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1 Introduction

The present work focuses on the effects of disorder on an environment. More particularly, we obtain a
proof of Anderson localization in a context to be described below. Anderson was awarded a Nobel prize in
physics in 1977, for more details we refer to [13] and the references therein. His seminal paper [4] remains
the inspiring source of several mathematically rigorous results and open questions in mathematical physics
within the common theme of Anderson Localization which [13] succinctly describes as “ The suppression
of electron transport due to disorder” . The first proof of Anderson Localization in one dimension goes
back to Goldsheid, Molchanov and Pastur [10]. The first rigorous result in the Anderson model (which we
describe more precisely in the next section) was provided by Kunz and Souillard in [11], where they proved
complete localization in dimension d = 1. In 1983 Fröhlich and Spencer [8] used multi-scale analysis to
prove a result which implies absence of absolutely continuous (ac) spectrum in arbitrary dimension. In 1993,
Aizemman and Molchanov [1] introduced the fractional moment method (FMM ) whose application resulted
in a somewhat elementary proof of localization at large disorder and extreme energies. The FMM, when
applicable, simplifies the task of establishing localization as it typically leads to proofs which are technically
less intricate when compared to the multi-scale analysis. As a consequence, the FMM inspired many of the
subsequent developments in the field, including the present work.

2 Notation, The Anderson model and Main Result

Let (ω(ξ))ξ∈Zd be independent, identically distributed random variables with common distribution µ. Inde-
pendence means that

P(ω(ξ1) ∈ A1, ..., ω(ξl) ∈ Al) =

l∏
j=1

P(ω(ξj) ∈ Aj)

holds for each finite subset {ξ1, ..., ξl} ⊂ Zd and arbitrary Borel sets A1, ..., Al ⊂ R. The (ω(ξ))ξ∈Zd being
identically distributed means

P(ωξ ∈ A) = µ(A).

for any A ⊂ R a Borel set and ξ ∈ Zd. Sometimes it is useful to think of ω = (ω(ξ))ξ∈Zd as an element of

Ω = RZd

with the σ-algebra generated by cylinder sets. We define the discrete Laplacian ∆ : `2(Zd)→ `2(Zd)
through

(∆ϕ)(x) =
∑
|y−x|=1

(ϕ(y)− ϕ(x)) .

Here we define
`2(Zd) := {ϕ : Zd → C ;

∑
ξ∈Zd

|ϕ(ξ)|2 <∞}.
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We work on a nonlinear, non-local setting, described as follows. Let

Hω = γ(−∆) + Vω(x) + Veff (x, ω) (1)

be a random Schrodinger operator on `2(Zd) with an effective potential given by

gVeff (x, ω) :=
∑

d(x,y)=1

〈δy,ΘFD(Hω, β, µ)δy〉`2(G)

where

ΘFD(x, β, µ) =
1

1 + eβ(x−µ)

is the Fermi-Dirac function at temperature β−1 > 0 and µ > 0 it the chemical potential. We use functional
calculus to define ΘFD(Hω, β, µ) and prove that, for small values of g, the potential Veff is well defined (
note it satisfies an implicit equation). We have assumptions on the density ρ of the common distribution
of the Vω and our technique requires suppρ = R. For the purpose of stating the result is enough to take

ρ(x) = 1√
2π
e−

x2

2 , i.e, we consider the Gaussian distribution. Our main result is the following:

Theorem 1 For fixed β > 0, H = H(γ, g) given by (1) there is a δ > 0 such that for all |g| < δ there exists
a γ0(g) with the following property: For all x ∈ Zd∑

d(y,x)>R

E
[
sup
t∈R
|〈δx, e−itHδy〉|2

]
≤ C(γ)e−νR (2)

holds for |γ| < γ0(g) and some ν ∈ (0, 1).

The conclusion (2) is the signature of strong exponential dynamical localization, see [2], chapter 7 for this
and related definitions. This result implies Anderson localization, i.e, pure point spectrum with exponentially
decaying eigenfunctions. In colloquial terms, the theorem implies that, at large disorder (small γ) the
probability that the wave packet escapes from a box decays exponentially with respect to the size of the box.
We now proceed to compare our result with the existing literature.

3 Some Known Rigorous Results

This section is a very brief outline of the previous achievements in the field. The paper [1] treats the case
when H = −γ∆ + Vω which is the single particle Hamiltonian and models the behavior of a particle subject
to an external potential. In particular, Aizemann and Molchanov proved localization at large disorder. In
fact, the large disorder threshold proposed by Anderson was proven to be correct in [12] (more than 50
years after Anderson’s prediction!). The work [3] considers the interaction of n particles on H = `2(Zd)n
and Hω =

∑n
i=1[−∆j + λV (xj , ω)] + U(x, α). Here, U(x, α) is a multiplication operator, λ > 0 controls the

strength of the disorder and α controls the strength of the interactions. Regarding the multiscale analysis
approach, besides the references mentioned in the introduction, we remark that in [7] a proof of localization
in the Anderson tight binding model, which is technically simpler when compared to [8], is obtained. The
reference [9] improves upon [7] and implies a bound as in (2) with the right-hand side replaced by Ce−νR

s

for
some s < 1. Systems of finitely many interacting particles are the subject of [5]. The preprint [6] considers
infinitely many particles in the Hartree-Fock approximation with a gap assumption and claims Anderson
Localization at strong disorder. Our result (2) implies pure point spectrum and exponential decay of the
eigenfunctions assuming β > 0 which is the analog of a gap assumption.
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