
SOME CONSIDERATIONS ABOUT FARRELL COHOMOLOGY

THEORY AND APPLICATIONS

JESSICA CRISTINA ROSSINATI RODRIGUES DA COSTA
MARIA GORETE CARREIRA ANDRADE

The main theme of this work is the study of the theory of cohomology of groups
due to Farrell ([3]) and groups which satisfy certain �niteness conditions as for
example, virtual duality groups. The de�nition of duality groups is due to Bieri-
Eckmann ([1]) and, in short, a group G is a duality group of dimension n if there
exists isomorphisms between Hn−i(G;M) and Hi(G;M) for all ZG-module M .
A virtual duality group of dimension n (V Dn-group) is a group that contains a
subgroup of �nite index which is a duality group of dimension n according Bieri-
Eckmann. In [3], Thomas Farrell de�ned a cohomology theory which generalize the
Tate cohomology to a certain class of in�nite groups, namely, groups of virtually
�nite cohomological dimension. The construction of Farrell theory was motivated
by an attempt to understand why Bieri-Eckmann duality fails for virtual duality
groups.

In this work, based in [2] and [3], we present the de�nition and some results about
Farrell cohomology theory and an obstruction for virtual duality groups satisfying
the duality isomorphism of the theory due to Bieri and Eckmann. In the following
we present the main results of this work.

De�nition 1. Let Γ be a group with, vcd(Γ) = n < ∞ (where vcd(Γ) denote the
virtual cohomological dimension of Γ) and consider a complete projective resolution
(F,P,ε) of Γ. The Farrell cohomology for the group Γ with coe�cients in a ZG-
module M is de�ned by

Ĥ∗(G,M) = H∗(HomG(F,M)).

Remark 1. The Farrell cohomology generalizes the Tate cohomology for �nite
groups Γ (for details see [2] or [4]).

Example 1. Consider G = Z2 =< t >, L = Z =< s > and Γ = G×L. Then Γ is
a group with vcd(Γ) = 1.

We can show that Ĥi(Γ,Z) = Z2,∀i ∈ Z (for details see [4]).

Theorem 1. Let Γ be a virtual duality group of dimension n and dualizing module

D = Hn(Γ,ZΓ). Then Ĥp(Γ,−) ' Hn−p−1(Γ, D ⊗−), ∀p < −1. �

Theorem 2. Let Γ be a virtual duality group of dimension n and dualizing module
D = Hn(Γ,ZΓ). Then there exists a long exact homology sequence

. . .→ Hn−p(Γ, D ⊗−)→ Hp(Γ,−)→ Ĥp(Γ,−)→ Hn−p−1(Γ, D ⊗−)→ . . . .

�

For the sake of simplicity, we denote Hp(Γ, D⊗−) by H̃p, Ĥp(Γ,−) by Ĥp and
Hp(Γ,−) by Hp.

Application 1: With the hypothesis of the Theorem 2, we obtain the following
exact sequence

0→ Ĥ−1 → H̃n → H0 → Ĥ0 → H̃n−1 → H1 → · · · → H̃0 → Hn → Ĥn → 0.
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and the diagram

H0

��

. . . Hk−1

��

Hk

��

. . . Hn−1

��

Hn

����

Hn+1 . . .

. . . Ĥ−2 Ĥ−1
� _

��

Ĥ0

��

. . . Ĥk−1

��

Ĥk

��

. . . Ĥn−1

��

Ĥn Ĥn+1 . . .

. . . H̃n+1 H̃n

HH

H̃n−1 . . . H̃n−k

GG

H̃n−k+1 . . . H̃0

HH

Hence, we only have the isomorphisms of Bieri-Eckmann, H̃n−k ' Hk, for all

0 ≤ k ≤ n, if Ĥj = 0, for −1 ≤ j ≤ n. Therefore, the Farrell cohomology is the
obstruction for this isomorphism to be true for virtual duality groups.

Example 2. Consider the group Γ = Z2 ×Z which is a V D1-group. We can show
that the exact sequence given above, for n = 1,

0→ Ĥ−1 → H̃1 → H0 → Ĥ0 → H̃0 → H1 → Ĥ1 → 0,

is the sequence

0→ Z2 → Z⊕ Z2 → Z→ Z2 → Z→ Z→ Z2 → 0

and we do not have duality isomorphisms H0(Γ,Z) ' H1(Γ,Z) and H1(Γ,Z) '
H0(Γ,Z) because the Farrell cohomology Ĥ−1 = Ĥ0 = Ĥ1 = Z2 6= 0.
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