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Abstract

We consider the following problem:{
−∆u = λu+ g(x, u)− h|u|p−1u+ f, in Ω

u = 0, on ∂Ω,
(1)

where Ω is a bounded domain, λ ∈ R, g is a bounded Carathéodory function in Ω× R, p > 1,

f ∈ L2(Ω) and h ∈ L1
loc(Ω) with h ≥ 0 .

The problem (1) is well-known when h = 0 a.e. in Ω (see [4]). Indeed, if we assume addi-

tionally that g ≡ 0, then the problem is linear and it has a solution of (1) for every datum f(x)

if and only if λ is not an eigenvalue of −∆ in H1
0 (Ω) (Fredholm alternative). On the other hand,

if g 6≡ 0 the existence of solution remains valid for any λ which do not belong to the spectrum

of −∆ in H1
0 (Ω). In the case that λ is an eigenvalue of this operator the existence of solution

is not guaranteed, but assuming an additional hypothesis, for instance the Landesman-Lazer

condition, the existence is established.
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In this work we consider functions h ≥ 0 which are different from zero in a set of positive

measure. Specifically, if we denote by

Ω̃ = {x ∈ Ω : h(x) = 0},

we assume that

meas (Ω\Ω̃) = meas {x ∈ Ω : h(x) > 0} > 0. (2)

Respect to this case, the homogeneous semilinear elliptic equations (i.e., when f = 0 = g)

have been studied recently by several authors. The first result in this line was obtained by

Kazdan and Warner [7] in the context of curvature problem on compact manifolds. Ouyang

studied in [8] the bifurcation curve of positive solutions. Del Pino and Felmer [6] deal with the

existence and nonexistence of changing sign solutions. Results with non power nonlinearities

were obtained by Alama and Tarantello in [2]. When the function h(x) changes sign, this

problem have been studied by Alama and Tarantello [1], Berestycki, Capuzzo-Dolcetta and

Nirenberg [5], Ramos, Terracini and Troestler [9], among other authors.

To our knowledge, the only result on the nonhomogeneous problem (1) is obtained by Alama

and Tarantello [3, Lemma A.3] who show existence of solution (corresponding to a minimum

of the associated Euler functional) when

λ < λ1(Ω̃) := inf

{∫
Ω

|∇u|2 dx : u ∈ H1
D(Ω̃), ‖u‖2 = 1

}
where H1

D(Ω̃) := {u ∈ H1
0 (Ω) : u(x) = 0 a.e. x ∈ Ω\Ω̃}. Notice that if meas (Ω̃) = 0 (i.e.

h > 0 a.e. in Ω), then H1
D(Ω̃) = {0} and λ1(Ω̃) = +∞, while, in the case that it would be

meas (Ω\Ω̃) = 0 (i.e. h = 0 a.e. in Ω) we would have that λ1(Ω̃) would not be but the first

eigenvalue λ1 of the Laplacian operator −∆ with zero Dirichlet boundary conditions.

Thus, similarly to the case h = 0 a.e. in Ω in which the existence of solution of (1) depend

on the interplay between λ and the spectrum of −∆ in H1
0 (Ω), one can think that, in the

case that condition (2) holds true, the existence will depend on the relationship between λ and

the spectrum of the unique self-adjoint operator H∞ associated to the quadratic form a(u) =∫
Ω
|∇u|2 dx with domain H1

D(Ω̃). Nevertheless, we show that the presence of the nontrivial

h possesses a regularizing effect with respect to the existence. Indeed, we prove here that if

condition (2) holds true, then there exists a solution of (1) for every λ ∈ R.

Theorem 0.1. If g is a bounded Carathéodory function, p > 1 and 0 ≤ h ∈ L1
loc(Ω) satisfying

(2), then the problem (1) has at least one solution for each λ ∈ R and f ∈ L2(Ω).

The above result is proved by variational tools. As usual, we need to prove that the Euler

functional Iλ associated to the problem (1) satisfies the Palais-Smale compactness condition,

as well as suitable geometrical properties.
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