ, J. Colliander and T. Tao. Asymptotics, frequency modula-
tion, and low regularity ill-posedness for canonical defocusing equa-
tions. Amer. J. Math., 125(6):1235-1293, 2003.

J. Colliander, J. Holmer and N. Tzirakis. Low regularity global well-
posedness for the Zakharov and Klein-Gordon-Schrodinger sys-
tems. Arziv preprint arXiv:math/0603595v1, to appear in Transactions of
AMS, 2006.

R. Cote. Large data wave operator for the generalized Korteweg-de
Vries equations. Differential Integral Equations, 19(2):163-188, 2006.

F. Falk, E. Laedke and K. Spatschek. Stability of solitary-wave pulses
in shape-memory alloys. Phys. Rev. B, 36(6):3031-3041, 1987.

Y.-F. Fang and M. G. Grillakis. Existence and uniqueness for Boussi-
nesq type equations on a circle. Comm. Partial Differential Equations,
21(7-8):1253-1277, 1996.

G. Furioli and E. Terraneo. Besov spaces and unconditional well-
posedness for the nonlinear Schrodinger equation in H*(R™). Com-
mun. Contemp. Math., 5(3):349-367, 2003.

J. Ginibre. Le probleme de Cauchy pour des EDP semi-linéaires
périodiques en variables d’espace (d’aprés Bourgain). Astérisque,
(237):Exp. No. 796, 4, 163-187, 1996. Séminaire Bourbaki, Vol. 1994/95.



137

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

Bibliography

J. Ginibre, T. Ozawa and G. Velo. On the existence of the wave
operators for a class of nonlinear Schrodinger equations. Ann. Inst.
H. Poincaré Phys. Théor., 60(2):211-239, 1994.

J. Ginibre, Y. Tsutsumi and G. Velo. On the Cauchy problem for the
Zakharov system. J. Funct. Anal., 151(2):384-436, 1997.

J. Ginibre and G. Velo. Long range scattering for some Schrodinger
related nonlinear systems. 7To appear in “Nonlinear Dispersive Equa-
tions” (T. Ozawa and Y. Tsutsumi Eds.), GAKUTO International Series,

Mathematical Sciences and Applications.

J. Holmer. Local ill-posedness of the 1D Zakharov system. FElectron.
J. Differential Equations, pages No. 24, 22 pp. (electronic), 2007.

T. Kato. On nonlinear Schrodinger equations. II. H®-solutions and
unconditional well-posedness. J. Anal. Math., 67:281-306, 1995.

M. Keel and T. Tao. Endpoint Strichartz estimates. Amer. J. Math.,
120(5):955-980, 1998.

C. E. Kenig, G. Ponce and L. Vega. A bilinear estimate with applica-
tions to the KdV equation. J. Amer. Math. Soc., 9(2):573-603, 1996.

C. E. Kenig, G. Ponce and L. Vega. Quadratic forms for the 1-D
semilinear Schrédinger equation. Trans. Amer. Math. Soc., 348(8):3323—
3353, 1996.

C. E. Kenig, G. Ponce and L. Vega. On the ill-posedness of some
canonical dispersive equations. Duke Math. J., 106(3):617-633, 2001.

F. Linares. Global existence of small solutions for a generalized
Boussinesq equation. J. Differential Equations, 106(2):257-293, 1993.

F. Linares and A. Navas. On Schrédinger-Boussinesq equations. Adv.
Differential Equations, 9(1-2):159-176, 2004.

F. Linares and G. Ponce. Introduction to nonlinear dispersive equa-
tions. Publicagoes Matematicas-IMPA, Rio de Janeiro, 2003.

F. Linares and M. Scialom. Asymptotic behavior of solutions of a
generalized Boussinesq type equation. Nonlinear Anal., 25(11):1147—
1158, 1995.



33]

[34]

[36]

[39]

[40]

[41]

[42]

[43]

[44]

Bibliography 138

Y. Liu. Decay and scattering of small solutions of a generalized
Boussinesq equation. J. Funct. Anal., 147(1):51-68, 1997.

V. Makhankov. On stationary solutions of Schrodinger equation with
a self-consistent potential satisfying Boussinesq’s equations. Phys.
Lett. A, 50(A):42-44, 1974.

L. Molinet, J. C. Saut and N. Tzvetkov. Ill-posedness issues for the
Benjamin-Ono and related equations. SIAM J. Math. Anal., 33(4):982—-
988 (electronic), 2001.

L. Molinet, J.-C. Saut and N. Tzvetkov. Well-posedness and ill-
posedness results for the Kadomtsev-Petviashvili-I equation. Duke
Math. J., 115(2):353-384, 2002.

F. Planchon. Besov spaces. Notes, 2006.

E. M. Stein. Singular integrals and differentiability properties of
functions. Princeton Mathematical Series, No. 30. Princeton University
Press, Princeton, N.J., 1970.

M. Tsutsumi and T. Matahashi. On the Cauchy problem for the
Boussinesq type equation. Math. Japon., 36(2):371-379, 1991.

N. Tzvetkov. Remark on the local ill-posedness for KdV equation.
C. R. Acad. Sci. Paris Sér. I Math., 329(12):1043-1047, 1999.

F. B. Weissler. Existence and nonexistence of global solutions for a
semilinear heat equation. Israel J. Math., 38(1-2):29-40, 1981.

N. Yajima and J. Satsuma. Soliton solutions in a diatomic lattice
system. Prog. Theor. Phys., 62(2):370-378, 1979.

H. Yonggian. The Cauchy problem of nonlinear Schrodinger-
Boussinesq equations in H*(RY). J. Partial Differential Equations,
18(1):1-20, 2005.

V. Zakharov. On stochastization of one-dimensional chains of non-
linear oscillators. Sov. Phys. JETP, 38:108-110, 1974.



	On some Boussinesq-type equations
	Abstract
	Contents
	Introduction
	Preliminaries
	Large data asymptotic behavior
	Introduction
	Notations and main results
	Linear estimates
	Proofs of Theorems 1.2.1-1.2.4

	Local solutions and unconditional well-posedness
	Introduction
	Preliminary results
	Local well-posedness
	Unconditional well-posedness

	Local solutions in Sobolev spaces with negative indices
	Introduction
	Preliminary results
	Bilinear estimates
	Counterexample to the bilinear estimates (3.2)
	Local well-posedness

	Ill-posedness for the ``good'' Boussinesq equation
	Introduction
	Proof of Theorems 4.1.1-4.1.2

	Local and global solutions for the nonlinear Schrödinger-Boussinesq system
	Introduction
	Preliminary results
	Bilinear estimates
	Local well-posedness
	Global well-posedness

	Bibliography

