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Introduction

This book was written for a course in the 27th Brazilian Mathematics
Colloquium. This course covered basic notions in viscosity solutions
and its applications to deterministic and stochastic optimal control.
This books is partially based on a course on Calculus of Variations
and Partial Differential Equations that I have taught over the years
at the Mathematics Department of Instituto Superior Técnico. I
would like to thank my students: Tiago Alcaria, Patricia Engracia,
Silvia Guerra, Igor Kravchenko, Anabela Pelicano, Ana Rita Pires,
Veroénica Quitalo, Lucian Radu, Joana Santos, Ana Santos, and Vi-
tor Saraiva, which took my courses and suggested me several correc-
tions and improvements. Also my post-doc Andrey Byriuk and my
colleagues Pedro Girao and Claudia Nunes Philipart have suggested
numerous improvements on the original text. I would like to thank
Artur Lopes that challenged me to present the proposal of this course
at IMPA.



8 1. INTRODUCTION

The structure of this text is the following: we start with a survey
of classical mechanics and classical calculus of variations. Then we
present the basic tools in classical optimal control. We continue with
a discussion of viscosity solutions both for the terminal value problem,
discounted cost infinite horizon and stationary problems. We follow
with a brief discussion of stochastic optimal control problems and
applications to mathematical finance. Zero sum differential games are
also discussed as another applications of viscosity solutions. We then
present some applications of viscosity solutions to the Aubry Mather
theory. We end the book with a presentation of two important results:
the characterization of monotone semigroups and the convergence of

numerical algorithms.

Many of the results in this book are not done in the largest pos-
sible generality. For additional material, the reader should consult
the bibliographical references. In each chapter we have a section on
bibliographical notes that lists the main references on the material of
that chapter.



Classical calculus of

variations

This chapter is dedicated to the study of classical mechanics and cal-
culus of variations. We start by discussing the minimum action prin-
ciple, Euler-Lagrange equations and some applications to Classical
Mechanics. In section 2.2 we establish further necessary conditions
for minimizers. The following section is dedicated to the Hamiltonian
formalism. Then, in section 2.4 we consider sufficient conditions. We
follow with section Noether’s theorem and symmetries. We end the

chapter with some bibliographical notes.



10 2. CLASSICAL CALCULUS OF VARIATIONS

2.1 Euler-Lagrange Equations

In classical mechanics, the trajectories x(-) : [0,7] — R™ of a me-
chanical system are determined by a variational principle, the min-
imal action principle, of an integral functional. In this section we

discuss this approach and discuss several examples.

Consider a mechanical system on R™ with kinetic energy K(z,v)
and potential energy U(xz,v). We define the Lagrangian, L(x,v) :
R™ x R™ — R. to be difference between the kinetic energy K and
potential energy U of the system, that is, L = K —U. The variational
formulation of classical mechanics asserts that trajectories of this
mechanical system minimize (or are at least critical points) of the

action functional

under fixed boundary conditions. More precisely, a C! trajectory
x(-) : [0,T] — R™ is a minimizer of the action functional under fixed
boundary conditions if for any other C*! trajectory y(-) : [0,7] — R"
such that x(0) = y(0) and x(T) = y(T') we have

Sx] < S[y].

In particular, this implies that for any C! function ¢ : [0,T] — R"®
with compact support in (0,7"), and any € € R we have

i(e) = S[x + ep] > S[x] = i(0).
Thus i(e) has a minimum at e = 0, and so, if i(-) is differentiable,
i'(0) = 0. A trajectory x is a critical point of S, if for all C* function
¢ :[0,T] — R™ with compact support in (0,7') we have

./ _ i _
i'(0) = deS[x—i—eg@] T 0.
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The critical points of the action which are of class C? are solu-
tions to an ordinary differential equation, the Fuler-Lagrange equa-
tion, that we derive in what follows. For minimizers of the action
functional, further necessary conditions can be derived as will be dis-
cussed in section 2.2.

Theorem 1 (Euler-Lagrange equation). Let L(z,v) : R®" x R® — R
be a C? function. Suppose that x(-) : [0,T] — R™ is a C? critical
point of the action S[x| under fixred boundary conditions x(0) and
x(T). Then

%DUL(X,X) — D, L(x,%) = 0. (2.1)

Proof. Let x be as in the statement. Then for any ¢ : [0,7] — R"
with compact support on (0,7, the function
i(6) = S[x + e

has a minimum at € = 0. Thus

that is,
T
/ D,L(x,%)¢ + D, L(x,%)¢ = 0.
0

Integrating by parts, we conclude that

"Id
/ |:DUL(X7 X) — Dy L(x,%)| ¢ =0,
o Ldt

for all ¢ : [0,7] — R™ with compact support in (0,7). This implies
(2.1) and ends the proof of the theorem. O

Example 1. In classical mechanics, the kinetic energy T of a particle
with mass m following the trajectory x(¢) is:
_ X
5
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The potential energy U(x) depends only on the position z and we
assume that it is a smooth function. The corresponding Lagrangian

is then
L=K-U.

So the Euler-Lagrange equation is
mx = —U'(x),
which is the Newton’s law. |

Exercise 1. Let P € R"™, and consider the Lagrangian L(z,v) :
R"™ x R® — R defined by L(x,v) = g(x)|v|?> + P-v — U(x), where g
and U are C? functions. Determine the Euler-Lagrange equation and

show that it does not depend on P.

To understand the behavior of the Euler-Lagrange equation it is
sometimes useful to change coordinates. The following proposition

shows how this is achieved:

Proposition 2. Let x(-) be a critical point of the action

/0 ’ L(x, %)dt.

Let g : R™ — R" be a C? diffeomorphism and L given by

L(y,w) = L(g(y), Dg(y)w).

1

Then'y = g~ ox is a critical point of

/OT L(y,y)dt.

Proof. This is a simple computation and is left as an exercise to the

reader. O
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Before proceeding, we discuss some applications to classical me-
chanics. As mentioned before, the trajectories of a mechanical system
with kinetic energy K and potential energy U are critical points of
the action corresponding to the Lagrangian L = K — U. In the fol-
lowing examples we use this variational principle to study the motion

of a particle in a central field and the planar two body problem.

Example 2 (Central field motion). Consider the Lagrangian of a
particle in the plane subjected to a radial potential field.
o X4y S5
L(Xa}“XaY):Ty*U( X2+y2)'
Using polar coordinates, (r,0). That is (z,y) = (rcosf,rsinf) =

g(r,0), We can change coordinates (see proposition 2) and obtain

R . 202 4 p2
L(r,0,5,0) = % _U(r).
In these new coordinates the Euler-Lagrange equations can be written
as p q
£r2920 ai‘:—U’(r)—i—ré?

The first equation implies that r2f = 7 is conserved. Therefore rf? =

Z—Z,. Multiplying the second equation by 1 we get

d I~.2 772
Consequently
f‘2 n2
Ey7 = ? + U(I‘) + ﬁ

is a conserved quantity. Thus, one can solve for I as a function of r
(given the values of the conserved quantities £, and 7) and so obtain

a first-order differential equation for the trajectories. |

Example 3 (Planar two-body problem). Consider now the problem
of two point bodies in the plane, describing trajectories (x1,y1) and
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(x2,y2), whose interaction potential energy U depends only on its
distance \/(x1 — x2)2 + (y1 — y2)2. We will show how to reduce this

problem to the one of a single body under a radial field.

The Lagrangian of this system is

o2 2 2 52
X7ty X +y
12 1 Mo 2 2

L=m — U (x1 —x2)2+ (y1 — ¥2)?).

We will choose new coordinates (X,Y,z,y), where (X,Y) is the

center of mass

X = mixy1 + MoT2 Y — miy1 + may2
mi1 + mo my + me

and (z,y) the relative position of the two bodies
r=T1 — T2 Y=Y — Y.

In these new coordinates we can write the Lagrangian, using propo-
sition 2,
f/ = f/l(XvY) + -z/Q(Xay7X7Y)'

Therefore, the equations for the variables X and Y decouple from

the ones for x,y. Elementary computations show that

d? d?

Thus X(t) = Xo + Vxt and Y (¢) = Yy + Vi t, for suitable constants
VX and Vy.

Since

o2 - 2
L2: mims X°+Yy 7U( /7X2+y2),

mi + mo 2

the problem now is reduced to the previous example. |
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Exercise 2 (Two body problem). Consider a system of two point
bodies in R3 with masses m1 and my. Assume further that the in-
teraction depends only on the distance between the bodies. Show that

by choosing appropriate coordinates, the motion can be reduced to the

mimse
m1+ma

potential. Show that the orbit of a particle under a radial field lies in

one of a single point particle with mass M = under a radial

a fixed plane for all times, by proving that r X T is conserved.

Exercise 3. Let x(-) : [0,T7] — R™ be a solution to the FEuler-
Lagrange equation associated to a C? Lagrangian L : R x R™ — R.
Show that

E(t) = L(x,x) — xD, L(x,%)

18 constant in time. For mechanical systems this is simply the conser-
vation of energy. Occasionally, the identity %E(t) =0 is also called
the Beltrami identity.

Exercise 4. Consider a system of n point bodies of mass m;, and
positions r; € R3, 1 < i < n. Suppose the kinetic energy is T =
e
I =%, milr;|%. Show that

7|2 and the potential energy is U = =i % Let
3 i j

d2

— 1 =4T + 2U.

dt? e

which is strictly positive if the energy T + U is positive. What impli-

cations does this identity have for the stability of planetary systems?

Exercise 5 (Jacobi metric). Let L(x,v) : R® x R® — R be a C?
Lagrangian. Let x(-) : [0,T] — R™ be a solution to the corresponding

FEuler-Lagrange

d
—D,L—-D,L =0, 2.2
o (22)
for the Lagrangian
2
L(z,v) = ll® V).

2
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Let B(t) = ZOL 4 v (x(1)).

1. Show that E = 0.

2. Let Ey = E(0). Show that x is a solution to the Euler-Lagrange

equation
d

dt

associated to Ly = \/Ey — V(x)]%].

3. Show that any reparametrization of x is also a solution to (2.3)

D,L;—D,L;=0 (2.3)

and observe that the functional

T
/0 VB V)|

represents the distance between x(0) and x(T') using the Jacobi
metric g = \/Eo — V(x).

4. Show that the solutions to the Euler-Lagrange (2.3) when rep-

arametrized in suitable way satisfy (2.2)

Exercise 6 (Braquistochrone problem). Let (x1,y1) be a point in a
(vertical) plane. Show that the curve y = u(x) that connects (0,0) to
(21, y1) in such a way that a particle moving under the influence of the
gravity g reaches (x1,y1) in the minimum amount of time minimizes

T1 1 12
/ +u dz.
0 —2gu

Hint: use the fact that the sum of kinetic and potential energy is

constant.

Determine the FEuler-Lagrange equation and study its solutions,

using exercise 3.
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Exercise 7. Consider a second-order variational problem.:

T
min/ L(x,x,%)
* Jo

where the minimum is taken over all trajectories x(-) : [0,T] — R"
with fized boundary data x(0),x(T),%(0),%x(T). Determine the Euler-

Lagrange equation.

2.2 Further necessary conditions

A classical strategy in the study of variational problems consists in es-
tablishing necessary conditions for minimizers. If there exists a min-
imizer and if the necessary conditions have a unique solution, then
this solution has to be the unique minimizer and thus the problem is
solved. In addition to Euler-Lagrange equations, several additional
necessary can be derived. In this section we discuss boundary condi-
tions which arise, for instance when the end-points are not fixed, and

second-order conditions.

2.2.1 Boundary conditions

In the case in which no boundary conditions are imposed a-priori,
it is possible to prove that the minimizers satisfy certain boundary
conditions automatically. These boundary conditions called natural

boundary conditions.

Example 4. Consider the problem of minimizing the integral

/ ' L(x,%)dt, (2.4)
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over all C? curves x(-) : [0,7] — R™. Note that the boundary values

for the trajectory x(-) at t = 0, T are not prescribed a-priori.

Let x be a minimizer of (2.4) (with free endpoints). Then for all
© :[0,T] — R™, not necessarily compactly supported,

T
/ D,L(x,%)p + D, L(x,%)¢dt = 0.
0

Integrating by parts and using the fact that x is a solution to the

Euler-Lagrange equation, we conclude that

D, L(x(0),%(0)) = Dy L(x(T), %(T)) = 0.

Exercise 8. Consider the problem of minimizing the integral

T
/ L(x,%)dt,
0

over all C? curves x(+) : [0,T] — R™ such that x(0) = x(T). Deduce
that
Dy L(x(0), %(0)) = Dy L(x(T),%(T)).

Exercise 9. Consider the problem of minimizing
T
| pexxide + w(x()),
0

with x(0) fizred and x(T) free. Derive a boundary condition att =T

for the minimizers.

Exercise 10 (Free boundary).

Consider the problem of minimizing

ATuxm,
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over all terminal times T and all C* curves x : [0,T] — R™. Show

that x is a solution to the Euler-Lagrange equation and that

( (T),%x(T)) =
«L(x(T), % (T)) ( )+ D, L(x(T),x(T))%(T) = 0,
wL(x(T), %(T)) =

Let g €R and L : R?2 — R given by

—q)?  a?

=1
2 T3

If possible, determine T and x(-) that are (local) minimizers of

T
/ L(x,%)ds,
0

L(z,v) = (v

with x(0) = 0.

2.2.2 Second-order conditions

If f:R — Risa C? function which has a minimum at a point zg
then f/(z¢) = 0 and f”(xg) > 0. For the minimal action problem, the
analog of the vanishing of the first derivative is the Euler-Lagrange
equation. We will now consider the analog to the second derivative
being non-negative.

The next theorem concerns second-order conditions for minimiz-

ers:

Theorem 3 (Jacobi’s test). Let L(x,v) : R® x R® — R be a C?
Lagrangian. Suppose x(-) : [0,T] — R™ is a C* minimizer of the
action under fized boundary conditions. Then, for each n: (0,T) —
R™, with compact support in (0,T), we have

T
1
| 3D Lo s D2, Lo i DR L, R0 = 0. (25)
0
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Proof. If x is a minimizer, the function € — I[x+ en] has a minimum
at e = 0. By computing dd—;f[x + en] at € = 0 we obtain (2.5). O

A corollary of the previous theorem is Lagrange’s test that we
state next:

Corollary 4 (Lagrange’s test). Let L(z,v) : R® x R® — R be a C?
Lagrangian. Suppose x(-) : [0,T] — R™ is a C* minimizer of the

action under fized boundary conditions. Then

D2, L(x,%) > 0.

Proof. Use Theorem 3 with n = e£(t) sin é, for £ : (0,T) — R", with
compact support in (0,7), and let € — 0. O

Exercise 11. Let L : R>® — R be a continuous Lagrangian and
let x(-) be a continuous piecewise C trajectory. Show that for each

§ > 0 there exists a trajectory ys(-) of class C* such that

/ L) / " Lys)

As a corollary, show that the value of the infimum of the action over

< 6.

piecewise C trajectories is the same as the infimum over trajectories

globally C'. Note, however, that the minimizer may not be C'.

Exercise 12 (Weierstrass test). Let x(-) be a C' minimum of the
action corresponding to a Lagrangian L. Letv,w € R™ and0 < A <1
be such that Av + (1 — N)w = 0. Show that

AL(x, % +v) 4+ (1 = AN)L(x,%x 4+ w) > L(x,X).
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Hint: To prove the inequality at a point to, choose n such that

v if to<t<t4 Xe
nt)y=<w if t+de<t<to+e
0

otherwise

and consider I[x + 7], as € — 0.

2.3 Hamiltonian dynamics

In this section we introduce the Hamiltonian formalism of Classical
Mechanics. We start by discussing the main properties of the Legen-
dre transform. Then we derive Hamilton’s equations. Afterward we
discuss briefly the classical theory of canonical transformations. The

section ends with a discussion of additional variational principles.

2.3.1 Legendre transform

Before we proceed, we need to discuss the Legendre transform of con-
vex functions. The Legendre transform is used to define the Hamil-
tonian of a mechanical system and it plays an essential role in many
problems in calculus of variations. Additionally, it illustrates many

of the tools associated with convexity.

Let L(v) : R™ — R be a convex function, satisfying the following
superlinear growth condition:
L(v)

lim —* = +o0.
|v|—o00 |’U|
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The Legendre transform L* of L is
L*(p) = sup[~v-p — L(v)].

This is the usual definition of Legendre transform in optimal control,
see [F'S06] or [BCDY97]. However, it differs by a sign from the Legendre

transform usually used in classical mechanics:
L¥(p) = sup [v-p — L(v)],

as it is defined, for instance, in [AKN97] or [Evad8b]. They are related
by the elementary identity
L*(p) = L*(~p).

We will frequently denote L*(p) by H(p). The Legendre transform
of H is denoted by H* and is

H*(v) = Sup —p- v — H(p).

In classical mechanics, the Lagrangian L can depend also on a
position coordinate x € R™, L(x,v), but for purposes of the Legen-

dre transform z is taken as a parameter. In this case we write also
H(p,x) = L*(p, z).

Proposition 5. Let L(x,v) be a C? function, which for each x fived

18 strictly convexr and superlinear in v. Let H = L*. Then

1. H(p,x) is convex in p;
9. H* = L;

3. for each x
H(p,x)
pl—se [P
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4. let v* be defined by p = —D, L(x,v*), then

H(p,x) = —v* - p— L(z,v");

5. in a similar way, let p* be given by v = —D,H (p*, x), then

L(z,v) = —v-p* = H(p", z);

6. if p=—D,L(z,v) orv=—D,H(p,x), then

DIL(va) = _DIH(pv QIJ)

Proof. The first statement follows from the fact that the supremum
of convex functions is a convex function. To prove the second point,

observe that

H* (z,w) = sup [~w-p— H(p,z)]

= supinf [(v —w) - p+ L(z,v)].
P v
For v = w we conclude that

H*(z,w) < L(z,w).

The opposite inequality is obtained by observing that, since L is
convex in v, for each w € R” there exists s € R™ such that

L(z,v) > L(z,w) + s (v —w)
and, therefore,

B (@, w) 2 supint{(p+5) - (v —w) + Lz, w)] = Liw, w),

by letting p = —s.
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To prove the third point observe that

_\-2
Hp,x) Lo —Ap)

b

lp| |
by choosing v = —)\%. Thus, we conclude
H
liminf 22:2) 5
lpl=oe  |p|
Since A is arbitrary, we have
H
lim inf (p, ) = 00
pl—oe  |p]

To establish the fourth point, note that for fixed p the function
v—v-p+ L(z,v)

is differentiable and strictly convex. Consequently, its minimum,
which exists by coercivity and is unique by the strict convexity, is
achieved for

—p— D, L(xz,v) =0.

Note also that v as function of p is a differentiable function by the

inverse function theorem.
The proof of the fifth point is similar.

Finally, to prove the last item, observe that for
p(z,v) = =D, L(z,v),

we have
H(p(z,v),z) = —v - p(z,v) — L(z,v).

Differentiating this last equation with respect to x and using

v=—D,H(p(x,v), ),
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we obtain

O

Exercise 13. Compute the Legendre transform of the following func-

tions:

1
L(z,v) = iaij(x)vivj + hi(z)v; — U(x),
where a;; is a positive definite matriz and h(x) an arbitrary
vector field.

L(z,v) = y/ai;(x)v;v;,

where a;; is a positive definite matriz.

1
L(m,v) = ilvl/\ - U(CL‘),
with A > 1.

2.3.2 Hamiltonian formalism

To motivate the Hamiltonian formalism, we consider the following
alternative problem. Rather than looking for curves x(-) : [0,7] —

R™, which minimize the action

/OT L(x,%x)dt

we can consider extended curves (x(-),v(-)) : [0,7] — R?" which

minimize the action

/T L(x,v)dt (2.6)
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and that satisfy the additional constraint x = v. Obviously, this
problem is equivalent to the original one, however it motivates the
introduction of a Lagrange multiplier p in order to enforce the con-

straint. Therefore, we will look for critical points of

/0 L(x,v)+p-(v—xX)dt. (2.7)

Proposition 6. Let (x,v) be a critical point of (2.6) under fized
boundary conditions and under the constraint x = v (the choice of p

is irrelevant since the corresponding term always vanishes). Let
p=—-D,L(x,V).

Then the curve (x,v,p) is a critical point of (2.7) under fized bound-
ary conditions. Additionally, any critical point (x,v,p) of (2.7) sat-

1sfies
X=V
p=-D,L(x,v)
p=D,L(x,v),

and so X is a critical point of (2.6). Furthermore, the Euler-Lagrange

equation can be rewritten as

p=D,H(p,x) %X =—-D,H(p,x).

Proof. Let ¢, v and n be C%([0,T],R™) with compact support in
(0,T). Then, at e =0
T .
&/, Lx+ep,vt+ep)+(p+en) (v—x)+elp+en): (v—9)

T

=/ D, L(x,%)¢ + Dy L) +p - (¢ — ¢) + 1+ (v — %)

- | .z + 5o -0
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If p=—D,L(x,v), then v maximizes
—p-v— L(z,v).

Let
H(p,x) = max [-p-v— L(z,v)].

By proposition 5 we have
D.H(p,x) = —D,L(x,v)

whenever
p=—D,L(z,v)

. Additionally, we also have
v=—D,H(p,zx).
Therefore, the Euler-Lagrange equation can be rewritten as
p=D,H(p,x) %x=-DyH(p,x).
These are the Hamilton equations. O

Exercise 14. Suppose H(p,x) : R®" x R* — R is a C! function.
Show that the energy, which coincides with H, is conserved by the
Hamiltonian flow since

d
ZH —0.
o (p,x) =0

2.3.3 Canonical transformations

Before discussing canonical transformations we will need to recall
some basic facts about differential forms in R™. Firstly, recall that
given a C! function f : R® — R its differential, denoted by df is
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a mapping df : R” x R™ — R that for any point x € R™ and each

direction v € R™ it associates the derivative of f in the direction v:

A)0) = gifaton|

Note that for each x € R™ this mapping is linear in v. For example,
for each coordinate i € {1,...,n} we can consider the projection
r — x;, whose differential is dx;.

A (first order) differential form is any mapping
A:R" xR" = R,
linear on the second coordinate. Clearly we can write
A= fil@)da,
where f;(x) = A(z)(e;).

A important example is the differential df of a C' function f
which is a differential form that can be written as

df = Z%dmi.

The integral of a differential A form along a path ~ : [0,7] — R"
is simply
T T
/0 A(y () (v(t))dt = Z/O fity(@)yi(t)dt.
Exercise 15 (Poincaré-Cartan invariant). Let, for each fized t € R,

Y= (X(S,t%p(s,t)),
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be a closed curve in R*™ for s € [0,1]. Suppose that
d

d
7xX= ~D,H(p,x) 7P = D, H(p,x).

[t ox
j{pdx:/o p~£ds

Exercise 16. Show that the critical points of

Show that

1s independent of t.

T
/ pdx + H(p,x)dt
0

under fized boundary conditions satisfy the Hamilton equations.

Let (x,p) be a solution of the Hamilton equation. By exercise

16, (x,p) is a critical point of

/pdx + Hdt.

Let S(x) : R™ — R be a C! function. Then (x,p) is also a critical

point of
/pdx + Hdt — dS

because the last integral differs from the previous only be the addition
of the differential of a function S. Consider now a change of coordi-
nates P(z,p), X(x,p). In general the functional [ pdz + Hdt — dS
when rewritten in terms of the new coordinates (P, X') does not have
the form [ PdX + H(P, X)dt, and, therefore, the Hamilton equations
in these new coordinates may not have the standard form. A change
of coordinates (z,p) — (X(x,p), P(x,p)) is called canonical if there
exist functions S and H (P, X) such that

pdr + Hdt — dS = PdX + Hdt. (2.8)
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Consider now a trajectory (x,p) of Hamilton’s equations. Sup-
pose the coordinate change (x,p) — (X(z,p), P(z,p)) is canonical.
Then the trajectory written in the new coordinates (X, P) is a critical

point of the function

/PdX + Hdt.

Therefore (X,P) satisfies Hamilton’s equations in the new coordi-
nates, which are

P=DxH(P,X) X=-DpH(P,X). (2.9)

Note that we are looking at time-independent changes of coordinates.

Thus in order to have (2.8) we must have
H(p,z) = H(P(p,z), X (p, x)),

and so
pdxr — PdX = dS.

Suppose now we can write the function S as a function of z and X,
that is S = S(z, X). Then

p=D,S P=-Dx8S. (2.10)

Consider now the inverse procedure. Given S(z, X), suppose that
(2.10) defines a change of coordinates (for this to happen locally it
is sufficient, by the implicit function theorem that det D2,S = 0).
Then, in these new coordinates we have (2.9). Since S determines
(at least formally) the change of coordinates, we call it a generating

Sfunction. <

Example 5. Consider the generating function S(z, X) = 2X. Then
the corresponding canonical transformation is p = X, P = —x, that
is (x,p) — (X, P) = (p,—x) and H(P,X) = H(-P, X). <
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Suppose now that S, written as a function of (x, P), is:
S(x,P)=—-PX + S1(z, P).
Then (2.8) can be written as:
pdx + PdX + XdP — D, S1dx — DpS1dP = PdX,

that is,
p:Dzsl X:Dpsl.

Example 6. Let S(z, P) = zP. Then p = P and X = z, therefore

S1 generates the identity transformation. |

Exercise 17. Assume now that S can be written as a function of X

and p and that we have

Determine the corresponding canonical transformation in terms of
Ss.

Exercise 18. Suppose that S can be written as a function of p and
P with the following form:

S(p, P) = px — PX + S3(p, P).
Determine corresponding canonical transformation in terms of Ss.
Example 7. Consider the Hamiltonian
H = H(ps,py,x —y).

Choosing
S1=Pi(z+y)+ Pa(r —y)

we obtain
Do =P+ P py =P — P,
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X1 =21 + 29 Xo =2 —1y,

and

_ _ P, P, P — P
H(P17P27X1,X2)EH(P1,P2,X2)=H< LA 2,X2)7

2 7 2

which does not depend on X; and, therefore, P;, the total linear

momentum is conserved. <

Example 8. Let Si(x, P) be a C? solution of the Hamilton-Jacobi
equation
H(D,S:(z, P),x) = H(P).

Suppose that
X =DpSi(z,P)  p=D;5(xP)

defines implicitly a change of coordinates (x,p) — (X, P). Assume
that det D257 # 0. Then, if (x(t), p(t)) satisfy

x=—-D,H(p,x) p = D.H(p,x),
in the new coordinates we have
X=-DpH(P) P=0.
<

Example 9. Consider now a Hamiltonian H(p,z) with one degree
of freedom, that is x € R. We would like to construct a canonical
change of coordinates such that the new Hamiltonian depends only
on P. We will first construct the corresponding generating function.
For that, suppose that there exists a generating function Sj(x, P).
Then

dS; = XdP + pdz.
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Fix a value P. We will try to choose S—1 so that the new Hamiltonian
H depends only on P, that is H(p(P, X),x(P, X)) = H(P). For each

curve v = (x(+), p(+)) such that P is constant, we have
dS1 = pdzx.

Therefore,

T
$1(x(T), P) - 8,(x(0), P) / p(t) - x(t)d.

In principle, from the equation H(p,z) = H(P) we can solve for p as
a function of z and of the value H(P). In this case, the generating

function is automatically determined as a function of H and of z. <

Example 10. Consider the Hamiltonian system with one degree of

freedom:
P2

with V(z) 27-periodic. For each value of H(P) we have (assuming

for definiteness p > 0)

SioP) = [ 2(EEP) - V)
X = [\ ) - V) DeE(PYay

In principle, the function H(P) can be more or less arbitrary. To

Therefore,

impose uniqueness it is convenient to require periodicity in the change
of variables
X(0,P) = X(2m, P),

which implies
-1

por) = [ [T\ P -V
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Exercise 19. Show that the polar coordinates change of variables
(z,p) = (rcosf,rsinf) is not canonical. Determine a function g(r)
such that (z,p) = (g(r) cos 8, g(r) sin ) is a canonical transformation
(for r>0).

2.3.4 Other variational principles

In the case of Hamiltonian systems, as the next exercise shows, there

exists an additional variational principle:

Exercise 20. Show that the critical points (x,p) of the functional
T . .
X — X
/ PX=XP . p(p.x)
0 2

are solutions to the Hamilton equation

Unfortunately the functional of the previous exercise is not coer-
cive in W2 and may not have any minimizer. The Clarke duality
principle (following exercise) is another variational principle for con-

vex Hamiltonians which is coercive.

Exercise 21 (Clarke duality). Let H(p,z) : R?" — R be a C* func-
tion, strictly convex and coercive, both in x and p. Let H*(0y,0p) :
R2" — R be the total Legendre transform

H*(wg, wp) =sup —wy - —wp -p — H(p, x).
z,p

Let (vy,vp) be a critical point of

1
/ 5 [VI 'vp - ‘.’p ’ Vr] + H*(Vzvvp)-
0

Show that

x=—Dy H"(Vz, V) p=—Dy, H"(Vy,Vp)
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s a solution of Hamilton’s equations.

Exercise 22. Apply the previous exercise to the Hamiltonian

2 2
pt+x
H(p,z) = ——

Example 11 (Maupertuis principle). Consider a system with La-

grangian L and energy given by
E(x,%x) = D,L(x,%)%x — L(x,%).

Since the energy is conserved by the solutions of the Euler-Lagrange

equation, the critical points of the action are also critical points of

T T
/ L+E :/ D, L(x, %)%,
0 0

under the constraint that energy is conserved.

the functional

Obviously, in general it is hard to construct energy-preserving
variations. We are going to illustrate, in an example, how to avoid

this problem. Let L be the Lagrangian
1
L(z,v) = 59iViv; — U(x).
Then,

1

and
DUL’U = GijUiVj.

Thus we can write
D,Lv=2(E—-U(x)).

Therefore the functional can be rewritten as

M(x, E) :/0 V2(E —U(x))\/gi;%i%;dt (2.11)
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The last term represents the arc length along the curve that connects
x(0) to x(T). This integral is independent of the parametrization and
therefore we can look at its critical points (without any constraint)
which obviously depend on the parameter E. Then, once determined,
in principle we can choose a parametrization of the curve that pre-
serves the energy. The next exercise shows that such critical points

are solutions to the Euler-Lagrange equation:

Exercise 23. Let x be a critical point of M(x, Fy) parametrized in
such a way that
E(X, X) = Eo.

Show that x is a solution of the Fuler-Lagrange equation.

2.4 Sufficient conditions

This section addresses a very classical topic in the calculus of varia-
tions, namely the study of conditions that ensure that a solution to

the Euler-Lagrange equation is indeed a minimizer.

2.4.1 Existence of minimizers

In general, it is not possible to guarantee that a solution to the Euler-
Lagrange is a minimizer of the action. However, for short time, the

next theorem settles this issue.
Theorem 7 (Existence of minimizers). Let L(x,v) be strictly convex
n v satisfying

\Di,LI<C,  |DiLI<C.
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Let x(-) be a solution to the Euler-Lagrange equation. Then, for T
sufficiently small, x(+) is a minimizer of the action over all C* func-
tions y(-) with the same boundary conditions y(0) = x(0), y(T) =
x(T).

Proof. Observe that if f is a C? function then

F(1) = £(0) + £(0) +/0 /0 F(r)drds.

Applying this identity to

fr)y=L((1=r)x+ry,(1-—r)x+ry),

we obtain

/ ' Ly

T
= [ 15630+ DL %)y =20 + D, L 30 =)

/ / y—x)TD2 L((1—r)x+7ry, (1 —7r)%x+ry)(y — x)
+2(y —x)TD2 L((1 —r)x+ry, (1 —r)x +ry)(y — %)
+(y — )TDivL((l —rx+ry,(1—r)x+ry)(y — X)} drds] dt.

Since x(-) satisfies the Euler-Lagrange equation and, by strict con-
vexity, D2 L >, we have

/ L)t > / (L%

/ / (y — x) TD2 LL(A=—r)x+ry,(1—rx+7ry)(y —x)

2(y — X)TD2 L(l-r)x+ry,Qd—rx+ry)(y — X)) drds
+ﬂy—XH
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The one-dimensional Poincaré inequality implies

T T2 T
|y =xar< T [ iy -
0 0
that is,

L fomr

D2 L((1—r)x+ry, (1 —r)%+ry)(y — x)drdsdt
T
> —cr? [y - s
0

and, for any e,

///yx

L(L=r)x+ry, (1 —r)x+ry)(y — X)drdsdt

.. C
—6/ Iy—XIZ—*/ ly —x/?
0 € Jo
ocrz\ (f.. .,
—le+ ly — x|°.
€ 0

Thus, choosing T sufficiently small and taking, e = T we obtain

T T T
/ Ly, §)dt > / L(x,%) + 6 / ¥ — 7,
0 0 0

for some 6 > 0. O

Y

v

Exercise 24. Prove the one-dimensional Poincaré inequality

T2
Co < e

for all Ct function ¢ satisfying ¢(0) = ¢(T) = 0.
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Exercise 25. Suppose that the Lagrangian L instead of satisfying
IDLLI<C, DL <C,
as in theorem 7, satisfies
D5, LI < CA+o]?),  [D3,LI < CL+ ).

Assume further that the curves y are constrained to have bounded

derivatives in L?. Can you adapt theorem 7 to include this case?

2.4.2 Existence and regularity of minimizers
In this section we assume that the Lagrangian L(x,v) is C°°, strictly
convex in v, satisfies
—C +0v|]? < L(z,v) < C(1 + |[v]?), (2.12)
for # > 0, and that, for each fixed compact K and x € K we have
|D.L(z,v)| < C(1+|v|?), and  |D,L(z,v)| < Cx(1+ |v]).

Theorem 8. Suppose L satisfies the previous assumptions. Then,
for each T > 0 and xg,z1 in R™, there exists a minimizer of x €
W20,T] of

/TL(X,X)ds (2.13)
0

satisfying x(0) = xo, x(T) = 1.
Proof. Let x,, be a minimizing sequence. Then, using (2.12) we con-

clude that ||%x, ||z is uniformly bounded. Then, by Poincaré inequal-
ity, we conclude that

sup ||x, |2 < oco.
n
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By Morrey’s theorem, the sequence x,, is equicontinuous and bounded
(since x,,(0) is fixed), thus there exists, by Ascoli-Arzela theorem, a
subsequence which converges uniformly. We can extract a further
subsequence that converges weakly in W12 to a function x. We
would like to prove that x is a minimum. To do that it is enough
to prove that the functional is weakly lower semicontinuous, that is,

that
T

T
lim inf L(xn,kn)Z/ L(x,x).
0

n—oo 0

By convexity,

/ " L)

T
> / L(xp,%Xp) — L(x,%,,) + L(x,%) + D, L(x,%) (%X, — X)
0
Because x,, — x we have
T
/ D, L(x,x%)(%x, —x) — 0,
0

since D, L(x,%) € L2, From the uniform convergence of x,, to x we

conclude that .
/ L(xp,%p) — L(x,%,) — 0,
0

since
|L(%n, %n) — L(X,%,)| < Cxlx, —x|(1 + |%,]?).

O

Theorem 9. Let x be a minimizer of (2.13). Then x is a weak

solution to the Euler-Lagrange equation, that is, for all p € C(0,T),

T
/ D,L(x,X)p + D,L(x,%)$ = 0. (2.14)
0
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Proof. To obtain this result, it is enough to prove that at e = 0,

T
— L(x+ ep,x + €9)
d€ 0

T a
= / —L(x + ep, X + €p) :
-0 o de =0

that is, justify the exchange of the derivative with the integral.

By Morrey’s theorem, since x € W2(0,T), we have ||x||~ < C.
So x € K for a suitable compact set K. Let |¢] < 1. Observe that
there exists a compact K D K such that x + €p € K for all t. For
almost every ¢ € [0, 7], the function

e Lix +ep, % + )
is a C! function of e. Furthermore
[L(x + ep, X+ €p)] < Cr(l+ %+ ep|*) < Cr(1+ %>+ |¢]?),

and,

d . . . . )
L Fep, x4 ed)| < Cr(l+ %P+ 1217) (o] + [¢]).

This estimate allows us to exchange the derivative with the integral.
O

Exercise 26. Show that the identity (2.14) also holds for ¢ € W01’2.

Theorem 10. If L satisfies (2.12) and is strictly convex, then the
weak solutions to the Euler-Lagrange equation are C? and, therefore,
classical solutions.

Proof. Let x € W2(0,T) be a weak solution to the Euler-Lagrange

equation. Define

T
p(t) = po —l—/ D, L(x,%)ds,
t
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with pg € R™ to be chosen later. For each ¢ € C2°(0,T) taking values

in R™ we have
/Td( Yt =p-¢ls =0
PRl =pel, =0
Thus,
T
/ —D;L(x,%)p + ppdt = 0.
0

Using the Euler-Lagrange equation in the weak form we conclude
that

T
/ (p+ DyL(x,%))¢dt =0,
0
which implies that p + D, L is constant, that is,
P= _DUL(Xa X>7

choosing py conveniently. Since p is continuous, by the previous
identity, x = —D,H(p,x). Therefore, x is continuous. Moreover, if

H(p, z) is the Hamiltonian associated to L, we have
p=D,H(p,x),

which shows that p is C'. But, since
% = —D,H(p,x),

we have that x is C! and, therefore, x is C?. O

2.5 Symmetries and Noether theorem

Noether’s theorem concerns variational problems which admit sym-
metries. By this theorem, associated to each symmetry there is a

quantity that is conserved by the solutions of the Euler-Lagrange
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equation. In classical mechanics, for instance, translation symme-
try yields conservation of linear momentum, to rotation symmetry
corresponds conservation of angular momentum and time-invariance

implies energy conservation.

2.5.1 Routh’s method

We start the discussion of symmetries by considering a classical tech-
nique to simplify the FEuler-Lagrange equations. Consider a La-
grangian of the form L(x,%,y), that is, independent of the coor-
dinate y. Note that this corresponds to translation invariance in the

coordinate y. The Euler-Lagrange equation shows that
Py = —DyL(X7 X, y)

is constant. We will explore this fact to simplify the Euler-Lagrange
equations. We assume further that w — L(x,%,w) is strictly convex
and superlinear. Then we define the partial Legendre transform with

respect to y, Routh’s function, as
R(x,%,py) =sup —py - w — L(x, %X, w).
w
By convexity, the supremum is achieved at a unique point w(x, X, py).
We have that
py=-Dy,L y=-Dp R

Note that, by the Euler-Lagrange equation

pyzo
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and,
d OR OR dOoL OL d [0L 0w ow
cﬁ&k_&c:_(ﬁ&t+&<_cﬁ{&ué)5{+py&k]
OL Ow ow
owor  PVor
_doL 0L _
“dtox  ox

Therefore, since py is constant, we can solve these equations in the

following way: for each fixed p, consider the equation

doR OB _
dt 0%  Ox

Once this equation is solved, determine y through
y = _DpyR(X7 Xa py)

Exercise 27. Apply Routh’s method to the Lagrangian
)'(2 y2
L=—+——-U(x).
5 T3 (z)

Exercise 28. Apply Routh’s method to the symmetric to in an ex-

ternal field which has as Lagrangian
I I -
L= 51(92 + $?sin® ) + 53(1# + ¢ eosh)? —U(p,0).

Exercise 29. Apply Routh’s method to the spherical pendulum whose
Lagrangian is: )
62 sin” p + ¢?

L=
2

U(p).

2.5.2 Noether theorem

As a motivation for the definition of invariance of a Lagrangian with

respect to a transformation group, observe that if ¢ : R — R” is a
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diffeomorphism and + : [0, 7] — R™ is an arbitrary curve, then ¢(v)
is another curve in R™ whose velocity is D,¢(v)%. We say that a
Lagrangian L(z,v) is invariant under a transformation group ¢, (x)
if for each 7 € R

L(:C’U) = L(QST('I)?quST(x)U)

Theorem 11. Let L be a Lagrangian invariant under a transforma-
tion group ¢, (x). Let x be a solution of the Euler-Lagrange equation.

then
DL (T), %(T)) 5-6,(x(T))
=0

is independent of T

Proof. Let x be a solution of the Euler-Lagrange equation and

X7 () = o7 (x(1)).
Then
%r = Dy (x(0)(1).
Consequently,
lﬁﬂ%&) (2.15)
is constant in 7. Differentiatioon (2.15) with respect to 7 we obtain
dx.

— =0.
dr

T
dx, .
/ DoL(xs,%,) o + D, L(x,, %)
0 dT

Integrating by parts, using the Euler-Lagrange equation, and taking

7 = 0 we obtain
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Exercise 30. Let w € R™ and L(x,v) be a Lagrangian satisfying,
for all 7, L(x + wt,v) = L(x,v). Show that D,L -w is a constant of

motion.

v24ov2 2442 .
ot — % Show that L is

mvariant by rotations and, using Noether’s theorem, that the angular

Exercise 31. Let L(x,y,vs,vy) =

momentum Tvy — Yyv, is a constant of motion.

Theorem 12. Suppose L is a Lagrangian which does not depend on

t. Then the energy is conserved.

Proof. Observe that

T+h
/ L(x(t — ), x(t — h))dt
h

is independent on h. Differentiate with respect to h, integrate by

parts using the Euler-Lagrange equation. O
Example 12. Consider the Lagrangian

)'(2 _|_y2

L =
2y2 7

corresponding to the geodesic flow in the Lobatchewski plane. Iden-
tifying the upper semi-plane with {z € C: $(z) > 0} and the points
(z,y) with z = z + 4y, the mapping

az+b
cz+d

Z

defines an action of the group SL(2,R), the group of matrices with
unit determinant, in the Lobatchewski plane, which leaves the La-

grangian invariant. Use matrices of the form

1 7
0 1

e 0

Al(T):[ ;1

) A2(7')=[

eA3(7)=[1 0],
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we obtain the conservation laws
X xx+yy x(x* —y*) +2yxy
5 and 5 .
y y y

<

Exercise 32. Obtain the general law F(x,y) = 0 of motion of a

geodesic in the Lobatchewski plane.

2.5.3 Monotonicity formulas

A sub-symmetry (resp. super-symmetry) of L is a one-parameter
mapping ¢, (x) such that

d

7L(¢T(x)’ Dw¢r(x)v)

<0 (resp. >0).
dr

=0

A simple variation of the proof of Noether’s theorem yields:

Theorem 13. Let ¢, be a sub-symmetry of L. Then

4 [DvL(X, X)

d
di il

dr

<o
7=0

with the opposite inequality for super-symmetries.

Proof. 1t suffices to observe that

d T
0> — L(¢T(X)5D$¢T(X)X)dt
dT 0 0
r o d d d
_ /O DLL(X) o0r(3)| 4 DL X g g0eG0)|
d T
= D,L 7. 7 Pr )
(X gror)| |

which then implies the result. O
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An application of this theorem is the following corollary:

Corollary 14. Let L(z,v)R™ x R™ — R be Lagrangian admitting a
strict sub-symmetry. Then the corresponding Euler-Lagrange equa-

tions cannot have periodic orbits.

Next we present some additional examples and applications. Sup-
pose, for some y € R™ and h > 0, L(z + hy,v) < L(x,v), then

%DUL(X, X)y < 0.

Another simple example is the case in which L(Az, \v) is increasing
in A. Then

%DUL(X,X)X > 0.

Consider the mapping ¢,(x) = x + 7F(x), and assume that

d
—L(x +7F(x),v+ 7D, Fv) <0,

dr
at 7 = 0. Then
%DUL(X, Xx)F(x) <0.
Consider the case L = %, and F' = VU, for some concave function
U. Then
2 2
iw —IT'D%2Uy <0.
dr 2 =0
Thus
iVU v<0
dt -
that is
d2
a2 (x) <0,

that is U(x(t)) is a concave function.
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Consider now a system of non-interacting n-particles, and set
U= Z |z, — ;).
i#]
Clearly U is a convex function. By the previous results we have
2
at?

Exercise 33. Consider a Lagrangian of the form

|Xi —Xj| Z 0.

e ' L(z,v)

This Lagrangian is sub-invariant in time. Prove that

d o
—e “"E(t) >0
SeB() > 0,
where

E =D,L(x,%)%x — L(x,%).
In particular, show that this estimate yields exponential blow up of

the energy. Also observe that the exponential blow up of the kinetic
energy can also be bounded using simple estimates by E(t) < CePt.

2.6 Bibliographical notes

There is a very large literature on the topics of this chapter. The
main references we have used were [Arn95] and [AKN97]. Two clas-
sical physics books on this subject are [Gol80] and [LL76]. On the
more geometrical perspective, the reader may want to look at [dC92]
(see also [dC79]) and [Oli02]. Some aspects of classical calculus of
variations can be found in [Dac09] and the classical book [Bol61]. In
what concerns symmetries, additional material can be consulted in

[O1v93]. A very good reference in Portuguese is [Lop06].
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Classical optimal

control

In this chapter we begin the study of deterministic optimal control
problems, and its connection with Hamilton-Jacobi equations. We
start the discussion in the next section with the set up of the prob-
lem. Then we present some elementary properties and examples. The
dynamic programming principle and Pontryangin maximum princi-
ples are discussed in sections 3.3 and 3.4, respectively.imum principles
are discussed in sections 3.3 and 3.4, respectively. The Pontryagin
maximum principle is the analog of the Euler-Lagrange equation for
optimal control problems. Then, in section 3.5 we will show that if
the value function V is differentiable, it satisfies the Hamilton-Jacobi

partial differential equation

—V; + H(D,V,z) =0,

51
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in which H(p,z), the Hamiltonian, is the (generalized) Legendre
transform of the Lagrangian L
H(p,z) =sup —p - f(z,v) — L(z,v). (3.1)
vel
We end this chapter with a verification theorem, section 3.6 that
establishes that a sufficiently smooth solution to the Hamilton-Jacobi

equation is the value function.

3.1 Optimal Control

A typical problem in optimal control, whose study we begin now is
the terminal value optimal control problem. For that let the control
space be a closed convex subset U of R™. A control on an interval
I C R is a measurable function u: I — U. Let f : R®" x U — R"
be a continuous function, Lipschitz in xz. For each control u we can

consider the controlled dynamics
x = f(x,u). (3.2)

It is well known from ODE theory that, at least locally in time,
equation (3.2) admits a unique solution x of the initial value problem

x(t) = z, for any (bounded) control u.

We are given a running cost L : R” x U — R and a terminal cost
¥ : R® — R. Given a terminal time 7', the terminal value optimal
control problem consists in determining the optimal trajectories x(-)

which minimize
T
Ju;z,t] = / L(x,u)ds + ¥(x(t1)),
t

among all bounded controls u(-) : [¢,¢1] — R™ and all solutions x of

(3.2) satisfying the initial condition x(t) = x.
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The value function V' is
V(z,t) = inf J[u; z, t] (3.3)
in which the infimum is taken over all controls on [t,T].

An important example is the ”calculus of variations setting”,
where, f(z,u) = u, and the optimal trajectories x(-), as we have

shown, are solutions to the Euler-Lagrange equation

d OL oL
222 (x,%) — == (%, %) = 0.
di ou %)~ 5, (0 %)
Furthermore, p = —D, L(x,%) is a solution of Hamilton’s equations:

In the next chapter we will consider this problem under the light of

optimal control and generalize the previous results.

Before considering the ”calculus of variations setting” we study a
simpler but important situation, the bounded control case. In this
the control space U is a compact convex set.

Furthermore, we suppose that L(z,u) is a bounded continuous
function, convex in u. We suppose that the function f(x,u) satisfies
the following Lipschitz condition

[f(@,u) = f(y,u)] < Cle—yl.

To establish existence of optimal solutions we simplify even further

by assuming that f(z,u) has the form
f(z,u) = A(x)u + B(z), (3.4)

where A and B are Lipschitz continuous functions.
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3.2 Elementary properties

In this section we establish some elementary properties of the termi-

nal value problem.

Proposition 15. The wvalue function V satisfies the following in-
equalities
—[lloe £V < aa|T =t + [[¢]] o

Proof. The first inequality follows from L > 0. To obtain the second
inequality it is enough to observe that

V < J(2,0) < ar|T =t + |9 oo-

Example 13 (Lax-Hopf formula). Suppose that L(x,v) = L(v), L
convex in v and coercive. Assume further that f(z,v) = v. By

Jensen’s inequality

o [ ez (Tl_t /th<5>> 1=t

where y = x(T). Therefore, to solve the terminal value optimal

control problem, it is enough to consider constant controls of the

form u(s) = £=;. Thus

Vi = it -0z (3=2) + vl

and, consequently, the infimum is a minimum. Thus Lax-Hopf for-

mula gives an explicit solution to the optimal control problem. |

Exercise 34. Let Q and A be nxn constant, positive definite, matri-
ces. Let L(v) = %’UTQU and (y) = Ly Ay. Use Lax-Hopf formula

2
to determine V(x,t).
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Proposition 16. Let 11 (z) and () be continuous functions such
that

1 < .
Let Vi(x,t) and Va(z,t) be the corresponding value functions. Then

Vi(z,t) < Va(z,t).

Proof. Fix € > 0. Then there exists an almost optimal control u¢ and
corresponding trajectory x¢ such that

Va(a,t) > / | L(xE(5), u(s), 8)ds + Y (x (1)) — e
Clearly
Vila, 1) < / "L (3), 0 (s), 8)ds + by (x5 (1)),
and therefore

Vi(z,t) — Va(z,t) < ¢ (x°(t1)) — 2(x(t1)) + € < e
Since € is arbitrary, this ends the proof. O

An important corollary is the continuity of the value function on
the terminal value, with respect to the L*° norm.

Corollary 17. Let ¥1(x) and ¥9(x) be continuous functions and

Vi(z,t) and Va(z,t) the corresponding value functions. Then

sup|Vi(z,t) = Va(x,1)| < sup [¢1(z) — ¢a(2)].

Proof. Note that

U1 < o =t + Sgp [V1(y) — P2 (y)l-
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Let V5 be the value function corresponding to Vs, Clearly,
Vo=Vo+ SI;P [U1(y) — 2(y)l-
By the previous proposition,
Vi— V2 <0,

which implies
Vi = Vo <sup [¥1(y) — P2(y)l-
y

By reverting the roles of V3 and V5 we obtain the other inequality. [

3.3 Dynamic programming principle

The dynamic programming principle, that we prove in the next the-
orem, is simply a semigroup property that the evolution of the value

function satisfies.

Theorem 18 (Dynamic programming principle). Suppose that t <
t' <T. Then

V(z,t) = i{llf [/t L(x(s),u(s),s)ds + V(y,t") |, (3.5)

where x(t) = x and x = f(x,u).

Proof. Denote by V (z,t) the right hand side of (3.5). For fixed ¢ > 0,
let u¢ be an almost optimal control for V(z,t). Let x°(s) be the

corresponding trajectory trajectory, i.e., assume that

J(x,t;u’) < V(x,t) + e
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We claim that V(z,t) < V(z,t) + €. To check this, let x(-) = x°(-)
and y = x°(¢'). Then

t/
V(at) < / L(x(s), u(s), 8)ds + V(y,t).
t
Additionally,
V(y,t") < J(y,t';uc).
Therefore
V(x,t) < J(x, t;u) < V(z,t) +e,

and, since e is arbitrary, V(z,t) < V(z,t).

To prove the opposite inequality, we will proceed by contradiction.
Therefore, if V(x,t) < V(z,t), we could choose € > 0 and a control
u? such that

/t L(x*(s),u’(s), s)ds + V(y,t') < V(x,t) — ¢,

where x* = f(x*,u*), x*(t) = x, and y = x*(¢'). Choose u’ such that

J(yt'sw) SV, t) + 3
Define u* as

u*(s) = uf(s) for s < #/
u*(s) = u’(s) for t’ < s.

So, we would have

Vix,t) —e> L(xﬁ(s), uu(s), s)ds +V(y,t') >

|
,

Y
=~

0 )

which is a contradiction. O



58 3. CLASSICAL OPTIMAL CONTROL

3.4 Pontryagin maximum principle

In this section we assume the control space U is bounded and, without
any proof, that there exists an optimal control u* and corresponding
optimal trajectory x*. We assume also that the terminal data
is differentiable. A detailed discussion on existence issues will be

postponed until next chapter.

Let r € [t,t1) be a point where u* is strongly approximately

continuous, i.e.,

§—0

r46
p(u*(r)) = lim %/ p(u*(s))ds,

for all continuous functions . Note that almost any r is a point of
approximate continuity, see [EG92]. Denote by Z¢ the fundamental

solution of
€0 = Do f(x*, u%)&, (3.6)

with Zo(r) = I.

Let p* be given by

p*(r) = Dw’(/J(XR(tl))Eo(tl) + /11 DwL<X* (S), u*(s), S)Eo(s)ds
(3.7)

Lemma 19 (Pontryagin maximum principle). Suppose that ¢ is dif-
ferentiable. Let u* be an optimal control and x* the corresponding

optimal trajectory. Then, for almost all v € [t, 1),

fOE(r), 0 (r) - p*(r) + L (r), 0" (r), 7) (3.8)

= {)%151 [f(x*’ U) : p*(T‘) + L(X*(T),’U,T)] :
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Proof. Let v € U. For almost all r € [tg,t1) u* is strongly approxi-
mately continuous (see [EG92]). Let r be one of these points. Define

v if r<s<r+9d
us(s) =

u*(s) otherwise.

Let
x*(s) if t<s<r
xs(s) = qx*(r)+ [T f(x},0) if r<s<r+§
x*(s)+6& if r+d<s<t,
where

e
o(r+9) = 5/r [f(x5(s),v) = f(x"(s),u"(s))] ds,
and ys = ba*(s) + 8¢5 solves, for 7+ 8 < s < t1,
ys = f(ys,u").
Observe that
§o(r) = lim & (r +0) = f(x"(r),v) = f(x"(r), u*(r)).

Furthermore, as § — 0, & converges to a solution &, of (3.6). Thus

So(s) = Bo(s) (f(x*(r),v) — f(x*(r),u"(r))).
Clearly

It z3u") < /t " L(xs(5), s (s), 8)ds + H(x*(t1) + 6E).

This last inequality implies
1 r+0
f/ [L(x5(s),v,8) — L(x"(s),u*(s), s)] ds+
5 /+5 )+ 0&s,u”(s),8) — L(x*(s),u*(s), s)] ds+

- (X (t) +085) — P(x"(t1))] = 0.

5
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When § — 0, the first term converges to
L(X*(T), v, T) - L(X* (’I"), u* (T), ’I“),
since u* is strongly approximately continuous. The second term con-

verges to
ty

D, L(x*(s),u*(s), s)&o(s)ds,

T

whereas the third one has the following limit:

Dyip(xr(th)) - &o(t1)).
This implies that for almost all r r,
L(x*(r),v,7r) — L(x*(r),u*(r),r)
+p(r) - (f(x"(r),v) — f(x"(r),u’(r))) = 0.
Consequently

fOE(r), 0t (r) - p*(r) + L (r), 0 (r), 7)

= min [£(x"(r), v) - (1) + L(xa(r), v, 1)

as required. O

3.5 The Hamilton-Jacobi equation

We now show that if the value function is differentiable then it is a

solution to the Hamilton-Jacobi equation.

Proposition 20. Suppose the value function is C*. Let r € [t,t1) be

a point where u* is strongly approrimately continuous. Then

p*(r) =D,V (x,r).
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Proof. Let u* be an optimal control for the initial condition (z,7).
For y € R™ and ¢ > 0 consider the solution

5(5 = f(X(57U*)7

with initial condition x5(t) = 2 + dy. Then

0x5(5)
06

Since for all §
t1
V(z+ dy,r) < / L(xs,u")ds + ¥ (xs(t1)),

by differentiating with respect to 6 we obtain

ty
DV(z,r)y= [ DyL(x,u")Z0(s)yds + Dyt (x(t1))Z0(t1)y,

which implies the result. O

Theorem 21. Suppose the value function V is C*. Then it solves

~Vi+ H(D,V,z) = 0. (3.9)

Proof. Consider an optimal trajectory x*

Then, by differentiating with respect to ¢ we have
Vi(x™(t),t) + DoV (x*(2), 1) f(x"(t), u”(2)) + L(x"(£), u”(t)) = 0.

Which by Pontryagin maximum principle is equivalent to the Ham-
ilton-Jacobi equation (3.9). O
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Exercise 35. Let M(t),N(t) be n X n matrices with time-differen-
tiable coefficients. Suppose that is N invertible. Let D be a n X n

constant matriz. Consider the Lagrangian
1 1
L(z,v) = ExTM(t)x + ivTN(t)v

and the terminal condition ¢ = %xTDx. Show that there exists a
solution to the Hamilton-Jacobi with terminal condition ¢ att =T
of the form
L
V= 7% P(t)x,
where P(t) satisfies the Ricatti equation
P=P'N"'P-M

and P(T) = D.

3.6 Verification theorem

In the last section of this chapter we will show that any sufficiently
smooth solution to the Hamilton-Jacobi equation is the value function
and it can be used to compute an optimal control.

Theorem 22. Let L(x,v) be a C' Lagrangian, strictly convex in
v, and let f(xz,u) be a linear control law as in (3.4), and H the
generalized Legendre transform (3.1) of L. Let ®(x,t) be a classical

solution to the Hamilton-Jacobi equation
-9, 4+ H(D,®,2) =0 (3.10)

on the time interval [0, T, with terminal data ®(x,T) = 1(z). Then,
forall0<t<T,
O(z,t) = V(x, 1),

where V' is the value function.
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Proof. Let u be a control on (¢,T) and x be the corresponding solu-
tion to

X = f(Xvu)v

with x(¢) = x. Then, using ®(x(T"),T) = ¥(x(T)) we have

V(D)) = B(x(r).0) = [ TB(x(s). )ds

T
= /t D, ®(x(s),s) - f(x,u) + Ps(x(s), s)ds.

Adding ftT L(x(s),u(s))ds+®(x(t),t) to the above equality and tak-

ing the infimum over all controls u, we obtain

T
inf (/t L(x(s),u(s))ds + w(x(T)))
= ®(x(1),1)
T
+ inf (/t D, (x(s),8) + L(x(s),u(s)) + D, P(x(s), s) - f(x,u)d5> .
Now recall that for any v,

—H(p,x) < L(w,v) +p- f(w,0),

therefore

inf (/t L(x(s),x(s))ds + SD(X(T))>

T
> &(x(t),t) + inf (/t (@S(x(s), s)+ H(D,P(x(s), s),x(s)))ds)
= &(x(1),1).

Let r(x,t) be uniquely defined (uniqueness follows from convexity)
as
r(x,t) € argmin, oy L(z,v) + D, ®(x,t) - f(z,v). (3.11)
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A simple argument shows that r is a continuous function.

Now consider the trajectory x obtained by solving the following

differential equation

X(S) = f(xa r(x(s)v 3))7

with initial condition x(t) = x. Note that since the right-hand side is

continuous there is a solution, although it may not be unique. Then

T
inf (/t L(x(s),%(s))ds + w(X(T))>

T
< ®(x(1),1) +/ (@S(x(s),s) fH(DmCI)(x(s),s),x(s)Dds
t
= ®(x(t),1),
which ends the proof. O
We should observe from the proof that (3.11) gives an optimal

feedback law for the optimal control, provided we can find a solution

to the Hamilton-Jacobi equation.

3.7 Bibliographical notes

The main references we have used on optimal control are [BCD97],
[FS06], [Lio82], [Bar94], and [Eva98b].



Viscosity solutions

In this chapter we build upon the theory developed previously to
study the terminal value problem and address a few questions that
were not answered previously. The first one is the existence of opti-
mal controls, both for bounded and unbounded control spaces. This
is addressed, for the bounded control setting in section 4.1. In sec-
tion 4.2 we give some technical results concerning subdifferentials and
semiconcavity. Then, in section 4.3 we consider the issue of existence
of controls and regularity of the value function in the calculus of
variations setting. It is well known that first order partial differential
equations such as the Hamilton-Jacobi equation may not admit clas-
sical solutions. Using the method of characteristics, the next exercise

gives an example of non-existence of smooth solutions:

Exercise 36. Solve, using the method of characteristics, the equation

ug +u =0 reRt>0
u(z,0) = +a2.

65
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It is therefore necessary to consider weak solutions to the Hamil-
ton-Jacobi equation: viscosity solutions. In section §4.4 we develop
the theory of viscosity solutions for Hamilton-Jacobi equations, and
show that the value function is the unique viscosity solution of the

Hamilton-Jacobi equation.

4.1 Optimal controls - bounded control

space

We now give a proof of the existence of optimal controls for bounded

control space. The unbounded case will be addressed in §4.3.

Lemma 23. Letf is as in (3.4) a linear control law. Then J is
weakly lower semicontinuous, with respect to weak-* convergence in
L.

Proof. Let u, be a sequence of controls such that u,—u in L> [t,t1].
Then, by using Ascoli-Arzela theorem, we can extract a subsequence
of x,,(+) converging uniformly to x(-). Furthermore, because the con-

trol law (3.4) is linear we have
x = f(x,u).
We have

J(x,t;uy,) :/t 1 [L(xn(5),un(s),s) — L(x(s), un(s),s)] ds+
+ /t " L(x(s), wn(s), 5)ds + (% (t1)).

The first term, fttl [L(x,(5),u,(s),s) — L(x(s),un(s), s)] ds, conver-
ges to zero. Similarly, ¥(x,(t1)) — ¥(x(t1)). Finally, the convexity
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of L implies

L(x(s),un(s),s) = L(x(s),u(s), s)+ Dy L(x(s),u(s), s) (wn (s) —u(s)).

Since u,, — u,
t1

t D,L(x(s),u(s),s)(up(s) —u(s))ds — 0.

Hence
liminf J(z,t;u,) > J(z,t;u),

that is, J is weakly lower semicontinuous. O

Using the previous result we can now state and prove our first

existence result.

Lemma 24. Suppose the control set U is bounded, closed and convez.

There exists a minimizer u* of J.

Proof. Let u, be a minimizing sequence, that is, such that

J(z, t;u, inf J(x,t;u).
(@ trua) — inf (et

Because this sequence is bounded in L*°, by Banach-Alaoglu theorem
we can extract a sequence u,—u*. Clearly, we have u* € U, by

closeness and convexity. We claim now that
J(x,t;u*) = ir&f J(z, t;u).
This just follows from the weak lower semicontinuity:
ir&f J(z, t;u) < J(x,t;u*) < liminf J(z,t;u,) = ir&f J(x,t;u),

which ends the proof. O
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Example 14 (Bang-Bang principle). Consider the case of a bounded
closed convex control space U and suppose the Lagrangian L is con-
stant. Suppose f(z,u) = Au + B, for suitable constant matrices A

and B, and that the terminal value 1 is convex.

In this setting we first observe that the set of all optimal controls
is convex. As such it admits an extreme point u*. We claim that u*

takes values on OU.

To see this, choose a time r and suppose that for some € there is
a set of positive measure in [r,r + €] for which u* is in the interior
of U. Then there exists an L°° function v supported on this set such
that f:+€ dv = 0, and such that u* £ v is an admissible control. By
our assumptions it is also an optimal control. It is clear then that u*

is not an extreme point which is a contradiction. |

4.2 Sub and superdifferentials

Before proceeding with the general case of unbounded control spaces
we will need to discuss some technical results concerning sub-differ-

entials and semiconcavity.

Let ¥ : R — R be a continuous function. The superdifferential
D (z) of ¢ at z is the set of vectors p € R™ such that

s 2 2) ~0() —p o

<0.
|v|—0 |U|

Consequently, p € D} v(x) if and only if

Pl +0) <) +p-v+o(|v]),



4.2. SUB AND SUPERDIFFERENTIALS 69

as |v| — 0. Similarly, the subdifferential, D, ¢ (x), of ¢ at x is the set
of vectors p such that

g Y@ V) = (@) —p-o

> 0.
|[v|—0 |’U|

Exercise 37. Show that if u : R™ — R has a mazimum (resp. mini-
mum) at xo then 0 € Dt u(xg) (resp. D~ u(xo)).

We can regard these sets as one-sided derivatives. In fact, v is
differentiable then

Dy (x) = Dy(z) = {Dyt()}.
More precisely,
Proposition 25. If both D (x) and D} (x) are non-empty then
D, ¢(x) = D () = {p},

furthermore 1 is differentiable at x with Dy = p. Conversely, if 1

1s differentiable at x then

D, ¥(z) = Dfyp(z) = {Dyt(2)}-

Proof. Suppose that D () and D} (z) are both non-empty. Then
we claim that these two sets agree and have a single point p. To see
this, take p~ € D_v(x) and p™ € D} ¢(x). Then

Y +v) =) —p~ v

lim inf >0
|[v]—0 |U|

_ _
limn sup Y(z +v) |w|($) AL
v|—=0 v

By subtracting these two identities

+_p)-
liminfi(p p)-v
|v|—0 |’U|
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In particular, by choosing v = —6%7 we obtain
—lp~ =p"[ >0,
which implies p~ = p* = p. Consequently

lim Y(x+v)—yE)—p-v
|v|—0 |v]

and so D,y = p.

207

To prove the converse it suffices to observe that if 1 is differen-
tiable then

(@ +v) = ¥(x) + Darp(x) - v + of|v]).
O

Exercise 38. Let ¢ be a continuous function. Show that if xg is a
local mazimum of 1 then 0 € DT p(xg).

Proposition 26. Let

P :R" =R
be a continuous function. Then, if

p € Dyv(xo) (resp. p € Dy¢(ao)),

there exists a C' function ¢ such that

U(x) — ¢(x)
has a local strict mazimum (resp. minimum) at o and such that

p= Dm¢(x0)
On the other hand, if ¢ is a C* function such that

U(z) — ¢(x)

has a local mazimum (resp. minimum) at xo then

Dag(x0) € D p(wo)  (resp. Dy (o))
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Proof. By subtracting p - (z — zo) + ¥(zg) to 1, we can assume,
without loss of generality, that ¢¥(xg) = 0 and p = 0. By changing
coordinates, if necessary, we can also assume that zo = 0. Because
0 € D}(0) we have
lim sup M <0.
|z|—0 |QZ|

Therefore there exists a continuous function p(x), with p(0) = 0, such
that

P(z) < fafp(z).

More precisely we can choose

p(w) = max{-20}.
]
Let n(r) = max;<,{p(x)}. Then 5 is continuous, non decreasing
and 1(0) = 0. Let

2|z|
o) = [+ o
The function ¢ is C! and satisfies ¢(0) = D,¢(0) = 0. Additionally,
if x #0,

2|z|

() - d(z) < |zo(z) — / n(r)dr — |22 < 0.

||
Thus ¢ — ¢ has a strict local maximum at 0.
To prove the second part of the proposition, suppose that the
difference 9 (z) — ¢(z) has a strict local maximum at 0. Without loss

of generality, we can assume %(0) — ¢(0) = 0 and ¢(0) = 0. Then
Y(x) — ¢(x) < 0 or, equivalently,

Px) <p-z+(¢(x) —p- )
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Thus, by setting p = D, ¢(0), and using the fact that

lim 2@ P2

= 07
|z|—0 ||

we conclude that D,¢(0) € D}(0). The case of a minimum is

similar. ]

A continuous function f is semiconcave if there exists C' such that

fl@+y)+ flx—y)—2f (z) < Cly]*.

Similarly, a function f is semiconvex if there exists a constant such
that

fl@+y)+ flx—y) —2f (z) > —Cly|*.

Proposition 27. The following statements are equivalent:

1. f is semiconcave;
2. f(z) = f(x) — Clz|? is concave;

3. for all A\, 0 < A <1, and any y,z such that Ay + (1 —X)z =0

we have

M@ +y) + 1 =Nf(a+2) = flz) < S Ayl? + 1= V).

| Q

Additionally, if f is semiconcave, then

a. DY f(x) # 0;
b. if Dy f(x) # 0 then f is differentiable at x;

c. there exists C' such that, for each p; € DF f(z;) (i=0,1),

(zo — 1) - (po — p1) < Clwg — 1%
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REMARK. Of course analogous results hold for semiconvex functions.

Proof. Clearly 2 =— 3 = 1. Therefore, to prove the equivalence,
it is enough to show that 1 = 2. Subtracting C|z|? to f, we
may assume C = 0. Also, by changing coordinates if necessary, it
suffices to prove that for all ,y such that Az+ (1 — )y = 0, for some
A € [0, 1], we have:

Af(@) + (1 =A)f(y) — f(0) 0. (4.1)

We claim now that the previous equation holds for each A = %,

with 0 < k < 29, Clearly (4.1) holds for j = 1. We will proceed
by induction on j. Suppose that (4.1) if valid for A = 2% We will
show that it also holds for A = 23% If k£ is even, we can reduce
the fraction and, therefore, we assume that k£ is odd, A\ = 2,% and

Az + (1 — Ny = 0. Note that

o= L[k-1 Lk 1[k+1 AR
I G M R e G T |

consequently,

1 k—1 k—1
f(O)Zif <2j+1$+<1—2j+1> y)-i—

1, (k+1 k+1
o (e (1 5)1)

but, since £k — 1 and k + 1 are even, ko = “5= and k; = - are

integers. Therefore

f(o)z%f (25)”5+<125)>y>+;f <2jx+<12]1>y>

But this implies

ko + k ko + k
70) = 2 pa) + (1— ‘;jZl)f(y)-
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From ﬁ;o + %1 = k we obtain

k k

>f(y)~

Since the function f is continuous and the rationals of the form 2%

are dense in R, we conclude that

f0) = Af(z) + (1= A)f(y),
for each real A, with 0 < \ < 1.
To prove the second part of the proposition, observe that by
proposition 25, a == b. To check a, i.e., that D f(z) # 0, it
is enough to observe that if f is concave then D} f(z) # (. By sub-

tracting C|z|? to f, we can reduce the problem to concave functions.
Finally, if p; € D f(x;) (i = 0,1) then

f(zo) — %W‘O\Q < fla) - %|»’51|2 + (p1 — Cz1) - (x0 — 21),
and
Flan) = Sl < Flao) = S faol + (oo — Cao) - (1 — o).
Therefore,
0 < (p1 = po) - (x0 — x1) + Clag — a1 [,
and so (po — p1) - (zo — x1) < Clag — 21| O

Exercise 39. Let f : R®™ — R be a continuous function. Show that

if xg s a local mazimum then 0 € DV f(zg).

4.3 Calculus of variations setting

We now consider the calculus of variations setting and prove the

existence of optimal controls. The main technical issue is the fact that
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the control space U = R"™ is unbounded and therefore compactness
arguments do not work directly. We will consider the calculus of
variations setting, that is f(z,u) = w and we will work under the

following assumptions:

L(z,v) : R*™ = R,
r € R", v € R", is a C*° function, strictly convex em v, i.e., D2 L is
positive definite, and satisfying the coercivity condition

lim 7L($,v,t) = 00,

lol—oo  |v]

for each (z,t); without loss of generality, we may also assume that
L(z,v,t) > 0, by adding a constant if necessary. We will also assume
that

L(z,0,t) <c¢1, |D.L| <coL+cs,

for suitable constants c1, co and c3; finally we assume that there exists
a function C(R) such that

|D2.LI < C(R), |D,L| <C(R)

whenever |v| < R. The terminal cost, ¢, is assumed to be a bounded

Lipschitz function.

Example 15. Although the conditions on L are quite technical, they

are fulfilled by a wide class of Lagrangians, for instance
1
L(z,v) = ivTA(x)’u —V(x),
where A and V' are C* ,bounded with bounded derivatives, and A(x)

is positive definite. <

Fortunately, the coercivity of the Lagrangian is enough to estab-

lish the existence of a-priori bounds on optimal controls.
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Theorem 28. Let z € R" and tg < t < t1. Suppose that the La-

grangian L(x,v) satisfies:

A. L is C*, strictly convex in v (i.e., D% L is positive definite),

and satisfying the coercivity condition

L(z,v)

)
|v|—00 |’U|

uniformly in (x,t);

B. L is bounded by bellow (without loss of generality we assume
L(z,v) 2 0);

C. L satisfies the inequalities
L(z,0) < ¢4, |D,L| < caL + c3
for suitable cq, c2, and c3;
D. there exist functions Co(R),C1(R) : RT — RT such that
|DyL| < Co(R),  |D3,L| < Ci(R)

whenever |v] < R.
Then, if ¥ is a bounded Lipschitz function,

1. There exists u* € L®[t,t1] such that its corresponding trajec-

tory x*, given by

is optimal, that is it satisfies

Vo) = [ L0605 6)ds + 00 (1)
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2. There exists C, depending only on L, ¢ and t; —t but not on x
ort such that |u(s)| < C fort < s <ty. The optimal trajectory
x*(+) is a C?[t, t1] solution of the Euler-Lagrange equation

d
—D,L—-D,L=0 4.2
g (4.2)
with initial condition x*(t) = x.
8. The adjoint variable p, defined by
p(t) = 7D1)L(X*7X*)7 (43)
satisfies the differential equation
p(s) = DIH(p(S)V x* (8))
x*(s) = =DpH(p(s),x"(s))
with terminal condition
p(t1) € Dy h(x"(t1)).
Additionally,
(p(s), H(p(s),x"(s))) € D"V (x"(s),s)
fort < s <t.

4. The wvalue function V is Lipschitz, and so almost everywhere
differentiable.

5. If D2, L is uniformly bounded, then for each t < ti, V(z,t) is

semiconcave in x.

6. Fort<s<t
(p(s), H(p(s),x"(5))) € DTV (x*(s),5)

and, therefore, DV (x*(s), s) exists fort < s < t1.
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Proof. We will divide the proof into several auxiliary lemmas.

For R > 0, define Up = {u el : |ul|lc < R}. From lemma 24
there exists a minimizer ug of J in Ug. Then we will show that the
minimizer ug satisfies uniform estimates in R. Finally, we will let

R — oo.

Let pr be the adjoint variable given by the Pontryagin maxi-
mum principle. We now will try to estimate the optimal control ugr

uniformly in R, in order to send R — oo.

Lemma 29. Suppose ¥ is differentiable. Then there exists a constant
C, independent on R, such that

lpr| < C.

Proof. Since v is Lipschitz and differentiable we have

Therefore
t1
IPr(s)| S/ | Do L(xg(r), up(r)|dr + || Det)||oo-

Let Vg be the value function for the terminal value problem with the
additional constraint of bounded control: |v| < R. From |D,L| <
coL + c3, it follows

Ipr(s)| < C(Vr(t,z) + 1),

for an appropriate constant C. Proposition 15, shows that there
exists a constant C, which does not depend on R, such that Vi < C.
Therefore

lpr| < C.
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As we will see, the uniform estimates for pg yield uniform esti-
mates for ug.

Lemma 30. Let ¢ be differentiable. Then there exists Ry > 0 such
that, for all R,
[uglle < Ri.

Proof. Suppose |p| < C. Then, for each ¢, the coercivity condition
on L implies that there exists R; such that, if
v-p+ L(z,v) < ¢
then |v| < R;. But then,
ur(s) - Pr(s) + L(xr(s),ur(s)) < L(xr(s),0) < c1,

that is, |[urlle < Ri. O

Since ug is bounded independently of R, we have
V =J(xz,t;ug,),

for Ry > Ry. Let u* =up, and p = pg,-

Lemma 31 (Pontryagin maximum principle - II). If ¢ is differen-

tiable, optimal control u* satisfies
u-p+ L(x*,u") = mvin [v-p+ L(x*,v)] = —H(p,x"),
for almost all s and, therefore,
p=—-D,L(x*,u") and u* =-D,H(p,x"),
where H = L*. Additionally, p satisfies the terminal condition

P(t1) = Dap(x*(t1)).
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Proof. Clearly it is enough to choose R sufficiently large. O

Lemma 32. Let ¢ be differentiable. The minimizing trajectory x(-)

is C? and satisfies the Euler-Lagrange equation (4.2). Furthermore,

Proof. By its definition p is continuous. We know that
X*(s) = —DpH(p(s),x"(s)),

almost everywhere. Since the right hand side of the previous identity
is continuous, the identity holds everywhere and, therefore, we con-
clude that x* is C''. Because p is given by the integral of a continuous
function (3.7),

b(r) = Dt () + [ Daix (5)w (),
we conclude that p is C'. Additionally,
X" = —-DyH(p,x")
and, therefore, x* is C'', which implies that x is C2. We have also
p=-D,L(xX",x")  p=-D.L(x",X"),
from which it follows
%DUL(X*, x*) — D, L(x*,%*) = 0. (4.4)
Thus, since D, L(x*,x*) = —D, H(p,x*), we conclude that

p=D.H(p,x") x"=-D,H(p,x"),

as required. O



4.3. CALCULUS OF VARIATIONS SETTING 81

In the case in which % is only Lipschitz and not C!, we can con-

sider a sequence of C'! functions, 1),, — 1 uniformly, such that

[Datinlloc < [|1DW] 0w
for each 1,,. Let

Jn(z,t;u) = /t 1 L(x,,(8),up,(8))ds + ¥, (x5,(t1)),

and x*

no

and optimal control. Similarly, let p,, be the corresponding adjoint

u;, are, respectively, the corresponding optimal trajectory

variable. Passing to a subsequence, if necessary, the boundary val-
ues x,(t1) and p,(t1) converge, respectively, for some zy and po.
The optimal trajectories x;, and corresponding optimal controls u},
converge uniformly, by using Ascoli-Arzela theorem, to optimal tra-

jectories and controls of the limit problem. Let

p(s) = lim p,(s).

n—oo

Then, for almost every s,
u” - p(s) + L(x"(s), u™(s)) = inf [v- p(s) + L(x"(5), )],
which implies
p(s) = =Dy L(x*(s), X" (s)),
for almost all s. But, in the previous equation both terms are con-

tinuous functions thus the identity holds for all s.

Lemma 33. Fort < s <t; we have

(p(s), H(p(s),x"(5))) € D"V (x*(s), 5)-

Proof. Let x* be an optimal trajectory and u* the corresponding
optimal control. For r < ¢; and y € R", define z,, = x*(r) and
consider the sub-optimal control

Yy—Zr
r—t

uf(s) = u*(s) +

)
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whose trajectory we denote by x*, x#(t) = z. Note that x#(r) = y.

We have
V(z,t) = / L(x*(7),u*(1))dr + V(x*(s), s)
t
and, by the sub-optimality of zf,

V(x*(t),t) < /tr L(x*(7),u*(1))dr + V (y,7).
This implies
V(X*(S)7 S) - V(ya ’I“) < (b(y,r),
with
o(y,r) = /t?“ L(x*(1),u*(7))dr — /: L(x*(7),u*(7))dr.
Since ¢ is differentiable at y and r,
(=Dyo(x*(s),5), =Drp(x*(s),5)) € D"V (x*(s),5).

Observe that

x(r) = x* (1) + L (r — ),
and, therefore,
8 T—1 1
D * = D,L D,L—— | dr.
w0 (99 = [ D=0t Jar

Integrating by parts and using (4.4), we obtain
Dyd(x*(s),s) = Dy L(x*(s),x*(s)) = —p(s).

Similarly,

D@@M=L@MWW+KT<%LyﬂWU—ﬂ

(r—1t)?
—u*(r) Y — T —u’(r)
DL (7= 1) = Dol + Dol | dr
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Integrating by parts and evaluating at y = x*(s), r = s, we obtain
Dy¢(x"(s), s) = L(x"(s), X" (s)) — u"(s) Dy L(x"(s),x"(s))
= —H(p(s),x"(s)),
as we needed. O

Lemma 34. The value function V' is Lipschitz.

Proof. Let t < t; be fixed and z,y arbitrary. We suppose first that
t1 —t < 1. Then

V(y,t) = V(x,t) < J(y, ;u") — V(x, 1),

where V(x,t) = J(z,¢;u*). Therefore, there exists a constant C,
depending only on the Lipschitz constant of ¢ and of the supremum
of |D,L|, such that

Suppose that t; —¢ > 1. Let

Fz—yift<s<t+1

u*
u*(s)ift+1<s<t.

Then

V(yat) - V(l‘,t) < J(y7t7 ﬁ) - V(l‘,t) < C‘LL‘ - y|7

where the constant C' depends only on D, L and on D,L, and not
on the Lipschitz constant of ¥. Reverting the roles of  and y we

conclude

Without loss of generality we can suppose that ¢ < . Note that

|V (2, t) — V(x*(1),1)] < C|t — 1.
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To prove that V is Lipschitz in ¢ it is enough to check that
|V (x*(),t) — V(x,1)| < C|t — 1. (4.5)
But since x* is uniformly bounded
s (f) — o] < Clt—
thus, the previous Lipschitz estimate implies (4.5). O

Lemma 35. V is differentiable almost everywhere.

Proof. Since V is Lipschitz, the almost everywhere differentiability

follows from Rademacher theorem. O

In general, the value function is Lipschitz and not C' or C2.
However we can prove an one-side estimate for second derivatives,

i.e. that V is semiconcave.

Lemma 36. Suppose that |D? L|,|D? L| < C(R) whenever |v| < R.
Then, for each t < t1, V(x,t) is semiconcave in x.
Proof. Fix t and x. Choose y € R™ arbitrary. We claim that
V(e +y,t) + V(e —y,t) <2V(x,t) + Clyf,
for some constant C'. Clearly,
Viz+y,t)+V(z—y,t)— 2V (x,t)

t1
< / L(x* +y,%" + ) + L(x* —y,X* — §) — 2L(x", ")) ds,
t

where
tl — S

Yt

y(s)
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Since |D2,L| < C1(R),

L(x"+y,%" +y) < L(x", X" +¥) + D L(x", %" +y)y + Cly/*
and, in a similar way for the other term. We also have

L(x*,%" +¥) + L(x", %" = §) < 2L(x", %) + C[y[* + Cly][y].
Thus
L(x"+y, X" +y) + L(x" —y, %" —y) < 2L(x",%") + Cly|* + Cly .
This inequality implies the lemma. O
Lemma 37. We have

(p(s), H(p(s),x™(s))) € DTV (x"(s), 5)

fort < s <ty. Therefore DV (x*(s),s) exists for t < s < tj.

Proof. Let u* be an optimal control at (x, s) and let p be the corre-

sponding adjoint variable. Define W by

W(y,r) J<y,7’;U*+X(r)y
tl—r

> —V(x,s).
Hence, for each y € R™ and ¢t <7 < 11,
V(y,r) = V(z,s) <W(y,r),
with equality at (y,7) = (x,s). Since W is C!, it is enough to check
that

and
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The first identity follows from

t1

d
D,W(s,x*(s)) = | DyLo+ D,L=E

dr,
R dr

where ¢(7) = B=T

=5 Using the Euler-Lagrange equation

iDvL ~-D,L=0
dt

and integration by parts we obtain
DyW(s,x%(s)) = =Dy L(x(s),%X"(s)) = p(s)-

On the other hand,

ty
D, W(s,x*(s)) = —L(x"(s),%x"(s)) +/ D,.L¢+ DUL%dT,
where ;
T —
o(r) = T3 (3).

Using again the Euler-Lagrange equation and integration by parts,
we obtain

Dy W (s, x"(s)) = —L(x"(s),X"(s), 5) + Dy L(x*(s), X" (5))x"(s),
or equivalently
D, W (s,x*(s)) = H(p(s),x"(s)).

The last part of the lemma follows from proposition 25. O

This ends the proof of the theorem. O

In what follows we prove that the value function is differentiable

at points of uniqueness of optimal trajectory.
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A point (z,t) is regular if there exists a unique optimal trajectory
x*(s) such that x*(¢t) = « and

Vet = [ L0 (60506 + 0 (1)

Theorem 38. V is differentiable with respect to x at (z,t) if and

only if (x,t) is a reqular point.

Proof. The next lemma shows that differentiability at a point x im-

plies that z is a regular point:

Lemma 39. If V is differentiable with respect to x at a point (z,t),

then there exists a unique optimal trajectory

Proof. Since V is differentiable with respect to = at (z,t), then any

optimal trajectory satisfies
X*(t) = —=DpH(p(t),x" (1)),

since p(t) = D,V (z). Therefore, once D,V (x*(t),t) is given, the
velocity %x*(t) is uniquely determined. The solution of the Euler-
Lagrange equation (4.2) is determined by the initial condition and
velocity: x*(t) and x*(¢). Thus, the optimal trajectory is unique. OJ

To prove the other implication we need an auxiliary lemma:
Lemma 40. Let p such that
HD$V(? t) - pHLOO(B(:v,ZE)) —0

when € — 0. Then V is differentiable with respect to x at (x,t) and
D,V (x,t) =p.
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Proof. Since V is Lipschitz, it is differentiable almost everywhere. By
Fubinni theorem, for almost every point with respect to the Lebesgue
measure induced in S”~!, V is differentiable y = = + Ak, with respect

to the Lebesgue measure in R. For these directions

V(y,t) = V(z,t) —p- (y — )
|z -yl

[PV oyosh)op) o),
0

|z —y|
Suppose 0 < |z — y| < e. Then

‘VWJ%JN%ﬂ—p%w—w’
lz =yl

<DV (- t) = plle(B(a,e))-

In principle, the last identity only holds almost everywhere. However,
for y # x, the left-hand side is continuous in y. consequently, the
inequality holds for all y # x. Therefore, when y — x,

’V@J%Wdyw—p%x—w
|z —yl
which implies D,V (z,t) = p. O

o

Suppose that V is not differentiable at (z,t). We claim that (z,t)
is not regular. By contradiction, suppose that (z,t) is regular. Then
if V fails to be differentiable, the previous lemma implies that for
each p,

D2V (-, t) = pll Lo (B(z,e)) = 0.

Thus, we could choose two sequences x)

n

2

2 such that 2!, — z

and x

but whose corresponding optimal trajectories x?, satisfy
lim x;, () # lim %2 (¢).

However, this shows that (z,t) is not regular. Indeed if (z,t) were

regular, and z,, were any sequence converging to x, and x(-) the
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corresponding optimal trajectory then
x5 (t) — x*(1).

If this were not true, by Ascoli-Arzela theorem, we could extract a

convergent subsequence X, () — y(+), and for which

X5 (1) — v £ X ().

Let y(-) be the solution to the Euler-Lagrange equation with initial
condition y(t) = x(t) and y(t) = v. Note that x}(-) — y(-) and

)'(*

*(-) — ¥(+), uniformly in compact sets, and, therefore,

V(z,t) = lim V(x,,t) = lim J(x,,t;%X,)

=J(x,t;y) > J(z, ;%) = V(z,t),

since the trajectory y cannot be optimal, by regularity, which is a
contradiction. O

REMARK. This theorem implies that all points of the form (x*(s), s),

in which x* is and optimal trajectory are regular for t < s < t1.

Exercise 40. Show that in the optimal control "bounded control
space” setting, the value function is Lipschitz continuous if the ter-

minal cost is Lipschitz continuous.

Exercise 41. In the optimal control "bounded control space” setting,
show that if ¥ is Lipschitz, for any (x,t) there exists p such that

(p(s), H(p(s),x"(s))) € D"V (x"(s),s)
fort <s <ty and
(p(s), H(p(s),x"(5))) € DTV (x*(s),5)

fort <s<t.
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4.4 Viscosity solutions

As we have mentioned before, in general the value function is not
differentiable enough to be a classical solution to the Hamilton-Jacobi
equation. Nevertheless, as we discuss now it is a solution to the

Hamilton-Jacobi equation in an appropriate weak sense.

In this section we discuss the viscosity solutions in the calculus
of variations setting. With small modifications our results hold for
the bounded control setting, and therefore we have added exercises
in which guide the reader into filling the gaps.

Theorem 41. Consider the calculus of variations setting for the op-
timal control problem. Suppose that the value function V is differen-
tiable at (z,t). Then, at this point, V satisfies the Hamilton-Jacobi
equation

—V;+ H(D,V,z,t) = 0. (4.6)

Proof. If V is differentiable at (z,t) then the result follows by using
statement 6 in theorem 28. O

Exercise 42. Show that (4.6) also holds in the “bounded control

case” setting. Hint: use exercises 40 and 41.

Corollary 42. Consider the calculus of variations setting for the
optimal control problem. Then the value function V satisfies the

Hamilton-Jacobi equation almost everywhere.

Proof. Since the value function V is differentiable almost everywhere,
by theorem 28, theorem 41 implies this result. O

Exercise 43. Show that the previous corollary also holds in the

”bounded control case” setting.
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However, it is not true that a Lipschitz function satisfying the
Hamilton-Jacobi equation almost everywhere is the value function of

the terminal value problem, as shown in the next example.

Example 16. Consider the Hamilton-Jacobi equation
~Vi+|D. V> =0

with terminal data V' (x,1) = 0. The value function is V' = 0, which is
a (smooth) solution of the Hamilton-Jacobi equation However, there

are other solutions, for instance,

0 if |a|>1—t

Vix,t) = .
lz] —1+4+¢ if |z|<1—t¢

which satisfy the same terminal condition ¢ = 1 and is solution almost

everywhere. <

A bounded uniformly continuous function V' is a wviscosity subso-
lution (resp. supersolution) of the Hamilton-Jacobi equation (4.6) if
for any C* function ¢ and any interior point (z,t) € argmax V — ¢

(resp. argmin) then
_Dt¢ + H(Dwgba Z, t) < 0

(resp. > 0) at (x,t). A bounded uniformly continuous function V/
is a wviscosity solution of the Hamilton-Jacobi equation if it is both a

sub and supersolution.

The value function is a viscosity solution of (4.6), although it
may not be a classical solution. The motivation behind the defini-
tion of viscosity solution is the following: if V is differentiable and
(x,t) € argmaxV — ¢ (or argmin) then D,V = D, ¢ and D;V = D;¢,
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therefore we should have both inequalities. The specific choice of in-
equalities is related with the following parabolic approximation of the

Hamilton-Jacobi equation
—Diuf + H(Dyuf, z,t) = eAu. (4.7

This equation arises naturally in optimal stochastic control (see chap-
ter 6). The limit € — 0 corresponds to the case in which the diffusion

coefficient vanishes.

Proposition 43. Let u® be a family of solutions of (4.7) such that,
as € — 0, the sequence u¢ — u uniformly. Then u is a viscosity
solution of (4.6).

Proof. Suppose that ¢(z,t) is a C? function such that u — ¢ has a
strict local maximum at (Z,¢). We must show that
—Dy¢+ H(D39,7,t) < 0.

By hypothesis, u¢ — u uniformly. Therefore we can find sequences

(Te,te) — (T,t) such that u® — ¢ has a local maximum at (Z,t.).

Therefore,

Duf(z.,t) = Dp(T, )
and

Au (T, T) < Ad(Te, Te).
Consequently,

_Dtgb(fea%e) + H(Dafqb(jea%e);jeyis) S EAQS(EEaEE)-

It is therefore enough to take ¢ — 0 to end the proof. O

An useful characterization of viscosity solutions is given in the

next proposition:
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Proposition 44. Let V' be a bounded uniformly continuous function.
Then V is a wviscosity subsolution of (4.6) if and only if for each
(p,q) € DV (x,t),

—q+ H(p,z,t) <O0.
Similarly, V' is a viscosity supersolution if and only if for each (p,q) €
D V(x,t),

—q+ H(p,z,t) > 0.

Proof. This result is an immediate corollary of proposition 26. O

Example 17. In example 16 we have found two different almost
everywhere solutions to

~Vi+|D V> =0
satisfying V' (z,T) = 0.

It is easy to check that the value function V' = 0 is viscosity solu-
tion (it is smooth, satisfies the equation and the terminal condition)
and it agrees with the value function of the corresponding optimal
control problem. The other solution, which is an almost everywhere

solution is not a viscosity solution (check!).

Now we will show that the definition of viscosity solution is con-

sistent with classical solutions.

Proposition 45. Let V be a C! wiscosity solution of (4.6). Then V
s a classical solution.

Proof. If V is differentiable then

D'V =D~V = {(D,V,D,V)}.
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Since V' is a viscosity solution, we obtain immediately
-Di\V+H(D,V,z,t) <0, and — D,V + H(D,V,z,t)>0,
therefore —D,V + H(D,V,z,t) = 0. O

Theorem 46. Let V be the value function of the terminal value

problem. Then V is a viscosity solution to
-Vi+ H(D,V,z) =0.
Proof. Let ¢ : R x R — R, ¢(x,t), be a C* function, and let
(z0,10) € argmax(V — ¢). We must show that
—pi(z0,t0) + H(Dyp(wo,to), z0) <0,
or equivalently, that for all v € R? we have
—@i(zo,to) — v - Dypp(xo,to) — L(zo,v) < 0.

Fix v € R%. Let x = 29 + v(t — tg). Then, for any h > 0

to+h
/ e + 0D p(x(s), 8)ds = o(x(to + 1), o + h) — (x0, fo)

to

to+h
> V(x(to + h),to + h) — V(xo, tg) > —/ L(x,%)dt.

to

Dividing by h and letting h — 0 we obtain the result.
Now let (xo,to) € argmin(V — ¢). We must show that
—@i(xo,to) + H(Dyp(xo,t0),20) > 0,
that is, there exists v € R? such that

—@¢(xo,to) — v - Dyp(x0,t0) — L(xg,v) > 0.
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By contradiction assume that there exists # > 0 such that
—pt(zo,to) — v Dap(xo, to) — L(zo,v) < —0,

for all v. Because the mapping v — L is superlinear and ¢ is C!,
there exists a R > 0 and r; > 0 such that for all (z,t) € By, (o, o)
and all v € B4(0) = R?\ Bg(0) we have

0
—pi(x,t) —v- Dyp(x,t) — L(z,v) < —3

By continuity, for some 0 < r < ry and all (z,t) € B,.(xo,ty) we have

0
—pi(z,t) —v- Dyp(x,t) — L(z,v) < —3

for all v € Br(0).

Therefore, for any trajectory x with x(0) = 2o and any T > 0
such that the trajectory x stays near xq on [to, to + T, i.e., (x(t),t) €
B, (zg,tg) for t € [to,to + T] we have

V(X(to + T)7 to + T) — V(l‘o, to) > (p(X(tO + T), to + T) — (p(l‘o, to)

to+T
- / pe(x(t), 1) + X(t) - Dyip(x(t))) dt

to
0 to+T to+T
> - / dt — / L(x,%)dt.
2 to to
This yields
9 to+T
V(xo,to) < —§T + / L(x,%x)dt + V(x(to +T),t0 +T)
to

Choose € < QTT. Let x¢ be such that:

to+T
Vi to)> [ DO+ Vo + Tt +T) — ¢

to

This then yields a contradiction.
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Exercise 44. Show that the function V(x,t) given by the Laxz-Hopf
formula is Lipschitz in x for each t < t1, regardless of the smoothness

of the terminal data (note, however that the constant depends on t).

Exercise 45. Use the Laz-Hopf formula to determine the viscosity
solution of

—up +u? =0,
para t <0 and u(z,0) = 2% — 2x.

Exercise 46. Use the Laz-Hopf formula to determine the viscosity
solution of

2
—ug +uy =0,

fort <0 and
0ifx<O
u(x,0)=<qz? if0<z<1
20— 1ifz > 1.

4.5 Uniqueness of viscosity solutions

To establish uniqueness of viscosity solutions we need the following

technical lemma:
Lemma 47. Let V be a viscosity solution of
-Vi+ H(D,V,z) =0

in [0,T] x R and ¢ a C* function. If V — ¢ has a maximum (resp.
minimum) at (zo,tp) € R? x [0,T) then

—di(xo,t0) + H(Dypd(xo,t0),0) <0 (resp. >0) at (zo,to).
(4.8)
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REMARK: The important point is that the inequality is valid even

for some non-interior points (to = 0).

Proof. Only the case tg = 0 requires proof since in the other case the
maximum is interior and then the viscosity property (the definition
of viscosity solution) yields the inequality. So suppose (zp,0) is a
strict maximum point. Consider

~ €

Then V — J) has an interior local maximum at (x,t.) with ¢, > 0.
Furthermore, (z,t.) — (20,0), as € — 0. At the point (z,tc) we
have

— ¢ (Te,te) + t% + H(Dyp(ze, te), we) <0,

€
that is, since ;5 > 0,

—¢t(l‘07 O) + H(Dm¢($0, 0)7 :L‘()) <0.

Analogously we obtain the opposite inequality for the case of local

minimum, using QNS =¢— 3. O

Finally we establish uniqueness of viscosity solutions:

Theorem 48 (Uniqueness). Suppose H satisfies

|H(p,x) — H(g,z)| < C(|p| + |g)lp — 4
|H(p,x) — H(p,y)| < Clz —y|(C + H(p, x))

Then the value function is the unique viscosity solution to the Ham-

ilton-Jacobi equation
—Vi+ H(D,V,z) =0

that satisfies the terminal condition V (x,T) = ¢(x).
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Proof. Let V and V be two viscosity solutions with

sup V-V =0>0.
0<t<T

For 0 < €, A < 1 we define

Y(x,y,t,8) =V (x,t) = V(y,s) —A2T —t —s)
— (= gl + It = sf?) = el + Iyl?)

When €, A\ are sufficiently small we have

ol Q

max¢(x, Y, t, S) = ¢($€,Aa Ye, N> te,)\a SE,A) >

Since YP(Te x, Ye xs te, Sex) > ¥(0,0, =T, —T), and both V and V are
bounded, we have

[Tex — Yer |2+ [ter — Sen|® < Cé?

and
e(|lzerl® + lyenl?) < C.

From these estimates and from the fact that V and V are continuous,
it then follows that

2 2
- + |te —
|I5,>\ ye7)\| 62 | €A SE’A| = 0(1)’

as € — 0.

Denote by w and @ the modulus of continuity of V and V. Then

S V(@easter) = V(Fens Sen)

=V(@enten) = V(@er,T) + V(@er, T) — V(zen, T)+
V(@ T) = V(en, sex) + V(@ens Ser) = V (e, Sen) <

< wW(T —ten) +@(T — sen) + @(o(e)).

19
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Therefore, if € is sufficiently small 7" — t. x > p > 0, uniformly in e.
Let ¢ be given by
O(x,t) = V(Yers Sen) + AT —t — sc0)+
(0 = geal? 18 = sea) el + el

Then, the difference

achieves a maximum at (zx,tex)-

Similarly, for ¢ given by

¢(ya S) = V(xe,)\a te,)\) - )\(2T - te,)\ - 5)_
1
— §(|$6,A —y2 + [ter — 812) — €(|zen)® + |Y]?),

the difference

V(yv S) - ¢(ya S)

has a minimum at (Y. x, Se,z)-

Therefore

_¢t (xe,/\a te,)\) + H(Dz¢(x5,A7 te,A)v me,)\) S 07
and

_(bs (ye,)\v 56,)\) + H(Dygb(ye,)\a SE,)\)7 ye,)\) > 0.
Simplifying, we have

te,)\ — Se A
2

Te X — Ye,
62

A—2 + H(2 + 2€xc 5, Ten) <0, (4.9)

€
and

ten — Sen

N_29 €, . Te X — Ye,
€

+HET2 5 = 2 yen) 2 0. (4.10)
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From (4.9) we gather that

€ - Ye 1
Ted YD | gcrey men) < <At o(1) (4.11)
€ €

H(2

By subtracting (4.9) to (4.10) we have

LTe X — Ye A LTe X — Ye A
2) < H(QT = 2€Ye ns Yen) — HQT + 26T\ Te,))
Te — Yer Te X = Yer
< H2=55 2 2 = 2eye s Yer) — H(2—2575 = “% — 2y x, L))
Ty — Ty —
+ H(26’)\72y6’/\ - 26y57)\71'€’)\) — H(26’>\72y67>\ + 2exe », "Eey)\)

€ €

Te X — Ye,\
< <C + OH(2€T + 2exe 5, l‘e)\)) |x€,)\ — Ye |

Ten — Ten —
+ Ce <’26)‘62y6)‘ + 2exe | + ‘26)‘62‘%/\ — 2€Ye, 2 ) |Ze x — Ye 2|
o(1
: <(e) + C) (lzex = yeal + [ter = seal) — 0,
when € — 0, which is a contradiction. O]

4.6 Bibliographical notes

The main references for this section are [FS06], [Lio82], [BCD97],
[Bar94]. Introductory material can be found in [Eva98b]. A very

nice introduction to viscosity solutions written in Portuguese is the
book [LLF].



Stationary deterministic

control

In this chapter we consider stationary control problems. These in-
clude the discounted cost infinite horizon as well as stationary control
problems. The discounted cost infinite horizon problem, corresponds

to the Hamilton-Jacobi equation is
au+ H(Du,z) =0,

where in stationary optimal control problem we have the Hamilton-
Jacobi equation

H(D,u,x) = H.
Because two of the main applications we will be considering are ho-
mogenization problems and Aubry-Mather theory, we will consider
only periodic problems and we will not discuss boundary conditions.

Supplementary material can be found in [Bar94], for instance. To

101
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simplify, we will only consider the calculus of variations setting, how-

ever similar results hold for the bounded control setting.

5.1 Discounted cost infinite horizon

We will work in the calculus of variations setting, with a convex and
superlinear Lagrangian L(z,v). Let o > 0 be the discount rate. We

define the discounted cost function J,, with discount rate «, as

Jo(z;u) = /000 L(x(s),%(s))e”**ds.

In this case, the optimal trajectories x(-) satisfy the differential equa-

tion

X = u,
with the initial condition x(0) = =.
As before, the value function, u,, is given by
Ue(z) = inf J, (z;u),

oo

where infimum is taken over all controls u € LS.

The dynamic programming principle in this case is

Proposition 49. For each t > 0

U (z) = inf {/0 L(x(s),%(s))e”*ds + e~ “u, (x(t))

x(0)=z
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Proof. Observe that

Ue(z) = inf /OL(X(S),).((S))SianS

x(0)==z |

feot /t h L(x(s), X(s))e”‘(St)ds]

> x(i()r)lf:z _/0 L(x(s),%x(s))e”**ds + eatua(x(t))] .

The other inequality is left as an exercise:

Exercise 47. Show that

Ua(z) < inf { /0 tL(x(s),X(s))e*ans + eo‘tua(x(t))} .

x(0)=z

Because of the dynamic programming principle, it is clear that
V(z,t) = e *uq(z)
is a viscosity solution of
~Vi+e *H(e*D,V,z) = 0.
This then implies
Corollary 50. u® is a viscosity solution of

oty + H(Dytg,x) = 0.

Furthermore

Corollary 51. If u, is differentiable then it is a solution of

H(Dyug,x) + au, = 0. (5.1)
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Exercise 48. Show that the optimal trajectories for the discounted
cost infinite horizon are solutions to the (negatively damped) Fuler-

Lagrange equation

ddL 9L oL _

Note that if x(¢) satisfies (5.2), the energy H may not be conserved

Example 18. Let L(z,v) = g + cosz. Then (5.2) reads
X —ax +sinx = 0.

When a = 0 the energy
.2
x
H=— —cos
5 —COSX

is constant in time, but for o > 0 we have

dH 9
— = ax”.
dt
Therefore, the energy increases in time unless x = 0. |

Proposition 52. Suppose that x(t) satisfies (5.2). Then

dcTI: — aD, L(x(t), %(t)) - x(1).

Proof. Let
p(t) = =D, L(x(t),x(t)).
Then we have

dH

—r =DpH b+ D.H %

=x-(aD,L+ D,L)— D,L-x=aD,L x.
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We assume now that H is Z" periodic in . We prove some
estimates that will be necessary in the next section to show that as

a — 0, the solution u, converges (up to constants) to a solution of
H(D,u,z) = H. (5.3)
for some H.
Theorem 53. Let u, be a viscosity solution to
g + H(Dug, ) = 0.

Then au,, is uniformly bounded and u,, is Lipschitz, uniformly in a.

Proof. First let zps be the point where u, (x) has a global maximum,
and x,, a point of global minimum. Then, by the viscosity property,

i.e., the definition of the viscosity solution, we have
aug(zar) + H(0,2p7) <0,  aue(m)+ H(0,2,) >0,
which yields that au, is uniformly bounded.

Now we establish the Lipschitz bound. Observe that if u, is
Lipschitz, then there exists M > 0 such that

Uo () — ua(y) < Mlz -y,

for all z,y. By contradiction, assume that for every M > 0 there

exists x and y such that
Ua(z) — ualy) > Mz —yl.

Let p(2) = ua(y) + M|z — y|. Then uy(z) — p(x) has a maximum at
some point z # y. Therefore

aug(x) + H(M|f::§\ , x) <0,

which by the coercivity of H yields a contradiction if M is sufficiently
large. O
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Example 19. We can also use directly calculus of variations methods
to show that the exists C', independent of «, such that

Ug < —.
«

Indeed, since L(zx,0) is bounded

U () < Jo(z,0) < / L(z,0)e”*%ds < 9
0 (0%

5.2 Periodic problems

We now address stationary problems in the periodic setting. These
are extremely important in homogenization problems, discussed in

section 5.6 as well in Aubry-Mather theory, the subject of chapter 8.

Theorem 54. (Stability of viscosity solutions) Assume that for a > 0
function u® is a viscosity solution for H*(u, Du,x) = 0. Let H* —
H uniformly on compact sets, and u® — w uniformly. Then u is a

viscosity solution for H(u, Du,x) = 0.

Proof. Suppose u — ¢ has a strict local maximum (resp. minimum)
at a point xg. Then there exists z, — = such that u, — ¢ has a local

maximum (resp. minimum) at x,. Then
H*(u*(zq), Dp(a), o) <0 (resp. > 0).

Letting o — 0 finishes the proof. O

As demonstrated in context of homogenization of Hamilton-Jacobi
equations, in the classic but unpublished paper by Lions, Papanico-
laou and Varadhan [LPV8S], it is possible to construct, using the
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previous result, viscosity solutions to the stationary Hamilton-Jacobi

equation

H(Du,z) = H. (5.4)

Theorem 55 (Lions, Papanicolao, Varadhan). There exists a num-
ber H and a function u(x), Z¢ periodic in x, that solves (5.4) in the

viscosily sense.

Proof. Since u, — minwu,, is periodic, equicontinuous, and uniformly
bounded, it converges, up to subsequences, to a function u. Moreover
Uy < %, thus au, converges uniformly, up to subsequences, to a
constant, which we denote by —H. Then, the stability theorem for
viscosity solutions, theorem 54, implies that u is a viscosity solution
of

H(Du,z) = H.

Exercise 49. Let u : R — R be continuous and piecewise differen-
tiable (with left and right limits for the derivative at any point). Show

that u is a viscosity solution of

H(D,u,x)=H

1. u satisfies the equation almost everywhere;

2. whenever Dyu is discontinuous then Dyu(x™) > Dyu(x™).
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5.3 Some examples

In this section we discuss some examples and explicit solutions in the
periodic setting. We start with two linear problems and then follow

with a non-linear example.
Example 20. Consider a linear (nonresonant) Hamiltonians
H(p,z)=w p+V(z,y). (5.5)

Suppose u is a smooth viscosity solution of (5.4) for this Hamiltonian.

The divergence theorem yields

/ w - Dyu=0.

HO)=[ V, (5.6)

Therefore

and H(P) = H(0) + w - P.

For the example
(1,V2) - Du + cos(2mz)

we obtained DpH = (1,v/2) and H(0,0) = 0.

The Hamilton-Jacobi equation
(1,1) - Du + cos(27x),

is non-resonant because of the specific potential that we used, al-
though the vector (1,1) is rationally dependent. <

Example 21. Linear resonant linear Hamiltonians (5.5) may fail to

have a viscosity solutions. An example is

(0,1) - Du + sin(27z) = H.
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The formula (5.6) yields H(0) = 0 if there were a solution of (5.4).
However, we have

igf sup H(D,¢,z) = 1.

Let ¢ be an arbitrary periodic function. Set xg = i, so that

sin(2mzg) = 1.

Then ¢(zo,y) is a periodic function of y and so Dy¢(zo,y) = 0 at
some y = 799. Thus

SupH(DI¢7x) Z H(D$¢(x0ay0)7$05y0) =1.
x

Example 22 (One dimensional pendulum). The Hamiltonian cor-
responding to a one-dimensional pendulum with unit mass and unit

length is
2

H(p,x) = % — cos 2mx.
In this case, it is not difficult to determine explicitly the solution to
the Hamilton-Jacobi equation

H(P + Dyu,z) = H(P),

where P is a real parameter. In fact, for P € R and almost every
x € R, the solution u(P, ) satisfies

(P + D u)?

5 = H(P) + cos 2m.

consequently, H(P) > 1 and, therefore,

Dyu=-P+ \/Q(ﬁ(P) +cos2mzx), qt.p. z€R.

Thus

u= /Of —P+s(y) \/Q(F(P) + cos 2my)dy + u(0),
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where |s(y)| = 1. Since H is convex em p and w is a viscosity solution,
the only possible discontinuities on the derivative of u are the ones
that satisfy Dyu(x™) — Dyu(z™) > 0, see exercise 49. Therefore s
can change sign from 1 to —1 at any point, however the jumps from

—1 to 1 can only happen when

V/2(H(P) + cos 2mz) = 0.
Since we are looking for 1-periodic solutions, there are only two cases
to consider. The first, in which H(P) > 1 and the solution is C!
since \/Q(F(P) + cos 2my) never vanishes. In this case H(P) can be

determined as from P through the equation

P=+ /01 \/2(H(P) + cos 2my)dy.

It is easy to check that this equation has a unique solution H(P)

whenever L
| P| >/ Vv 2(1 + cos 2my)dy,
0
that is,
4
|P| > —.
T

The second case occurs whenever the last inequality does not hold,
that is H(P) = 1 and thus s(z) can have discontinuities. In fact,
s(x) jumps from —1 to 1 whenever z = % + k, with k € Z, and there

exists a point zg defined by the equation

/0 s(y)v/2(1 + cos 2my)dy = P,

such that s(z) jumps from 1 to —1 at zo + k, k € Z. <

Exercise 50. Let ¢ : T" — R be a C' function not identically con-

stant. Show that there exist two distinct viscosity solutions of
Dyu- (Dyu— Dy¢) =0,

whose difference is not constant.
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5.4 Regularity

In this section we establish a-priori Lipschitz and semiconcavity es-
timates for stationary Hamilton-Jacobi equation. We start by the

Lipschitz estimates:

Theorem 56. Let H(p,z) : R*™ — R be a continuous function sat-
isfying
lim H(p,z) = +o0.

Ip|—o0

Let u:T% — R be a viscosity solution to
H(Du,z) = C.

Then u is Lipschitz, and the Lipschitz constant does not depend on

u.

Proof. First observe that from the fact that u = u — 0 achieves max-

imum and minimum in T¢ we have

min H(0,z) < C < max H(0, z).
zeTd z€eTd

Then, it is enough to argue as in the proof of Theorem 53. O

Recall that a function u is semiconcave if there exists a constant
C such that
u(z +y) — 2u(z) +u(z —y) < Cly*.

We assume that L(x,v) satisfies the following estimate

L(z + 0y,v + ny) — 2L(z,v) + L(z — 0y, v — ny) (5.7)
< (C+ CL(, ) (O +7°)y|*.
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Proposition 57. Consider the solution V be a solution to the value
problem with any (bounded uniformly continuous) terminal data v at

time T. Then V is semiconcave in x for each fized time t < T.

Proof. We will do the proof for t = 0. Fix € > 0. Let x be a trajectory
such that

T
V(z,0) > / L(x,%)ds + $(x(T)) — e.
0
Then we have

T
/ L(x,%)ds < C,
0

for some constant uniformly bounded as € — 0.

Clearly

T

T
V(xiy,())g/o L(x+y S,)’cﬂp%)ds—kw(x(T)).

Therefore

V(z+y,0)—2V(z,0)+ V(z — y,0)

T
T _
§6—|—/0 [L(X+yTS,X—%)—2L(X,5<)
T—s .
+L(x—y ,x—|—f)}ds

T
<o+ / L(x,%)ds)[y[? < Clyl?.
0
O

Proposition 58. Let u be a viscosity solution of H(Dyu,z) = 0.

Then u 1s semiconcave.

Proof. Consider the Hamilton-Jacobi equation.

—V, + H(D,V,z) =0 (5.8)
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with V(z,T) = wu(z). Then V(x,t) = u(x) is a viscosity solution
to (5.8). By the uniqueness result for viscosity solutions we have
that V' = w is the value function for the terminal value problem
with terminal cost ¢ = u. But then the previous proposition implies
semiconcavity. O

Corollary 59. Letu: Tt — R be a viscosity solution of (5.4). Then
Du satisfies the following jump condition: Dyu(x™) — Dyu(x™) > 0.

Proof. Since f(x) = u — Clz|? is concave, the derivative of f is de-
creasing. This implies that f’ cannot have jump discontinuities up-

wards. O

5.5 The effective Hamiltonian

Theorem 60. Let H be convex in p. Let u be a viscosity sub-solution
of H(Du,z) = C and let u¢ = u*n. be a standard smoothing. Then:

H(Duf(x),z) < C + O(e), (5.9)
where O(€) = sup| G| [ lyIne(y)dy.
Proof. Since the viscosity solutions of H(Du,z) = C are uniformly
Lipschitz, we may assume for the purpose of this proof that %—Iz is

bounded.

For any x € T and any p,y € R? we have |H (p,z—y)—H (p,z)| <
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[yl sup [ D, H].
C> /ne(y)H(DU(x —y),r —y)dy
> / ne () H(Du(z — ), w)dy — O(e).

Now, Jensen’s inequality yields

/ ne(w)H (Du(z — ), 2)dy
> H(J (y)Du(z — y)dy, z) = H(Du (), ),

which completes the proof. O

For the unbounded case, x € R?, the problem H(Du,z) = C
(might) have a viscosity solution (or even a regular solution) for in-
finitely many C’s. Indeed, Let H(p) = |p|?, then for any P € R the
function u(x) = P -z solves H(Du) = |P|?, i.e., C = |P|?>. However
for the case x € T the above number C is unique. We will give an

elementary proof of the uniqueness of the number H.

Theorem 61. Let H be convez in p, Z%*-periodic in = and %—Ij 18
bounded. Let C be a real number, such that H(Du,z) = C has a

viscosity solution u. Then

C= inf sup H(Dp(z),z).
p:smooth g cTd

Proof. Let u be a viscosity solution. Inequality (5.9) implies

inf  sup H(Dp(z),z) < C.

@:smooth 2€Td

To show the opposite inequality we take any smooth function ¢(x).

Due to periodicity, the set of points where u — ¢ achieves a local
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minimum is non empty. For example, one could consider a point of
global minimum. Let x, be a local minimum point for u — ¢. The
definition of viscosity solution implies H(Dy(z,),z,) > C. Thus,
for any smooth function ¢(z), we have

sup H(Dy(z),z) > C.

Taking infimum over ¢ completes the proof. O

5.6 Homogenization

Homogenization theory for Partial Differential Equations studies so-
lutions with high frequency oscillations. Such rapid oscillations may
represent small-scale or microscopic structure of a material. The
main goal of this theory is to understand the limits as oscillations
become more and more rapid. In this section we are interested in
understanding he limit as ¢ — 0 of the viscosity solutions of the

Hamilton-Jacobi-Belmann
x
VEt+ H (DIVE, ;) —0, (5.10)
with terminal condition V¢(z,T) = g°(z).

We assume that H(p,y) is smooth, strictly convex in p, bounded
from below and [0, 1]™-periodic in y. Furthermore, we suppose that
g¢ — ¢ uniformly. To understand what should be the limit prob-
lem we start with some formal calculations. Many of the results
in this chapter were proved by the first time in the ”classical-yet-
unpublished” paper [LPV88]. For more details about homogeniza-
tion of Hamilton-Jacobi equations the reader should consult [Con95],
[Con97], [Con96] or the book [BDYS].
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5.6.1 Formal calculations

Suppose V¢ — V uniformly as € — 0. Assume V¢ has the expansion
Ve(x,t) = Volz,t) + eVi(£,t) + O(e?), where V; is the first-order
correction term to Vj. Then, by matching powers of €, we find that

oV
— 5 (ew. 1) + H (DsVo + DyVa,y) = Ofe),

where y = £. Letting ¢ — 0 we deduce that V; should be a periodic

€

solution of the cell problem
H(P + Dyu,y) = H(P), (5.11)
with P = D,Vp and H(P) = 2L,

This formal calculations suggest that the viscosity solution V¢

converges to a viscosity solution V' of

~V,+ H(D,V) = 0.

5.6.2 Convergence

Motivated by the previous computations we study the convergence of
V¢ to some function V using viscosity solutions methods. Consider
the cell problem (5.11). From theorem 61, we know that for each P

there exists a unique function H(P) for which the equation
H(P + D,u,z) = H(P) (5.12)

has a periodic viscosity solution. The function H(P) is called the

effective Hamiltonian.
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Theorem 62. The viscosity solution V¢ of the terminal value prob-

lem (5.10) converges uniformly to the viscosity solution of
~V;+H(D,V)=0 (5.13)

with terminal value V(z,T) = g(x).

Proof. By choosing a suitable subsequence ¢ — 0 we may assume
V¢ — V uniformly. Now we claim that V' is a viscosity solution of
(5.13). First we need to prove that if ¢ is a C'! function such that

V — ¢ has a strict local maximum at (#,%) then

Assume this statement is false. Then there exists a maximum point
(2,) of V — ¢ and 6 > 0 such that

Let u(y) be a viscosity solution of
H(Dy$(#,1) + Dyu(y),y) = H(Do$(%,1)). (5.15)

Define
¢ (x,) = d(x, ) + eu(Z).

€

We claim that in the viscosity sense
€ I7 € 9
_¢t($>t) + H(DI¢ (,’L‘7t)) 2 §7

in some ball B((z,),7) ¢ R with radius 7 > 0, chosen small
enough, depending only on the modulus of continuity of D,¢ and
H. Indeed, let 1 be a C! function and suppose ¢¢ — 1) has a local
minimum at (z1,t;) € B((#,),r). Note that since ¢¢ is Lipschitz
this implies that |D,1(x1,¢1)| and |Dyp(z1,t1)| are bounded by a
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constant that depends only on the Lipschitz constant of ¢¢. Observe

also that
x x t x x1 t
u(=) = n(=,=) > u(=) —n(=,2),

€ € € € € €

where n(z,t) = L [i(ex, et) — ¢(ex, et)], for (z,t) € B((2,¢),r). Thus

Z1
€

u — 1 has a local minimum at (
of (5.15) then

( (&, 1) + Dyn (‘“ tl),“) > H(Da¢(,1)).

€ €

?1) Since w is a viscosity solution

By adding —D; (&, 1) to both sides and using (5.14) we conclude

~De(a 1) + H (Dad(@,6) + Datblan, 1) = Dadlon, 1), ) 2 6

If r is chosen small enough (depending on the modulus of continuity
of D,¢) then

0
—Di¢p(x1,t1) + H(D x¢(x17t1) =) > B
Since u does not depend on ¢,
t
~Dip(“E, ) =0,
€ €
and so Dy(x1,t1) = Dygp(x1,t1). Thus
0
—Dyyp(x1,t1) + H(Dzip(w1,t1), ) 2 %

By having chosen r even small enough (depending on |D;H|) one has

CO\QD

_th(ajhtl)_‘_H( w,(/)(xlatl) ) Z

Hence ¢° is a viscosity supersolution of

—D,V + H(D,V, % t) =0,
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in B((#,1),r); also V¢ is a viscosity subsolution of the same equation.
Thus, by the comparison principle,
V(i) — 6@, < sup (VE— ¢9)
dB((&,),r)

which contradicts the assumption that V' — ¢ has a local maximum
at (z,1).

The other part of the proof, when V' — ¢ has a strict local mini-

mum, is similar. O

5.7 Bibliographical notes

For stationary problems in deterministic control we suggest the ref-
erences [BCDI7], [Lio82] and [Bar94]. Concerning homogenization
reader should consult [Con95], [Con97], [Con96] or the book [BD9S],
in addition to the original paper [LPV88]. New important develop-
ments in the homogenization theory were achieve in a series of pa-
pers by Lions and Souganidis, among others, see for instance [Sou99],
[LS03]. Additional material, written in Portuguese, can be found in
[LLF].
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Stochastic optimal

control

The objective of this chapter is to present an introduction to stochas-
tic optimal control, the basic techniques and ideas, as well as some

applications.

6.1 The set-up of stochastic optimal con-

trol
In this section we discuss the set-up of stochastic optimal control for
the finite horizon terminal value problem.
Fix a time interval [¢t,T]. Let (Q,F, P) be a probability space

121
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in which it is defined a d-dimensional Brownian motion W,. Let Fj
be the filtration associated with W,. For t < s < T denote By the
Borel o-algebra on [t,s]. A mapping f : Q x [t,7] — R™ is called
progressively measurable if for any t < s < T the restriction of f to
O x [t, s] is Fs x Bs measurable.

As before, assume we are given a control space U, that is a convex
closed subset of R™. In this chapter we assume further, for simplicity,

that the control space U is bounded.

A control on an interval I C RS‘ is a progressively measurable
process wy : I — U. Let f(z,u) : R" x U — R" and o(x,u) :
R" x U — R™? be continuous functions satisfying the following

Lipschitz condition:
[f (@, u) = f(y,w)| + |o(z,u) — oy, w)| < K|z -y,
for some suitable (uniform) constant K, and
[f(z,u)], |o(z,u)] < C

This Lipschitz condition ensures that for each bounded progressively
measurable control u there exists a unique solution to the following

stochastic differential equation, the control law,
dx = f(x,u)dt + o(x,u)dW;. (6.1)

The boundedness of f and o, though not essential, simplifies some

arguments.

In the case one needs to consider unbounded controls, a convenient
condition that ensures the existence of a unique solution to (6.1)

E/OT | f ()| + |o(, w) 2dt
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is uniformly bounded for € R™. This condition will not be necessary
here because we assume U to be bounded.

As before, consider a running cost L(z,u) : R" x U — R and a
terminal cost ¥(z) : R™ — R at time T. For each control u on (¢,7T)

we define "
S tu) = E / L(x, w)dt + 3 (x(T)),

where x solves (6.1) with x(t) = x. We assume further that L(x, u)

is uniformly bounded.

The finite horizon terminal value problem consists in determin-
ing the control u* which minimizes J(z,¢,u). We define the value
function to be

V(z,t) = ir&f J(z,t;u). (6.2)

Exercise 51 (Stochastic Lax-Hopf formula). Consider the following
controlled dynamics:
dx = udt 4+ odWy,

where the control space is U = R"™, and, as before, we are considering
progressively measurable controls u. Let L(u) be conver and super-
linear in u. Let v be a terminal cost bounded below. Show that the
value function is
V(e,t) = inf (T — 1)L (y_x> + E(y + Wr_y),
yER® T —1t

where Wy a n-dimensional Brownian motion.

6.2 Verification theorem

Motivated by the verification results in the deterministic optimal con-

trol setting, we will now prove a similar verification theorem for the
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stochastic optimal control problem.

Given two n x m matrices A and B, respectively, define A : B =
tr AT B. We now define the second order Hamiltonian H(M,p, z) :
R™*™ x R™ x R™ — R to be:

1

H(M,p,z) = sup —ia(x,u)aT(x,u) M — f(z,u) - p— L(z,u).
uelU

If we assume that the diffusion matrix o(z) is independent of u then
1
H(M,p,l’) = 750'(:6)071(’1:) M+ H(p7 I),

where H is the generalized Legendre transform of L as in (3.1). As
before, in chapter 4, we also assume that the drift is linear on the
control, that is

f(z,u) = A(x)u + B(x), (6.3)

and that the Lagrangian L(z,u) is a strictly convex function of u. In
this case there exists a unique value p(z,p) for which

H(M, p,2) = ~o(2)o” (@) - M~ [ p(a,)) -~ Lz, e, p)).

Theorem 63. Let L(z,u), f(z,u) and o(z,u) be as defined previ-
ously. Suppose that L is strictly convez in u. Assume that the diffu-
sion matriz does not depend on u, and that the drift f(x,u) is linear
inu as in (6.3). Let H be the generalized Legendre transform (3.1)
of L. Let ®(x,t) be any classical solution to the Hamilton-Jacobi
equation

1
~®, — 5o(z)o’ (@) : D7, @+ H(D;®,2) = 0 (6.4)

on the time interval [0, T], with terminal cost ®(x,T) = 1p(x). Then,
forall0 <t <T,
(I)(xv t) = V(xv t)a

where V' is the value function, defined as in (6.2). Furthermore u =
pu(x(t), D,V (x(¢),t)) is an optimal feedback control.
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REMARK. We should observe that this theorem in particular implies
the uniqueness of classical solutions to the Hamilton-Jacobi equation.

Proof. Let u be a progressively measurable control and x the corre-
sponding solution to (6.1) with initial condition x(¢) = x. Then, by
Dynkin’s formula
Eo(x(T), T) — ®(x(t),t)
T
=F </t D4(x(s), s) + f(x,u) Dy ®(x(s), 5)

+%a(x)aT(X) : Diz@(x(s)7s)d8) .

Adding E (ftT L(x(s),u(s))ds) + ®(x(t),t) to the above equality,
using the fact that ®(z,T) = ¥(z), and taking the infimum over all

admissible controls u, we obtain

T
inf (/t L(x,u)ds + 1/1(x(T))>
T
= P(x(t),t) +inf E (/t [@4(x,5) + L(x,u)
+D,®(x,s) - f(x,u) + %O’(X)O’T(X) : D2, ®(x, )] ds> .
Now recall that for any v,

—H(p,z) < L(z,v)+p- f(z,v).
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Therefore

inf (/tT L(x,u)ds + ¢(x(T))>
> O(x(t),t)
+ infE(/tT (®y(x, 5) + %a(x)aT(x) . D2®(x, 5)
~ H(D,®(x, s),x))ds)
= B(x(t),1).
Let r(z,t) be uniquely defined as
r(z,t) € argmin, .y L(z,v) + Da®(z,t) - f(z,0).  (6.5)

Define the progressively measurable control u = r(x,s). Consider

the trajectory x given by solving the stochastic differential equation
dx = f(x,u)ds + o(x)dWs,

with initial condition x(¢) = x. Then
T
me(/t Lix, wyds + 1 (x(T)))
T
< @(x(t),t) +E ( /t [®4(x,5) + L(x,u)

D809 F(x0) + 307 () D2, 00,5 )
— B(x(0). 1
+infE</tT(<I>s(x,s) + %U(X)UT(X) . D2, ®(x, )
— H(D,®(x, s),x))ds)
— B(x(1), 1).

which ends the proof. O
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We should observe from the proof that (6.5) gives an optimal
feedback law for the optimal control, provided we can find a solution

to the Hamilton-Jacobi equation.

6.3 Continuity

We now prove that the value function is Lipschitz continuous. We

start by proving some estimates concerning diffusions:

Lemma 64. Let f(x,t) : R" x [0,T] — R™ and o(z,t)R™ x [0,T] —
R"™¥4 be (globally) Lipschitz in x. Let x;, i = 1,2, be solutions to the

stochastic differential equation
dx; = f(x;,t)dt + o(x;,t)dW;.

Then
E[lx1(t) — x2(1)[] < Clx1(0) — x2(0)/?,

forall0 <t <T.

Proof. Tt suffices to compute

d
S Elx1 = xo|? =2B[(x1 — x2)(f(x1,1) — f(x2,1))]
+ Eltr(o(x1,t) — o(x — 2,1))(0(x1,t) — 0(x2,1))7]
<CE[x1 —xa/*,
and apply Gronwal’s inequality. O

Theorem 65. Assume that

‘L($7u) - L<yvu)| < C|‘T - y|a
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and
[(z) —¥(y)| < Clz —yl.

Then the value function is Lipschitz continuous both in x.

Proof. Let x and y be arbitrary points, and ¢ < T. Fix € > 0. Let u¢

be an almost optimal control for the point x, that is:

T
V(z,t)+e>FE (/t L(x,u)ds + ¢(X6(T))> .

Let y© be a solution to
dy® = f(y“,u)dt + o(y®, u®)dW;

with y¢(¢) = y. Then

T
V(yt) — Vet) <c + E / (L(y,u) — L(x*, u))ds
LBy (T)) — B (T))
T
<F / Cly“(s) - x*(s)| + Cly“(T) — x“(T)|
< Clz —yl,

using Cauchy-Schwartz inequality and lemma 64. O

6.4 Stochastic dynamic programming

As in deterministic control, the value function of a stochastic optimal
control terminal value problem satisfies a semigroup property called

the stochastic dynamic programming principle.
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Theorem 66 (Dynamic programming principle). Suppose that t <
t' <T. Then

V(z,t) = iIllle /t L(x(s),u(s))ds + V(x(t'),t)], (6.6)

where x(t) = z and dx = f(x,u)dt + o(x,u)dW;.

REMARK. We will only sketch the proof of this theorem, a detailed
proof can be found in [FS06]. We should also observe that the Dy-
namic programming principle also holds if instead of a fixed time ¢’

one chooses a stopping time 7.

Proof. Denote by V(z,t) the right hand side of (6.6). For fixed € > 0,
let u® be an almost optimal control for V(z,t). Let x°(s) be the

corresponding trajectory trajectory, i.e., assume that
J(x,t;u®) < V(z,t) + e

We claim that V(z,t) < V(z,t) +e. To check this, let y = x(¢).
Then )
t
V(a.t) < / L(x“(s), u(s))ds + V(y,t').

t
Additionally,

V(y,t") < J(y,t';uc).
Therefore

V(z,t) < J(x,t;u) S V(at) + e,

and, since e is arbitrary, V(z,t) < V(,t).

To prove the opposite inequality, we will proceed by contradiction.
Therefore, if V(x,t) < V(z,t), we could choose € > 0 and a control
uf such that

E/tt L(x*(s),u’(s))ds + V(x*(t'), ') < V(z,t) — ¢,
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where %! = f(x* u?), x!(t) = 2. Choose u” such that

J(xﬁ(t/),t/;ub) < V(Xﬁ(t/),tl) +§

Define u* as
u*(s) = uf(s) for s <t/
u*

(5) = u’(s) for t' < s.

So, we would have

V(z,t) —e> E/75 L(x*(s),u’(s))ds + V(x*(t'),t') >

t/
2 E/ L(xF(s), u(s))ds + J(x*(t'), 1/ 0”) — % _
t
= J(x,tut) — = > V() — =
- ) Uy 9 = y 27
which is a contradiction. -

6.5 The Hamilton-Jacobi equation

In this section we will establish that if the value function is smooth

then it satisfies the Hamilton-Jacobi equation.

Theorem 67. Let V be the value function to the terminal value prob-
lem. Suppose V is C?. Then it solves the Hamilton-Jacobi equation

~Vi +H(D2,V,D,V,z) = 0.

Proof. Fix any constant control u*. Then, by the dynamic program-

ming principle

t+h
V(nt) < E/ L(x(s),u") + V(x(t + h), ¢ + h).
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By using It6’s formula and dividing by h, as h — 0 we obtain

1
0< Vi + L({E,u*) + f(fﬂ,u*) -D,V + 5UJT‘Dim‘/
<Vi— H(Dgarvv Dx‘/y 1’),
that is
Suppose now that in fact the previous inequality were strict at a point
(w0, o), that is

—%(Io,to) + H(DixV(xo,to), DxV(.I(),t()),{E()) = —ES < 0

Then in a neighborhood N of (zg,ty) we have
5 §
—Vi(z,t) + H(DZ,V (x,t), D,V (2,t),2) < —3

Let u* be an optimal control, and let 7 be the exit time of N of the

corresponding trajectory. Then, by Dynkin’s formula,
T 1
E(V(x(1),7)) — V(zo,t0) = E/ Vi+f D,V + EJJT : D2, Vdt,
to

and, by the stochastic dynamic programming principle applied to the

stopping time 7,

Vizo to) = E (/T L(x, u')dt + V(x(T)J)) .

to

Thus

T 1
0=FE | Lx,u")4+Vi+f-D,V+ iaoT : D2Vt

to

2E/ Vi — H(D?,V(x,t), D,V (x,t),x) > gE/ dt,

to to

which is a contradiction. O
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6.6 Viscosity Solutions

As before, we recall that a bounded uniformly continuous function

V(z,t) is a viscosity solution to the Euler-Lagrange equation
—Vi + H(D?*V,DV,z) = 0

if for any smooth function ¢ (x, t) and any point (xg,tg) € argmax V —

1 we have
_wt(xo, tO) + H(DZw(x(% tO)a Dw(x()a tO)a .’L‘()) < Oa
with the opposite inequality for points in the argmin.

Theorem 68. The value function is a viscosity solution to

~V; + H(D?*V,DV,z) = 0.

Proof. Let ¢(z,t) be a smooth function and let (zg,%y) € argmin V —
. Without loss of generality we may assume V(zg,tg) = ©(xo,to),
and so V(z,t) > p(z,t) for all (z,t).

Then, by the dynamic programming principle
to+h
plaosto) =V(eoto) =B [ Llxiu)dt + V(x(to + b).to-+ h)
to

to+h
> B / L, )t + o(x(to + ), to + h).
to

Using Dynkin’s formula we then conclude that

to+h 1
0>E L(x,) + ¢+ [Dagp + 500+ D} ot
to
to+h
>E o1 — H(D?*p, Dp, x).
to
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by sending h — 0 we conclude that

7$0t(x07t0) + H(Dim@(xﬂatO)a ngo(xmt())axO) Z 0.

To obtain the second inequality, suppose (xg,ty) € argmax V — .
As before, without loss of generality we may assume V(xg,tp) =
©(zo,t0), and so V(x,t) < ¢(x,t) for all (x,t).
Then, by the dynamic programming principle
to+h
QD(I'(), to) = V(.’Eo, to) <F L(X, ll*)dt + V(X(to + h), to + h)

to

t0+h
< E/ L(x,u")dt + p(x(to + h),to + h),

to

where u* is a constant control. This then implies, by sending h — 0,
1
0 < L(zo,u*)+ @t + fDrp + iaaT : D?_dt,
and so

—¢i(20,t0) + H(D2, (20, t0), Datp(o, to), 20) < 0.

6.7 Applications to Financial Mathemat-
ics
In this last section we present an application of stochastic optimal

control, namely Merton’s optimal investment problem. To model an

investment problem we consider two types of assets: a bond, with a
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constant continuously compounded interest rate r, whose price evo-
lution satisfies

dp = rpdt,

and a stock whose time evolution is modeled through a geometric

Brownian motion with drift
dS = S(udt + cdWy),

where p and o are constant parameters.

At any moment a large investor is allowed to have a fraction =«
of his wealth invested in stocks and a corresponding fraction 1 — w
in bonds. We should note that because short selling of both stocks
and bonds is allowed in fact we have —co < m < +oo rather than
0<r< 1.

The wealth process for this investor is simply

dx =x[(r+ (p —r)m)dt + ondWy] .

Let U be a concave function, which for definiteness we take U(x) =
27, for 0 < v < 1. The objective of the investor is to allocate its

portfolio so that to maximize
V(x,t) =sup EU(x(T)),

for some fixed terminal time 7', where the supremum is taken over
progressively measurable processes 7 satisfying E ftT |72 < oo, and
x(t) = x.

From the results discussed before in this chapter, the function V'

is a viscosity solution to the following Hamilton-Jacobi equation

Vi + H(D2,V,D,V,z) =0,
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where

1
H(M7p7 CC) = sup l‘(’l” + (/J, - T)W)p + 50’27T2I172M .
TER

Note that because we are dealing with a maximization a few signs

had to be exchanged.

By the homogeneity of the problem, it is easy to check that
V(z,t) =27V (1,t) = 27 h(t).

Then a simple computation yields that A solves
/ 1 22
0="h"+~hsup |y(r + (p— 1)) + S0y (y = 1)| .

This yields h(t) = e*T=% for some constant a and we also conclude

that
nw—=r
(1—=7)o?

is the optimal control, which is constant in time.

m =

6.8 Bibliographical notes

Two main references on stochastic optimal control are the books
[FR75] and [FS06]. Additional material can also be found in the

nice lecture notes [Tou].
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Differential Games

This chapter is a brief introduction to deterministic differential games
and its connection with viscosity solutions of Hamilton-Jacobi equa-

tions.

7.1 Dynamic programming principle

Consider a problem where two players have conflicting objectives.
Each of them partially controls a dynamical system, and one of the
players wants to maximize a pay-off functional, whereas the other
one wishes to minimize the same pay-off functional. To set-up this
problem, let U' and U~ be two convex closed subsets of, respec-
tively, R™+ and R™~-. The + sign stands for the controls or variables
available for the maximizing player, whereas the — sign corresponds

to the minimizing player.
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Consider a differential equation

+

k:f(X,u ,117), (71)

where u®

are controls for the two players taking values on U*. To
simplify, we suppose that U® are compact sets, that f is globally

bounded and satisfies the Lipschitz estimate
|f(z,utu™) = fly,u™,u)| < Cla—yl.

Let T be a terminal time. To each pair of controls (u™,u™) on (¢,T),
consider the corresponding solution to (7.1) with initial condition
x(t) = . We are given a running cost L(x,u™,u™) and a terminal
cost 1(z). Associated to the controls and these costs we define the

cost

T
Jle,tutum] = / Lix,ut,u)ds + $(x(T)),

where x solves (7.1) with the initial condition x(¢) = z. The objective
of the + player is to maximize this cost, whereas the — player wishes
to minimize this cost. Of course the players are not allowed to foresee

the future and we must therefore discuss the appropriate strategies.

Denote by U* ([t, T]) the set of all mappings from [t, T] into U*.
A non-anticipating strategy p* is a mapping

p U ([ T]) — U ([t,T))

such that for any u¥, 0¥ € UT([¢,T]) and any ¢ < s < T such that,
forallt <t <s,
u(r) =u(7)
we have
pE(u)(r) = pF(@¥)(r),
for all t < 7 < s. Denote by A* the set of all non-anticipating

strategies.
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The upper V7T value functions are defined to be

Vi(z,t) = sup inf J(x, t;pt(u),u),
(=) pteA+([t,T)) v €U ([t,T]) ( (u”) )

whereas the lower value function is

V7 (z,t) = nf sup  J(z,t;ut,p (uh)).

i
= €A~ ([6,T]) wteu+([t,T))

Theorem 69 (Dynamic programming principle). For any t’ < T we

have
V¥ (x,t)

t/
=  sup inf / L(x,pT(u™),u”)ds + VT (x(t),t).
preAE ([t v €U ([6E]) Jy

Note that a similar result holds for the lower value, with a identical

proof.

Proof. Define

V(z,t)

t/
. inf /L(x,u+(u_),u_)ds+V+(x(t’),t’).
preAF([te]) wm U ([LE]) Jy

Fix € > 0 and choose u € A*([t,#]) so that

t/
V()< inf / L, p (), u™)ds + VH(x(E), ¢) + .
u= €U ([t,t']) J¢

Choose now g € AT ([t/,T]) so that

V(x(t).t) < / Lx, fiF (u™), u”)ds + 9 (x(T)) + e

inf
u—eu-([t',T])
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By considering the concatenation of the non-anticipating strategies
ut and i we obtain a non-anticipating strategy i such that

T
V< il [ Lo (a0 s+ o) 2
u= e ([t,T]) J¢

<Vt (x,t) + 2e.
Sending ¢ — 0 we obtain V < V.

To obtain the opposite inequality, fix again € > 0 and choose a

non-anticipating strategy il so that

T
VH(z,t) < inf / L(x, i (u™),u”)ds + (x(T)) + .
@< nt [ LG () s ()

Note that

T
oty L ) s+ u(T) < V(). )

Therefore

VH(x,t) < /tt L(x, gf (u™),u”)ds + VT (x(t),t) + ¢

inf
u~™eU=([t,T])

< V(x,t) +e

7.2 Viscosity solutions

We define the upper and lower Hamiltonians to be, respectively

HY(p,x)= sup inf —p- f(ut,u",2)— L(z,u",u"),
uteu+tu €U
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and

H (p,x)= inf sup —p-flut,u",2)— L(z,u"

,u”).
u= €U~ y+ecu+

In general H~ > H7T and the inequality may not be strict.

Before stating and proving the main result of this section, we will

prove two auxiliary results.
Lemma 70. Suppose ¢ satisfies
—pt + H (Dyp, x) < =0,

at a point (x,t) and for some 0 > 0. Then, for all h sufficiently small
there exists ut € At ([t,t+ h]) such that for allu™ € U™ ([t,t+ h| we
have

t+h
/t (L, (w7 ) u) + ot (), ™) Daip(x(s), 5)

+or(x(s), 8)] ds > hg

Proof. For the proof of this lemma, consult [BCD97]. O
Lemma 71. Suppose ¢ satisfies
—¢t + H' (Do, 2) 2 0,

at a point (xz,t) and for some 0 > 0. Then, for all h sufficiently small
and any pt € AT ([t,t + h]) there exists u= € U™ ([t,t + h] such that

t+h
/t (L, (w ) u) + ot (), ™) Daip(x(s), 5)

+or(x(s), 8)] ds < fhg.

Proof. For the proof of this lemma, consult [BCD97]. O
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We should observe that analogous results for H~ to lemmas 70
and refaxl2 can be established in exactly the same way.

Theorem 72. The upper and lower values are viscosity solutions to

the Isaacs-Bellman-Hamilton-Jacobi equation
~VE + H(D,VEz) =0,

with the terminal value V (z,T) = ¢ (z).

Proof. We will do the proof for the upper value V' as the case of the
lower value is similar. Suppose VT — ¢ has a strict local maximum
at (zo,to) but, by contradiction, there exists # > 0 such that

—oi + HT(Dap™ ) 2 0.
Using the dynamic programming principle and the local maximum

property, we have

sup inf
H+6Ai([to7to+h]) u~ €U~ ([to,to+h])

to+h
/ L(x, " (u7),u”)ds + @(x(to + h), to + h) — (0, t0) > 0

to
This then contradicts lemma 71.

Now suppose VT — ¢ has a strict local minimum at (zg,fy) but,
by contradiction, there exists 8 > 0 such that

—of + H" (D™, ) < —0.
Using the dynamic programming principle and the local maximum
property, we have

sup inf
pteAE ([to,to+h]) v €U ([tosto+h])

to+h
/ L0, 1t (™), u)ds + (x(to + ), to + h) — (0, o) < 0

to
This then contradicts lemma 70. O
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7.3 Bibliographical notes

The main reference for this chapter is the book [BCD97]. The reader
may also want to consult [FS06] (the second edition of the book) for

additional material.
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Aubry Mather theory

This chapter is dedicated to the study of duality theory, relaxation of
optimal control problems and applications to viscosity solutions and
Aubry-Mather theory.

8.1 Model problems

In this section we discuss certain minimization problems which in-
volve linear objective functions under linear constraints, that is, in-
finite dimensional linear programming problems. Surprisingly, there
are deep relations between these problems and certain nonlinear par-

tial differential equations.
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8.1.1 Mather problem

Let T? be the d-dimensional standard torus identified whenever con-
venient with R?/Z<. Consider a Lagrangian L(z,v), L : T xR¢ — R,
smooth in both variables, strictly convex and superlinear in the ve-
locity v. As discussed in chapter 2, the minimal action principle of
classical mechanics asserts that the trajectories x(t) of mechanical

systems are critical points or minimizers of the action

/T L(x,%)ds. (8.1)
0

These critical points are then solutions to the Euler-Lagrange equa-

tions

%DUL(X,X) — D,L(x,%) = 0. (8.2)

A very important technique in calculus of variations is the relax-
ation method, which consists in enlarging the class of solutions so
that existence of solutions is almost trivial. Of course there is then
the problem of establishing that a relaxed solution somehow corre-
sponds to a solution to the original problem. Mather’s problem is a
relaxed version of the minimal action principle of classical mechanics

and consists in minimizing the action
/ L(z,v)du(z,v) (8.3)
Td xR4

among a suitable class of probability measures p(z,v). Originally, in
[Mat91], this minimization was performed over all measures invariant
under the Euler-Lagrange equations (8.2). However, as realized by
[Mn96], it is more convenient to consider a larger class of measures,
the holonomic measures. It turns out that both problems are equiva-

lent as any holonomic minimizing measure is automatically invariant
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under the Euler-Lagrange equations. In what follows, we will define

this class of measures and provide the motivation for it.

Let x(t) be a trajectory on T?. Define a measure uL on T?¢ x R?
by its action on test functions ¥ € C.(T¢ x R%), 9 (z,v), (continuous
with compact support) as follows:

T
/wduz = %/O ¥ (x(t),%(t))dt.

If x(t) is globally Lipschitz, the family {ul}r~o has support con-
tained in a fixed compact set, and therefore it is weakly-+* compact.
Consequently one can extract a limit measure py which encodes some

of the asymptotic properties of the trajectory x:

[ e = tim [ v

where the limit is taken through an appropriate subsequence.

Let v(v) be a continuous function, v : RY — R, such that

7(v) 50

inf ,
1+ |v|

and lim
|v]—o0

= 00. A measure p in T4 x R? is admissible if

/ y(v)dp < oo.
Td xR4

An admissible measure g on T x R? is called holonomic if for all
¢ € C1(T?) we have

/ v - Dodp = 0. (8.4)
TdxR4

Let » € CY(T?). For 1 (x,v) = v - Do(x) we have

T x Colx
o) = Jim 1 [ 5 Doty = i PN GO

:O’
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therefore uy is holonomic.

Mather’s problem consists in minimizing (8.3) over all probability
measures that satisfy (8.4). As pointed out before, however, this
problem was introduced by Maiie in [Mn96] in his study of Mather’s
original problem [Mat91].

8.1.2 Stochastic Mather problem

In the framework of stochastic optimal control one is led to replace
deterministic trajectories by stochastic processes. Suppose that x(t)

is a stochastic process satisfying the stochastic differential equation
dx = vdt + odW,

in which v is a bounded, progressively measurable process, o > 0 and

W a n—dimensional Brownian motion. One would like to minimize

1 T
TE/O L(x,v)dt

As before, one can associate to these stochastic processes, probability

the average action

measures g in T™ x R™ defined as

/mXRn ¢(w,v)dp = lim 7/ ol

in which the limit is taken through an appropriate subsequence.

The analog for stochastic processes to the fundamental theorem of
calculus is Dynkin’s formula. This formula applied to ¢(x(t)), states
that

Elp(x(T)) — o(x)] = E / vDap(x(t)) + 2 A@( (1)dt.
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This identity implies
o2
/ vDzp(x) + ?Aw(z)du =0,
T xR™
for all p(x) : T" — R, C2.
The stochastic Mather problem [Gom02] consists in minimizing

/ L(z,v)dpu,
Tn xR"™

over all probability measures . on T™ x R™ that satisfy the stochastic

holonomy constraint
o2
[ oDuplo) + G dpl@idn =0,
T’!L XR"L

for all p(x) : T" — R of class C2.

8.1.3 Discrete Mather problem

Also interesting is the discrete case, in which the trajectories are
replaced by sequences (z,,v,) that satisfy ©,+1 = x, + v,. In this
case, if the sequence v, is globally bounded, for instance, we can

construct a measure g in T™ x R™ through

N
1
¢.’E,1}du: lim — (bxnvvnv
/ (00 = i 32 0 00)

in which the limit is take through an appropriate subsequence.

For any continuous functions ¢ : T" — R we have

N
D p(@n +vn) — p(xn) = pleni1) — p(z1).
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Thus
/ oz +v) — ()] dp = 0.
T xR™

Therefore, we define Mather’s discrete problem, which consists in

/ Le,v)dp,
T”L XR"L

over all probability measures p in T™ x R™ that satisfy the discrete

minimizing

holonomy constraint:
/ [p(z+v) — p(z)]dp =0,
’1‘[‘77, XR"’

for all continuous function ¢ : T* — R.

8.1.4 Generalized Mather problem

Let U C R™ be a non-empty closed convex set. Assume that, for
some k > 0 (usually & = 0,1,2) there exists a linear operator AY :
Ck(T™) — C(T™ x U), which satisfies the following two conditions:
the first one is that for each fixed ¢ € C*(T") we have

[A%p| < Cy(1 + [0]),

uniformly in T™ x U, which of course, if U is bounded means simply
that |AV¢| is bounded; the second condition is that for ¢ € C*(T")
the mapping (z,v) — AYp is continuous in T™ x U.

We assume that there exists another operator B defined in C*(T™)

which satisfies the following compatibility conditions with AY:

AYk = Bk, (8.5)
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for any x € R, and that, for any given probability measure v on T",
there exists a probability measure p,, in T™ x U such that

/ Avgpduyz/ Bypdy, (8.6)
T xU n

for all p € C*(T™).

The Lagrangian L(z,v) : T™ x U — R is continuous and convex
in v, bounded below, and, either U is bounded, and no further hy-
pothesis are required, or if U is unbounded we assume the superlinear

growth condition in v, that is, uniformly in x

lim M = 00.
lo]—oo ||

The generalized Mather problem consists in minimizing

/ L(z,v)dp, (8.7)
TnxU

over all probability measures p in T™ x U that satisfy the constraint

/ A”cpdu:/ Bedy, (8.8)
T xU T

for all functions ¢ : T™ — R with appropriate regularity.

8.2 Some informal computations

In Mather’s problem, both in the deterministic and in stochastic

cases, the constraint

2
/ vDzo(x) + %Acp(:c)du =0,
Tn xR™
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(o0 > 0) is linear in v. Additionally, the Lagrangian is strictly convex
in v. This implies that minimizing measure has support in a graph
(z,7(x)). In fact, if the minimizing measure p(x,v) were not support

in a graph, we could replace it by another measure f given by
[ owoditey) = [ ote oo,
T7 xR™ "
where
o(x) = / vz, v)dv,
and
va)dbe) = [ dl@uta e,
T T7 xR™

for all b € C(T"). Thus

2
/ vDyp(x) + %Agp(z)dﬂ =0.
T'Vl XR"'L

Additionally, the convexity of L in v implies

/ Ldji < / Ldp.

If L is strictly convex, the inequality is strict unless v = o(x), p

almost everywhere.

In conclusion:

Theorem 73. Let L(x,v) be strictly convez in v and p a minimizing
measure for Mather’s problem (deterministic or stochastic). Then u

it is supported in a graph

(z,v) = (z,9(x)).

Additionally the projection 6 of v in the coordinate x satisfies

V- (5(2)0(2)) + %AO —0,

and the distribution sense.
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In order to simplify the presentation we are going to assume that

2
L= % — U(z). Using formally Lagrange multipliers, we conclude
that Mather’s problem is equivalent to the problem without con-

straints

min/ w—U(a:)JruD +0—2A + H ) fdx
0,v(x) Jn 2 =¥ 2 ¥ ’

The function ¢ corresponds to the Lagrange multiplier for the holon-

omy condition and H to the constraint [, 6 = 1.

To obtain the Euler-Lagrange equation, we make the following
variations

v — U+ ew, 0 — 0+ en.

This implies

v = 7DISD($)7
and
|v|2 o2 o
Therefore )
~ S Ap+ H(D,p,x) = H, (8.9)
with
_pP?
H(p,xz) = T + U(z).

As an application, we are going to prove an estimate for the second
derivatives of the solution of the Hamilton-Jacobi equation. In order
to keep the presentation as elementary as possible we assume that
the dimension is 1. We further assume that the solution to equation
(8.9) is twice differentiable in x:

2
g
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Since v = —D ¢ we have

2
g
/_TA(%C) + Da2pDo(@ue)dp = 0,

and therefore

/|D2ap|2du <C.

Mather’s problem is an infinite dimensional linear programming
problem, and we can use duality, as we will discuss in section 8.3,
to gain a better understanding of the problem. For the stochastic
Mather problem, the dual is given by

2
il(;f sup —%Agﬁ + H(D.¢,x).
The duality theory implies that the value of this infimum is

— / Ldp.

On the other hand, this value is also the unique number H for which
o? _
—7Au + H(Dyu,x) = H

has a periodic solution u. If we assume the existence of a smooth solu-
tion to the Hamilton-Jacobi equation we can check this fact directly.
To do so, let u be a solution of (8.9) then

2 2
igfsup—%AqSJr H(Dyop,z) < sup—%Au + H(Dyu,z) = H.

Additionally, for each periodic function ¢, u — ¢ has a minimum at a
point xg. At this point, D,u = D,¢, and Au > A¢. Therefore

o? o?
sup —7A¢ + H(Dy¢,x) > —?A¢(l’0) + H(Dy¢,70)

2
> f%Au(xo) + H(Dyu,z0) = H.
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8.3 Duality

In this section we make rigorous some of the previous discussion by
considering duality theory. The main tool is the Legendre-Fenchel-
Rockefellar theorem, whose proof will be presented in what follows,

our proof is based in the one presented in [Vil03].

Let E be a locally convex topological vector space with dual E’.
The duality pairing between E and F’ is denoted by (-,-). Let h: E —
(—00,400] be a convex function. The Legendre-Fenchel transform
h*: E' — [—00,+00] of h is defined by

h(y) = igg(*(x,y) — h(x)),

for y € E'. In a similar way, if g : E — [—00,400) is concave we
define

g"(y) = inf (=(z,9) - 9(x)).

Theorem 74 (Fenchel-Legendre-Rockafellar). Let E be a locally con-
vez topological vector space over R with dual E'. Let h : E —
(—00,400] be a convex function and g : E — [—00,4+00) a concave
function. Then, if there exists a point x¢ where both g and h are
finite and at least one of them is continuous,

min [2*(y) — " (y)] = sup [g(x) — h(z)]. (8.10)

yeE’ xel

Remark. It is part of the theorem that the infimum in the left-hand
side above is a minimum.
Proof. First we show the “>” inequality in (8.10). Recall that

Jnf, 1" (y) —g"W)] = ylgg/xff};]ﬂ [9(z1) = h(w2) + (y, 21 — 22)] .
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By choosing 1 = x5 = x we conclude that

inf [1"(y) — ¢"(y)] = sup [g(z) — h(=)].
ye zeE

The opposite inequality is more involved and requires the use of Hahn-

Banach’s theorem. Let
X = sup [g(x) — h(z)] .
rzeFE

If A\ = 400 there is nothing to prove, thus we may assume A < +oo.
We just need to show that there exists y € E’ such that for all x;

and x2 we have
g(x1) = h(z2) + (y, 21 — 22) <A, (8.11)

since then, by taking the supremum over x; and x5 yields

h*(y) —g"(y) <\

From A\ > g(x) — h(z) it follows g(x) < A+ h(x). Hence the following

convex subsets of F x R:
Cy = {(l’htl) cExR:t; < g(xl)}

and
Cy = {(xg,tz) e ExR: A+ h(xg) < tg}.

are digjoint. Let xgp as in the statement of the theorem. We will
assume that g is continuous at zo (for the case in which h is the
continuous function the argument is similar). Since (xg, g(z¢) —1) €
C7 and g is continuous at xg, C7 has non-empty interior. Therefore,
see [KF75, Chpt 4, sect 14.5], the sets C; and C5 can be separated
by a nonzero linear function, i.e., there exists a nonzero vector z =
(w,a) € E' x R such that

inf (z,¢1) < sup (z,¢
61601( 9 1) _02682( ) 2)7
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that is, for any z; such that g(x1) > —oo and for any x5 s.t. h(zs) <
+00 we have
(w,z1) + oty < (w,72) + atz,

whenever ¢; < g(z1) and X + h(zg) < ta.
Note that a can not be zero. Otherwise by using x9 = z¢ and

taking x1 in a neighborhood of zg where g is finite we deduce that

w is also zero. Therefore a > 0, otherwise, by taking t; — —oco we

would obtain a contradiction. Dividing w by « and letting y = 2,
we would obtain

(y,21) + g(x1) < (y,22) + h(z2) + A.
This is equivalent to (8.11) and thus we completed the proof. O

Remark. The condition of continuity at xzg can be relaxed to
the condition of “Gateaux continuity” or directional continuity, that
is the function ¢ — f(xo + tx) is continuous at t = 0 for any x € E.
Here f stands for either h or g.

8.4 (Generalized Mather problem

The generalized Mather problem is an infinite dimensional linear pro-
gramming problem. We will use Fenchel-Legendre-Rockafellar’s the-
orem to compute the dual problem.

Let Q =T™ x U. If U is bounded, set v = 1, otherwise, let v be
a function v(v) : Q — [1, +00) satisfying

0]

=0.

= +o0, lim —
|v|—+o00 'y(v)
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Let M be the set of Radon measures in 2 with weight v, that is,
M = {,u signed measure in ) with / yd|u| < oo} )
Q

The set M is the dual of the set C. (2) of continuous functions ¢
that satisfy
< 0, (8.12)

¢
=sup|—
ol = sup |

if U is bounded, and, if U is unbounded, satisfy both (8.12) and

m 200 g
lol—oo (V)
Let
Ml{NGM:/dULNZO}y
Q
and

Mz =cl {,u eM: [ Apdy = / Bodv, YVo(x) € C’k(T")} ,
Q Q

in which k is the degree of differentiability needed on ¢ so that AYp

is well defined, and the closure cl is taken in the weak topology.
For ¢ € C, o(Q) let

h¢) = sup (=¢(x,v) — L(z,v)).

(z,0)eQ

Since h is the supremum of convex functions, it is also a convex
function, and, as was shown in [Gom02], it is also continuous with

respect to uniform convergence in C., ¢(€2). Consider the set

C=cl{p:¢=A%,¢pecCFT},

where cl denotes the closure in C,, o. Since A" is a linear operator, C

is a convex set.



8.4. GENERALIZED MATHER PROBLEM 159

Let v be a fixed probability measure on T", and let p,, as in (8.6).
Define

~[édu, iféec,

—00 otherwise.

9(¢) =

As C is a closed convex set, g is concave and upper semicontinuous.
Note that if ¢ = A%, then [ ¢du, = [ Bedv.

We claim that the dual of

sup g(¢) — (o) (8.13)

$eC] ()
is the generalized Mather problem .
We start by computing the Legendre transforms of h and g.

Proposition 75. We have

JLdp  if pe M

400 otherwise,

W () =

and
0 Zf ne Mo

—o0  otherwise.

g (p) =

Proof. By its definition

= s (= [odn-ne).

$€Cy ()
First we show that if p is non-positive then h*(u) = oco.

Lemma 76. If u # 0 then h*(u) = +oco.
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Proof. If u # 0 we can choose a sequence of non-negative functions
én € Cg(£2) such that

/ nd — +oo.

Therefore, since
sup —¢, — L <0,

we have h*(u) = 4o0. O

Lemma 77. If 4 > 0 then

h*(u)Z/Ldu+ sup (/wdu—supw)-

$YeCy(Q)
Proof. Let L,, be a sequence of functions in Cj () increasing point-

wisely to L. Any ¢ in Cj () can be written as ¢ = —L,, — 1, for
some ¢ in C{ (). Therefore

_ di— h =
(b:cl%p(m( /¢ 1 (¢))

= sup (/Lndqu/wdu—sup(Lner—L))-

YeCH ()
Since
sup (L, — L) <0,
we have
sup(Ly, + 1 — L) < sup .
Therefore

— [ ¢dp—h
¢€SCI%'p(Q)( /(bu (¢)>

> sup (/Lnd,u—l—/wdu—supzb) .
PeCy ()
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By the monotone convergence theorem

/M@H/mw

— [ ¢dp—h
¢esct%)< / pdp (sb))

> [Lau+ sup (/ww—wmw)
’él)ECg(Q)

as required. O

Thus,

If [ Ldu = +oo then h*(u) = +00. On the other hand, if [ du # 1
then

sup (/1/}dp —sup1/1> > sup « (/du— 1> = 400,
YeCy () a€R

by choosing 1) = «, constant. Therefore h*(u) = +o0.

When [ du =1, the previous lemma implies

R () = / Ldp,

by choosing 1 = 0.

Additionally, for each ¢

[0 Lyau < sup(- - 1),

if [dp = 1. Therefore

— dp — h < [ Ldu.
¢esc?z§z) < /¢ a (¢)) _/ a
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In this way,
JLdp if pe M

+o0 otherwise.

/ A%pdp, = / Beody,

for all p € C*(T™). We can write any measure g € Ms as a sum of

Let p, be such that

o + f1, with
/ A¥pdji = 0,

for all ¢ € C*(T"). By continuity, it follows

[ sin=o.

for all ¢ € C. Furthermore, for any u & Ms, there exists (/B € C such
that

[ édt = m) £0.
Thus

. . 0 if peM
g(u):(;rené—/qﬁdwr/sbduu: 2

—oo otherwise.

O
Theorem 78.
sup  (9(¢) — h(¢)) = min (A" () — g"(n))- (8.14)
$€Cy,0(R2) ne

NOTE 1: ming,eam(h*(p) — g% (1)) = minge p, am, [ Ldp.

NOTE 2: It is part of the theorem that the right-hand side of (8.14) is
a minimum, and therefore there exists a generalized Mather measure.
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Proof. The set g > —oo is non-empty, and, in this set, h is a con-
tinuous function as proved in [Gomo02]. Then the result follows from
Fenchel-Legendre-Rockafellar’s Theorem, see, for instance [Vil03]. O

Let
H(p,x) = sup —L(z,v) — AVp.
v

As an example, suppose A’ = Ap +vD,p. Then
H(p,r) = —Ap + H(Dyp, ).
The result in Theorem 78 can then be restated in the more convenient

identity:

min/Ld,u = —infsup ['H((p,x) + /B@du} , (8.15)
M Yz

where the minimum on the left-hand side is taken over all measures
p that satisfy (8.8), and the infimum on the right-hand side is taken
over all ¢ € CK(T").

In the remaining of this section we consider Mather’s classical
problem AY¢ = vD,p and B = 0.

Theorem 79. Let AYp =vD,p. Let H* given by

H*=— sup (ha(p) — hi(e)).
$eCq ()

Then
H* =inf{\:3p € CH(T") : H(D,p,x) < \}.

Proof. Tt is enough to observe that

H*= inf sup —vD,p— L= inf sup H(D,p,zx).
PeCH(T™) (z,0)eQ " PeCH(T™) zeTn (e, )
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We recall that from theorem 61 H* is the unique value for which
H(Dyu,x) = H*

admits a periodic viscosity solution.

8.4.1 Regularity

Now we present (with small adaptations) the regularity results for

viscosity solutions in the support of the Mather measures by [EGO01].

Lemma 80. Let p be a minimizing holonomic measure. Then

/ D, L(z,v)du = 0.
T4 xR4

Proof. Let h € R%, consider the measure ju;, on T¢ x R? given by

/ oz, v)dp, = / o(z 4 h,v)du,
Td x R4

Td xRe

for all continuous and compactly supported function ¢ : T¢ xR — R.

Clearly, for every h, puy, is holonomic. Since p is minimizing, it follows

d
o / L(z + eh,v)du _ =0,
that is,
/ D, L(z,v)hdu = 0.
TdxR4
Since h € R is arbitrary, the statement of the Lemma follows. O

It will be convenient to define the measure i on T x R? as the

push forward measure of the measure p with respect to the one to
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one map (v,z) — (p,x), where p = D,L(v,z). In other words we
define the measure fi on T¢ x R? to be

/MW o(,p)dji = / ¢(z, Dy Lz, v))dp.

Td xRe

We also define projection fi in T? of a measure p in T? x R? as

/Td o(z)di(x) = /deRd o(x)dp(z, v).

Note that, in similar way, i is also the projection of the measure fi.
Observe that for any smooth function ¢(z) we have that fi satisfies

the following version of the holonomy condition:
Tdx R4

because we can use identity v = —D,H (p, z) if p = —D, L(z,v).

Theorem 81. Let u be any wviscosity solution of (5.4), and let p
be any minimizing holonomic measure. Then [-almost everywhere,

D,u(z) exists and p = Dyu(x), fi-almost everywhere.

Proof. Let u be any viscosity solution of (5.4). Let 7 be a standard
mollifier, u¢ = n * u. By strict uniform convexity there exists v > 0

such that for any p,q € R? and any = € T? we have
Y
H(p,x) > H(q,7) + DyH(q,2)(p = 0) + 5 lp — al*,

By Theorem 56, any viscosity solution of (5.4), and in particular w,

is Lipschitz.

Recall that, by Rademacher’s theorem [Eva98al, a locally Lips-

chitz function is differentiable Lebesgue almost everywhere. Using
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p = Dyu(y) and ¢ = D,yu(x), conclude that for every point x and
for Lebesgue almost every point y:

H(D,u(y),z) >H(D,u(z), )
+ DpH (Dyuf (), ) (Dyuly) — Dyu(z))

b e

Multiplying the previous identity by 7.(z — y) and integrating over
R? in y yields

3 [ e = wIDs @) = Do) Py

< / e — ) H(Dyuy), 2)dy < T+ O(e),

H(D,u(z),z) + 7

Let

Now observe that

’y € ~
[ Ipa@) - pPa
T xR

< / [H (D, (2), 7) — H(p, ) — DypH (p, ) (Dyi(x) — p)] dji
Td xRe

< / H(D,u(z),z)djp — H,
Td x R4
because
/ DPH(xvp)D.LuE(‘r) 207
Td X]Rd
and
prH(l'vp) - H(:Evp) = L(l'v DPH(x,p))a

and 14, ga L(z, DyH (2, p))dji = —H. Therefore,

v

€ 2 71~ _
2, D@ = sl [ Ao < O
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Thus, for ji-almost every point z, S.(x) — 0. Therefore, fi-almost
every point is a point of approximate continuity of D,u (see [EG92],
p. 49). Since u is semiconcave (Proposition 58), it is differentiable at

points of approximate continuity. Furthermore
D,u — Dyu

pointwise, fi-almost everywhere, and so D,u is i measurable. Also

we have

p = Du(z), [ — almost everywhere.

By looking at the proof the previous theorem we can also state

the following useful result:
Corollary 82. Let . be a standard mollifier, u¢ = ne x u. Then
/ |Dyu¢ — Dyul?dii < Ce,
Td

as € — 0.

As a Corollary we formulate an equivalent form of Theorem 81.

Corollary 83. Let u be any wviscosity solution of (5.4), and let p
be any minimizing holonomic measure. Then p-almost everywhere,

Dyu(zx) exists and
D,L(v,x) = Dyu(x) 1 — almost everywhere. (8.16)
and

D,L(v,x) = —D,H(D,u(x),x) w — almost everywhere. (8.17)
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Proof. First we observe that the measure £ is the push forward mea-
sure of the measure p with respect to the one to one map (v,z) —
(p,x), where p = D, L(v,x). Therefore an fi — almost everywhere

identity
Fi(p,z) = Fo(p, ) (p, x)-fi almost everywhere
implies the p — almost everywhere identity
Fy(D,L(v,x),x) = F5(D,L(v,z),x) (v, x)-pu almost everywhere.

Thus (8.16) follows directly from Theorem 81.

Using (8.16) and the identity D,L(v,x) = —D,H(D,L(v, ), ),
we arrive at (8.17). O

We observe that from the previous corollary it also follows
» Dy,H (D, x)Dgudp = 0.
Indeed,
» D,H(Dyu,x)Dyudi

= D,H(D,,z)Dyudii+ | DpH(Dyu,z) (Dyu — Dyut) dii.
Td Td

We have
/ D,H(Dy,z)Dyudp = 0.
Td
To handle the second term, fix § > 0. Then
D,H(Dyu,z) (Dyu — Dyu)
Td

1
< 5/ \DpH(Dmu,x)|2dﬂ+f/ |Dyu — Dyut|? dji.
Td ) Td

Note that since u is Lipschitz the term D, H (D,u, x) is bounded, and
80 is [pa |DpH (Dyu,x)|?dfi. Send € — 0, and then let § — 0.
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Theorem 84. Let u be any viscosity solution of (5.4), and let u be

any minimizing holonomic measure. Then

/Td \Dau(z + ) — Dou(z)df < ClhJ2.

Proof. Applying Theorem 60 we have
H(Dyu(x + h),x+h) < H+ Ce.

By Theorem 81 the derivative D u(x) exists fi almost everywhere.
We recall a viscosity solution satisfies (5.4) in classical sense at all
points of differentiability. Thus H(D,u(z),z) = H for i almost all

points z. Now observe that
Ce > H(Dyu(x + h),x+ h) — H(Du(z), )
= H(Du(x + h),z + h) — H(Dyu(x + h),x)
+ H(Dyu(x 4+ h),x2) — H(Dyu(z), x)
The term
H(Dyu(xz+ h),x + h) — H(Dyu(z + h), x)
= D, H(Dyu (x + h),z)h + O(h?)
= D, H(Dyu(z),z)h + O(h* + h|Dyu(x + h) — Dyu(z)|)
> Dy H(Dyu(z), 2)h + O(h?) — %|Dzu€(x + 1) — Dyu(a)[%.
Therefore, for i almost every z, we have
H(Dyuf(xz+ h),z) — H(Dyu, x)
< Ce — DyH(Dyu(z), 2)h + %|Dxu5(3: + 1) — Dyu(a))? + Ch2.
Since
H(D u(z+ h),x) — H(D,u, x)
> %|Dwu€(gc + h) — Dyu(x))?

+ D, H(Dyu, z)(Dyu(x + h) — Dyu(x))
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we have
y / |Dpus(x + h) — Dyu(e)*di
< Ce+Clh|* - /DwH(Dmu(x),x)hdﬁ.
v (8.17) and Lemma 80 it follows

/D H(D,u(x), x)hdi = —/DxL(v,a:)hd,u: 0.

As € — 0, through a suitable subsequence (since Dyu(x + h) is
bounded in L2), we may assume that Dyu(z +h) = &(x) in L2, for
some function £ € L2, and

/|§ — Dyul?di < Clh)?.

Finally, we claim that &(x) = D,u(z + h) for i almost all . This
follows from Theorem 81 and the fact that for i almost all x we have
&(z) € Dyu(z + h), where D stands for the subdifferential. To see
this, observe that by Proposition 58 u is semiconcave, therefore u*

are uniformly semiconcave, that is
u(y +h) <u(x+h) + Dyu(x+h)(y — 2) + Cly — z|?,

where C' is independent of e. Fixing y and integrating against a

non-negative function ¢(z) € L2 yields

/Td (u(y + 1) — u(z + h) — Dyu(x + h)(y — 2) — Cly — ) -
p(z)dp <0
By passing to the limit we have that
u(y +h) < u(z+h) +&@)(y — )+ Cly — 2,

for all y and f-almost all z, that is, {(x) € D, u(z + h) for fi-almost



8.4. GENERALIZED MATHER PROBLEM 171

Lemma 85. Let u be any viscosity solution of (5.4), and let p be
any minimizing holonomic measure. Let ¢ : T x R — R be a smooth

function. Then

» D,H(Dyu,x)D, [¢(z,u(z))]dn=0

Proof. Clearly we have

» D,H(Dyu,x)Dy [¢(x,u(x))] di = 0.

By the uniform convergence of u€ to u, and LIQ1 convergence of D uf
to D,u, see Corollary 82, we get the result. O

Theorem 86. Let u be any viscosity solution of (5.4), and let y be
any minimizing holonomic measure. Then, for i almost every x and
all h € RY,

lu(z + h) — 2u(z) + u(z — k)| < C|h/*.

Proof. Let h # 0 and define
w(z) = u(x + h), w(z) = u(x — h).
Consider the mollified functions @€, ¢, where we take
0 <e<nlhf? (8.18)
for small n > 0. We have
H(Daf,z + h) < H + Ce, H(Daf,z —h) < H + Ce.
For ji-almost every point x, Du(z) exists and therefore

H(Du(x),x) = H,
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so we have
H(Duf, xz) — 2H(Du,x) + H(Du, x)
<2Ce+ H(Duf,z) — H(Du,z + h)
+ H(D4,x) — H(D4 S,z — h).
Hence

%(\Dif — Dul? +|Dic — Dul?)
+ D,H(Du,z) - (D¢ — 2Du + D)
< C(e+ |h?) + (D.H(Du¢, ) — D,H(Duc, x)) - h.
Using the inequality
|(D.H(p,z) — Dy H(q,))-h|

2 2 2
< |t | o= altl < 0o — o + 2|22 | 1817,
where H ‘ =sup sup . |zh Zapﬂfm (p, )|,
P2 |2|=1,h|=11,]

Z(|D€f — Du|?* + |Daf — Dul?)
+ D,H(Du,x) - (Da — 2Du + D)
< C(e+ |h|?).

Fix now a smooth, nondecreasing, function ® : R — R, and write
¢ := ® > 0. Multiply the last inequality above by ¢ (ﬁ_li#),
and integrate with respect to fi:
i€ — 2 ~E
1/ (D€ — Dul? + |Dic — Du?)o [ 2 4 (8.19)
4 Jra A
+ D,H(Du,z) - (DG&* — 2Du+ Duf)é(--- ) dfy

']I‘d
C<6+‘h'2>Ad¢<"'>dﬂ
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Now the second term on the left hand side of (8.19) equals
€ — 2 ~E
[ [ D)oo (RIS an 20
Rd JTd |h|?

and thus, by Lemma 85 it vanishes. So now dropping the above term
from (8.19) and rewriting, we deduce

[Du (@ + h) = Duf(x — h)[Pg (“lehi=2ulase b)) g5

(8.21)

Td

<cle+Inp) [ A

u®(z+h)—2u(z)+u(x—h) —
o Al ) d
Td

We confront now a technical problem, as (8.21) entails a mixture
of first-order difference quotients for Du€ and second-order difference
quotients for u,u. We can however relate these expressions, since u

is semiconcave.
To see this, first of all define
E. = {z € supp(p) | u(z+h)—2u(z)+u(z—h) < —k|h|*}, (8.22)
the large constant x > 0 to be fixed below. The functions
i(e) = ulw) - Sl @ (@) = (@) = Flal? (8.23)
are concave. Also a point 2 € supp(fr) belongs to E. if and only if

a(x + h) — 2u(z) + u(z — h) < —(k + a)|h%. (8.24)

Set

fe(s) :==a° (m + S|Z|> (—|h| < s < |h)). (8.25)
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Then f is concave, and

u(z +h) = 2u(z) + u(z — h) = f(|h]) = 2/°(0) + f(=|Al])
Al

=L £ (@)(In) = |s]) ds

‘hl " "
> |h] fe (s)ds (since f¢ <0)
—In|

= [l [£ (D) = £ (~In)
= (Da*(z + h) — Du‘(z — h)) - h.

Consequently, if € F, this inequality and (8.24) together imply
2)a¢ (x) — u(z)| + |Dac(x + h) — Dac(x — h)||h| > (k + a)|h|?.

Now |uf(z) — u(x)| < Ce on T, since u is Lipschitz continuous.
We may therefore take n in (8.18) small enough to deduce from the
foregoing that

|Da(z + h) — Dac(z — h)| > (g+a)|m. (8.26)
But then
|Du(z + h) — Du(x — h)| > (g — )|l (8.27)

Return now to (8.21). Taking x > 2a and

1 ifz<—k
#(z) =

0 if 2> —k.

The inequality (8.21) was derived for smooth functions ¢. However,
by replacing ¢ in (8.21) by a sequence ¢,, of smooth functions increas-

ing pointwise to ¢, and using the monotone convergence theorem, we
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conclude that (8.21) holds for this function ¢. Then we discover from
(8.21) that

(5 — @ hPA(E) < Cle+ [2)A(EL).

We fix k so large that
(g - a)z 2 c + 1a

to deduce
(In|* = Ce)i(Ec) <0.

Thus fi(E,) = 0 if i in (8.18) is small enough, and this means
u(x + h) — 2u(z) + u(z — h) > —k|h|?
for pi-almost every point x. Now let € — 0:
u(z + h) — 2u(x) +u(x — h) > —k|h|?
p-almost everywhere Since
u(z + h) — 2u(z) + u(z — h) < afh|?
owing to the semiconcavity, we have
lu(z + h) — 2u(z) + u(z — h)| < C|h|?

for fi-almost every point z. As wu is continuous, the same inequality

obtains for all x € supp(f). O

Now we state and prove the main result of this section.

Theorem 87. Let u be any viscosity solution of (5.4), and let p
be any minimizing holonomic measure. Then for f-almost every x,

D, u(x) exists and for Lebesgue almost every y

|Dyu(x) — Dau(y)| < Cle —yl. (8.28)
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Proof. First we show that
[u(y) — u(z) — (y — z) - Dyu(a)| < Cla —y|*. (8.29)

Fix y € R? and take any point z € supp(ji) at which u is differen-
tiable.

According to Theorem 86 with h := y — x, we have
u(y) — 2u(@) +u(2z — y)| < Clo —yf*. (8.30)
By semiconcavity, we have
u(y) — u(z) — Du(z) - (y — x) < Clz -y, (8.31)
and also
u(2x — y) —u(z) — Du(z) - 2z —y — x) < Clz —y|%. (8.32)
Use (8.32) in (8.30):
u(y) — u(z) — Du(@) - (y — ) = =Clz — y|*.
This and (8.31) establish (8.29).

Estimate (8.28) follows from (8.29), as follows. Take z,y as above.
Let z be a point to be selected later, with |x — z| < 2|z — y|. The

semiconcavity of u implies that
u(2) < u(y) + Du(y) - (z —y) + Clz — y[*. (8.33)
Also,

u(z) = u(z) + Du(z) - (z — x) + O(|x — z|?),
)+ Du(z) - (y — z) + O(|lz — y|*),

8
S
I
£
8
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according to (8.29). Insert these identities into (8.33) and simplify:
(Du(z) — Du(y)) - (= —y) < Clz —y|*.

Now take

Du(z) — Du(y)

|Du(z) — Du(y)|

zi=y+|z—y
to deduce (8.28).
Now take any point z € supp(fi), and fix y. There exist points

xp € supp(fi) (k=1,...) such that z; — x and u is differentiable at
x. According to estimate (8.29)

u(y) — u(ay) — Dulay) - (y — xp)| < Clay —y* (k=1,...).

The constant C' does not depend on k or y. Now let k — co. Owing
to (8.28) we see that {Du(z)} converges to some vector 7, for which

lu(y) — u(@) —n- (y — x)| < Clz —y|*.

Consequently u is differentiable at z and Du(x) = 7. O

It follows from Theorem 87 that function
v(z) = —D,H(Du(z),z) [ almost everywhere.

is Lipschitz on a set of full measure . We can then extend v as
a Lipschitz function to the support of p, which is contained in the
closure of this set of full measure. Note that any Lipschitz function
@ defined on a closed set K can be extended to a globally defined
Lipschitz function ¢ in the following way: without loss of generality
assume that Lip(¢) = 1; define

P(x) = yiglg e(y) + 2d(z,y).

An easy exercise then shows that ¢ = ¢ in K and that ¢ is Lipschitz.
Therefore we may assume that v is globally defined and Lipschitz.
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8.4.2 Holonomy variations

In this section we study a class of variations that preserve the holon-
omy constraint. These variations will be used later to establish the
invariance under the Euler-Lagrange flow of minimizing holonomic

measures.

Let & : T? — R%, £(x) be a C! vector field on T¢. Let ®(¢,z) be
the flow by &, i.e.,

®(0,2) = x, and 2o(t,x) = ¢(D(t, 7).

Consider the prolongation of &€ to T¢ x R?, which is the vector field
on T4 x R? given by

435

Tp(x,v) =&(z), vp(z,v) =1, B (z). (8.34)
Lemma 88. The flow of (8.34) is given by
Xi(t,z,v) = P(t, z), Vie(t, z,v) = vs?(t, x). (8.35)
L s

Proof. Since the X-part of the flow coincides with the ®-flow, it only

remains to show that
V(0,z,v) =v, and %V(t,x,v) = O(X(t,x,v), V(t,x, v))

The first statement (V' (0, z,v) = v) is clear since the map z — ®(0, x)
is the identity map. The second statement can be rewritten as

23
0

%Vk(tvxav) = ‘/i(t,CC,'U)

€Z; '
P (t,z)
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A simple computations yields

%Vk(t,x, v) = US%(%@k(t,x)): Usa%s (ﬁk (<I>(t, a:)))

&k oD, O,
= S = W t7 ) b
v ox; O, (t,2,0) ox;
P (t,z) (t,) (L)
which is the desired identity. O

For any real number ¢ and any function ¢(z,v), define a new

function v; as follows

P(x,v) = z/J(X(t,xm),V(t,x,v)). (8.36)

Thus the flow (8.35) generates the flow on space of functions ¥ (z, v)
given by (8.36). Consider the set

C= {w € CJ(TxR?) : 9h(x,v) = v-Dyp(x), for some ¢ € C’l(Td)}.
(8.37)

Lemma 89. The set C, defined in (8.37), is invariant under the flow
given by (8.36).

Proof. Let g € CY(T?) be such that ¥(z,v) = Uiaig(ﬂf)- Let g,

denote the flow by @ of the function g, i.e., g:(z) = (CID(t,:c)). We
claim that for any real number ¢ we have
Uil v) = v gy @)
t\&T, U _Uzaxigt$7
where 1 is given by (8.36). Indeed,
dg dg 0P,
=V t, y V)75 — =Us 57—
'l]Z}t(m,'U) k( T U)axk v axk axs
X (t,z,v) P (t,x) (t,x)

= vSaixs(g(CI)(tl‘))) = ’Usaixsgt(x)ﬂ

and so the Lemma is proved. O
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The flow on functions (8.36) generates the flow on measures:
(t, ) — pg, where

/ Wdp, = / e (8.38)

Lemma 90. The flow (8.38) preserves the holonomy constraint.

Proof. Let p be a holonomic measure. We have to prove that g, is
also a holonomic, i.e., [tdu, = 0 for any ¢ € C. This is clear since
the flow (8.36) preserves the set C. O

Theorem 91. Let y be a minimizing measure for the action (8.3),
subject to the holonomy constraint. Then for any C' wvector field
£: T — RY we have

oL oL
[ et pevbu=o. (339

Proof. Let u; be the flow generated from p by (8.38). Relation (8.39)
expresses the fact % (f L(=, U)dut)‘t—o =0. O

8.4.3 Invariance

In this section we present a new proof of the invariance under the

Euler-Lagrange flow of minimal holonomic measures.

In what follows ( )J_Sl denotes the j, s entry of the inverse matrix.
We will only use this notation for symmetric matrices, thus, this
notation will not lead to any ambiguity. Before stating and proving

the main Theorem of this section, we will prove an auxiliary lemma.
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Lemma 92. Let p be a minimal holonomic measure. Let v¢(x) be
any smooth function. Let ¢(x,v) be any smooth compactly supported

function. Then

/ﬂk%({ﬂ, v(x))dp (8.40)

e oL 9*L .
+ 87%(55,'1) (f))M (axs(iﬂ,’v) — ’Ukm(xvv (1’))) d/J'

:/Ukaixk<¢($,ve($)))dﬂ—/Uk%(%(x,ve(w))X§>dﬂ
+/vk<gTL(:r,ve(z)) - gi (x,v))i<X§)du,

s aﬂfk

where X; is a function of x only (does not depend on v), and is
defined as follows:

. 2 -1
K50 = 52 (w0 @) (G ) o),

and

- (25) o)

Remark. We will only use this lemma for the case when v is the
standard smoothing of the function v(z), that is, v¢ = 5, * v, where

7e is a standard mollifier.

Proof. This Lemma is based on Theorem 91. In this proof and bellow
v¢ stands for the function v¢(z). We have:
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Rewrite the last term:

PN
g () 5 2)
9 0°L oL, O
N ”’“aTj(x )<82 ) (@, )(%savq (@, )axk (@)
€ 82‘[’ € 81}‘61
_kas(x)m(x,’U )61‘k (l’)

Plug these two lines into (8.40). And therefore we reduce (8.40) to

9*L . 9L o\ Ovg
/X (83@8 v) = vk(@xkﬁvs (@, )+8v88v (@, )axk)>d“
o (0L )
- _/”kaxk (81} (e, 09X )d,u

—|—/vk (g%(z,ve) - g—i(z,v))%(Xg)du (8.41)

S

Using the chain rule in the LHS and the Leibniz rule in the RHS we
further reduce (8.41) to

/XS(gi(x,v) vkaik(gi(x,vf)))du
= [k (o) ooz (42)a

Noting the cancellation of the term [ p X &2 For (gf (z, ve))d,u, we see

that the last identity is equivalent to (8.39) with &(z) = X¢(z). O

S

We will need the following result concerning invariant measures
under a flow:

Lemma 93. Let i be a measure on a manifold M. Let x be a smooth
vector field on M. The measure u is invariant with respect to the flow

generated by the vector field x if and only if for any smooth compactly
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supported function £ : M — R we have

/ V¢ - xdu = 0.
M

Proof. Let ®; be the flow, generated by the vector field x. Then if u
is invariant under ®;, for any smooth compactly supported function
&(z) and any ¢ > 0 we have

[ (@) - ean=o

By differentiating with respect to ¢, and setting ¢t = 0, we obtain the
“only if” part of the theorem.

To establish the converse, we have to prove that for any ¢ the

measure 1 is well-defined as

11:(S) = (@) 7(S)).

and coincides with p.

By the Riesz representation theorem it is sufficient to check that

the identity
/ cdj = / cdp

holds for any continuous function £ (vanishing at o). Any continuous
function can be uniformly approximated by smooth functions. There-
fore it is sufficient to prove the above identity for smooth functions &

with compact support.

Assume, without loss of generality, that £(x) is a C?-smooth func-
tion. Fix ¢t > 0. We have to prove that

/g@t (z)dp = 0.
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We have

(®e(x)) — &(x)dp

—
2 I

/ E(@ogr1) /N (@) = E(Pureyn () dpe
/gk Qv (z)) = &k(z)dp
k

where &, (z) = £(Py v (2))

i
,_.o

N-1
[ & (@un(a)) - euto)dn
k=0
N-1
= /v (@eyn (@) —2) + O(Fz)du
k=0
N—1
=3 [ V6@ (@) + O(5) + Ol
k=0
N—1
4 Y [ Veula) xaldn+ O(4) = O(4)
k=0
Taking the limit N — oo we complete the proof. O

Theorem 94. Let u be a minimizing holonomic measure. Then p is

invariant under the Fuler-Lagrange flow.

Proof. By Lemma 93 we have to prove that for any smooth compactly
supported function ¢(z,v)

0 ¢ 1oL L B
% Bzn T 3oy (32 ) i {3:175 ~ Uk gpege, | =0 (842

where ( );Sl stands for the j, s entry of the inverse matrix.
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The idea of the proof is first to rewrite (8.42) in an equivalent form
and then apply an approximation argument. Since p is supported by
the graph v = v(x) we will change the z, v arguments with z, v(x) for
99 09 (82L)_1 d 2°L

the following four types of functions Dors Do (520 ) e o Turoo

occurring in (8.42):

/vk%(m,v(x))du (8.43)

To complete the proof of the theorem, we use Lemma 92. The
first and second integrals in the RHS of (8.40) are zero due to the
holonomy constraint. The third integral in the RHS of (8.40) tends to
zero as € — 0, because |v¢(z)—v(z)| < ce and therefore |v¢(z)—v| < ce
p-a.e., and because X; is uniformly Lipschitz and hence 3%).( s is
uniformly bounded. Therefore the LHS of (8.40) tends to zero as

e — 0.

But the LHS of (8.40) also tends to the LHS of (8.43) as ¢ — 0.

Indeed, since v(x) is a Lipschitz vector field we have
v(z) = v(z) (uniformly)

and
o (z

ox

Moreover for any smooth function ¥(x,v) we have

is uniformly bounded.

U(z,v(x)) — ¥(z,v(z)) (uniformly)
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and
0

oz

Also note that for p almost all (z,v) we have v = v(x). Therefore

(\Il (z, ve(;v))) is uniformly bounded.

the Theorem is proved. O

8.5 Generalized Viscosity solutions

At this point we must consider a suitable class of weak solutions to

the equation
H(u,x) = A, (8.44)

the viscosity solutions. The motivation to use viscosity solutions is
the following: as we mentioned before, in the case that U = R™ and
AV = vD,p, the operator H is simply the Hamilton-Jacobi operator
H(D,u,x). For first and second-order Hamilton-Jacobi equations,
viscosity solution is the right notion of solution to (8.44), and it is
therefore natural to extend it to our setting. To this end, we say that
a function w is a viscosity solution of (8.44) if the following property
holds: for any ¢ € CF(T") and any maximizer x¢ of u — ¢ (resp.

minimizer) such that ¢(xg) = u(xg), we have

H(p,m0) <A (resp.  2).

We should remark that, in this generalized setting, there is no
uniqueness of the number X for which (8.44) admits a viscosity solu-
tion, even less uniqueness of viscosity solutions. For instance, unique-

ness of A it is false for the equation

—u+ H(D?*u, Du,z) = A,
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which either admits viscosity solutions for all values of A\, or does
not have any viscosity solution. Uniqueness of viscosity solution also
fails as the following elementary example shows: let ¢ : T — R be

a non-constant C! function. Then
Du(Du— Dy) =0 (8.45)
has two different solutions u = 0 and u = ).

Theorem 95. Let A € R and let uw : T™ — R be a corresponding
viscosity solution to the Hamilton-Jacobi equation (8.44). Assume
that the operator B is monotone, that is, w1 > @2 implies Bpgy >
By, for all continuous functions @1, w2, and, furthermore, that it
s continuous with respect to uniform convergence, that is, p, — ¢
uniformly, implies By, — By uniformly. In addition, suppose that
there exist C* functions u, such that

H(ue,z) < A+ O(e),

and, finally, that ue — uw uniformly. Then

inf sup H(p, z) + /Bcpdu =A +/Budu.
Y =z

Proof. Let A and u be as in the statement of the theorem. Then, for
any smooth function ¢ : T" — R, there exists a point x, at which

u — ¢ has a minimum. Clearly,

infsup'H(ap,x)—l—/ Bpdy
Y oz

n

2 infH(u(ze) + ¢ — @(2p), 2p) + / Bedv

n

+ /n B(u(zo) — ¢(x0))dv,
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where we have used (8.5) to add the constant u(zg) — ¢(xg) to ¢. By
the viscosity property we conclude that

inf supH(p, z) + Bpdy
Y =z Tn

>A+inf | Bedv+ | B(u(z,) — ¢(z,))dv.
¥ JTn T

Since x, is a minimum of u— ¢, we have u(z) —¢(z) > u(z,)—¢(z,),
which implies u(z) > ¢(x) + u(z,) — ¢(x,). This inequality yields,
from the monotonicity of B, that

Blp +u(zy) — p(2,)] > Bu,
and thus

inf sup H (e, z) +/ Body > X +/ Budv.
® x n n

To establish the reverse inequality, we use the sequence u. to

obtain:
inf sup H(p, x) /B(pdy < hm 1nf supH Ue, T /Bu dv
Y

< A+ 1lim iélf Bu.dv.

As an example, consider the discounted Mather problem, in this

case 0 =0, f(z,v) =v and
Ap = —ap +vD.p,

and

By = —ap.
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The corresponding Hamilton-Jacobi equation is
ou® + H(Dyu®, x) =0, (8.46)

and the value of the generalized Mather problem is given by

« / u*dv.

Therefore, if we set v = §,(z) we have

u*(y) = /“ad” -2 supinf [~ap — H(Dp, ) + ap(y)],

(6% %) x

which is a representation formula for the value of any viscosity so-
lution of (8.46) and, in particular, implies uniqueness of solution of
(8.46).

Lemma 96. Let A € R, and assume that there exists a viscosity
solution of
H(u,x) = A

Furthermore, suppose that for all sufficiently small € > 0, there exist
C* functions u. such that

H(ue, ) < A+ O(e).

Suppose further, that [ Buedv — [ Budv = O(e). Let p be a mini-

mizing measure with trace v, and i any probability measure. Then

/Ldu < /L—i—A“uedﬁ— /Buedu—i—O(e).

Proof. Since pointwise L + A%u. > —H(ue, ), for any probability

measure [

/L + A%ucdpp > —H(ue, &) > =X+ O(e).
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Furthermore,
/Buedu = /Budu + O(e).
Thus we conclude that
/L+A”u€dﬂ — /Buedu > 7>\+/Bud1/+ O(e) = /Ld,u+ O(e).

O

8.6 Support of generalized Mather mea-

sures

The next result concerns the approximation of the support of mini-

mizing measures.

Theorem 97. Suppose that for all sufficiently small € there exists a
C* function u. that satisfies

H(ue, z) < A+ O(e).
Assume further that U is convex and that
L(z,v) + A%u,
18 strictly conver in v. Let
ve(x) = argmin L(z, v) + A ue, (8.47)

and let p be a minimizing measure. Then

[ 1o v@)Pdu =000,
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REMARK. Since U is convex and v — L(x,v) + AVu. is strictly

convex its argmin is single valued, and thus v, is well defined.

Proof. Since v, is a minimizer, the strict convexity hypothesis implies
L(z,v) + A%u¢ > L(z,v.) + A% u + 0lv — v |2, Thus

/Ldu / x,v) + A%ucdp — /Buedu

/L(x ve) + AV u + 0|lv — ve|*dp — /Buedu
> -2+ 0(e) +/9|v7v6|2du7/Bu€dV
> O(e)+/Ldu+9/|v7ve\2du,

where in the last inequality we have used Lemma 96. O

Corollary 98. Under the hypothesis of the previous theorem, let A €

R, and suppose that there exists a C* solution v : T — R to
H(u,z) = A,
and let pu be a corresponding Mather measure. Then
v € argmin [Au + L(z, v)]

w almost everywhere.

8.7 Perturbation problems

This last section of this chapter is dedicated to the study of pertur-
bations of the generalized Mather problem and its applications to the
study of singular perturbations for viscosity solutions of Hamilton-

Jacobi equations. In particular, we would like to understand which
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are the possible limits of regularizations of the Hamilton-Jacobi equa-

tion in situations where there is no uniqueness of solution.

8.7.1 Regular perturbation problems

In this section we establish a selection criterion for certain problems
in which the perturbation arises in the holonomy constraint. One of
the main applications is the study of vanishing discount rate problem

for Hamilton-Jacobi equations, see Corollary 102.

Assume that
Le(z,v) = Lo(x,v) + €Ly (z,v), (8.48)

satisfying the hypothesis in the previous section, uniformly in e, and
that, additionally,
0 < Ll < CLO7

for some C' > 0.

The linear operators that we consider have the form
Alp = Ajo + €Al o, (8.49)
with corresponding boundary operators
B.p = By + €B1 . (8.50)

We say that the perturbation terms A} and B; are regular, if for any

sequence @, converging uniformly to ¢ we have

/ Al pedp — / Alpdp,

/Blapedy—> /Blcpdy.

and
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Now we state our main result:

Theorem 99. Let L.(x,v) be as in (8.48), and consider operators of
the form (8.49), (8.50) such that the perturbation terms are regular.

Fix a probability trace measure v, and let . be generalized Mather

measures. We further assume that there exist viscosity solutions of
He (e, ) = A,
and corresponding C* functions v. satisfying
He(ve, ) < Ae + O(€?),

and such that, as € — 0, ve,ue — u, uniformly in T™, for some
viscosity solution of the limiting problem. Suppose ue — w. Then
u is a Mather measure for the limiting problem. Furthermore, we
assume that for each solution i of the limiting problem, there are C*

functions u. such that

Ho(’ae,x) <X+ 0(62).

Then, for any viscosity solution u of the limiting problem, we have

/L1 + AVudp — /Blﬁdu < /L1 —i—A}’udﬁ—/deu.

Proof. Since, for any minimizing measure [ for the limit problem we

have

Since by a simple limiting argument

/ Agpdp = / Bopdy,
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it follows that p is a minimizing measure.
Note that
/Led,u6 = /L6 + Alvdp. — /stsdl/
gm&+/a+m%@f/3&w

= /Lodﬂ—‘re |:/L1 +A11]U6dﬂ—/BlU6dU:| +O(62)-

Similarly,

/Lodﬁ:/L0+A87.~Led‘[L7/Boﬂedl/

gm&+/@+£@m—/&mw
— e/Ll + AlUcdpe + e/Blﬂedu
= /Ledu6 —€ [/ Ly + AYtdp. — /Blﬂﬁdu} + O(€%).
Thus we conclude that

/L1 + Altedpe — /Blﬁedu < /L1 + Ajvedfi — /Blvedu + O(e),
(8.51)
and then the result in the theorem follows from sending ¢ — 0. O

Two elementary corollaries to the previous theorem are:

Corollary 100. Suppose A} =0, By =0, and
s
Le(z,v) = 3 +P-v+eU(x).

If P is rationally dependent then the Mather measures at ¢ = 0,

are not unique, as their ergodic components are supported on lower
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dimensional tori or periodic orbits. In this case, the limiting Mather

[ v@an

among all possible Mather measures.

measure mintmizes

Corollary 101. Suppose A} =0, By =0. Let P € R", and
Lc(z,v) = Lo(z,v) + €P - v.

Assume that at € = 0 there are Mather measures with different rota-
tion numbers

Qi) = | v
Then the limiting measure minimizes the functional

P-Qlul,

among all possible Mather measures.

Also as a further corollary to the previous theorem we have the
following selection criterion for the discounted Mather measure prob-

lem:

Corollary 102. Suppose ue is the unique viscosity solution to the

Hamilton-Jacobi equation
eue + H(Due,z) = 0.

Consider a probability trace measure v on T™ and the corresponding

discounted Mather measure p.. Let (f) denote

=1~ [ fav

Suppose (uc) — u and pe — p. Let @ and fi be, respectively, any

viscosity solution or Mather measure for the e = 0 problem. Then

[twdi < [@an
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As an example, consider a one dimensional Hamiltonian

2
H(p,2) = 5+ U(),

with the potential U(z), 1/2 periodic. Suppose further that the po-
tential has a maximum at 0. In this case, one can verify directly
that the viscosity solutions u. to the discounted problem are also
1/2-periodic. However, when ¢ = 0, there are stationary solutions
which are 1-periodic, and not 1/2-periodic.

Consider the Mather measure i = 3 [0o(x) + 6y j2(2)] 6(v). It is
easy to see that p is a Mather measure. Consider now the trace
measure dv = dz, and corresponding Mather measures p.. Let u be
the unique 1/2 periodic solution, which is given by

u(z) = =G0 for e [0,1/4] U [3/4,1]

s

u(z) = TG gy e [1/4,3/4).

We also have that i = [Adg(z) + (1 — A)d1 /2] 6(v) is a Mather
measure. Thus, for any viscosity solution %, we have

Mu(0) + (1 — Au(1/2) — /u(x)dm <MY +af2) /ﬂ(x)dm.

2
(8.52)
In the case of U(x) = cos(4nx), if we choose @ to be the only C*!

solution, we have,

2(1 — cos(4nzx)) O<z<1/2
—+v/2(1 — cos(47mx)) 1/2<z<1.

Du =

Then, Da = 2sin(27z). We have u(0) = u(1/2) = @(0) = 0. A
simple computation yields @(1/2) = 2, and [u = Z32, [
Thus, the inequality (8.52) is strict and reads 2% < 1 —

which rules out « as a possible limit.

[~3}
I

1
=0

)

3=
3=
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As a second example, let 1 : T" — R be a smooth function and

consider the Lagrangian L(z,v) = %. The corresponding

Hamiltonian is H(p,x) = p- (p — DY¥(x)). The discounted Hamilton-

Jacobi equation is then
eue + Du, - (Du. — D) = 0,

which has a unique solution u, = 0. When € = 0 there are several

solutions, for instance, v = 0 and @ = . Our selection criterion

Joan < [wan

The minimizing measures when € = 0 are supported at the critical

reads then

points of ¢. This criterion rules out the possibility of these measures
being supported at the maximizers of i, unless v is itself supported
there (in which case one would have () > 0 everywhere).

8.7.2 Vanishing viscosity problems

In many important problems such as the vanishing viscosity problem
[ATPSMO04] the perturbations are not regular. However, the other hy-
pothesis on theorem 99, namely, the existence of viscosity solutions,
approximate supersolutions and convergence of these to the corre-
sponding solutions of the limiting problem still holds. Therefore we
still have inequality (8.51). Thus the main problem consists studying
the limit € — 0 in (8.51).

In the vanishing viscosity problem we have B = 0, and
Al = vDzp + eAp.

Formally, as € — 0 we obtain

/Aﬁd,u < /Audﬂ.
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In general, the previous inequality may not make sense. However, in
some examples is still possible to make the proof of theorem 99 go

through. As an example, consider the case in which
He(u,x) = —eAu+ Dyu - (Dyu — Dyt),

where v is an arbitrary smooth function in T".

When e = 0, the Hamilton-Jacobi equation
Dyu- (Dyu— Dyp) =0

has two solutions (up to constants) u = 0 and u = ¢. However, for

€ > 0 there exists only one solution of
—eAue + Dyue - (Dyue — Dytp) =0,

which is (up to constants) u. = 0. Clearly, in this case the proof of
99 goes through as its is possible to take the limit as e — 0 in (8.51).

Thus any limiting Mather measure will satisfy

/ Avpdp < 0. (8.53)

There is a nice interpretation of this result, that we describe next.

The Lagrangian for this system is simply

- D, 2
L(sc,v)ziw 1 il .

Therefore, when € = 0 the minimizing measures are invariant mea-

sures with respect to the gradient flow
x = Dw¢(x)v

and therefore it should be supported in the critical points of ¥. Equa-
tion (8.53) means that, in average, these points should be maximiz-
ers. In fact, this can be proved directly, see [ATPSMO04] for a different
proof technique and related results, or by observing that in this case
the projection in the x coordinate of the stochastic Mather measure

has density 0(x) = e %,
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8.8 Bibliographical notes

In what concerns Mather measures the main references are, of course,
the papers by Mather [Mat91] and Mafnie [Mn96]. The connection
of Mather measures with viscosity solutions was first observed by
A. Fathi [Fat97a, Fat97b, Fat98a, Fat98b], and subsequent papers.
Some PDE methods using viscosity solution techniques were first in-
troduced in [EG01] and [EGO02]. The reader is also advised to look
at the forthcoming book by A. Fathi [Fat], as well as [CI99]. Gen-
eralized Mather measures were discussed in [Gom08] as a key tool
to understand perturbation problems. Different techniques are also
discussed in [AIPSMO04]. An important problem related to Aubry-
Mather theory is optimal transportation. A key reference for this
problem is the book [Vil03].
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Monotone semigroups

In this last chapter we summarize without proof some results concern-

ing a viscosity solution characterization of monotone semigroups.

9.1 Monotone semigroups

We will follow here the approach in [Bit01], which simplifies the orig-
inal work [AGLM93].

Assume we are given a family of operators 7; (¢ > 0) mapping a

subset X of continuous functions in R"” to itself.

We suppose that 7; is monotone in the following sense: if f < g

then, for any ¢ we have
T.f < Thyg.

201
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We suppose also that 7; satisfies the following semigroup property:
Ty, o Ty, = Tyy 41y, for all 1,19 > 0.

1

The translation operator 7 is defined by 7,9 (z) = ¥ (x + y), for
any 1 : R® — R. We assume that the domain of functions X where

T is defined satisfies the following hypothesis:

H1 C*(R") C X;
H2 forall fe X and ally e R, 7, f € X.

H3 for any f € X there exists f € C* N X such that f < f

To describe the hypothesis that the operator will satisfy, we will
need the following notation: for any sequence d = (dj) of positive

reals we define

Qa =A{n e CZ[R"), [IDnlloc < di, || < k}.

I Continuity: for every ¢ € X the function (¢,z) — T[¢](x) is
continuous and for all b > a > 0 there exists C' = C(a,b,?)
such that

Tyy| < C,
for any t € [a, b].

IT Locality: for every 17,1 € C°(R™)NX and any fixed x € R™,
and r > 0, such that 11 = 19 in the ball B(x,r) then

Tin 1 — Ti—p b2 = o(h),

as h — 0T,
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IIT Regularity: for any sequence of positive numbers d = (dy), any
compact set K C R™ and for every ¢ € C*°(R")NX there exists
a function mg r4(-) : Rt — RT such that mg 7,4(07) = 0,

Te[v) + An] = Te[yp] = Mp(@)| < mk 5.a(N)E,
for any (z,7) € K x Qq and any A, t > 0.

IV Translation: for any compact subset K C R"™ and every ¢ €
C°(K), there exists a function ng  : RT — RY, with ng ,(07) =
0 such that

ITyTe[¥](2) — Te[ry ()| < nip(ly))t,
for any x € K and ¢t > 0.

Theorem 103. Let X be a subspace of C(R™) for which (H1)-(H3)
hold. Let T; be a monotone semigroup satisfying (I)-(IV). Then there
exists a continuous function F' : R" x R x R™ x R"*"™ — R such that,

forall f € X, u(z,t) = Tof is a continuous viscosity solution to
uy + F(x,u, Du, D*u) = 0,

with u(z,0) = f(z).

9.2 Bibliographical notes

The main reference for this chapter is the paper [Bit01], in addition
to the paper [AGLM93].
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