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Preface

It is always important to obtain parametric descriptions of certain class of
geometric object. First, of course, to have a classification of a complicate ob-
ject by means of simpler ones, that is, to understand the class, to construct
examples, etc. Secondly and perhaps more important, because of applica-
tions.

The usual way to deal with a class of submanifolds is to make use of the
Jundamental equations ((1.5), (1.6) and (L.7)) which completely determine
its structure. However, these equations are very complicated and usually it
requires a lot of work with them to prove simple statements. Here is where
parametrizations can help, since in some sense they carry implicitly all the
information of the fundamental equations in one package.

Many natural geometric restrictions on a submanifold in a spsace form
(in reasonable codimension) imply the existence of nontrivial nullity dis-
tributions, like deformability or conformally flatness. In this setting, the
hypersurface situation for relative nullity was completely understood with
the Gauss parametrization ([Sb], [DG]; ¢f. Chapter 2), which turned out
to be extremely useful as a tool. The same holds for conformal nullity and
codimension less than or equal to two ([AD], [DF1]). If a certain geometric
restriction implies the existence of a nullity distribution on a class of subman-
ifolds, it thus seems to be a good idea to try first to describe parametrically
the class (or even a broader one) with a Gauss-type of parametrization, and
then to study the object with the strong help of this tool. The same can be
said about submanifolds foliated by extrinsic subspaces or spheres.

Although there is still no satisfactory Gauss-type of parametrization for
higher codimensions, we discuss in this notes some results developing and
using different representations of submanifolds to solve some geometric prob-
lems, often in an unexpected way. Our purpose here is to try to convince
the reader throughout several examples contained in recent research papers
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about the strength of this simple and useful technique.

The prerequisites for the reader are some basic knowledge about the the-
ory of differentiable manifolds, like vector bundles, tensors, metric and cur-
vature, connections and covariant derivatives, etc.

These notes are organized as follows. In the first chapter we included
some definitions and basic facts about submanifold theory that will be used
throughout this notes.

The second chapter is dedicated to develop the Gauss parametrization for
hypersurfaces with relative nullity together with several applications, mostly
to rank two hypersurfaces and isometric rigidity.

In Chapter 3 we construct a similar representation for hypersurfaces with
conformal nullity. We call it the umbilic Gauss parametrization. Then, we
use it to give a description of all conformally flat hypersurfaces, and we talk
a little bit about conformal rigidity.

Generalizations of this two parametrizations for higher codimensions are
done in Chapter 4. We use them to solve the problem of whether a subman-
ifold with conformal rank two is rotational.

Chapter 5 is devoted to submanifolds with some kind of integrability of
the orthogonal complement of the nullity distribution. We use it to make a
quick proof of the conformal classification of all submanifolds for which the
conullity is umbilic in the submanifold.

I would like to thank the organizers of the Coloquio Brasileiro de Mate-
matica for inviting me to give this course.
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Chapter 1

Preliminaries and notation

Although most of the topics in this notes can be done with more generality
(for example in space forms of arbitrary constant sectional curvature), we
have chosen to work with submanifolds in euclidean space, not only for sim-
plicity, but also because all the ideas, problems and interesting phenomena
already occur in this setting. We need first to fix some notations and to recall
basic facts about the theory of submanifolds.

Let M™ be a differentiable {C*°) manifold (superscripts will always denote
dimensions). Let 7 : TM = Ugep T M — M™ be its tangent bundle whose
(smooth) sections are I'(TM) = {X : M® - TM : v o X = id}, the
vector fields of M™. A differentiable map between differentiable manifolds
f: M™ = M™ is an émmersion if the differential of fatzx,

df(z) = fuz : ToM — Ty)M

is nonsinguiar, for all z € M™. The number p = rn —n is called the codimen-
sion of f. We say that f is a hypersurfoce when p=1.

It is important to recall that every immersion f as above is locally an
embedding, that is, for every x € M™ there exists a neighborhood U C M™
of z such that fly : U — M™? is injective and the open subsets V c U
coincide with the preimage under f|y of open subsets of f(U), that is,
V = (fly) " (f(U)N W), for some open subset W < M™t?. This implies
that f(U) is an embedded submanifold of //*+?, diffeomorphic to I/ under
flu. According to this, we always identify U with f(U) and the tangent
space TU with f,TU = Tf(U) not to overload with notations. Therefore,
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8 CHAPTER 1. PRELIMINARIES AND NOTATION

the identifications z = f(z), X = f. X, for any z € M™ and X € TM shall
not make confusion.
A riemannian manifold is a differentiable manifold M™ together with a

symmetric tensor
(,)=(, M TMxTM =R

which is positive definite at every point, called the (riemannian) metric of
M™. It is a well known and remarkable fact that every riemannian manifold
{(M™,(, )) possesses a unique Levi-Civita connection: a R-bilinear map

V:T(TM) x T(TM) - T(TM),
V(X,Y) = VxY, which satisfies for all X,V,Z € T(TM), r € C°(M):
e V is tensorial in the first variable: V)Y = rVxY,

e V is a derivation in the second variable: Vx(rY) = rVxY + X(r)Y,

V is torsion-free: T(X,Y):=VxY — VyX — [X,¥Y] =0,

V is compatible with the metric of M™:
(V{, NXY,2) = Z(X,)Y) = (VzX,Y) - {X,VzY) =0.

We denote by R = Ry = [V, V]~ V[, the curvature tensor of V:
R(X,Y)Z= VXVYZ—vax.Z—V[X’y]Z, XY, ZeTM.

An immersion f: M™ — M™*? between riemannian manifolds is called
an isometric tmmersion if {, Yy = f*(, ), that is, if

XV = {fX, (Y )y VX, YETM (1.1)

Observe that if f : M® — M**? is an immersion and M™*? is a riemannian
manifold, we can always define a metric on M™ using (1.1), the so-called
induced metric by f, which makes f an isometric immersion. An immersion
f as above is called conformal if there is a positive function r € C*(M) such
that (, Jar = rf*( i ]

For an isometric immersion f : M™ — M™*?, at each point x € M™ we
have the ortogonal! decomposition

T M =T, M " T:*M. (1.2)
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The subbundle T+M = T M = U,epT-M of TM along M™ is called the
normal bundle of f. Sections and vector of the tangent bundle will be denoted
by upper case latin letters, X,Y, Z... € TM and lower case greek letters will
stand for sections and vectors of the normal bundle: £,7.. € T*M. We
denote by V and V the Levi-Civita connections of M® and M™?, whose
curvature tensors will be denoted by R and R, respectively.

By uniqueness of the Levi-Civita connection, it is easy to check that V is
the tangent part of V along M™, and that the normal component of V¢ is
a well defined compatible connection over the normal bundle, the so-called
normal connection of f:

Vié=(Vxé)t, XeTM, teT M, (1.3)

whose normal curvature tensor is denoted by Rt = [V+, V1]~ V[J:]. We say
that f has flat normal bundle when R* = 0.

The main algebraic object in submanifold theory is the (vector valued)
second fundamental form of the submanifold, & = oy : TM x TM — T+ M
given by

o(X,Y) = (VxY), X,YeTM.
Since Levi-Civita connections are torsion-free, we get that the second funda-
mental form is a symmetric tensor and then the shape operator Ag = A£ of f
in the direction £ € T+M given by {A:X,Y) = (a(X,Y),£) is a self-adjoint
tensor in M™. Thus, according with (1.2) and (1.3) we have ‘
VXY = VXY -+ O.’(X, Y),
Vx€=—AX + V¢,
forall X,Y € TM, € TLM.
Suppose from now on that f : M™ — QP*? is an isometric immersion into

a complete simply connected space @, of constant sectional curvature ¢ € R,
that is,

(1.4)

RX,Y)Z = (X AY)Z = c({Y,2)X — (X, Z)Y).
We will denote by §* = Qf and H® = @7, the euclidean unit sphere and
the hyperbolic space, respectively. Taking tangent and normal components
of R(X,Y)Z and R(X,Y)¢ using (1.4), we have the fundamental equations
of the submanifold f: ‘
the Gauss equation

(R(X,Y)Z,W) = cl{X AY)Z,W
o

)
el X, W), Y, Z)) — (X, Z), Y, W)y, (19)
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the Ricci equation
(RH(X,Y)E,m) = ([Ag, 4] X, Y) (1.6)

and the Codazzi equation

(Vxa)(Y, Z) = (Vya)(X, 2), (1.7)

where, by the usual definition of the covariant derivative of a tensor field,
(Vxa)(Y,Z) = (Vie) (Y, 2,X) = Vxa(l,Z) — a(VxY, Z) — a(Y, Vx Z).

The relative nullity A(z) C T, M of f at z € M™ is the subspace
Alz) =kera(z)={Y e .M : aY,Z)=0 V Z € T, M},

whose dimension v(z) is called the index of relative nullity of f at z. The rank
of f at  is the integer n—v(z). It is easy to check that the function v is lower
semi-continuous. Thus, along connected components of an open dense subset
of M™, v is constant and then the relative nullity is a smooth distribution.
It is also a well known fact easily cheched with the Codazzi equation (1.7}
that if f is an euclidean submanifold, A is an integrable distribution whose
leaves are open subsets of affine v-dimensional subspaces of R**?. Moreover,
along the (open!) subset of minimal index of relative nullity the leaves are
complete whenever M™ is complete (see Theorem 5.3 of [Da]).

Similar phenomena occurs with umbilic distributions. For any integer
2 < k < n, the submanifold f is said to be k-umbilic if there exists a
smooth normal section 0 # ¢ € T(T*M) such that the umbilic distribution
(associated to )

Ay(z) =ker{a—(, )v) = {(YeTM: (Y, 2)=(Y,Z)y, YVZ €T, M}

has constant dimension k. Observe that A = A, for v = 0. In this situation,
n = i will be called an umbdlic direction of f and the function A = ||v{| > 0

the umbilic eigenvalue (associated to 1) of the submanifold. The (conformal)
conullity of f is the distribution A, We denote by

ve(z) = 7161}3,_};! dim A, ()

the index of conformal nullity of f at . The integer n—v,(z) is the conformal
rank of f at £. The function v, is also semicontinuous and thus it is constant
along connected components of an open dense subset of M™.
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"The submanifold f is said to be fotally umbilic if every point is an umbilic
point, v, = n, and fotally geodesic if every point is totally geodesic, v = n,
that is, & = 0. It is a classic result that totally umbilic {geodesic) euclidean
submanifolds are open subsets of round spheres (affine subspaces). We re-
sume in the following proposition the main facts about the distribution A,
which will be crucial all along this notes (cf. Proposition 4 of [DFT2]). Sim-
ilar result holds for submanifolds in spaces with constant sectional curvature.

Proposition 1. Let f : M™ — R*™? pe an isometric immersion, and o
smooth section v € T'(T+M) such that A, has constant dimension k > 1.
Assume further that k > 2 if v # 0. Then, the Jollowing hold:

1) A, is a smooth integrable distribution.

2) The leaves of A, are (open subsets of):
* k-dimensional affine subspaces of R™? if v =0, or,
* round spheres in some (k + 1)-dimensional affine subspaces if v # 0.

3) 7y is normal parallel along A, that is, Vv =0 forall X € A,







Chapter 2

The Gauss parametrization

This chapter is devoted to the study of the Gauss parametrization for hy-
persurfaces. Developped by Sbrana just for the study of local isometric de-
formations of euclidean hypersurfaces ([Sb]), it was rediscovered by Dajczer

and Gromoll in [DG]. They already observed in that paper that the tool

has a lot of applications, in particular in rigidity problems. The idea of this
representation is to describe a hypersurface with relative nullity by means of
its Gauss map and its ‘support’ function.

2.1 The parametrization

Let f : M™ — R*"! be an orientable euclidean hypersurface with constant
index of relative nullity &. For a “saturated” open connected subset U” ¢ M™®
(meaning each leaf of relative nullity in U™ is maximal in M ) we consider
the quotient space U™ /A of leaves in U™ with projection 7 : U™ — UM/A. Tt
is an (n — k)-dimensional manifold (it could fail to be Hausdorff) at least in
two situaticns:

¢ Locally. This is clear since we can take U™ as a saturation of some local
cross section to the leaves.

e If all leaves through points in U™ are complete, in which case the pro-
jection map 7 is a “linear” vector bundle.

Take U™ as above orientable, and let £ : U™ — 8" be a unit normal vector
field of U™, the so-called Gauss map of f|y. We call here A = Ag its second

13




14 CHAPTER 2. THE GAUSS PARAMETRIZATION

fuhdamental form. The support function A € C®(U) of f|y is defined as

)\(:L‘) = ("E:‘f(m))
Now, the key point in the parametrization: since AY = —Vy£ = —£.Y,
we get that £ is constant along each leaf of U™, Thus, there is an immersion
w:VrE=0U"/A = 8"

given by o7 = £, that is, £(M™) = (V" *) C S§*is a (n — k)-dimensional
submanifold. For now on, we consider in V** the metric induced by ¢ which
makes it an isometric immersion. Moreover, for each ¥ € A we have that
Y(A) = ({Y,&) — (z, AY) = 0 and then there is a function p € C°(V} such
that pow = A.

On the other hand, for each z € U™ and y = 7(z) € V™ * we have the
orthogonal decomposition

T.R*? = R**? = span {¢(y)} & TppV @ T,:'(y)V
According to this decomposition, we obtain that
AMa)e(z) + Z(z) + n{z)
p)ey) + Z(z) + n(z),
for some Z(z) € T,V and n(z) € T,V. But taking derivatives in the
above with respect to ¥ € T, U we have that
0 = (V@)
= Y(A) +(VrZ,{(z))
= Me(Y)(1) — (Z(2), 9oy (maa(V)))-

T

Hence,

Z=(Vy)om, (2.1)
where Vi stands for the gradient vector field of p with respect to the metric
in V™ (Vp, X) = X(p). In particular, Z is also paraliel along the leaves
of U" and we get

z = (o + V) (y) + n(z).

Now, by Proposition 1 we know that when z stays in a leaf of U™ it
shoud fill an open subset of an (n— k)-dimensional affine subspace. But since
niz) € T;Ey)V, which is itself also an (n — k)-dimensional affine subspace, we
conclude that n(z) is a local parametrization of the leaves of the normal
bundle of . We thus have the following theorem.
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Theorem 2. ([Sb], [DG]) Let ¢ : V** — 8" be an isometric immer-
sion and p € C®(V). Then, on the open set of regular points, the map
U : TV — R on the normal bundle 7 : TYV — V** of o given by

V(w) = (mp + Vo)) +w, weT;V, (2.2)

is an immersed euclidean hypersurface with constant indez of relative nullity
k, Gauss map pow and support function gom. Conversely, any such hyper-
surface can be parametrized locally this way. Moreover, the parametrization
is global provided M™ is complete and orientable.

Proof: We have already proved the converse. For the direct statement, we
Just invert the above process. We only have to show that ¥ maps the leaves
of T4V into relative nullity. But this is clear since w(y) is the Gauss map of
¥ at any point w € T;—V. To see this, first observe that ¥, is the identity
on tangent space to the leaf of T;"V, which as usual we identify with the leaf
itself. Any tangent vector of TV transversal to the leaves can be written
as 1.Y, where 7 is a local section of 71V and ¥ € TV. We thus have that

(nY) = PY + (V7 +A(Y, V), (23)

where § is the second fundamental form of ¢, V'* its normal connection
(both in §*) and P, : TV — T'V the tensor given by
P, = pI 4 Hess, — B,. (2.4)

Here Hess, stands for the hessian of the function p and B, for the shape
operator of ¢ in the direction of 4. This proves that Im ¥, L wox. 3

Remarks 3. 1) According to (2.3), the regular points of ¥ are precisely the
vectors w € T;-V such that the self adjoint operator P, is nonsingular, since
ImV¥,, =Im P, &+ TylV. Moreover, since ¢ o 7 is the Gauss map of ¥, we
get for the second fundamental form A of ¥ along v € D(T+V) that

=Y =—-0,Y = —(pom)(nY) = AMT0Y) = A(Y)PY, VY €TV,
because the leaves of TV are the relative nullity distribution of ¥. ‘Thus,
Alw)=-P,;' on At(w). (2.5)

2) We should point out that the Gauss parametrization naturally extends
to hypersurfaces of the euclidean sphere and hyperbolic space.
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2.2 Some applications

The first thing we realize about the Gauss parametrization (2.2) is that any
immersed spherical submanifold ¢ : V*~* — 8% is locally the Gauss map of
an n-dimensional euclidean hypersurface with constant index of nullity &. In
fact, for every ¥y € V** and every w € TyJ-V it is not difficult to see that
there is 4 € C®(V) such that P, in (2.4) is nonsingular. We also observe
that the set of euclidean hypersurfaces with the same Gauss map ¢ is in
correspondence with support functions p € C*(V).

2.2.1 Nonpositively curved euclidean hypersurfaces

Let f: M™ — R""! be a hypersurface with principal curvatures (the eigen-
value functions of the second fundamental operator of f} Xy,...,A; and
principal directions (their corresponding eigenvectors) ey, ..., €,. The Gauss
equation (1.5) implies that, for 1 < i # j < n, the sectional curvature Ky
of M™ of the plane o;; = span {e;, e;} is

KM(O'ij) = (R(G;‘, e,-)ej, 6,‘) = /\,')\j. (2_6)

We want now to use the Gauss parametrization to characterize two important
classes of euclidean submanifolds:

e M™ is flat, that is, K = 0.

o M™ is nonpositively curved, that is, Kjr < 0.

The flat case. For a connected component UJ of the interior of the set of
totally geodesic points of f, we know that f(U) is just an open subset of
an affine hyperplane of R**', Thus, assume that f has no totally geodesic
points, i.e., A; # 0. But from (2.6) we get that Ay = --- = A, = 0. Therefore,
f has constant index of relative nullity » — 1 and by the Gauss equation any
submanifold with index of relative nullity n — 1 should be flat. Hence, there
is a smooth arc length parametrized spherical ciive ¢ : T C R — S" and a
function r € C*°(I) such that f can be parametrized over the normal bundle
of ¢ as

W(t,w) = (re+ 7'} t) +w. (2.7)
Its regular points are the vectors w € Tip;) I such that (w, ¢"(t)) # 7(t)+7"(8)-
In particular, if M™ is complete and orientable, then (¢")* = ¢ +¢ = 0, that

is, ¢ parametrizes a maximal circle 8! = R* N8™ and f is a cylinder over the
plane curve & = (re+r'c') : I — R%: f(M") =g(I) x R*1.
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The nonpositively curved case. Assume that M™ is nowhere flat. In view of
{2.6) we can suppose that A; < 0 < A. But from (2.6) and Ky < 0 we see
that A3 = --- = A, =0, that is, f has constant index of relative nuility n — 2.
Thus, we parametrize f with a spherical surface ¢ : V2 — 8™ and a smooth

function ;2 on V2 by (2.2). According to (2.5) and the Gauss equation, ¥ has

nonpositive sectional curvature and is regular precisely at the normal vectors
w € TV which satisfies det P, < 0.

In [F1], we showed that any isometric immersion f : M* — R™? of a
nonpositively curved riemannian manifold must have index of relative nullity
v > n - 2p everywhere, which is a good information since by Proposition 1
to have relative nullity imposes strong restrictions on the manifold and on
its isometric immersion. In this sense, the ‘worst’ case might be v = n — 2p.
A simple example shows that this estimate is sharp: ‘

Ezample. For each 1 < ¢ < p, let g; : HY — R“*! be a nowhere flat
euclidean hypersurface of nonpositive sectional curvature which, as we saw,
has constant index of relative nullity n; — 2. Therefore, the product manifold
M™ = H* x --- x H," has nonpositive sectional curvature and its product
immersion g = g, X -+ X g, into R**? verifies v = n — 2p. In fact, it is
easily checked that its relative nullity is the sum of the relative nullity of the
hypersurfaces because the second fundamental form of a product immersion is
the direct sum of the second fundamental forms of the factors. In particular,
the product immersion can be parametrized using the Gauss parametrization
{2.2) for each factor.

Surprisingly, it is shown in [FZ1] that this is the only possible case: any
nowhere flat euclidean submanifold with nonpositive curvature and minimal
index of relative nullity should be (locally) a product of nowhere flat nonpos-
itively curved hypersurfaces, and thus it can always be parametrized using
the Gauss parametrization for each factor. The case of index of relative nul-
lity v = n — 2p+ 1 is much more complicated and was classified in [FZ2].
See {F2] for the flat normal bundle case.

2.2.2 Hypersurfaces of rank two

Let us recall the classical Beez-Killing theorem ([B], [K]). Any connected hy-
persurface f: M™ — R n > 3, with rank greater than or equal to three
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is locally isometrically rigid: for every connected open subset U™ C M™,
flo : U™ = R* is the unique isometric immersion (up to rigid motions of
the ambient space R™*!) of U™ into R**!. Since a hypersurface to be flat
(highly deformable and classified in (2.7)) is equivalent to have v > n — 1,
the study of the local isometric deformations of hypersurfaces is restricted to
the rank two case. As we saw, examples of euclidean hypersurfaces of rank
two are the nowhere flat nonpositively curved ones. Sbrana ([Sb]) devel-
oped the Gauss parametrization precisely to classify the locally isometrically
deformable hypersurfaces in euclidean space. For a modern version of his
work and other applications of the Gauss parametrization to the theory of
deformable hypersurfaces, see [DFT1].

The following result is an application of the global Gauss parametrization.
Recall first that the mean curvature vector vector of an isometric immersion
f: M™ = R™ with second fundamental form o is H = 1370 a(e;, &),
where {ey,...,e,} is a local orthonormal tangent frame. It is independent of
the frame we choose since

n

nH = Vo)t = (Veudi(e:) - df (Ver)) = A,

where A = tr Hess is the Laplacian of M™ and Af = (Afi,..., Afnyp)-
Hence, every minimal immersion (H = 0) is real analytic as well as every eu-
clidean hypersurface with constant mean curvature b = (1/n)tr A; = || H||.

Theorem 4. ([DG]) Suppose that the mean curvature h of a complete
rank two hypersurface f : M™ — R**! does not change sign. Then f(M)
splits isometrically as a product f(M) = L* x R* 3, where L? C RL.

Proof: We consider the global Gauss parametrization for f. First, we claim
that the Gauss map g of f is a spherical minimal surface. To see this, observe
that for the second fundamental operator A of f we have using (2.5) that

nh(w) = tr A(w) = —tr P,' = —tr P, det P L. (2.8)

Since det P, # 0 and tr P, is linear in w, we conclude that kA must change

sign unless tr By, = 0 for every normal vector w to ¢, that is, ¢ is minimal.
We have that the set A'(y) = {B, : w € T;*V} is a linear subspace of

the trace free symmetric endomorphisms of the two dimensional vector space
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T,V. In particular, dim A (y) < 2. If for some y € V2 we have dim N (y) = 2,
then the set oo

{Puly) = ply)] + Hess,(y) =By =B~ B, : B, € Ny}

is the affine plane of 2 x 2 symmetric endomorphisms with trace tr B. Then,
there must be B,, € M(y) such that P,(y) is singular, which contradicts the
completeness of f. We conclude that dim A (y) < 1 for all y € V2.

We claim that in this situation, the real analyticity of ¢ implies that
©(V?) ¢ 8% C 8™ and then the proof follows from the Gauss parametrization.
Proof of the claim: If @ is not totally geodesic, there is an open subset U C V2
such that dimA(y) = 1 for all y € U. Consider the normal subbundle
¥ ={w e TV : B, = 0} and a unit normal vector % which spans the
line bundle orthogonal to ¥. The second fundamental form 8 of ¢ is then
B(X,Y) = (ByX,Y)n. The E-component of the Codazzi equation (1.7) for
@ is ,
(ByY, Z)Vin = (B, X, Z)Vin, (2.9)
where V'* is the normal connection V'* of . Since B, # 0 has trace 0, for
allY € TV there exist X, Z € TV such that (B,Y, Z) = 0and (B, X, Z) # 0.
We conclude from (2.9) that 7 is normal parallel, V'19 = 0, and so it is its
orthogonal complement &: V' C . But then, if w is a smooth section of
¥, as a map onto B! it satisfies

dw(X) = {(dw(X),p)o+ (Vxw)" + Viw
= —(w,0.X)p— Bu(X) +Viw = Viw €,

for all X € TV. We conclude that & = B* 2 i3 constant in R*" and that
©(U) ¢ 8% C R*. The claim is proved. § ‘

Remark 5. The argument that the Gauss map ¢ is a minimal surface at
the beginning of the proof of the above theorem clearly shows the strength
of the parametrization technique as a tool. We wrote in (2.8) a geometric
quantity of the submanifold (the mean curvature h of f) expressed in terms
of the parametrization. Then we use the hypothesis on it (that it does not
change sign) to conclude that tr B, could not depend on w, thus has to be
zero. As another example of this idea, show using the same argument that if
a rank two euclidean hypersurface f is minimal (A = 0} then its Gauss map
¢ is a minimal surface, even if M" is not complete. This kind of simple idea
is extremely useful, as we will see several times in this notes.
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Cbrolla.ry 6. Let f: M™ — R™1! be a complete submanifold without flut
points which mean curvature does not change sign. Then, f(M) = L3 xR*3
splits isometrically or there erists an open subset U C M™ such that f|y is
rigid.

Proof: It is a direct consequence of Theorem 4 and the Beez-Killing theo-
ren. i

The proofl of the next result also from [DG] is another example of what
we observed in Remark 5. Look again at the simplicity of the argument.

Theorem 7. Any isometric immersion f : M™ — R* of a connected
riemannian manifold with constant mean curvature h = O is rigid, unless
FIM)c L2 x B*2 or f(M) C S! x R*! spliis.

Proof: Suppose there is a connected open subset U where v = n — 2. Since
nh = —tr P, det P! and det(A + B) = det A + det B + ir Atr B — tr (AB)
for any 2 x 2 matrices 4, B, we have

nh (det Py -+ det By — tr Fotr By, + tr (PpBy)) =tr By, —tr P, (2.10)

Because the only term in the above quadratic in w is det By, we obtain
det B, = 0. If the Gauss map  of f is not totally geodesic, there is w and an
orthonormal basis of TV, {e;, €2}, such that Bye; = 0 and Bye; = re; # 0.
We get in (2.10) for sw, s € R, that

nhdet Py + tr Py = sr(nh{Pea, e2) + 1).

Since the left hand side does not depend on s, both sides must vanish. There-
fore, 0 = nh(nhdet Py + tr Py) = —(nh{Poe1,€2))? — 1 < 0, which is a con-
tradiction. Thus, ¢ is totally geodesic, and f(U) ¢ L? x R*~2. The real
analyticity of f yields that f(M) C L? x R*2,

We left as an exercise the case that there is an open subset U with
v =n — 1, which is similar, easier and gives f(M) CS'xR* 1, fv <n—3
almost everywhere, from the Beez-Killing theorem we get that f is rigid al-
most everywhere. Hence, any other local immersion of M™ in ®**! should
have constant mean curvature h everywhere. We conclude from the real
analyticity of f that it must be rigid. n

Question: What can you say about rank two euclidean hypersurfaces with
constant scalar curvature s # 07 (IHint: use that, in this case, s = det P;!).



Chapter 3

Hypersurfaces with conformal
nullity

We will describe here k-umbilic euclidean hypersurfaces, that is, hypersur-
faces with constant index of conformal nullity k. In the process, we will
see a way to obtain parametric descriptions of submanifolds caring umbilic
distributions as we saw for the Gauss parametrization. Let us call this
parametrization the umbilic Geuss parametrization.

3.1 The parametrization

Let f : M™ — R™! be an connected euclidean hypersurface with Gauss map
£€: M" — S™ and second fundamental operator A = Ag . Assume that f is
k-umbilic, & > 2, with umbilic eigenvalue A > 0:

Ay =ker(A — M} satisfies that dimAy =% on M™.

By Proposition 1, A, is a smooth integrable distribution whose leaves are
open subsets of k-dimensional round spheres, §¥ C Rf+! ¢ R**!| along which
A is constant. As in the relative nullity case, we consider the quotient space
of leaves of Ay in U™ C M™ with projection @, 7 : U» — V"% = Un/A,,
which is a manifold in the same conditions that of U"/A. In particular,
there is a function r € C®(V) such that A~! = r o w. The same holds for
any codimension, a fact that we are going to use in the next sections.
Define the map & : U* — R**! by '

h=f+X1. (3.1)

21
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If X € A, we obtain dh{X) =X + X(A e - A TAX = (T - ATA)X =0
Therefore, h is constant along the leaves of Ay and there is an immersion
g: V2 k 5 Rt such that h = g ow. We consider on V=% the metric
induced by g.

For each z € U", y = =(z), decompose &(z) = Z(z) + n{z), where
Z(z) € Ty(,)V and 7(z) € Ty, V. Since £ is a unit vector field orthogonal to
f, for any Y € TU we have

0= (fY,8) = (hY —Y(AT)E = A716Y, &) = (9 (m(Y)), Z) — m(Y)(r),

or,

Z=(Vr)om. (3.2)

As in the Gauss parametrization, we know that when z stays in a leaf of A,,
say, through y, it fills an open subset of a k-dimensional round sphere in some
(k + 1)-dimensional affine subspace. Since f(z) = g(y) — r(¥)(Vr(y) + n(z))
and n(z) € Ty (yV Which is itself a (k + 1)-dimensional affine subspace, we
get that n(z) = no(y) + s(y)®(y, u), where 7y € TV, 0 < 3 € C*®(V) and
®(y, -) is a local parametrization of the unit sphere in T’ (y)V But

1= [l€@)I* = V@) + ln@)I* + s(w)? + 2{no(y), 2(y, u))-

Hence, 7y = 0 and s = /1 — ||Vr|2. Taking p = r%/2, we conclude the
following result.

Theorem 8. ([AD]} Let g: V" * — R be an isometric immersion and
0 < p € C®(V) such that |Vu||? < 2u. Then, on the open set of regular
points, the map on the unit normal bundle of g, ¥ : TV — R**! given by

U(w) = g(y) — Valy) + vV2p() - IVe@)P v, weTiV(y), (3.3)

is an immersed k-umbilic hypersurface with umbilic eigenvalue A = 1//2u
and Gauss maep

€w) = o= (Vi V= VAl w).

Conversely, any such hypersurface can be parametrized locally this way. The
parametrization is global provided M™ is complete and orientable.
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Proof: We proceed as in the proof of Theorem 2. The converse was already
proved. For the direct statement take a smooth section w € I'(TV) and
seb /i = /2u— ||Vp|P? and w(y)t = {v € T}V : {v,w(y)) = 0}, the tan-
gent space to the leaf of Tj'V' at w(y). For any vector v € w(y)L we have
Uy (v) = fi(y)v and for Y € TV we obtain

¥, (w,Y)=PY + = (P Y, Viw + Qu(Y),

where Q,(Y) € wt and

Fy=1T—Hess, — /2 — ||Vu||?B.,

being B,, the shape operator of g in the direction of w. We conclude that § is
the Gauss map of ¥ and A(v) = —V,& = AV, ¥ = AU, (), for all v € wt. g

As before, observe that the regular points of ¥ are precisely the vectors
w € TV such that P, is nonsingular, and

V=gY=(TPow+ A" ow),Y =(I - ATA)T (V) + YA DNow.

Hence, (I — A'A)(U,PR,Y) = U,SY, where S and U, are the nonsingular

operators SY =Y — (1/2u)(Y, Vu)Vu and U,Y =Y + (1/5){Y, Vihw. We

conclude that ‘
A=AU,(I-SPYUZY in Af

Remark 9. We can prove the Gauss parametrization (2.2} using the umbilic
Gauss parametrization. To do this, apply an inversion 14 Telative to a unit
sphere centered at ¢ € R*P\M™, {,(z) = (z — ¢)/|lz — q|| + ¢, which is a
conformal map of R**!, to an isometric immersion f : M™ — R**?. Then,
the relative nullity of f becomes an umbilic distribution of 7, o f all of whose
umbilic leaves pass through a fixed point, and then we can apply the umbilic
Gauss parametrization to it. We are going to do this for higher codimensions.

3.2 Some applications

Isometric immersions f : M™ — R"? with umbilic distributions arise in
several different geometric situations. As for the isometric case, there is a
completely analogous theorem to that of Beez-Killing for conformal rigid-
ity of hypersurfaces, due to E. Cartan ([C1]): any conformal immersion
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f: M — RVt g > 5 of a connected riemannian manifold with index of
conformal nullity », < n — 3 is locally conformally rigid, that is, fly is the
unique conformal immersion (up to conformal transformations of R**') of
any connected open subset U/ C M™ into R*+1. Moreover, Cartan locally
classified all conformally deformable euclidean hypersurfaces as he did for
the isometric case. More in the spirit of Sbrana’s description {{Sb]), a para-
metric classification in terms of the umbilic Gauss parametrization (3.3) was

done in [DT2], quite similar to the isometric case.

Another situation where it appears umbilic distributions is when a sub-
manifold admits two isometric immersions into space forms with different
curvature ([DdC]): if there are isometric immersions f : M® — R*! and
f: M® — 8*? p < n—3, then . > n — p everywhere. With the crucial

help of the umbilic Gauss parametrization (3.3), a study for the codimension
two case was done in [AD].

But the easiest application of the umbilic Gauss parametrization is per-
haps the local characterization of all conformally flat euclidean hypersurfaces,
that is, each point of the submanifold has a neighborhood which is conformal
to euclidean space. It is known that if f : M™ — R"*? is conformally flat,
n > 5 and p < n — 3, then there is an open dense subset of M™ so that each
connected component has constant index of conformal nullity v, > n — p;
cf. [Mo]. Around 1919, nonflat conformally flat hypersurfaces for n > 4
were completely described by E. Cartan ([C2]) as being any envelope of a
1-parameter family of spheres. This means that the condition v, > n—1
is in fact an equivalent condition for an euclidean hypersurface to be con-
formally flat. Since any connected open subset with v, = n (i.e., a totally
umbilic subset) must be an open subset of a round sphere 8* C R**!, let us
consider a connected open subset along which v, = n— 1. The umbilic Gauss
parametrization (3.3) says in this case that any conformally flat hypersurface
without umbilic and flat points can be locally described with an arc length
parametrized curve v : I — R®! and a smooth function & € C*°(J) such
that (k')2 > 2k by

T(w) = y(s) — k'(8)7' () + /2k(s) — k'(s w € TLHI(s).



Chapter 4

Higher codimensions

In this section, we give generalizations to higher codimensions of the Gauss
parametrization in Theorem 2 and its umbilic version, Theorem 8. We are
going to see that these parametrizations are not so nice than the previous
ones, since they are related to subbundles with solutions of certain partial

differential equations. Nevertheless, they are still very useful. We are going -

to develop first the umbilic one, and then we will use it to obtain the one for
relative nullity.

4.1 The parametrizations

Consider a k-umbilic isometric immersion f : M™ — R™P with umbilic
direction 77 and umbilic eigenvalue A. Set ¥ = Ay # 0 and then

- Ay =ker{a — (-, -}y) C ker(A, — AI). (4.1)

We say that f is generic if A, = ker(4, — AI). Any k-umbilic hypersurface
is trivially generic. As before, we have for U™ C M™ that V% = [/ A, is
a manifold and there is 0 < r € C*(V) such that A! =rom. Asin (3.1),
we easily see that the map ,

h=f+A1y (4.2)
is constant along the leaves of A,, and then there is a map g : V=% — Ru+e
such that & = g o 7. Moreover, since f is generic ¢ is an immersion and we
endow V"% with the metric induced by g. In view of (4.2), f to be generic

is equivalent to
TooaVNTFM = 0. (4.3)

25
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‘ Being n normal to f, we have that
0={n fAX)={na@>X)-nX({), YXeTM

Again, the TV-component of # is Vr. Since the leaves of A, are k-di-
mensional umbilic spheres in B**? and ||p]| = 1, we obtain that there is
a rank (k + 1) normal subbundle of g, A**! C T;'V, and a smooth section
€ € AL with ||[Vr|? + ||€]2 < 1 so that the map ¢: A, — R*'P given by

Pplwy=g—rn, n=Vr+{+Qu, (4.4)

is a local parametrization of f, where Q = (1—||Vr|>~]|€]|?)*/? and A; stands
for the unit bundle of A**'. (From now on, we are going to omit the base
point y of w € T,V in the parametrizations, as we did in (4.4)). Although
at regular points ¢ parametrizes a submanifold foliated by k-dimensional
spheres (the images under ¢ of the leaves of A;), it is neot in general a k-umbilic
submanifold. Our next goal is to compute the actual restrictions on (g, r, £, A)
in order for f to be k-umbilic. We are not going to strongly use this in our
notes, but we give it to show another way to obtain parametric descriptions
using geometric data.

Let us first fix some notations. For a submanifold G : V*=% — Q2*? and
@ € TgV, let B, denote the second fundamental form of G in the direction ¢.
Define for any normal subbundle A C TaV the tensors By : A — End(T'V),
ab : TV — End(TV, A) and Vi : A — End(T'V,AL) by

Qb (X)Y) = ae(X, Y)Y, Ba()(X) =Bu,X, Vi(w)(X)=(Vzuw)*".

For a tensor field D : A = TV, we set D(w)(X) = (Dw)*(X)} = {(Dw, X),
and VD(w)(X) = VxDw—D(Vyw)} forall X, Y € TV, w € AL, where V*
stands for the normal connection of G, and (-)* for the orthogonal projection

to the A—component. Associated to D, we also consider the tensor field
¥D: A — End(TV),

UP(w) = 2 = Do (Dw) + By ~ (VD)w.

Theorem 10. ([DFT3]) Let g: V"% — R*™? be an isometric immersion
with a rank (k+1) normal subbundle A¥"! C TV such that there is a tensor
field T : AL — TV which satisfies

T*By = Vi, (4.5)



4.1. THE PARAMETRIZATIONS 27

Assume further that there is & smooth function p € C®(V) which satisfies
2p— (| Vp|? = |T*Vp||2 > 0 such that
T =dpo VT, (4.6)
Then, al regular points, the map ¢ : Ay — R™? given by
$W)=g—Vp+T'Vp— (2o~ |Volf* - [T*Vpl)*w (47

parametrizes a generic k-umbilic n-dimensional euclidean submanifold. Con-
versely, any such submanifold can be parametrized locally this way.

Proof: Since 7 is parallel in the normal connection of f along A, the rank
(p — 1) normal subbundle F = (span {5}}* € T-M is also normal parallel
along A,: Vi F C F. We see from the definition of A, that

AD) =0, VpeF (4.8)

Hence, VATF C F, le., F is constant along the leaves of A, in R*?. Thus,
we can consider F' as a rank (p — 1)-subbundle of g, F C LV GBTQJ'V, which
is normal to f and #:

F(r(z)) ®! span {n(z)} = Tﬁm)M, Vo e M™. (4.9)
Now, for all u,w € A{y), v L w, y = n(z), we have from (4.4) that

0= (F(y); $otyu)(0,w)) = ~r{m)Qy)(F(y), v).
Therefore, in view of (4.3) we conclude that
Fch,VeA:, FNT,V=0 (4.10)
Equation (4.8) now says that

0= (vX(P, Qb*(y,w) (0! u‘)) = _T(y)Q(y) (VXI-L: u)1

forall p € F, X € TV, where V stands for the canonical connection on R**+?,
Thus, _ .
VF C T,V @At (4.11)

By dimension reasons, (4.10) implies that the orthogonal projection from
F onto A' is a bundle isomorphism. For z € AL, denote by 7 € F the
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coi:responding element under the inverse of this isomorphism. Thus, there
exists a unique tensor 7' : At — TV such that

F={a=Tu+p:peA}
For X € TV, p e AL, w € A we have from (4.11) that
0 = (VxF, w) = (BT, X) — (Vyw, 1) = (i, T"BuX — Vxuw),
which is equivalent to (4.5). From F L 7 we easily get in (4.4) that
£=-T*Vr. (4.12)

Let p := r2/2. Then, for w € T'(A), X € TV and p € A+, we get using (4.9),
(4.5) and (4.12) that

0 = (B¢ (w.X))=X(gg)~ (Vxhg—rn)
(Tp, Xy + (Vx(Tp+ 1), Vp = T"Vp)
(T, XY — (BuVp+ Brev,Tp, X) + (dpo VT)(u)(X),

which is equivalent to (4.6). The direct statement is now straightforward. n

Remark 11. Equation (4.6) implies that T has kernel of codimension at
most one. Thus, there exist ¢ € Ai and Z € TV such that T(w) = (w, ) Z.
We can now write equations (4.5) and (4.6) in terms of ¢, Z and p.

Although equations (4.5) and (4.6) are not precisely friendly, we can still
use the parametrization in particular cases, even without tough work with
this equations. As a simple example of this, let us answer the question of
which k-umbilic submanifold have constant umbilic eigenvalue A = (2p)~/2.

Corollary 12. Let g: Vr—k 5 R be an isometric immersion with a rank
(k + 1) normal parallel subbundle A**! C T}V, and let r € Ry.. Then, the
map ¢ : A — R™P given by

$lw)=g—rw

parametrizes a generic k—umbilic n-dimensional submanifold with constant
umbilic eigenvalue A = 1/r. Conversely, any such submanifold can be para-
metrized locally this way.
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Proof: Just observe that by (4.6) we have that 7' = 0, and hence by (4.5) A
is normal parallel. g

We now give the version for relative nullity of Theorem 10, that is, a
generalization to higher codimensions of the Gauss parametrization. We say
that a rank n — k submanifold f : M™ — R**! is generic if

ma,x{ra.nkA{:, cp€eTfM}=n—k.

Theorem 13. ([DFT3]) Let &£ : V** — 8§72~ ke ap isometric immersion
with a rank k normal subbundle A* C TEJ-V such that there is a tensor field
T : At = TV which satisfies

T*Bp = Vi. (4.13)
Assume further that there is a positive smooth function p € C*®(V) such that
T° = d{(—1np) o U7, (4.14)
Then, at regular points, the map ¢ : A — R™? giyen by ‘
dw)=pf+Vp—-T"Vp+w (4.15) .

parametrizes o generic n-dimensional euclidean submanifold of rank n — k.
Conversely, any such submanifold f can be parametrized locally this way.

Proof: For almost all inversion of a generic rank n — & submanifold, we get
a generic k-umbilic submanifold such that all the spheres of the umbilic
foliation pass through a fixed point, say, 0 € R*P, (In fact, these are
precisely the k-umbilic immersions that come from inversion of submanifolds
with index of relative nullity k). Then, we have that 2 =[lg|]>/2 and there is
wy € T'(Ay) such that g = Vp — T*Vp 4+ Q'wy. Now, it is not hard to check
that (4.5) and (4.6) translate to (4.13) and (4.14).

Another proof: To prove the converse, split the position vector of the im-
mersion as f = f' + fL € M TfM. Then, we have for all X € A,
that

X=fX=VxfT +Vifte T M.
Thus, ftX = —AJ{ 1 X+V3ft =0and hence f* is parallel along the relative
nullity distribution A,. Define p = ||f*||, ¢ = —p~1f+. Since f is generic,
there is P € R™? such that we can change f by f + P in order to make £

an immersion and rank Ag = n — k. The remaining of the proof follows as
in Theorem 10. 1
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4.2 Rotational (n — 2)-umbilic submanifolds

For an isometric immersion f : M™ — R*¥?, it was shown by B. Y. Chen
([Ch]) that the inequality

dar < 2( 1)IIHH2 (4.16)

holds pointwise. Here, &, stands for the intrinsic invariant defined as
S (x) = s(z) — inf {Kp(0) : 0 C T M},

where s denotes the scalar curvature of M™: s = Ei# Kp(es, ;) for any
local orthonormal frame {ey, ..., e,} of TM.

It is then natural to try to understand all submanifolds for which equal-
ity in (4.16) holds everywhere. In euclidean space, Chen showed that the
trivial examples satisfying his basic equality are either affine subspaces or ro-
tational hypersurfaces obtained by rotating a straight line, that is, cones and
cylinders. Nontrivial examples for n > 4 divide in two classes, namely, any
minimal submanifold of rank two, which are completely described in [DF3],
and the generic (n — 2)-umbilic submanifolds satisfying

H=(n—-1)Ay, (4.17)

where n and A are the umbilic direction and eigenvalue of f, respectively.
At a first glance, elements in the second nontrivial class are more abundant,
since the first class is just the second one for A = 0. We are going to see here
that, surprisingly, this is not true.

In fact, in [DF2] the authors showed that connected elements in Chen’s
second nontrivial class have the simplest possible geometric structure among
submanifclds foliated by totally umbilic spheres, namely, they are rotational
submanifolds over surfaces. This means that M™ is isometric to an open
subset of a warped product V2 x, 872, ¢ € C®(V) positive, and

fz:y) = (h(z), 0(z) ) (4.18)

being h: V2 — RPt! an immersion. The surface k := (h,¢): V? = B2 is
the profile of f, and we consider on V2 the metric induced by .

But we want to discuss first the much more general problem whether a
(n — 2)-umbilic submanifold is rotational, and present necessary and suffi-
cient conditions for this to occur. That the nontrivial nonminimal submani-
folds satisfying the basic equality (4.16) are rotational will follow immediately
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from the following two results. For this purpose, we are going to make use
of parametrization (4.7), again in the spirit of Remark 5. Actually, we will
use the weaker representation (4.4), which implies two things. First, even
the simplest parametrizations are useful.” Secondly, the next results hold
for certain submanifolds just foliated by round spheres and not only for the
k-umbilic ones.

Theorem 14. ([DF2]) Let f: M™ — R**?, n > 4, be a generic (n — 2)-
umbilic submanifold and assume that irA, # n), where 5 and X are the

umbilic direction and umbilic eigenvalue of f, respectively. Then f is a ro-

tational submanifold over a surface if and only if tr A, is constant along the
leaves of the umbilic distribution A, with v = An.

Proof: The direct statement is a straightforward computation. For the con-
verse we use (4.4). It suffices to show that A"~! is constant in ambient space.
Then g reduces codimension to p + 1, and the result easily follows.

From (4.2), we have

fiX =g X-X(r}n—rnX, YXETM, (4.19)

where we are writing ¢ instead of A = g o 7 and 7 instead of 7 o 7 not to
overload with notations. Denote by Py and Py the orthogonal projections
on T'M and TV, respectively. We get

rPyn X = Pug.X — fu.X (4.20)

and
Py f X =(5—rQu)9.X, (4.21)
being S, Q. : TV — TV the tensors on V2 given by § =1 — (Vr, % }Vr and

" Qu =Hess, — B — QB,,, we A,

where B, denotes the second fundamental form of V2 relative to 7.
We claim that T = Py Py|ry is a well defined tensor on V2. From

aX =(1-rA)f.X + Viry, (4.22)
we get '

Tg.X = g, X ~ PV(I - PM)Q*X g X — PV(VXTT])
= (S PVP(n)J-)g*




32 CHAPTER 4. HIGHER CODIMENSIONS

where (n) = span {n} and {(n)' stands for its orthogonal complement in
TjM. The claim follows from the fact that the subbundle {(m*' is con-
stant in R**? along leaves of A, as we saw in the beginning of the proof of
Theorem 10.

Fix a point z € M™, and let A;, As be the eigenvalues of A, different from
A corresponding to the eigenvectors Xy, Xo. We want to compute Ay 4 Ag
in terms of g and r. Taking the T'V-component of —Py n.X; = A f, X and
using (4.20) and (4.21), we get

Tg:Xi (S - TQw)(l —TX )g:Xn 1<i<2,

Now observe that T' > 0. In fact, this is equivalent to TfJ-M NT,V = 0, which
follows from (4.22) and A; # A. We conclude that S — rQ,, is nonsingular.
Qur assumption yields

056 :=(2X— A — M)r = tr (S —rQy) T = tr (P +vBy,)"'T

is independent of w. Here, P = S — rHess, -+ rB; and v = (). For a pair
C, D of 2 x 2 matrices, we have

tr (C7'D) det C = tr C'tr D ~ tr (CD) = det(C + D) — det C — det D,
where we assume that C is not singular only for the first equality. Therefore,
8 det(P + vBy) = trT'tr (P + vB,) — tr (T(P + vBy)).

Thus,
Bv*det By, = vir (T — P)tr By, — vir (T — P)B,) + tr Ttr P
—tr (TP) —~6det P, Vwé€A.
Since dim A*? > 3, we easily obtain that det B, =0,
tr (T’ — 8P)tr B, = tr ((T — #P)B,), and (4.23)

det(T — 6P) = det T > 0. (4.24)

Suppose that B,, # 0 for some wy € A"'. Then equation (4.23) yields
{(T — 0P)v,v) = 0 for 0 # v € ker B, which is in contradiction with (4.24)
and proves that

B, =0, Vwe A" (4.25)
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Since leaves of A, are the images of A; under (4.4), we have

(M' CTymV @Ay, Yz €M™ (4.26)

Observe that T,y M NTymyV = 0 implies that (7)1 NTymyV = 0. Hence, the
orthogonal projection

r(z): {p(x)y C TEM — A;'(z) C TgJ('m)V
is an isomorphism. On the other hand, we have using (4.19) that
(.Y —rVy(Vr +£+Qw),8) =0, VY &TV, we A" 'and é € (n)*.
It follows from (4.25), (4.26) and that {n)* is constant along the leaves that
(Vyw,8) =0, YY €TV, we A" and d € {n)*.

Being 7 an isomorphism, we conclude from (4.25) that A*~! is constant and
this proves the theorem.

It is easy to prove a completely analogous theorem as the above for sub-
manifolds in the sphere $§7*? just includding S"*? C R****+1. For nongeneric
(n— 2)-umbilic submanifolds we have the next result. Its proof uses standard
techniques in submanifold theory, but we give it for completeness. We follow
the notations of Theorem 14.

Theorem 15. ([DF2]) Assume that f is a (n—2)-umbilic submanifold with
dim{ker(A, — AD(z)} =n—-1, Yz e M™

Then f is o rotational submanifold over a surface if and only if the mean
curvature vector is parallel in the normal connection along the leaves of A.,.

Proof: The direct statement is trivial. For the converse, let X,V € Aff-
be orthonormal eigenvectors for A, with eigenvalues p and ), respectively.
By assumption, there is a smooth field of unit length £ € Tﬁ-M, &L g,
parallel along A, with A;Y" # 0 and tr A; constant along A,. Taking the
Ax--component of the Codazzi equation (1.7) for (X, T,n), ie.,

(VXAT’)T - AV*’?T = (VTA,?)X - AV%H‘X’ T € A'T’
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wé get
v X =0, (4.27)

where Z" (respectively, Z") denotes taking the A, (respectively, AT) compo-
nent of Z. Similarly, the X-component of the Codazzi equation for (Y, 7',n)
yields

vX =0. (4.28)

Now, a straightforward computation of the Codazzi equations for (X, T, &)}
and (Y, T, &) gives

(VyK T) (A;;-Y, Y) + (ny, T) (AEY, .X) =0

and
(VxY, TY{AY,Y) — (VyY,T){(AY, X) = 0,

from which we conclude that V%Y = 0 = V%Y. This, (4.27) and (4.28) say
that the distribution A# is totally geodesic (autoparallel) in M™. It is not
difficult to see (cf. Lemma 6 of [DF2]) that this implies that f is a rotational
submanifold and the proof is complete. 1

Remarks 16. 1) For a connected nontrivial nonminimal euclidean subman-
ifold f: M™ — R*™?, n > 4, satisfying everywhere the basic equality, by
Lemmas 3.2 and 3.3 of [Ch] there are two possibilities along each connected
component of an open dense subset. Namely, f is either (n — 1)-umbilic or
is (n — 2)-umbilic. Moreover, in both situations equation (4.17) holds. Then
J is trivial in the first case and, in the second case, it follows from Theorems
14 and 15 that f is a rotational submanifold.

2) It is shown in [D¥F2] that a rotational submanifold f as in (4.18)
satisfies the basic equality (4.16) if and only if ¢ is a solution on V2 of the
second order quasilinear elliptical differential equation

wtr (R Hess,) +1=0, (4.29)
and the second fundamental form of h: V? — R?*! satisfies
tr (RB{) =0, VEeTLV, (4.30)

where R=1— (1+ ||V¢|*)~ Ve, - }Ve.



Chapter 5

Submanifolds with integrable
conullity

Let f, v and %k as in Proposition 1. As we have seen, there is a clear dif-
ference between the Gauss parametrizations (2.2) and (3.3) and its versions
for higher codimensions (4.7) and (4.15), since it appear certain PDE’s as-
sociated with normal subbundles in the later ones. The main reason on
the beauty of the hypersurface situation relies in the fact that the nullity
distribution A, coincides with the normal space of an immersion of the quo-
tient space V™% = AM™/A,. We can think this phenomena as a kind of
‘integrability’ of the conullity of f. In this section we see how the general
representations can be improved when some integrability is assumed on the
conullity of f. It is interesting how parametrizations are used here to obtain
better parametrizations in a sequence. We should point out that some of
the results in this chapter can be generalized under even weaker concepts of
integrability.

Let f as above and assume for simplicity that the quotient space of leaves
of A, V= = M/ A,, is a manifold as in the Gauss parametrization. As
we saw, this is not a restriction when working locally, since we can take a
local cross section V™% € M™ to the leaves of A, and for a saturated open
subset U™ C M™ to the leaves, the space V" F = U"' /A, is diffeomorphic to
V7=k_ Therefore, we can always think that V"% = V" % C M™ is a cross
section to the umbilic foliation.

Although general parametrizations can be difficult to work with, they
also can be used to obtain better representations when further conditions
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on the immersion are assumed. This is the case of the following result. We
found the representation (5.2) using (4.7) for generic k-umbilic immersions,
and then with the result in mind we made a nicer geometric proof (without
the generic condition!}, the one we give here.

We say that f has infegrable conullity at one point if there is an immersion
h: VmE < M™ such that The)V = AZ(h(y)), that is, if Al posseses just
one leaf. For a vector subbundle F' C TLV and a map u: V" ks RP we
denote by (1)}F = (1)¥(y) the orthogonal projection of p{y) to F(y) C R,

Theorem 17. ([DFT3]) Let h: V"% — R*™? pe an isometric immersion
with @ rank k parallel normal subbundle F C T;V. Let p: V™ F — R™7 pe
o map transversal to F* which satisfies the first order system of PDE

(dp)™ = (u, dh) ()™ (5.1)
Then, the map 1 : F — R*** given by

utt
1+ 212

parametrizes, of regular points, an n-dimensional s-umbilic euclidean sub-
manifold with conformal conullity integrable at one point and s > k. Con-
versely, any such n—dimensional k-umbilic euclidean submanifold f with in-
tegrable conullity at one point can be locally parametrized this way.

() =h+2——0 (5.2)

Proof: First observe that we may always consider g L F. In fact, if p is
a solution of (5.1) then also its orthogonal projection to FX, (u)f", is a
solution. Moreover, by the change of parameters £ = £ + (1) in (5.2) we see
that the submanifold 4(F") does not change.

For the converse, consider a k-umbilic immersion f which has a conullity
leaf V*~* and take h = f|y. Let 5 and r = At as in (4.2) and £ = 5|y.
We know that, for each z € V™%, there is an extrinsic k-dimensional sphere
S%(z) passing through A{z). Then F(z) = ThS*(z) C T}tV since V™ is
orthogonal to the umbilic distribution. Let us say that the extrinsic spheres
are centered at h + pf||p||?, where p L F and {|p|~? is its radious. This
yields {5.2) but it remains to prove the assertions on F and p.

By definition of y, we have that y = Z + A{ for some Z € T,V since X is
the orthogonal projection of ¢ onto T7-M. Since, as we saw in (4.2), ¥ + 77
does not depend on ¢ € F', we get from (5.2) that

(€ —n) = 2llp+ ]2 + ). (5.3)
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Now, since (span {n})* C T/ M is constant along the umbilic leaves, we have
(span {n})* = F: N (span {é})* c T}V,
In particular, '+ Nspan {€}* L d(y o t) for any smooth section ¢ € D(F).
Equation (5.2) yields
(¥ o t) = dh + 2d(|lp + ] 7*) (1 + ¢) + 2| + ¢)| 7 (ds + dt).
Hence, (dy + dt) L F- N (span {€})* for all £ € D(F7), or equivalently,

(du)™ € span {€} = span {(u)"™} (5.4)
and '
()™ < span {¢}, (5.5)
for every t € I'(F'), since ;& does not depend on ¢. We also have that
0 = {dot),rn) = (d((h+rE) —rn),rn)
(d((h+78),r€ = 2 p+ el ™*(p +8)) —rdr
=2+ 117 ({dh, 1) = 7{dp, €) + 7{dE, 1)) .

This together with (5.4) and (5.5) imply that F is parallel in the normal
connection of h and p satisfies equation (5.1). The direct statement is easy. &

Remark 18. The condition on g to be transversal to F is just for v to be
nonvanishing, that is, for the conformal nullity not to be relative nullity. If
we take p € I, or equivalently, 4 = 0, we get precisely the immersions with
index of relative nullity £ which have one leaf of the conullity distribution.

Now we use the last result to obtain a nice description of the immersions
with integrable conullity. For this, we need a definition. Let A : V — R*+?
be a isometric immersion. We say that a map C : V — R*"*? is a Combescure
transformation of h if dC(X) € T,V, for all X € TV, y € V, and the tensor
dC is symmetric. If we write C =Z + 8, Z € TV, 8 € TV, the symmetry
of dC' is equivalent to Z = Vy, for some ¢ € C°(V). It is easy to see that
C is a Combescure transformation of % if and only if & = dC is a symmetric
Codazzi tensor on T'V that commutes with the second fundamental form of A,
ie, forall X, Y € TV, (Vx®)Y = (Vy®P)X and an(X,PY) = ey (®X,Y).
Observe that for v € R*? and a € R we have that C = ah + v are always
Combescure transformations of &, the trivial Combescure transformations.
These are precisely the Combescure transformations with @ = af, which are,
generically, the only symmetric commuting Codazzi tensors in a submanifold.
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Theorem 19. ([DFT3]) With the notations of Theorem 17, we have that
the submanifold has integreble conullity if and only if F' is flat with respect to
the induced normal connection of h and we can reparametrize the submanifold

p(t)=h— 2@%, (5.6)

where C = Vi - 3 is o Combescure transformation of h. Moreover, the
leaves of the conullity distribution correspond to parallel sections t € T(F) in
the above parametrization.

Proof: Again we consider ¢z L F' in Theorem 17. We have that the conullity
of v is integrable if and only if, for all regular point ¢ € F(z), there is a
section T' € T'(F) with T(z) = t satisfying that ¥ o T is orthogonal to the
umbilic leaves. We have,

Ao T) = dh+2/{p+ T||7*(dp +dT = 2||p+ T||"*(dp + dT, p + T) (u+ T)),
and for any S € F,

$u(T)S = 2lu+TI2(S — 2l + TIT, S+ T)).
A strightforward computation yields

({d(ppoT), 9 (T)S) =0 = (du+dT,S) — (T, S){dh, ) = 0.
Using the parallelism of F' we easily see that this condition is equivalent to
VT (= (dT)F) = —(du)” + {dh, p)T. (5.7)
Taking differences between T, T3 as above we get from (5.7) that
VHT = Tz) = (dh, p)(T1 — T).

It follows easily that F is flat, i.e., R;-(F) = 0 and that the tangent compo-
nent of p is a gradient of the function 7 = ||T} — T3] — |71 — T%||(zq). Hence,
T{zo) = 0. Now (5.1) and (5.7) are equivalent to

(d)TeV = dr(T + (W)™) — (dD)". (5.8)

Set
T = eTTt + TU)
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where T, is the parallel section with Ty(zy) = ¢ and T € I'(F). Thus,
To(ze) = 0. The condition (5.8) is just
(d(p+ To))*Y = dr(u + )5,

or equivalently,

de™" (1 + To)) € ThV. (5.9)
If we call p = —e™7 and 8 = e™"(A£ + Tp), we conclude from (5.9) that

e (p+To)=Ve+4
is a Combescure transform of . Moreover, u+7 = © Y (V+B+T,). Thus,

WoT =h—2(C+T)/|IC + T,

and this concludes the proof of the converse. The direct statement is straight-

forward. n :

Using parametrizations it is easy in general to obtain the second funda-
mental form of the submanifold in terms of the original data, as we did for
the hypersurface situation. We are going to give now the second fundamen-
tal form for the integrable conullity situation not only for later use, but also
because its intrinsic beauty.

With the notations of the above theorem, we consider for ¢ € F(zy) the
parallel section T; € I'(F) such that Ty(zo) = ¢. Set 8 = gF*, gt = B+ T,
and h* = ¢ o T, the leaf of AL that passes through #(¢). It is easy to check
that the map ¢ : T;'V — TV given by

T =9 == (B NHC+T)
is a vector bundle isometry, where v* = 2||C + T}||=2. Moreover, a direct
computation (or see Corollary 27 4iz) of [DT3]) shows that
A = (DY (4 + (B, mptat), (5.10)
where D' = I — '@ and @' = Hessl, — A%, ,. For £ € FL we have
& =E+07 (B.6)(h — h),

O [0t; = ¢~ (B, €)v.(9/0t:) = — (B, EW'eL.
Hence, Ty M = 7(F*) and :

AL (8/0t:) = —07 (B, ), (0/1:).
We conclude that Apt = —p~15'. }
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5.1 Umbilic conullity

We give here an application of Theorem 19: we will conformally classify all
k-umbilic submanifolds for which the connullity is integrable and its leaves
are umbilic in the submanifold. Our proof is much shorter than the one given
in [DFT2] with standard submanifold theory techniques. This again shows
the power of parametrizations.

Theorem 20. ([DFT2]) Let f : M™ — R"? be a k-umbilic isometric
immersion, for some 2 < k < n — 2. Suppose that the conullity distribution
is umbilic in M™. Then, up to conformel transformations of the ambient
spance, the submanifold is: '

@) M* = L** x R*, and f = (h,id), for some h: L% — RVIPF,

b) M* = L' F %, 8% and f(z,p) = (W(z),r(z)p), for some immersion
B Ink 5 RPE-L gnd g positive function v € C(L),

¢) M™ = CL™* x R*', where CL is the cone over some immersion
£: Ik 5 gk,

Proof: We use parametrization (5.6) for the couulhty leaves h* = 1)(T;}). The
key point in the proof is the following claim.

Claim. C is a trivial Combescure transformation of h.

Since the conformal nullity distribution A at ht(z) is given by 7H(F(z)), we
have that the conullity distribution is umbilic in the submanifold if and only
if, forall p € F, X,Y € A}(t) = iV, there is &, € R such that

(AR X.Y) = (Vx(@ o T)Y, i) = £ (X, Y).

At the leaf parametrized by h ([{t|| = o0), we have that A% = «,[, for all
i € F. By (5.10) we obtain

kel + (B, €W = wi(I - pu'e"),

for some «f € R, which is equivalent to & = dC = al, for some a € C=(V).
Since dim Ay = n — k > 2, the condition for ® to be Codazzi is precisely
a € R. This proves our claim and we conclude that

C=Vyp+ =ah+wv, (6.11)
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for some vy € R™*P,

We only have to understand the parametrization for trivial Combescure
transformations. There are two cases to consider:
Case k = 0. That is, for all € F, x, = 0. Since F is parallel, we conclude
that h reduces codimension to n + p — k. Thus, we have an orthogonal
splitting R*'# = R***~* g R¥ such that, up to translation, » C R**?—* and
F =RF,

If a =01in (5.11), we get ¢ = (h,v) + ¢, c € R. Hence, after translation
if necessary, parametrization (5.6) becomes

¥ = (1, 0) — 2((h, vp) + ) (Ilvgl* -+ NElI*) (g, ), (5.12)

where vy is the orthogonal projection of v, into R—*% = g4 If vy =0, we
easily get M = L x R¥, which is of type a) in the statement. If v] # 0, we
set r = o/||lvj|l and 4’ as the projection

B = h+ clfvpl| v} — plivel| vy C (span {v)})t = RVHP-k-1,

In this situation, is easy to see that 1) parametrizes a submanifold of type b)
in the theorem.

We analize the case ¢ # 0, First, observe that for ¢ = 0 we may write
equation (5.12) as 9 = h — 2(h,e)(1 + ||t|[*)~Y(e, ), for some unit vector
e € R**?=%  If we apply to it an inversion ¢ with respect to the unit sphere
centered at e, a straightforward computation yields, up to a translation, that

@) = by — 2(|mal* = 1/4)(|(2h1, )| ~*(2Ra, 9),

where h; = ||h—el{7?(h—e¢) +e/2. Applying an homothety d/2 to the above
and setting hy = (d/2)h,, we obtain

(d/2) 3() = (he, 0) — 2(||P1[I* — @®)|(2ha, )| 2(2h2, ). (5.13),

Since a # 0, we have that ¢ = (a/2)(||/'||* +¢), c € R, where h' = h + ),
with v the orthogonal projection of a~lvy into R™?~* = FL. Thus (5.6)
becomes {up to a translation)

¥ = (', 0) — 21| + )|| 2K/, )| 2(2H', £). (5.14)

If ¢ = 0, the above is taken by an inversion relative to a unit sphere centered
at 0 to a submanifold of type a) in the statement. If ¢ < 0, then it is
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conformal to a submanifid of type b) by (5.13). Finally, (5.14) is conformally
type ¢) when ¢ > 0. To see this, apply an inversion ¢ to (5.14) with respect
to a unit sphere centered at /¢ e,4p to get, up to a translation,

i(¥) = (s€, ),

where 5 € R, &= 2v/G [[K' — v/G entpl| (' = V& entp) + eniy C S™E

Case & # 0. Let £ € F be a unit generator of coker k. Codazzi’s equation and
the parallelism of F easly imply that £ is parallel in the normal connection of
h, F = span {£}@®F’, h reduces codimension to n+p—k+1, F* = RE~! and,
up to translation, b C F"t = R*P-%*+1_ Also from the Codazzi equation for
Aé‘ we obtain that x; = —b # 0 is constant, and since £ is parallel, we get

h = bE 4w,

for some 0 # b € R, v; € R**?. That is, up to translation and homothety,
h C S"tP—k Observe that £ is the normal space N of §7P~* in Rr—k+1
restricted to h. Hence, an inversion ¢ with respect to any sphere centered at
any point e € S*tP~* gends §717~* to R™P~* = span {e}* C R****+1 and
F to i(N)@® F' = span {e} & F' = R¥ € R**?. This is precisely the situation
of the case k = 0, and the proof is complete. §
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