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Preface

The main motivation for the idea of realization of these lectures in the 23"

Brazilian Colloquium of Mathematics was, of course, the evidence gained by
the subject, far beyond the circle of specialists, due to the inclusion of the
problem of the regularity of solutions of the three-dimensional incompressible
Navier-Stokes equations among the seven “Clay Mathematics Institute Millen-
nium Prize Problems”, launched last year. This immediately prompted the
first author as a highly singular oportunity to disseminate the interest on this
remarkably outstanding problem throughout the Brazilian community of spe-
cialists in Partial Differential Equations. Since he himself is not a specialist on
incompressible Navier-Stokes equations, he would like to express his gladness
for having had the younger second author joining him in this enterprise. This
became easier for both to learn enough about the subject and to figure out a
plan of exposition which, while being as simple and direct as possible, should,
nevertheless, display a truly important aspect of the state of the art on the sub-
ject. The latter was the guiding principle for the elaboration of these notes. The
best partial regularity result for the 3-D incompressible Navier-Stokes equations
as yet is the almost 20 years old theorem of Caffarelli, Kohn and Nirenberg [2]
which improved the pioneering estimates for the Haudorff dimension of the sin-
gular set of suitable weak solutions put forth by Scheffer [12]-[15] from 5/3 to
1. So we decided to present the theorem of Caffarelli, Khon and Nirenberg in
the simplest case: the Cauchy problem without external force. This by itself
provides a considerable simplification in the proofs while retaining the essence
of the method. Moreover, even in this simplest case the solution of the corre-
sponding regularity problem is worthy the 1 million dollars CMI Prize!

In writing the notes the authors have also drawn from F. Lin’s paper [9],
specifically for the second part which is the passage from Scheffer’s estimate
to the actual one of Caffarelli, Kohn and Nirenberg, which provides a slightly
more direct proof of the corresponding result. Unfortunately, for the first part,
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that is, the part giving Scheffer’s theorem, Lin’s paper contains a flaw that
these authors were not able to fix!. So, for that part, we stuck to the approach
in [2], slightly modified, taking advantage of the simplifications allowed by the
considered case. This also seems to highlight yet more the essential points of
the strategy at that stage.

In sum, we think that we will have achieved our goal if these notes encourage
the readers to study fully the original article by Caffarelli, Kohn and Nirenberg
as well as other relevant references.

In concluding this preface the authors would like to acknowledge the support
of FAPERJ, proc. E-26/151.890/2000, without which this project would not
have been possible.

Rio de Janeiro, July, 2001
Hermano Frid
Mikhail Perepelitsa

IThe correction of the referred problem in Lin’s paper is contained in [7], which is heavily
based on ideas of [9]



Chapter 1

Introduction

1.1 Preliminaries

We consider the Cauchy problem for the incompressible Navier-Stokes equations
in three space dimensions:

ul +u-Vu' — Au' 4+ Vip =0, 1=1,2,3, (1.1)
V-u=0, (1.2)
u(z,0) = uo(x), V-ug =0, z € R3, (1.3)

where V; denotes partial derivation with respect to x;, i =1,2,3, and V, A are
the usual gradient and Laplacian operators in R3.

Definition 1.1. We say that the pair (u,p) is a suitable weak solution of (1.1)-
(1.3), in TI7 = R3 x (0, T), if the following conditions are satisfied:

1. u, p are measurable functions, p € L°/3(Il7), and for some constants
FEy, By < o0,

/ |u(x,t)|? dz < Ej, for a.e. t € (0,T) and (1.4)
R3

/I v < B (15)
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2. For every 1 € C§°(R?) and ¢ € C§°(R? x (—o0,T); R3), we have

/ u-Vipdr =0, for a.e. t € (0,7), (1.6)
R3

//u'[Ct+Ad+u®u:V§+pv-<dxdt+/uo(x)-g(m,o)dg;:(),
p R3
(1.7)

3. For every ¢ € C§°(Ily), ¢ > 0,
2 Vul?¢ < 2 A 24 9)u-Voldedt. (1.8
//HT| “"’5//%““' (6 + A0) + ([uf* + 2p)u - Vo] drdr. (18)

Here, as usual, given two vectors u,v € R™ we denote by u ® v the matrix
(u;v)i, and if A, B are matrices of the same dimensions we denote A : B =
> j A;jB;;. Conditions 1 and 2 in the above definition characterize weak solu-
tions of (1.1)-(1.3). The existence of weak solutions was proved by Leray in [8].
The concept of suitable weak solution was introduced by Scheffer in [14], where
the existence of such solutions of (1.1)-(1.3) was also proved.

Our purpose is to make an exposition of the partial regularity result of
Caffarelli, Kohn and Nirenberg [2], for suitable weak solutions of the Cauchy
problem (1.1)-(1.3). The latter improves the pioneering result of Scheffer [14],
who began the partial regularity theory of the Navier-Stokes equations in a series
of papers [12]-[15]. The partial regularity analysis consists in obtaining estimates
for the Hausdorff dimension of the set S of singular points of a weak solution.
A point (z,t) € I is said to be singular for the weak solution (u, p) if u is not
L$2 in any neighborhood of (z,t); the remaining points are called regular points.
Scheffer’s theorem (see Chapter 2) establishes that the Hausdorff dimension of S
is < 5/3, more precisely H°/3(S) = 0, while the theorem of Caffarelli, Kohn and
Nirenberg (C-K-N, henceforth; see Chapter 3) establishes that H!(S) = 0, and
so the Hausdorff dimension of S is < 1. By H¥(A) we denote the k-dimensional
Hausdorff measure of A (see, e.g., [4]). The inequality (1.8) is the basic tool of
the partial regularity analysis for suitable weak solutions of (1.1)-(1.3).

We remark that the definition that (x,t) is a regular point meaning only
that u is merely bounded nearby is motivated by higher regularity results, in
particular the one of Serrin [16] which implies that any weak solution of (1.1)
on a cylinder Q = B X (a,b) satisfying

b s/ 3 2
/ (/ u|qu> < o0 with -+ - <1
a B q S
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is necessarily C'*° in the space variables on compact subsets of (). The effect of
the pressure prevents one from proving such a local higher regularity result in the
time variable. However, if u is absolutely continuous in time and u, € L] (Q),
q > 1, then the same is true of the space derivatives of u; on compact subsets

of Q.

1.2 Dimensional Analisys

An elementary but fundamental procedure to an understanding of the method
is the dimensional analysis of the equations. If u(x,t) and p(x,t) solve (1.1)
then, for each A\ > 0,

up(z,t) = (e, )\2t), palz,t) = )\Qp()\x, /\2t)

also solve (1.1). This property can be encoded, following [2], by assigning a
dimension to each quantity, which we denote by enclosing the quantity in the
delimiters | ]:

sz—‘ =1, |_t~| =2

'] =-1, |p] =-2 (1.9)

Vil =-1, [&]=-2,

so that each term of (1.1) has dimension —3. Most of the work in the partial
regularity analysis, which we expose in the following chapters, is concerned with
local, dimensionless estimates for suitable weak solutions. Since time has dimen-
sion 2, these estimates are not expressed in balls but in “parabolic cylinders”
instead, such as

Qr(z,t) ={(y,7) : ly—z| <r, t—1r* <1<t} (1.10)
or also
* 7 2 Lo
Qi(x,t) ={(y,7) : ly—z| < t—gr <T<t+§r }. (1.11)
Note that Q;(z,t) = Q,(x,t + £r?) and that (z,t) is the geometric center of

Qrj2(m,t + §12).

1.3 The Heart of the Matter

Here we outline the main points of the strategy of Scheffer and C-K-N to achieve
an estimate of the Hausdorff dimension of the singular set S. These are given
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by Proposition 1.1, Corollary 1.1 and Proposition 1.2 below, and a covering
argument which we sketch subsequently. In this section we make use of the
fact that v € L'/3(Ily), p € L5/3(Ily), valid for any weak solution (u,p) of
the Cauchy problem (1.1)-(1.3) in Iy, which will be proved further on. By an
absolute constant we mean a number whose value does not depend on any of
the data. In all that follows C' denotes a generic absolute constant that may
vary from line to line. To simplify the notation, the integration over cylinders
Q- (x0,to) will frequently be replaced by an integration over the corresponding
cylinders @,.(0,0), which are contained in the half-space ¢ < 0, where a weak
solution of the Cauchy problem, in principle, does not need to be defined. But,
all the time, we only need the fact that (u,p) is a weak solution of the Navier-
Stokes system on Iy, for some T > 0 (i.e., satisfies (1.7) for ¢ € C§°(IlT; R?)),
paying no attention to the initial data. So, using that (u(z + xo,t + o), p(x +
xo,t + to)) is also a weak solution, now over the translated strip, we could if
necessary replace (u, p) by its translated, which is surely defined in the translated
cylinder. We also remark that even though the statements of the results in this
section keep the same local character as in [2], here we are only concerned with
weak solutions of the Cauchy problem, which then must be defined in some strip
Iy, for some T > 0.

Proposition 1.1. There are absolute constants €1 and C7 > 0 with the following
property. Suppose (u,p) is a suitable weak solution of the Navier-Stokes system
(1.1)-(1.2) on Q1 = Q1(0,0). Suppose further that

// (|u|*73 + [p]>/3) < e;. (1.12)
Then
lu(z, )] < C1 (1.13)
for Lebesgue-almost every (x,t) € Q2. In particular, u is reqular on Q1 ;.

Applying Proposition 1.1 to the scaled suitable weak solution (uy,py), ob-
tained from (u,p) as above, we obtain the following.

Corollary 1.1. Suppose (u,p) is a suitable weak solution of the Navier-Stokes
system (1.1)-(1.2) on some cylinder Q, = Q,(x,t). If
/3 // (a1 + [pP/3) < ey (1.14)
Q-
then
lu| < Cyrt (1.15)

Lebesgue-almost everywhere on Q./s(x,t).
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Proposition 1.1 and its Corollary 1.1 are local versions, proved in [2], of a
(slightly modified) result of Scheffer in [14]. They form the basic tools to achieve
the conclusion that H%/3(S) = 0. Indeed, using Corollary 1.1 and a Vitali’s type
covering lemma (we give details later on), one sees that S can be covered, for
any 6 > 0, by a family {Q} = Qj. (z4,t;)} of parabolic cylinders satisfying

r; <0 for each 1, (1.16)

] ) > (1.17)
Q:i/5

{Qr, 5w, ts)} are pairwise disjoint. (1.18)

From (1.17) we get

St [ s e, (1.19)
UiQii/s

Since § > 0 is arbitrary, (1.19) shows immediately that £4(S) = 0, where by
L¥(A) we denote the k-dimensional Lebesgue measure of A C R*. Further,
since UiQ:i /5 C Vs, where, for each § > 0, V5 is a neighborhood of § such that
Ns>oVs = S, we conclude, as § — 0, that #%/3(S) = 0.

The exponent 5/3 in the left side of (1.19) is due to the fact that [ (|u|'%/3+
|p|>/3) has dimension 5/3, in the sense of (1.9). The idea of C-K-N was then
to obtain a result similar to Corollary 1.1, but with a space-time integral of
dimension 1. Namely, C-K-N [2] prove the following.

Proposition 1.2. There is an absolute constant €5 > 0 with the following
property. If (u,p) is a suitable weak solution of the Navier-Stokes system (1.1)-
(1.2) and if for some (x,t)

limsupr—* // |Vu|? < e, (1.20)
r—0 Qx(z,t)

then (x,t) is a reqular point.

From Proposition 1.2, using the same covering argument as above, one easily
shows that H!(S) = 0. Indeed, we replace (1.17) by

it // [Vul? > e, (1.21)
o

ri/5
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and (1.19) by
S < c// Vul?, (1.22)

and we conclude that H!'(S) = 0.

The guess of an estimate like the one provided by Proposition 1.2 is ex-
plained by C-K-N as follows. Suppose (zo,to) is a singular point; then, by
Proposition 1.1, (1.12) must fail for Q,(z,t) whenever (zo,%0) € @, 2(,t). If
we denote by M (r;x,t) the left-hand side of (1.12), then M (r;z,t) > & for
a family of parabolic cylinders Q,(x,t) shrinking to (x,tp). Because of the
relations (1.27)-(1.32) below, intuitively, we may think of p as being quadratic
in u. So, heuristically, we are led to the conclusion

C
| > =, as v =(lx—axo|?+|t —to])/* =0,
r
in view of which it is natural to guess that

¢

|VU|(£C,t) 2 T2 as (fE,t) — ($(],t());

Proposition 1.2 is then, in a certain sense, a rigorous formulation for this guess.

1.4 Interpolation Inequalities

In this section we state and prove an interpolation inequality which, in partic-
ular, shows that u € L'*/3(II7), for any weak solution of (1.1)-(1.3). We first
recall the following well-known Sobolev inequality (for the proof see, e.g., [3],
p.141). For an open set U C R", let W14(U) denote the Sobolev space of the
functions in L9(U) whose first-order partial derivatives, in the sense of distribu-
tions, also belong to LI(U). For x € R™, denote B(x,r) the open ball of center
z and radius r > 0. If 1 < ¢ < n, define

* nq

n—gq

q

Lemma 1.1. For each 1 < q < n there exists a constant C, depending only on
q and n, such that, for all u € Wh4(B(x,t)),

1/q" 1/q
(f lu— (w)y T dy) <Cr (f | Du|? dy) (1.23)
B(z,r) B(z,r)

for all B(xz,r) CR™, where (u)z, :f udy andf = E”(B)fl/ .
B(z,r) B B
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Using the above lemma we get the following interpolation inequality.

Lemma 1.2. For u € W12(R?) we have

a q/2—a C q/2
/ mwfxf(/|vmﬂ (/ mF) +jm(/'w2) (124
B, B, B, r B,

where C is a constant independent of v, B, is a ball of radius r, and

2<¢<6, a=%(q—2)~
If w has mean zero or B, is replaced by all R?, then the second term on the
right-hand side of (1.24) may be ommited.

Proof. We first notice that, for n =3,2* =6. If ¢ =2(1 —-0) + 66,0 <6 <1,
Holder’s inequality gives

2(1-6
T sy < Il 7S Il % s, .

[[ul
Setting a = 36, we get a = 2(q — 2), (1 — 0) = ¢/2 — a, and from (1.23)

, L :
Il < CIValEEs,y + e ([ 1)

which substituting in the former inequality gives the desired result.

When u is a weak solution, (1.24) with ¢ = 1—30, so that a = 1, gives

2/3
/|u10/3§C(/ |u|2) /|Vu|2+Cr’2 (/ |u2) . (1.25)
B.. B, B, B,

T

In particular, from (1.4), (1.5) and (1.25) it follows
T 14
/ /B lu|'3 < C(EZPEy + r2EY?T), (1.26)
0 r

where the second term on the right-hand side may be ommited if B,. is replaced
by R3.
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1.5 Relation between v and p

Here we discuss the relation between u and p, when (u, p) is a weak solution of
(1.1)-(1.3). We observe first that taking formally the divergence of (1.1) and
using (1.2) gives

7)
Z 8%8% (u'u on Ilp. (1.27)

Actually, from (1.7) with ((z,t) = x(t)Vé(x), for x € C5°(0,T), ¢ € C°(R?),
using (1.6), one easily deduces that (1.27) holds in the sense of the distributions
in R3, for almost all ¢ € (0,7). Equation (1.27) holding for a.e. t € (0,7, allows
one to obtain p explicitly in terms of w:

3 1 o
p= ZJ: - (Vijm) * (u'u?). (1.28)
In the right-hand side of (1.28), the operators

3 1
Tig(9) =~ (Vz‘j|x> *g

should be viewed as singular integral operators (see [17]). Actually, we have
T;; = RiR;,

where R; is the i-th Riez transform, defined by (cf., [17], p.57)

2 .
Ri(f)(z) = lim — |y|y,j+1f(m —y)dy,  i=123.

e—0 72 ly|>e
Since the Riez transforms are bounded operators from L?(R3) to LI(R?), for

1 < g < oo, which follows from a general result on singular integral operators
of Calderén and Zygmund (cf., [17], p.39), we obtain

[wr<c@ [ P 1<q<oc (1.20)
RS RS

In particular, for a weak solution on IIp, from (1.26) one gets

T T
/0 . 'p'5/3§/0 /R [ul'* < CES By, (1.30)
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Hence, the condition p € L5/ 3(Il7) in Definition 1.1 is, in fact, redundant in the
presence of (1.4), (1.5).

We will also need local L? estimates for p in terms of u. These can be
obtained by decomposing a certain localization of p as follows. Let €, €; be
open bounded subsets of R® with Q; C Q, and let ¢ € C§°(2) with ¢ = 1 in a
neighborhood of ;. At any time we have

oot == [ A ) dy

A Jgs |z =y
(1.31)
3

1
== A¢ +2(Vep, V Ap|d
T e |x_y|[p ¢ +2(Vo, Vp) + ¢Ap] dy

Using (1.27) to substitute Ap in (1.31) and integrating by parts one obtains
different decompositions of ¢p. One which we shall use is the following;:

¢p = p + p3 + pa,

- 3 1 i
b= E/Vyzyj <|a:—> pu'v’ dy,

3 3 1 o
— 7V uiud + —/7V.vu’u3d,
p3s = |l‘ y|3( Yi ¢> |l‘ - y|( YilYj ¢) Y

pa = 4ﬂ/|x7 y¢dy+7/|x p(y)Vy, o dy.

Again the integral defining p is to be understood in the same way as (1.28), and
(1.32) is valid for a.e. t.

(1.32)

1.6 Weak continuity of v as a function of ¢

In this section we briefly discuss the weak continuity with respect to ¢ of weak
solutions of (1.1)-(1.3). This is a well known fact (see, e.g., [18]) and in the
present context means that

/ u(z,t) - w(z)de — u(z, to) - w(x), for each w € L*(R?) as t — t,.
R3

R3
(1.33)
This can be seen as follows. First we notice that it suffices to show (1.33) for
w € C§P(R3). Let 0 < t; < tp and choose ¢ in (1.7) of the form ((z,t) =
h h oo cfiog V() — hip) —
X" (t)w(x), where x* € C5°(0, 00) satisfies: x"(t) = 0 out of (t1,t2), x"(t) =1
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on (t; +h,ta—h), h < (ta—t1)/2, and x" is monotone over each of the intervals
(t1,t1 + h) and (t2 — h,t3). From (1.7) we get

/OT %(t) /IRS u(z, t)w(z) dedt = /:2 /RB (O R(x,t) da dt,

for a certain function R(z,t) which is integrable over IIy. Hence, making h — 0
we get

[t - stetirdsd = [ [ roda

assuming that ¢; and ¢y are Lebesgue points of [, u(z,t)w(z) dz. We then see
that the left-hand side of the above equation goes to 0 as ¢t approaches ¢; and
this proves (1.33). A slight modification of the preceding argument shows that
u(xz,t) = up(z) as t — 0. The weak continuity of u with respect to ¢ implies
that (1.4) holds for all ¢. Also, if (u,p) is a suitable weak solution on IIr, then,
for each t € (0,T) and each ¢ € C(Ilr), ¢ > 0 and supp¢ C Q X (a,b),

0<a<b<T,we have
t
[ rore [ [ vure
Qx{t} a JQ

< / /Q ([u2(60 + Ad) + (jul? + 2p)u - Vi,

which follows from (1.8) by an argument similar to the one used above to prove
(1.33). Indeed, we replace ¢ in (1.8) by ¢(z, s)x((t—s)/h), h > 0, where x(s) is
smooth, 0 < x <1, x(s) =0 for s <0 and x(s) =1, for s > 1. Letting h — 0
gives (1.34) for a.e. t, and by weak continuity we obtain (1.34) for all ¢ € (0,T").

(1.34)

1.7 The measures H* and P*

The results in [2] are stated in terms of certain measures P¥, k = 5/3 for Schef-
fer’s theorem and k = 1 for C-K-N’s theorem, defined in a manner analogous
to the Hausdorff measures H*, but using the parabolic metric on R? x R. Both
measures are special cases of a construction due to Caratheodory, which may
be found in [4]. For any X C R® x R and k > 0, C-K-N define

PH(X) = lim PE(X),

PY¥(X) = inf {ZTf : X CU;iQr,, 1 <5},
i=1
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where @, represents any “parabolic” cylinder, that is, one with radius r in
space and 72 in time. P* is then an outer measure, for which all Borel sets are
measurable. The Hausdorff measure ¥ is defined in an entirely similar manner,
but with Q,, replaced by an arbitrary closed subset of R? x R of diameter at
most §. Actually, one usually normalizes H* so that, for integer k, it agrees
with the surface area on smooth k-dimensional surfaces. Clearly,

HE < C(k)P".

1.8 A covering lemma

Here we explicitly state and present the proof of the Vitali’s type covering
lemma mentioned in section 1.3 (¢f. [2], Lemma 6.1). It is in fact the analogue
for parabolic cylinders of the well known Vitali lemma for balls (see, eg., [3]).

Lemma 1.3. Let T be any family of parabolic cylinders Q,(x,t) contained in a
bounded subset of R® x R. Then, there exists a finite or denumerable subfamily

T ={Qi=Qr (xs,t;) } such that

QiNQ; =10 fori# 3, (1.35)
VQ €T, 3Q,. (xi,t;) € T', such that Q C Qs (i, t;). (1.36)

Proof. The elements of T’ are chosen inductively, just as in the version for
balls in Euclidean spaces. Let 7o = 7 and choose Q1 = @, (x1,t1) such that

ry > % sup r; once Q, k =1,...,n, are chosen, let
QreT

Tn={QeT :QNQr=0,1<k<n}
If 7, # 0, we choose Q41 € T so that

3
for any Q = Q,(x,t) € T,,, we have r < Tnt1- (1.37)

Otherwise the process terminates and 77 is finite. Property (1.35) is clear from
the construction. To prove (1.36), note first that if 77 is infinite then r, — 0
as n — oo. Hence, given any Q = Q,(x,t) € T \ T’, there exists n > 0 such
that @ € T, but Q ¢ Tp41. Then Q N Qpi1 # B, and by (1.37), r < %THH. It
follows that

QC Q5Tn+1 (33n+17 tn—i—l)-
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Chapter 2

Scheffer’s Theorem:

HO3(S) =0

This chapter is devoted to the proof of Proposition 1.1, which, together with
Scheffer’s existence result (see Chapter 4), gives the following theorem of Schef-
fer [14].

Theorem 2.1. There exists a globally defined (T = co) weak solution of (1.1)-
(1.3) whose set of singular points S satisfies H>/3(S) = 0.

Actually, the result of Scheffer in [14] is stated asserting only that H?(S) <
400, but an easy modification of his arguments leads to H/3(S) = 0. Also,
Scheffer gives more information about the regularity of the suitable weak solu-
tion (u,p) out of S. Namely, he establishes that u coincides a.e. in R? x R, \S
with a continuous function. Further, he proves that S N {(z,t) : t > €} is
compact for every ¢ > 0. While the latter can follow as a consequence of Propo-
sition 1.1, slightly adapting Scheffer’s arguments, to prove the continuity of u
out of S, after redefining it on a set of measure zero, Scheffer makes use of some
results of his in [13]. We shall not enter into these details here.

2.1 Dimensionless Estimates

In this section we prove estimates involving integral functionals of dimension
zero, in the sense of (1.9). These estimates play a decisive role in the proof of

13
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Proposition 1.1. Let

Qp = Q,(0,0) = {(z,t) : || < p, —p* < t < 0},

and consider a pair of measurable functions v and p defined on @,. We define
the following quantities, for r < p:

A(r) = sup 7"_1/ |u\27 (2.1)
—r2<t<0 B, x{t}

—1//\vu|2 (2.2)

y=r 5/3/ |u|10/3 (2.3)

(r _r—5/3/ pl?/3, (2.4)

) =1 / jullp — ol (2.5

Here Q, = Q,(0,0), B, = {z : || <r}, and

Dr = ﬁr(t) = fB p(ya t) dy

r

In this section we use only the fact that the quantities defined by (2.1)-(2.5) are
finite and

]2_: axzaxa I, Veu=0, (2.6)

on B, x {t} for almost every ¢, —p? <t < 0. Note that each of the quantities
(2.1)-(2.5) has dimension zero, in the sense of (1.9). The following two lemmas
provide estimates for G(r) and L(r) in terms of A,§ and D.

Lemma 2.1. Forr < p,

G(r) < C { <;) e A(p)®/® + <£)5/3 A(p)235(p)

+ (8" s (27)

r
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In particular,

G(r) < C{A(r)®/3 + A(r)235(r) + A(r)>/%8(r)>/0}. (2.8)
Proof. Let r < p, and W = |Blp| [ |u|?*dz. We have

/B up? < /B uf? — Taf2] + CroTulE

T T

IN

Cp / [ V| + Cr8p=2 A(p)

B,

1/2 1/2
0p</ |u2> (/ |Vu|2> L Al)
B, B,

1/2
Cp¥/2A(p)1/? ( /| w?) +Or3p 2 A(p).

AN

IN

Replacing in (1.25), we get

2/3 5/3
/|u\10/3 < c(/ |u2) /|vu|2+cw2 (/ |u2>
B, B, B, B,

RO

oA ()" ( /
B

52 5/6
Cap) [ Vuf +CP Al ( / |Vu|2>
BP

B,

A

IN

+ Cr~2

5/6
2 r’ 5/3
V)t A

P

IN

3
pl0/3

+C A(p)°/3.

Integrating in t over (—r2,0), we obtain

5
10/3  « 0p2/3 A(p)2/3 Vul? Cp5/2A 5/6 Vul2
|ul < Cp*"A(p) IVul™ + Oz Alp) |Vl
Qp Qp

/6

r
=
o

r

+ Cp10/3

A(p)*2.
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Finally, dividing by r%/3 we get

5/3 10/3
53 // W < (L) A + 0 (2) T A os(0)"
Qr

r

vo(2)" apyr,

r

which gives the desired conclusion.

O
Lemma 2.2. Letr < %p. Then
r\"° 3/10 3/5 )" 3/10 3/5
L(r)<C () G(r)*°D(p)3/® 4+ C () G(r)*/ G (p)/
p P (2.9)

2
CG(r)3/10G(2r)3/5+Cr3G(r)3/10 sup / M
2

—r2<t<0J2r<|y|<p |y|4 -

Proof. We use the decomposition (1.32) for p, with the function ¢ chosen so
that

. 3 .
Py) =1 ﬁIMSZp, o(y) =0 if [y| >p,
Vig| < Cp, |Vijo] < Cp~2.

(2.10)

We decompose p further as p = p1 + po,

P11 == Vy, 3 <) ~pu'u’ dy,
A Jiyj<or P \z =yl
3 1 o
e[ ()
Ar |ly|>2r v |1‘ - y|

We note that
4
p=P<> Ipi—Bl, P =f Pi»
i=1 B

and we estimate each of the the four terms.
For p; we recall that the operators

Tij(¢) = (Vz‘j|i|) * Y
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are bounded from L4(R3) into itself, for 1 < ¢ < oo, by the Calderén-Zygmund
theorem. Taking 1) = ¢u'v’|p,, and ¢ = 2 we conclude that

3/5
||p1HL5/3(BT) <C (/ |u|10/3>
BZT‘

3/10 3/5
allos=ml <00 ([ s ) ([ i)
B, B
3/10 3/5
< CT3/10 </ |u|10/3) (/ |u|10/3) )
B, By,

For ps, p3 and py we estimate |p; — p;| uniformly on B,., using the mean value
theorem. Indeed, for |x| < r,

2
Vpala)] < C ('“') dy,
2r<|y|<p |yl

Vps(a)] < Cp~ / uf?,

P

and so

J

r

(2.11)

and
i@ <0 [l
BP
Estimating for ¢ = 2,3 by

3/10
[ wne=pl < o ([ os) T sup ) -3
B BT‘

TEB,

3/10
< Cr31/10 (/ |u1°/3> sup [Vpl,
B zEB,

r

(2.12)

T

we see that

[l =ml < e (]

B, B,
31/10

[ im0 ([

B, P B,

10/3 v wd 2.13
ul ; Y (2.13)

r<l|y|<p |y|4 ’

3/10
o) (214
B,

P

o\ 14/5 3/10 3/5
<onmo (5 ([ ) ([ wee)
p B, B

r
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For ps we have

[ ltp=pi < ([ 1ul) sup o) -3 (2.15)

s s

<osi ([, )/, »)

Integrating each of the inequalities (2.13)-(2.15) in time and using Holder’s
inequality as appropriate, we obtain

Qr
|ul?

/ |ul|p2 — Bo| < CT°G(r)*/*®  sup dy,

—r2<t<0 \y|4

/ [l =1 < 002 (2 )9/5G<r>3/ma<p>3/5,

3/5
allps =5yl < =it ([ o) /3
ps— Dy <C—r ([ Tul) ([ Inl)
Q P —r2 B, —r? B,

3/10 3/5

33/10 10/3 5/3
o / a1/ &
Qp

2 (T 9/5 3/10 3/5
=Cr 5 G(r)>*"D(p)°’°.

Hence, the assertion follows by summing the above inequalities, using

4
//|u||p—@| < Z//wupi—m
Q- =17,

and dividing by 2.
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2.2 The Inductive Argument

We pass now to the actual proof of Proposition 1.1. We first recall that if
¢ € C*(Q1(0,0)), ¢ > 0, and ¢ vanishes near {|z| = 1} U {t = —1}, then, for
-1<s<0,

[ wpesz [ [ v
By x{s} -1JB;

<[ [ o+ )+ Iy (uf + 20y V0. (216

The presence of the factor ¢; + A¢ in the first integral on the right-hand side
of inequality (2.16) prompts one to choose the test function

¢ (w,t) = x(,t)(s — 1) Pexp{—|z — al*/4(s — 1)}

defined on {(xz,t) : ¢t < s}, where 0 < x <1 is a smooth, compactly supported
function equal to one near (a,s). Where y = 1, ¢* is a constant times the
fundamental solution of the backward heat equation ¢, +A¢ = 0 with singularity
at (a,s). Therefore, using ¢* in (2.16) leads formaly to a bound for |u|?(a, s).
However, this approach fails because of the lack of a suitable bound for the
last term on the right of (2.16). Scheffer’s idea, as pointed out in [2], was to
approximate the singular test function ¢* by a sequence of smoother ones; that
is, to apply (2.16) to a sequence of test functions {¢, }52, where ¢, is more or
less a smoothing of ¢* of order 27 ™. The argument becomes an inductive one,
in which the estimates from Section 2.1 are used at each stage to bound the
right-hand side of (2.16) with ¢ = ¢, 41 in terms of the left-hand side of (2.16)
with ¢ = ¢, k¥ < n. Roughly speaking, the right-hand side of (2.16) behaves
like a 2 power of [ |u|?>+ [ |Vu|?, which follows with the help of the estimates
of Section 2.1. Hence, if in a first run we obtain that [ |ul>+ [[|Vu|? is small,
say < £2/3, this smallness is improved (by a power %) in a second run through
(2.16), say, < C& < £2/3, for & sufficiently small, and the inductive iteration can
be carried out successfully.

2.2.1 Step 1: Setting up the induction
Our hypothesis is

Jf e+ 1o <, (217
Q1
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with Q1 = Q1(0,0). We shall show, for suitable choice of the constants, that
f ul?(z, 8) do < Coed®, (2.18)
lz—a|<rs,

for each (a, s) € @1/2(0,0) and each n > 2, where
r, =2"".
Therefore one concludes that
[ul(a, s) < Coey/” = Cy

provided that (a,s) is a Lebesgue point for u, hence almost everywhere in

Q1/2(0,0).
Let (a,s) € Q1/2(0,0) be a fixed but arbitrary point. Note that Q1/2(a, s) €

@1(0,0), so that
/ / ('3 + pl*/3) < e (2.19)

QI/Z(aas)
Let
Q" =Qy, (a,s), n=12,...

The procedure will consist in proving inductively that, for n > 3,

9/10
(e el wlp-mi<<t 2an)

sup / |ul? dz +1,,° //|Vu|2 < e, (2.21)
lz—a|<rs,

s—r2<t<s
" Qn

and, for n > 2,

where ﬂ denotes an average, and

Dy, = Py (%) :f pdz.
|z—a|<rsy

To begin with we assume €7 < 1, and we shall impose several further smallness
conditions on ¢; as we proceed. Clearly, (2.21) includes the assertion (2.18);
thus once (2.21) is established for all n > 2 the proof will be complete.
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We start the induction by proving (2.21)s, which can be deduced from (2.19),
using the energy inequality (2.16). Indeed, choosing a smooth function ¢ > 0
with ¢ =1 on Q2 and supp ¢ C Q', we see from (2.16) that the left-hand side

of (2.21)2 is bounded by

cf [k + [f G+ 1ulo}
Ql ol

which, by Hoélder’s inequality and (2.19) is at most COE:;’/ 5, provided €1 is small.

2.2.2 Step 2: (2.21);, 2 < k <n, implies (2.20),, if n > 2

To achieve this we use the lemmas of Section 2.1. In terms of the dimensionless

quantities A(r) and d(r), our inductive hypotesis is
A(rg) + (k) < 005?/57%, 2<k<n,
and we also know, from (2.19), that
G(r1) + D(r1) < Cey.
By Lemma 2.1, (2.8), we deduce from (2.22) that
7“;5/3/ |u|10/3 =G(r,) < 0517“7110/3

Qn
so that

9/10 9/10
W |u10/3) <C <[/ |u|10/3> < C*E?/lo.
Qn+1 n

Therefore, if €1 is so small that

Ccre30 <12

9/10
‘U|10/3 < 163/5
Qn+1 2 L ’

which is half of (2.20),,41.

we get

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

For the second half of (2.20),,4+; we use Lemma 2.2 with p = 1/4 and r = r,,.

We have
G(rpy1) < CG(ryp) < Ceyrld/3
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and
A(rpg1) < CA(ry) < CeS/or2

n?

by (2.24) and (2.22). On the other hand, D(4) < Cey, by (2.23). The terms on
the right side of (2.9) may therefore be estimated as follows, assuming ¢; < 1:

riflG(rnH)?’“OD(i)?’/"’ < CT}L4/5€51)/10’
PGP < Oy,
Grasn)¥0G(r)*® < Oroey/ ™,
and

2 n
3 3/10 |ul 4 3/10 _3
G s [ < OO A
sfri+l<t<s rn<|ly—al<l/4 ‘y| k—2
n
9/10 _
< C’rﬁel/ Ty !
k=2
< Crisg/lo.

Noting that r, < 1, we conclude that, for e; <1,
Lra) < Cr ey,
from which it follows

1/5 = - %% _9/10
rnérl% o ‘u||p_pn+1| < CTn 14/5L(rn+1) < C 51/ 5

for some absolute constant C**. We then require that €; be small enough to
satisfy

1
Ccred0 < 5 (2.28)

so that
1/5 _ 1 3/5
Tnil/f |u||p—pn+1\ < 551/ . (2.29)
Qn+1

From (2.27) and (2.29) we conclude (2.20),,41.
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2.2.3 Step 3: (2.20), 3 < k <n, implies (2.21),, if n > 3.

We apply the generalized energy inequality (2.16) with a suitable test function
¢ = ¢p. To simplify the notation, we shift the coordinates in space-time to
center them at the point of interest. So, from now on the origin x = 0,t = 0
will represent the point we have denoted so far by (a, s).
We take

&n = X¥n, (2.30)
where 1, is a constant times the fundamental solution of the backward heat
equation ¢; + A¢ = 0 with singularity at (0,72) and x is a cutoff function.
More precisely,

U = L ex —|x\2
SN DE R P
and x is C* on {t < 0} with 0 <y <1 and

X=1 on Q°=Q1(0,0),
XEO off Ql/g(0,0)

One easily verifies that ¢, > 0 and

In

5 +Ap, =0 on Q7 (2.31)
Ofn,
e + A¢,| < C  everywhere, (2.32)
1
57‘,:3 < ép < Or3, Von| <Cr;* on Q" n>2, (2.33)
én < Cr} 3, Voo < Crpy on Q"NQF, 1<k<n, (2.34)

for a suitable absolute constant C, independent of n.
Using ¢,, as test function in (2.16), and estimating ¢,, from below by (2.33),
we see that

sup (/ lul?(x, t) da:) + 7,3 //|vu|2 < O(I+1II+1I11),
—r2 <t<0 lz|<rs

Qn

o6

_ 2 n

1= [[ P15 + adul,
Ql

where
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II= // [ul®|V ],
Ql

111_/01/4 /Blp(u.wn) .

We must estimate each of the three terms, using (2.20)y, 3 < k < n, and (2.19).

The estimate for I follows easily using (2.32), Holder’s inequality and (2.19)
to obtain

3/5
I<cC //W <C //|u|1°/3 <,
Q! Q!

We estimate IT using (2.33), (2.34), and (2.20)x, 3 < k < n, to get
IT < Czr;4//|u|3
R=1 ok
9/10

k
<oy e
k=1 on
< Csf/s Zrk < Cszl%.
k=1

The estimate for 111 is more delicate, since the available estimates are not
good to bound [ |ul|p||[V¢n|. We must instead take advantage of the fact that
u is divergence-free, and reduce the problem to one involving the oscillation of
p. For each k > 11let 0 < x; < 1 be a C* function on Q! = Q1/2(0,0) such
that

xe=1 on Q. /50,0), xx=0 on Q'\Q,(0,0),
and

C
IVxe| < —.
Tk
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Then, X1¢n = ¢n. Let By = {|z| < rg}. Thus,

III:/_OU4 /Blp(u-V(bn)

0

S|

/ pu - V((Xk = Xk+1)Pn)
By

1/4

0
“f
—1/4

We estimate the terms on the right-hand side of (2.35) separately. Since xj —
Xk+1 is supported on QF and u is divergence-free, we have for k > 3

0 0
L. -/,
Similarly,
0
/.

/ pu - V((Xk = Xk+1)Pn)
B

(2.35)

/Bl pu - V(Xn®n)| -

/ pu - V((Xk — Xkt1)Pn)
B

0
L.

while, for kK =1, 2,

/_ 2
T’Vl

by (2.34). Therefore,

n
10y [[lul-mlrt+c [[ i
k=3 QF Q!

Using the inductive hypothesis (2.20)x, 3 < k < n, and also (2.19) we conclude
that

/B (9 — B~ V(e — Xks1)dm) .

[ s [, 0= Vo)

< c// bl
Ql

n
1<y r/%e) + 0)/® < cell”.
k=3
This completes the induction process and proves Proposition 1.1.

We emphasize that the various constants “C” appearing in the argument for
step 3 are universal constants that do not depend on either n or ;. Therefore
the constants C* and C** in the step 2 are independent of €1 and n. It follows
that (2.26) and (2.28) will indeed hold if &1 is small enough, and that &1 can be
chosen without danger of circular reasoning.
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Remark 2.1. Proposition 1.1 implies that if the dimensionless estimate

s'/s
10 10 20
s s/2
[(Jur+irmae) “ar<im Peose gaggon

holds, on some domain D = Q x (a,b) C Ilp, then u is regular on D. Indeed,
using Hélder’s inequality we find that

lim sup r~°/3 // [ul*0/3 + |p|>/3 = 0.
r—0 Qx(x,t)

Actually, Proposition 1 in [2] allows to obtain a slightly stronger result, which
is the corresponding assertion with 10/3 replaced by 3 and 20/9 replaced by 2.
In this connection, see [10].



Chapter 3

C-K-N’s Theorem:
HUS) =0

In this chapter we derive the main result of C-K-N’s paper:

Theorem 3.1. Let (u,p) be a suitable weak solution of (1.1)-(1.3) in IIr and
S be the set of its singular points. Then H(S) = 0.

As was mentioned in section 1.3, Chapter 1, Theorem 3.1 is a simple con-
sequence of Proposition 1.2, which in turn was derived in [2] from a certain
“decay estimate” (cf. [2], Proposition 2, p.797). In our presentation here we
follow F. Lin’s paper [9] for the proof of Proposition 1.2 (c¢f. [9], Theorem 3.3),
which is slightly more direct than the one in [2].

Let
By={zeR3: |z| <1},
By reR® x| <0}, 0>0,
Q;:{(:c,t)eR?’xR‘xeBl,te(—%,%)}.

In this chapter, by (u,p) we denote a suitable weak solution defined in Il =
3 71

R® x (=5, 5)-

Lemma 3.1. Let (u,p) be a suitable weak solution of Navier-Stokes system in

IT7. Then, there exists an absolute constant C' > 0 such that, for any 6 €

(0,1/2),
// P75 < // fu — a3 + 6 // p5/3 Y (3.1)
Qp Q7 Q7

27
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where @ = u(t) is the average of u(t) over the ball By.
Proof. The pressure p is in L%/3(I1%) and satisfies
—Ap = 0:0,, (wiu;) in D'(I}).
4]
Let 0 < 6 < 1/2. Let 9(x) = xp, (z). Consider the solution p; € L3 (IT}) of

the following equation

—Ap; = Zazﬁxj ((ug — ;) (u; — w;)¢))  in D'(IF) . (3.2)

By the properties of the singular integral solution operator, there is an absolute
constant C' > 0 such that:

/Ip1|5/3dy < /Ip1|5/3dy§ C/quﬂlw/?’wm/"’dy
By R3 R3
< Cf Ju—al*Pdy, aete(-L1). (3.3)
By

Let po = p — p1. Then, since u is divergence-free we have:

. 71
Apy =0 in D’ (B1 X <—8, 8>>

By the properties of harmonic functions, for any = € By
1 71
po(z,t) = ———— pa(y)dy. ae. te ( )
’ |B1/2(2)] JB, a(a) 8’8
Using Jensen inequality with exponent % in the above representation formula

and integrating in x over By we get a.e. t € (—%, %)

/ p2|?/® < C93/ Ip2|*/3.
By (0) B1(0)

Integration in ¢ over the interval (— %62, £6%) results in
// ‘p2‘5/3 < 093 // ‘p_p1|5/3 < 093 // |p‘5/3
Q3 Q1 Qi
+093/ lu — a3 (3.4)
Q1
Finally, from (3.3) and (3.4) we get (3.1). O
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We need a scaled version of (3.1). Let 0 < p < 1, v = pu(p?t, pr) and
P = p?p(p*t, px). (v, P) is a solution of Navier-Stockes system on Q3. In the
above inequality written for (v, P) we scale the integration variables and set

r = 6p, 4, to be the average of u(t) over B,. We get

3
e 5 1
Jfwer <ol [fu-apess (5) [fupeh. vr<gn 69
Qr Q5 Q;

We use Lemma 1.2, with ¢ = 10/3,a = 1, to get for any 0 < r < %p

p2/8 2/3
//|p|5/3 e, / dt /|u|2dx /|Vu|2
Qr —7p2/8 B, B,
3
= e(p) [fwer
p
<
2/3
<ol s ]| [[vae
—Tp2/8<t<p?/8 o

B, x{t}
r 3
e e
p
Q5

We introduce the following dimensionless quantities:

D*(T) _ 7"75/3 // |p 5/3’ G*(T) _ 7,75/3 //|u|10/3,
Qr Qr

A*(r) = sup ril/\u|2, () =r-1t //|Vu|2
—Tr2/8<t<r?/8 F o

r

Now (3.6) reads

D) < 0{(”)5/ L+ (D) D*<p>}, for < 5.

r P

(3.6)
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The “starred” version of (2.8) in Lemma 2.1 reads

¢'(r) < c{(;)w/SA*<p>5/3+ (2)" a0/ 0)

10/3
+ (9 A*<p>5/65*<p>5/6}, for 1< p. (3.8)

r

The proof is exactly the same as that of (2.8), only replacing A, D,d, G by
A*, D* G*, 6*.

Lemma 3.2. For any r < %p,

+ (&) e opr (). (39)

Proof. In the generalized energy inequality (1.34), we take a test function ¢ (x,t)
satisfying

) < c{(B) e+ (B) oy 0an () 2% (o) 2 +

0<¢geCr@), v=1 onQs,

V| < ept, [ + Ap| < cp2,
r<p/2.
We have
swp [ uPos [[ s s+ [[ueTui + o)
—7/8<t<1/8
By x{t} Qi Qi

Then, (the term [u[2(t) =

| Bl,)| [ |u(t)|? can be added since u is divergence-free)
B,

a6y < ot o (ul [l = Ta]) + 5 fulo

Q3

P *
< o{)aw

3/10 2/3
e T L I W Y AT i ) Bt
Q5 Q5
p

+ (&) e opr (). (3.10)
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Now, by Lemma 1.1 applied to the function |u|?, with ¢ = 1, we obtain

p°/8 3/2
/ / Juf? ~ TP < © / (B/ ][V
@ P

—7p2/8
p°/8 3/4 3/4
<C / (B/ Jul? /IVuI2

—7p%/8 P Bo

p?/8 5/4
< CpMAA* (p)P/ A / /|Vu|2 < CP2A(p)¥/ 6% (p)/1.
=7p2/8 \Bp
Inserting this estimate in (3.10) one easly gets (3.9). O

We prove the following

Proposition 3.1. Let (u,p) be a suitable, weak solution of Navier-Stokes system
in IIT. For any €1 > 0, there exists an absolute constant €2 > 0, such that if

Jim 6%(p) < ez, (3.11)
then
lim {G*(p) + D*(p)} < 1. (3.12)

Proof. We use the following notations

0<f6<1/4, 0<p<l,

¢(f) is any polynomial in 67,

K(60,6"(p)) is any finte linear combination of terms of the form
0=5*(p)?, a,B>0.

We write (3.7) with r = fp and then take it to ¢ power

D*(0p)°"°

IN

C {98/5D*(p)6/5 + Q_ZA*(p)4/5(5*(p)6/5}

N

C{OD*(p)°/% + 0% () + 07145 (p)°}

c{eD*(p)6/5 4% (p) +K(9,5*(p))}. (3.13)



32 CHAPTER 3. C-K-N'S THEOREM: H(S) =0

Take now (3.8) with r = 6p.

G*(0p)

IN

C {910/3A*(p)5/3 n 9_5/3A*(p)2/35*(p)
+ 8710/314*(’0)5/66*(/))5/6}

C {01 A% (p)*)% + c(0)5" ()}

A

and so
G*(0p)*/° < C{OA*(p) + K (0,6 (p))} - (3.14)

Now we estimate A*(0p). Take r = 20p in (3.7) and (3.8)
D*(26p) < C{0D% () + 07247 (0)* 5 (p) } (3.15)
G*(20p) < CLOOPA () + 075 ()26 (p)
4 9710/314*([))5/65*([))5/6} 7 (3.16)
and r =0p, p =20p in (3.9)
ar(0p) < C{GH(200)" + G (20p)°10 A% (200)' /25" (20p)"/2 +
+ G*(20p>3/101)*(29p)3/5} . (3.17)

Now
A*(26p) < OO A% (p),

G*(20p)3/10 A*(20p) /26 (20p) /% < BA*(p) + CH2G*(20p)3/°6*(26)p).

Inserting these inequalities in (3.17) we get
A*(0p) < C { (14 0726%(20p)) G*(20p)*'° + 0A* (p)
+ G (20p)Y 10D*(29p)3/5} . (3.18)
Substitute G(20p) and D(20p) in the last inequality by (3.16) and (3.15)

A*(6p)

IN

C (04%(p) + 07 A" (p)*/76" (0)/° + 072 4% () /25" (p)"/?)
(14 6725%(20p))
C [QA*(p)1/2 + 9—1/2A*(p)1/55*(p)3/10 + g—lA*(p)1/45*(p)1/4]

X

+

X

|:94/5D*(p)3/5 +071A*(p)2/56*(p)3/5 =1+ 0.
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We estimate I1(note that §*(20p) < CO~15*(p)).
L < COA™(p) +c(0)A"(p)d" (p)
£ el0) (AP0 () 6% () + A () V20" ()2

+ 0

IN

COA* (p) + c(0) A* (p)3* () + K (6,5 (p), (3.19)
and I

I 099/5A*(p)1/2D*(p)3/5 +C(a)A*(p)l/SD*(p)3/55*(p)3/10

IN

4 C(H)A*(p)1/4D*(p)3/55*(p)1/4

+ C(@) {A*(p)9/105*(p)3/5+A*(p)3/56*(p)9/10
+ A*(p)13/205*(p)17/20} ] (320)
We bound each term on the right in (3.20).

6954 (o) 2D* (p)*/* < 94 (p) +0D*(p)*/?,

c(0)A*(p) "> D*(p)*/76* (p)*/*° 0A* (p) + c(0)D* (p)* 6% (p)*/®

04*(p) + 6D* ()% + c(6)5" (o).

IAIA

0A* (p) + c(6)D* (p) /5% (p)'/*
0A4*(p) + 0D* ()% + c(6)5" (o),

c(0)A* ()1 D" (p)*/6" (p)/*

IAIA

and also
0(9) {A*(p)9/105*(p)3/5 + A*(p)3/55*(p)9/10 + A*(p)13/205*(p)17/20}
< O0A™(p) + K(6,6"(p))-

We use the above estimates, obtaining

I < c{aA*(p) +0D*(p)®/ +K(9,5*(p))}. (3.21)
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Hence, (3.19) and (3.21) give
A*(0p) < C {047 (p) +0D" ()" + c(0) A ()9 () + K (0,6°(p) } . (3.22)
Inequalities (3.22) and (3.13) together give
a%(0p) + D (6p)°° < {04 (p) +6D"(p)*/°
- 0)0 ()24 () + K(0.57(p) . (3:23)
Choose 6 such that C§ < 1/4. Let ¢ > 0 be fixed and choose py > 0 such that
C{K(0,5(p)) +c(0)0"(p)*} < min {1/4,¢/4},

Vp < po.

This can be achieved by choosing €z in (3.11), sufficiently small. We get from
(3.23) and (3.14)

A(0p) + D" (09) < 5 {A"(0) + D" (p)*/° } + 5,

N |

G*(0p)>/° < SA*(p) + -,
2 4
0<p<po.

Applying the last inequality recursively to the sequence of points 6" pg, we obtain

1 €
A*(0"po) + D* (0" po)*/° < o {A%(p0) + D™ (p)} + 3,

€
G*(enp0>3/5 < A*(en—lpo) + Z

And consequently,
A*(G"po) +D*(9np0)6/5 <e,
G*(971p0)3/5 <e.
for sufficiently large n. We then choose ¢ > 0 satisfying €%/6 + 5/3 = ¢; to

obtain (3.12).
O
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Proof of Theorem 8.1. In view of Proposition 1.1 and Proposition 3.1 the asser-
tion of Proposition 1.2 is immediate and from the latter the theorem follows as
explained in chapter 1, section 1.3. [

The following remarks are taken from [2].

Remark 3.1. Proposition 1.2 implies that if the dimensionless estimate

/(/Vu|2dx>2 dt < oo

holds, over some domain D = Q x (a,b) C Iy, the u is regular on D. Indeed,
Holder’s inequality clearly implies

limsupr~* // |Vul|* = 0.
Qr(,t)

Remark 3.2. The set of singular times has Hausdorff %—dimensional measure
zero in R (cf. [12]). This follows from the fact that, for any X C R® x R, its
projection ¥y onto the t-axis satisfies H'/2(Lx) < OP'(X). We leave the easy
verification as an exercise for the reader.

Remark 3.3. If v has cylindrical symmetry about some axis in space, then
singularities can occur only on the axis (cf. [6]). In fact, any off-axis singularity
would give rise to a circle of singular points, contradicting the fact that H!(S) =
0.
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Chapter 4

Existence of Suitable Weak
Solutions

In this chapter we prove the existence of a suitable weak solution for Navier-
Stokes system (see Definition 1.1 in Chapter 1). The proof given below is taken
“as it is” from Appendix 1 of [2] for the case 2 = R3.

We use the following spaces:

H' (R®) = closure of C5° (R*;R?) in the norm ||Vul|r2gs)

H? (R?) = closure of C5° (R*;R?) in the norm |[u||p2rs) + ||Aul|z2rs)
H! (RB) = the dual space of H' (RS)
V=C (RER?) n{u @ dive =0}
H = closure of V in L? (RS)
V = closure of V in Hj (R?)
V' = the dual space of V'

We use the notation:

My =R3 x (0,T), Tl =R3x (—oc0,T)

Ey(u) =ess sup |u|?
0<t<T JR3

37
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Ey(u) =/0T/Rg Vuf?

Theorem 4.1. There exist a weak solution (u,p) of the Navier-Stokes system
on Il satisfying:

Let ug € H.

we L20,T;V)NL>®(0,T; H),
u(t) — up weakly in H ast — 0,
pe L3 (y), (4.3)

ifpe Cg°(Ilur) ¢>0, thenVO<t<T

[ oz [ [ o< [ oo

R3x{t}
t t
2 2
o[ [ ke [ [ ks 2mve (1.4

First we establish various properties of the solutions of of linearized Navier-
Stokes system.

Lemma 4.1. Let ug € H and w € C™ (ﬁT), divw = 0. Then there exist
unique functions u and p such that

uwe C([0,T),H)NL*(0,T,V), (4.5)
p € L?(R® % (0,7)), (4.6)
u+w-Vu—Au+Vp=0 (4.7)

in the sense of distributions on I,
u(0) = up. (4.8)

Proof. The proof of Theorem 1.1 in Chapter III in [18], which deals with the
case w = 0, can be carried over with unsubstential changes to our case. We just
emphasize some points of it. The existence of

we L*(0,T;V)NL>(0,T;H), (4.9)

such that for each v € V

d

pn . (u,v) + /R3 (wVu,v) + A3(Vu,Vv) =0 (4.10)
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and distribution p, such that (4.7) holds, can be proved using Faedo-Galerkin
method. Then, since w - Vu € L? (R® x (0,T)), from (4.10) and Lemma 1.1 in
Chapter III, [18] follows

d

—ue L*(0,T;V').

a 0.7V

By Lemma 1.2, Chapter III, [18] and the argument right after it
uwe C([0,T),H)

and wu is the unique solution of (4.7), (4.8). Note also that, by Lemma 1.2,
ue LI(Ilp), 2<¢< lg—o,and

Hu||Lw/3(HT) S CEf/w(u)Eé/E)(u) (411)

Taking divergence of (4.7) we get

Ap == 0,,0., (wiuy). (4.12)
4,J

By the properties of the singular integral operator, as in section 1.5, there is a
unique p € L%/3 (R?’ X (O,T)) satisfying (4.12) and

Ll <e [ b (113)

with the appropriate C' > 0. O

Next we prove the generalized energy equality for the solution of linearized
Navier-Stokes system.

Lemma 4.2. Let ug € H and w € C> (Il7), divw = 0. Let (u,p) be the
solution of (4.7), (4.8). Then, for any ¢ € C3° (Ilir) and all 0 <t <T

[ o2 [[19upo= [lunPotw.0)+ [[ 1P+ s0)
IIr R3 IIr

R3x {t}

+//(|u|2w + 2pu) - V. (4.14)
IIr

Proof. First we consider the case where supp¢ C IIy. Let f be a function
defined on Ilp. Define f by 0 on the complement of Ilp. Let fo = f x
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pe(x,t), where p.(x,t) is a standard regularization kernel in R*. Take € <
min {dist (supp ¢, {t = 0}),dist (supp ¢,{t =T})}. Then (4.7) can be written
as

(ue)e + (w - Vu)e — Aue + Vpe =0 in IIpNsupp ¢ (4.15)

By the well known properties of the regularization, taking into an account the
integrability of (u,p), we have

Ue = U in L? (R® x (0,T))

Vue = Vu in L* (R® x (0,T))

De — P in L3 (R® x (0,7))
(wVu)e = wVu in L? (R® x (0,T))

as as € — 0. Multiplying (4.15) by u.¢ and integrating over Il we deduce

[ oz [[(vupo= [ [+ ao)+2 [[pa-vo-
I+ I IIr

R3 % {t} T
2//(w - V).
IIr
And consequently,

[ o [[wupo= [[1upon+ a0+ [[ s wlu)-ve.
IIr IIr IIr

R3x {t}
(4.16)

In the general case, when supp¢ N {¢t = 0} # (), we approximate ¢ by the
sequence of cutoff functions and proceed as in section 1.6; we leave the easy

verification to the reader.
O

We now return to the proof of Theorem 4.1. The idea of the proof is to
divide the time interval [0,7] into N parts and to solve on each subinterval
the linearized Navier-Stokes system (4.7), taking for w the values of u from the
previous subinterval, mollified in a particular way.

Let ¢(x,t) be in C* and satisfy

¢ >0 and //wda:dtzl (4.17)

suppt C {(z,t) : |z]> <t, 1<t <2}. (4.18)
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For u € L?(0,T;V), let 4 : R® x R — R3 be

X | u(z,t) if (z,t) € p
iz, t) = { 0 otherwise (4.19)

We set

Us(u)(z, t) = 6 //w (% %) A — y,t — 7)dydr.
’ 3

The value of Us(u) at time ¢ clearly depend only on the values of u at times
T € (t—20,t—9).

Lemma 4.3. For any u € L (0,T; H)NL?(0,T;V),

div Ws(u) = 0, (4.20)
sup /|\I/5(u)\2(x,t)dx < CEp(u), (4.21)
0<t<T
R4
/ V5|2 < CE;(u), (4.22)
IIr

where C denotes a universal constant.

Proof. (4.20) is straightforward due to the fact that 4 satisfies diva = 0 on R%.
(4.21) and (4.22) can be deduced directly from the definition of Us(u). O

Proof of Theorem 4.1. Let N be an integer and § = T/N. We define (upn,pn)
to be the solution of

d
@UNJr\I/g(uN) -Vuy — Auy +Vpy =0 (4.23)
uy € L*(0,T;V)NnC([0,T), H) (4.24)

un (0) = uo, (4.25)

by inductively solving (4.7) on each interval (md, (m+1)d), mel,...,N—1,
with initial data u(md). From the generalized energy equality (4.14), with

o(z,t) = 1, follows
/ lun|® + 2/ [Vuy|? = / |uol?. (4.26)

R3x{t} IIr R3x{t}
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This implies that
{uy} is bounded in L*(0,T;V) N L> (0,T); H)

Let V3 = closure of V in H? (R®) norm, and Vy = the dual of V5. From (4.23)
we deduce

d
{dtuN} is bounded in L? (0, T;Vy) .
By Theorem 2.1, Chapter III in [18] {ux} is pre-compact in L? (0,T; H). Ex-
tracting subsequence if necessary we conclude the existence of u, and p, such

that

un — uy  strongly in L? (TI7),

weakly in L? (0, T;V), (4.27)
*-weakly in L*° (0,T; H),
PN — Dy weakly in L3 (T1r) (4.28)

Further, since {uy} is bounded in L'%/3 (II1), it also converges to u, in any
L4 (Ily) for 2 < ¢ < 4. From the definition of ¥s (note that § = T/N) we have

10
Us(un) — uy strongly in L7 (IIy) for 2 < g < 3 (4.29)

The above convergence results allow us to take the limit as N — oo in the
weak formulation of (4.23) and conclude that (u4,ps) is a weak solution of
Navier-Stokes system. In particular u, € C ([0,T], H) and u4(0) = ug. Suppose
¢ € C>® (Il,r), ¢ >0. By (4.14), for all 0 <t < T,

/ |uN|¢+2//|VuN\¢ /|u0|¢+/ fun (0 + Ag)
R2X {1}

/ ‘UN| ‘115 UN +2pNuN) Vq“)

By the lower semi-continuity of the functional 2 [ |Vu ~|?® and the convergence
results we obtained above we finally arrive at (4.4).
O
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