
Livšic theorem for diffeomorphism cocycles

Alejandro Kocsard
(joint with Rafael Potrie)

Universidade Federal Fluminense
Brazil

Second Palis-Balzan International Symposium
on Dynamical Systems
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Hyperbolic dynamics

Our setting:

M closed smooth manifold

f : M ý C r -diffeomorphism

Hyperbolic set

An f -invariant compact set Λ Ă M is hyperbolic if TΛM “ E s ‘ Eu and
D λ P p0, 1q and }¨} on TM s.t.

E s and Eu are Df -invariant
›

›Df
ˇ

ˇ

E s

›

› ď λ,
›

›Df ´1
ˇ

ˇ

Eu

›

› ď λ.

Anosov diffeomorphism

f is Anosov if M is hyperbolic set
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Cocycles and Coboundaries

G-cocycles

Let G be a topological group. A G-cocycle is a map Φ: M Ñ G . We
write

Φpnqppq :“ Φpf n´1ppqqΦpf n´2ppqq ¨ ¨ ¨Φppq

Coboundaries

Φ is a coboundary when Du : M Ñ G (continuous) such that

Φp “ upf ppqqpuppqq´1, @p P M

Periodic Orbit Obstructions (POO)

Necessary condition to be a cocycle:

Φpnqppq “ upf nppqquppq´1 “ idG , @p P Fixpf nq
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Livšic Theorem (G “ R)

Theorem [Livšic, 1971]

1 f : M ý C 1 transitive Anosov diffeomorphism

2 G “ R and Φ: M Ñ R Hölder continuous.

Then, Φ is coboundary ðñ POO satisfied

Smoothness results (differentiable rigidity)

If Φ “ u ˝ f ´ u, then

1 Livšic [1971]: u Hölder

2 Livšic [1972]: If M “ Td , f P GLpd ,Rq and Φ P C8 ùñ u P C8

3 Guillemin, Kazhdan [1980]: Geodesic flows on surfaces constant
negative curvature. Φ P C8 ùñ u P C8

4 de la Llave, Marco, Moriyon [1986]: f is C8, Φ P C8 ùñ u P C8
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1 Livšic [1971]: u Hölder
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1 f : M ý C 1 transitive Anosov diffeomorphism

2 G “ R and Φ: M Ñ R Hölder continuous.
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Idea of the proof
Consider the skew-product f̂ : M ˆ R ý given by

f̂ px , tq :“ pf px q, t ` Φpx qq

If u : M Ñ R satisfies Φ “ u ˝ f ´ u, Graphpuq is f̂ -invariant
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Idea of proof: Extension along orbits
1 x P M a point with dense f -orbit

2 Define upx q :“ 0 and

upf npx qq :“ ´
n´1
ÿ

j“0

Φpf j px qq

3 Question: Can the function u : Of px q Ñ R be continuously extended
to M ?

4 Answer: Yes, because of Anosov Closing Lemma:
Dc, δ0 ą 0 s.t. for any x P M and k P N s.t. dpx , f k px qq ă δ0,
D1p P Fixpf k q and y P M such that

dpf ipx q, f ippqq ď cdpx , f k px qqλminpi ,k´iq,

dpf ippq, f ipyqq ď cdpx , f k px qqλi ,

dpf ipyq, f ipx qq ď cdpx , f k px qqλk´i ,

@i P t0, 1, . . . , ku.
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Idea of proof: Extension along an orbit
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G : finite-dimensional group

Question

Does Livšic thm hold for arbitrary locally-compact group G?

Remark [Livšic, 1971]

The same idea works when G admits a bi-invariant distance.

Theorem [Livšic, 1972] (Perturbative result)

If G is (finite-dimensional) Lie group, Φ: M Ñ G is Hölder close enough
to constant idG (LOCALIZATION) and satisfies POO ùñ Φ Hölder
coboundary.

Theorem [Kalinin, 2011]

If G “ GLpd ,Rq, the GLOBAL Livšic thm holds.
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Does Livšic thm hold for arbitrary locally-compact group G?

Remark [Livšic, 1971]
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G : group of diffeomorphisms
X closed smooth manifold

Theorem [Ni̧tică-Török, 1995]

1 f : M ý C 1 transitive Anosov diffeo

2 X nicely embed ed in RN

3 Φ: M Ñ Diffr pX q Hölder, with r ě 4 s.t.
1 POO
2 Localization: dC r pΦ˘1

p , idX q small @p P M

Then, there exists u : M Ñ Diffr´2pX q Hölder s.t.

Φp “ upf ppq ˝ uppq´1, @p P M .

Theorem [de la Llave-Windsor, 2008, 2010]

1 If Φ P C k`αpM ,Diffr pX qq and u P C k`αpM ,Diff1pX qq, then
u P C k`αpM ,Diffr pX qq.

2 Similar to [NT95], @ closed manifold X and localization with dC 1

Alejandro Kocsard (UFF) Livšic theorem Paris, 2013 9 / 21



G : group of diffeomorphisms
X closed smooth manifold

Theorem [Ni̧tică-Török, 1995]
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Main result

Let G be either Diffr pTq or Diffr
µpS q, with r ą 1

Theorem [K.-Potrie]

Let

1 f transitive C r Anosov diffeomorphism

2 Φ: M Ñ G a C r -cocycle satisfying POO

Then D u : M Ñ G C r such that

Φx “ upf px qq ˝ upx q´1, @x P M
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Idea of the proof (G “ Diffr
pTq)

Consider the skew-product f̂ : M ˆ T ý given by

f̂ px , tq “ pf px q,Φx ptqq, @px , tq P M ˆ T

We want a codimension-one f̂ -invariant foliation given by graphs

Proposition 1

f̂ is absolutely partially hyperbolic, with

xWcpx , tq “ txu ˆ T,

and every central Lyapunov exponent λc “ 0
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Proof of Proposition 1

1 Suppose Dnk Ò 8 and pxk , tk q P M ˆ T s.t.∣∣∣Bt f̂ nk pxk , tk q
∣∣∣ ă λnk

2 Let µ PMpf̂ q be an accumulation point of the sequence pµk qk

µk :“
1

nk

nk´1
ÿ

j“0

f̂ j‹ δpxk ,tk q

3 µ is a hyperbolic measure

4 By Katok Closing Lemma, D hyperbolic periodic points for f̂

5 Contradiction. f̂ doesn’t have any hyperbolic periodic point!

6 By classical cone field arguments, f̂ is absolutely partially hyperbolic
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Invariant foliations

Ws and Wu stable and unstable foliations of f

xWs and xWu stable and unstable foliations of f̂

If π : M ˆ TÑ M , then

π
´

xWσpx , tq
¯

“Wσpx q, @px , tq P M ˆ T, for σ “ s, u

Proposition 2 (f̂ -orbit closures)

The closure of a every f̂ -orbit a is graph over M

, i.e. @px , tq P M ˆ T,
DVx ,t : Of px q Ñ T continuous s.t.

Of̂ px , tq “ GraphpVx ,tq
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Proof of Proposition 2
It suffices to show f̂ k px , tq is close to px , tq, whenever f k px q is close to x

Anosov Closing Lemma

If f is Anosov, then Dc, δ0 ą 0 s.t. for any x P M and k P N s.t.
dpx , f k px qq ă δ0, D1p P Fixpf k q and y P M such that

dpf ipx q, f ippqq ď cdpx , f k px qqλminpi ,k´iq,

dpf ippq, f ipyqq ď cdpx , f k px qqλi ,

dpf ipyq, f ipx qq ď cdpx , f k px qqλk´i , @i P t0, 1, . . . , ku.
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Proof of Proposition 2
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xWs,u-saturation of GraphpVx ,tq

We fix x0 P M with Of px0q “ M and define

Vt :“ GraphpVx0,tq Ă M ˆ T, @t P T

Proposition 3

@t0 P T and @px , tq P Vt0

xWs,upx , tq Ă Vt0

Corollary of Prop 3

1 V “ pVtqtPT is a foliation

2 The leaves of V are C r
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Proof of Proposition 3

It is a straightforward consequence of

Theorem (Topological Invariant Principle) [Avila-Viana,2010]

Let f̂ : M ˆX ý be a skew-product over f : M ý and µ̂ PMpf̂ q s.t.:

1 f̂ admits s, u-holonomies

2 every fibered Lyapunov exponent of µ̂ vanishes

3 µ̂ project over an f -invariant measure with l.p.s.

Then, the disintegration pµ̂x qxPM of µ̂ along the fibers varies continuously
with x and it’s invariant along s, u-holonomies.
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Proof of Corollary

It’s a straight forward consequence of

Theorem [Journé, 1988]

Let Ψ: M Ñ R be a continuous function such that it is C r along Ws and
Wu -leaves. Then, Ψ is C r .
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Defining u
Now we can define the “transfer” function u : M Ñ Diffr pTq satisfying

Φx “ uf pxq ˝ u
´1
x , @x P M
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Smoothness of V-holonomies
Fixing t P T, we define αt : M Ñ R by

αtpx q :“ log BtΦx

ˇ

ˇ

Vx0,t pxq
,@x P M

Observe αt P C
r´1pM ,Rq satisfies POO over f , so by “classical” Livšic

theorem, there exists v P C r´1pM ,Rq satisfying

αtpx q “ vpf px qq ´ vpx q, @x P M

Therefore, the V-holonomies are C r !

Remarks

Everything but vanishing fibered Lyapunov exponent works in higher
dimensions

For the smoothness of V-holonomies we need Kalinin thm instead of
classical Livšic one in higher dim
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theorem, there exists v P C r´1pM ,Rq satisfying

αtpx q “ vpf px qq ´ vpx q, @x P M

Therefore, the V-holonomies are C r !

Remarks

Everything but vanishing fibered Lyapunov exponent works in higher
dimensions

For the smoothness of V-holonomies we need Kalinin thm instead of
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Merci beaucoup!
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